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Analysis Comprehensive Examination

Pure Mathematics, University of Waterloo
October 21, 1982

Answer all cof the first seven questions and one of the remaining three.

In these questilons TR denotes the set of all real numbers and T denotes
the set of all complex numbers,

(18) 1. Let U be an open subset of &, let zo=€ U, let k be a natural

number and let f: U\{zo}'+ C be analytic.

a) What is meant by the Laurent expansion of f at z.?

0
b) What does it mean to say that f has an essential singularity at zo?
¢) What does it mean to say that f has a pole of order k at zO?'
d) Define ''the residue of £ at zo."
e) If f has a pole of order 3 at 2y Prove that the residue of f
1 q° 3
at z. 1is T iim —=({(z-2.)7f(2)).
0 2 2 0
z+zo dz
f) Use the Residue Theorem to find Jsingz dz  where
| z +z
y(t) = ZElt for 0 £ t £ 2w,
(9) 2. Find the cardinality of the set of
a) all open subsets of IR,
b) all measurable subsets of R,
¢) all continuous f: R -+ TR,
and justify your answers.
(8) 3. For each natural number n let Xn = {0,1} with the discrete topology

and let X = 1l Xn with the (Tychonoff) product topology. Show that
n=1

X is homeomorphic to the Cantor set (with the topology inherited from IR).
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(12) 4. Suppose that for each n = 1,2,..., fn: [0,1] TR is Riemann

integrable on [0,1] and suppose {fnT:=l converges pointwise on

{0,1] to f: {0,1] =+IR. Decide whether each of the following statements
is true or false and prove your answers by either quoting appropriate
theorems or giving counterexamples.

(a) f dis Leﬁesigue integrable on [0,1].

(b) 4if {fni is uniformly bounded on [0,1] then f 1s Riemann

integrable on [0,1].

1
(¢) 1if {fn} is uniformly bounded then 1im I fn(x)dx exists.

e o .
(d) if f is Lebesgue integrable on [0,1] then 1lim [) f (x)dx
H 1130 &
exists and is equal to J f (x)dx.
0
(18) 5. Let f£: [0,7] »1R be continuous and such that £(0) = f(m) = 0.

Let g be the odd extension of f to R with period 2.

(a) Show that the Fourier series of g can be written Z bk sin kx.
kzl
(b) State what you know concegning the convergence (pointwise, uniform

and mean square) of the Fourier series of g.

(¢} Assume X b
k=1

1 sin kx converges uniformly on IR and let

co 2
u(x,t) = ) bke“k ®sin kx for x ¢ R and t > 0. Prove that

k=1
(1) u 1s of class ¢ on {(x,t)lx eR and t > to} for each

t:0 > 0 and hence u is of class dm on RX{0,4),



(15)

(10)

(10}

(10)

Analysis Compurehensive Exam -3 -
October 21, 1982
5. {cont'd)
du 32u
(1i) »=(X,t) = ~=(x,t} for xe¢R, t >0 and
ot N 2
X
(1i1) lim u(x,t) = £(x) uniformly for x ¢ [0,w]
tv0

6. Let K: [0,1]x%[0,1] ¢ R be continuous,

1
al) For f ¢ LZ[O,I] show that J K(x,t}f(t)dt (QEfITf(x)) exists

0
for each x ¢ [0,1] and prove that Tf is continuous on [0,1].
b) Prove that if {fn} 18 a bounded sequence in L2[0,1] then
{Tfn} has a uniformly convergent subsequence.

1 (1 |
c} Assuming J J K(x,t)zdxdt <1 and given g ¢ L2[0,l], prove that there
0 ‘0

1
exists f ¢ L2[0,1] such that f(x} = g(x} + L}K(x,t)f(t)dt for

a.e. x e [0,1}]. Hint: Use the contraction mapping principle.

7. a) Define what is meant by a 'simply connected open subset of ("
and state the Riemann mapping theorem.

b) Find a conformal mapping of {2z ¢ @]Imz > 0} onto {z ¢ a}|z| < 1}.
ANSWER ONE OF THE REMAINING THREE QUES&TIOMNS

8. Let f: [0,1] +R. Prove that f is continuous if and only if its
graph, G = {x,f(x))lﬂ < x £ 1}, is a compact subset of ]Rz.
9. Give an example of
a) a normed linear space which is not a Banach space,
b) a compact Hausdorff space which is not metrizable,
¢} a sequence of real valued functions fl’fZ"" on {0,1] such that

) f, (x) converges uniformly on [0,1] but ) Ifk(x)] diverges
kz1 kz1

for every x ¢ [0,1].
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(10) 10. Suppose f 1is a continuous bijection of a Hausdorff space X onto

a Hausdorff space Y.
a) Prove that if X 18 compact then so is Y and f_l is continuous.
b) If X,Y giﬂn and X 1s open,state énnditions on f which are
sufficient to guarantee that Y 1is open and fnl is differentiable.
c) If X' is an open subset of € and Y ¢ state conditions on f
1

which are sufficient to guarantee that Y is open and £ is

analytic,




