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Abstract

Gaussian processes and kernel methods are two learning-based approaches to model un-
known functions. A major advantage of GPs is the existence of simple analytic formulas for
the mean and covariance of the posterior distribution, which allows easy implementations
of the algorithms. The models provided by kernel methods also have the same advantage.
In order to deploy such learning-based models in safety-critical applications, it is impor-
tant to rigorously quantify the errors between the learned models and the real physical
systems. As a result, we are more interested in obtaining uniform error bounds that the
unknown function cannot go beyond or stays in with high probability than an estimation
function only. This research paper can be partitioned into two parts. Error bounds esti-
mate by Gaussian Processes and kernel methods will be introduced in the first part, and
a comparison with Bayesian Neural Networks is also included here. We then demonstrate
those error bounds estimate are meaningful by showing its application in stability analysis.
Moreover, an unacceptable assumption has been made and there are deficiencies which
result in loss of theoretical guarantees in the experiments in previous research. We adjust
the assumptions to get more reasonable results and provide numerical examples which is
consistent with theoretical derivation and discuss remaining issues.
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Chapter 1

Introduction

1.1 Motivation

Consider an unknown function f : X → R. In each round t; we choose a point xt ∈ X
and get to see the function value there, but only a perturbed result can be measured:
yt = f (xt) + εt. Our goal is to estimate the value of f (x) where x is an arbitrary point in
X .

For example, we might want to find locations of highest temperature in a building by
sequentially activating sensors in a spatial network and regressing on their measurements.
X consists of all sensor locations, f(x) is the temperature at x, and sensor accuracy is
quantified by the noise variance. Each activation draws battery power, so we want to
sample from as few sensors as possible. Figure 1.1 from [12] specifically shows how to
achieve this goal by a learning-based method. Basically, Gaussian Processes give both
mean estimate and error estimate. Since we want to find locations of highest temperature,
the algorithm samples new data at the location with the largest mean and the largest
uncertainty which quantified by posterior variance respectively and then better fits the
temperature function and gives a more precise error bound estimate in next iteration. If
we further imagine the building to be a cold storage and the valuable targeted drug goes
bad once the temperature exceeds a certain level, then what we need is not only an estimate
but also an upper bound of the temperature at a certain point. In this kind of cases, we
care more about the confidence interval especially the upper bound than the estimate itself
as it can be used as a criteria of making decisions.
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Figure 1.1: (a) Example of temperature data collected by a network of 46 sensors at Intel
Research Berkeley. (b,c) Two iterations of the GP-UCB algorithm. It samples points that
are either uncertain (b) or have high posterior mean (c).

1.2 Scope of the Research Paper

The remainder of this research paper is organized as follows, error bounds for Gaussian
Processes and kernel methods will be introduced in chapter 2. Necessary stability analysis
Content will then be presented in chapter 3. Experiments including comparison of Bayesian
Neural Networks and different approaches and doing stability analysis with learned dynam-
ics is contained in chapter 4. Lastly, some personal perspectives and potential research
topics will be provided in chapter 5.
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Chapter 2

Learning Unknown Function

2.1 Problem Definition

Consider an unknown function f : X → R. In order to reconstruct f , we collect a noised
sample yT = [y1 · · · yT ]T at pairwise distinct positions AT = {x1, . . . , xT}. yt = f (xt)+εt is
the measurement result, where εt is some measurement noise and has different restrictions
in different approaches. Next, we introduce the definition of kernel, Reproducing Kernel
Hilbert Space and RKHS norm.

Definition 2.1.1(Kernel): A continuous function k : X × X → R is called a positive-
definite kernel if it is symmetric and for any set of pairwise-distinct sites D = {x1, . . . , xN},
with an arbitrary natural number N , it holds that

∑N
i=1

∑N
j=1 αiαjk (xi, xj) > 0 for any

set of weighting constants α1, . . . , αN ∈ R\{0}.
Although limiting our scope to positive-definite functions excludes some certain ker-

nels, this class has already contained the most powerful and widely used ones such as the
squared-exponential kernel and is enough for doing error bounds estimate.

Definition 2.1.2(Reproducing Kernel Hilbert Space): A RKHS H is a complete
subspace of L2. Each element g ∈ H is a map from X to R assuming the form of a weighted
sum of kernels g =

∑
i∈Ωg αik (xi, ·), where the index set Ωg of g can possibly be countably

infinite. H is equipped with the inner product ⟨g, f⟩k =
∑

i∈Ωg

∑
j∈Ωf

αiβjk (xi, xj) and

the induced norm is ∥g∥k :=
√

⟨g, g⟩k, measures the smoothness of g, where k refers to a
symmetric, positive definite kernel. This inner product obeys the reproducing property:
⟨g(·), k(x, ·)⟩k = g(x) for all g ∈ H.

3



Notation: DenoteK ∈ RT×T to be the constant matrix that has kernel evaluations at data
locations as its elements, i.e., k (xi, xj) at its i th row and j th column for xi, xj ∈ AT . More-

over, kXx : X → RT denotes the column vector function x 7→
[
k (x1, x) . . . k (xT , x)

]⊤
,

and kxX simply represents its transpose.

2.1.1 RKHS Norm

Suppose that g has a finite expansion in terms of Ng kernel functions. Due to the repro-
ducing property and the linearity of inner products, it holds that

∥g∥2k =

〈
Ng∑
i=1

αik (xi, ·) ,
Ng∑
i=1

αik (xi, ·)

〉
k

=

Ng∑
i=1

Ng∑
j=1

αiαjk (xi, xj)

= α⊤Kα

where α :=
[
α1 . . . αNg

]⊤
is the weighting vector. Note that here we know the actual

kernel expansion of g, so that xi and xj are no longer data positions in AT . In this case,
K refers to the true kernel matrix but not the constant matrix that has kernel evaluations
at data locations as its elements.

It’s impossible to give any estimate without any assumptions made on the unknown
ground truth f so that we add some restrictions on the smoothness of f here in assumption
1.

Assumption 1. Assume that the unknown ground-truth f lies in the RKHS H cor-
responding to a kernel k. Additionally, an upper bound for its RKHS norm ∥f∥k ≤ Γ is
available.

2.1.2 RKHS Norm Estimate

All the results we will show later requires Assumption 1 which is an available upper bound
of the RKHS norm of an unknown function. Therefore, how to get access to Γ is worthy of
concern. Unfortunately, similar to estimating Lipschitz constant of an unknown function,

4



Figure 2.1: Estimating the RKHS norm using randomly sampled data (all circles). The
quadratic form Γ̂ for the random samples is shown on the right plot. If one sampled only
the black subset of the data, the corresponding Γ̂ would capture over 90% of the total
complexity, i.e., Γ̂/∥f∥H > 0.9.

it is not possible to get an upper estimate purely from measured data. However, as shown
in [10], if our measurements are not disturbed by any noise, Γ̂ :=

√
f⊤
T K

−1fT ≤ ∥f∥k is
an efficient lower estimate of the RKHS norm. We include Figure 2.1 from [10] here to
illustrate the lower estimate is efficient.

2.2 Gaussian Processes Approach

In this approach, we generally use GP(0, k(x, x
′
)) as prior distribution over f , for the noisy

sample described in Definition 2.1.1 with εt ∼ N (0, σ2) i.i.d. Gaussian noise, the posterior
over f is a GP distribution again, with mean µT (x), covariance kT (x, x′), and variance
σ2
T (x):

µT (x) = kxX
(
K + σ2I

)−1
yT

kT (x, x′) = k (x, x′)− kxX
(
K + σ2I

)−1
kXx

σ2
T (x) = kT (x, x)

5



There is a connection between the k norm and the kT norm of f hiding behind the GP
posterior covariance formula. By applying eigendecomposition, Woodbury identity and
change of basis matrix, the explicit expression of this connection can be obtained:

∥f∥2kT = ∥f∥2k + σ−2

T∑
t=1

f (xt)
2 ∀f ∈ H (1)

As a result, finite k norm implies finite kT norm, so thatHk(X ) = HkT (X ) by definition.
Then,

|µT (x)− f(x)| =
∣∣⟨µT (·), kT (·, x)⟩kT − ⟨f(·), kT (·, x)⟩kT

∣∣
= | ⟨µT (·)− f(·), kT (·, x⟩kT |
≤ kT (x, x)

1
2∥µT − f∥kT

= σT (x)∥µT − f∥kT (2)

The first line comes from the reproducing property of f inHkT as we have already shown
Hk(X ) = HkT (X ). And the inequality is a direct use of the Cauchy–Schwarz inequality.

This means once we get an estimate to the kT norm of µT (x)−f(x), an interval estimate
of f which consists of σT (x) and µT (x) can be derived in a few straightforward steps.

2.2.1 GPs Probabilistic Error Bounds

We first show the error bounds given in [12], other Gaussian Processes results basically
rely on the proof in [12] and provide some improvements.

Theorem 2.2.1(GPs Probabilistic Error Bounds): Let δ ∈ (0, 1). Assume that
the noise variables εt are uniformly bounded by σ. Define

βt = 2Γ2 + 300γt ln
3(t/δ)

Then
Pr
{
∀T,∀x ∈ X , |µT (x)− f(x)| ≤ β

1/2
T+1σT (x)

}
≥ 1− δ

where γt := maxA⊂X :|A|=t
1
2

∑t
s=1 log

(
1 + σ−2σ2

s−1 (xs)
)
is the maximum information gain,

and T is the number of measurements.

In practice, the maximum information gain can be obtained directly from the choice
of kernel function without actually calculating the closed form solution given in Theorem
2.1.1, so that the computational cost won’t be high.

6



2.2.2 GPs Deterministic Error Bounds

We have already shown that the kT norm of f can be expressed by the k norm of f plus
some extra terms in (1). And the k inner product has been defined in section 2.1. The
strategy of estimating the kT norm of µT (x) − f(x) would be first transform it to the
k norm and do some direct calculation. Specifically, denote αT = (K + σ2I)

−1
yT and

fT = f(xt) ∈ RT , then µT (x) = kxXαT , ⟨µT , f⟩k = ⟨kxXαT , f⟩k = f⊤
T αT by reproducing

property, ∥µT∥2k = α⊤
T KαT = y⊤

T αT −σ2 ∥αT ∥2 which follows the same calculation shown

in sec 2.1.1, and for t ≤ T, µT (xt) = δ⊤
t K (K + σ2I)

−1
yT = yt − σ2αt. Finally,

∥µT − f∥2kT = ∥µT − f∥2k + σ−2
∑
t≤T

(µT (xt)− f (xt))
2

= ∥f∥2k − 2f⊤
T αT + y⊤

T αT − σ2 ∥αT ∥2 + σ−2

T∑
t=1

(
εt − σ2αt

)2
= ∥f∥2k − y⊤

T

(
K + σ2I

)−1
yT + σ−2 ∥εT ∥2

Here comes our GPs deterministic error bounds estimate:

Theorem 2.2.2(GPs Deterministic Error Bounds): For all T ∈ N,

f(x) ∈
[
µT (x)± σT (x)

√
Γ2 − y⊤

T (K + σ2I)−1 yT + σ−2 ∥εT ∥2
]

if we further assume that the noise variables εt are uniformly bounded by σ, then the result
becomes

f(x) ∈
[
µT (x)± σT (x)

√
Γ2 − y⊤

T (K + σ2I)−1 yT + T

]
(3)

In fact, Theorem 2.2.2 is an intermediate product when deriving Theorem 2.1.1. In
the subsequent derivation process of Theorem 1, enlargement to the estimated interval
is needed so that the probabilistic error bound is potentially more conservative than the
deterministic one. This is a very weird result since we sacrifice safety but the result can
be even more conservative.

2.3 Kernel Methods Approach

The main idea for kernel methods approach is finding the interpolation s : X → R, which is
analogous with the mean estimate in GPs approach by solving some optimization problems.

7



In this approach, we no longer require the noise to follow any particular distribution but
bounded only with an available bound δ̄. Dropping the Gaussian noise assumption won’t
influence any theoretical guarantees as we don’t need any result from GPs in the derivation.
Thanks to the nonparametric representer theorem [11], any minimizers of the optimization
problems have the form of a weighted sum of kernels centered at the data locations,

s(x) =
T∑
t=1

αtk (xt, x) = α⊤kXx

The weighting vector α can be decided by doing optimizations over H, and a deter-
ministic error bound estimate can be constructed by triangle inequality and Woodbury’s
matrix identity. And each kind of optimization problems of determining the weighting
coefficients provides a regression analysis.

In order to simplify our results, we first define the power function.:

Definition 2.3.1(Power function): The power function is the real-valued map

P (x) =
√
k(x, x)− kxXK−1kXx

which is the same as the noise free GPs posterior standard derivation so that it has two
main properties:

P (x) ≥ 0,∀x ∈ X
P (xt) = 0,∀xt ∈ AT , i.e.P (x) = 0 at the data locations.

2.3.1 Noise Free Case

When the measurements are not disturbed any noise, the optimization

s̄ =argmin
s∈H

∥s∥2k

s.t. s̄(xt) = f(xt)

∀t = 1, . . . , T

gives:
s̄(x) = f⊤

T K−1kXx

and
∥s̄∥k2 = f⊤

T K−1fT

8



the interpolation s̄ admits a deterministic error bounds:

|s̄(x)− f(x)| ≤ P (x)
√

Γ2 − ∥s̄∥2k

Proof: If we argument the original data set by a fixed query point xT+1 and denote by
s̄+ the function interpolating all measurements fT and the unknown value fx := f(xT+1),
then

∥s̄+∥2k =
[
fT

fx

]⊤ [
K kXx

kxX k(x, x)

]−1 [
fT

fx

]
=∥s̄∥2k + P−2(x) (s̄(x)− fx)

2

≤Γ2

which means that the RKHS norm is non-decreasing as the number of constraints increase.
Hence, ∥s̄+∥k

2 ≤ ∥f∥k
2 ≤ Γ2 as f is the solution to the optimization problem when an

infinite number of constrains are imposed.

2.3.2 Kernel Ridge Regression Analysis

For KRR analysis, we need the solve the optimization problem:

s∗ = argmin
s∈H

1

T

T∑
n=1

(yn − s (xn))
2 + λ∥s∥k2

which aims to find a balance between fitting the data and making the interpolation smooth.
Luckily, it has a closed form solution: s∗(x) = α∗⊤kXx where α∗ = (K +NλI)−1yT is the
optimal weights.

Lemma 1. Let s̄(x) = f⊤
T K−1kXx be the model interpolating the noise-free values fT , and

s̃(x) = y⊤
T K−1kXx the model interpolating the noisy values yT . Then ∇ ≤ ∥s̃∥k2−∥s̄∥k2 ≤

∆ where ∆ denotes the maximum and ∇ the minimum of
(
−δ⊤K−1δ+ 2y⊤K−1δ ) sub-

ject to |δ| ≤ δ̄.

After maximizing ∆ under bounded noise, a deterministic error bounds based on KRR
analysis can be obtained.

Theorem 2.3.2(KRR Error Bounds): Let T be the number of data-points, δ̄ ∈ RN
>0

9



the noise bound, and λ the regularization constant. The KRR model s∗ admits the error
bounds

|s∗(x)− f(x)| ≤ P (x)

√
Γ2 +∆− ∥s̃∥k2 + δ̄⊤ ∣∣K−1kXx

∣∣ + ∣∣∣∣∣y⊤
(
K +

1

Tλ
KK

)−1

kXx

∣∣∣∣∣
for any x ∈ X , where f is the unknown ground-truth, ∆ =max|δ|≤δ̄(−δ⊤K−1δ+2y⊤K−1δ),

and ∥s̃∥k2 = y⊤
T K−1yT .

2.3.3 ε-Support Vector Regression Analysis

For SVR analysis, we need the solve the optimization problem:

s∗ = argmin
s∈H

∥s∥k2 s.t. |s (xt)− yt| ≤ δ̄t ∀t = 1, . . . , T

which aims to find the smoothest interpolation within the available margin, and δ̄t is the
tth element of the δ̄ vector. Unfortunately, it doesn’t have a closed form solution, so that
the optimizer need to be found by solving the simple quadratic program

α∗ = argmin
α∈RT

α⊤Kα s.t. |Kα− yT | ≤ δ̄.

By setting s∗(x) = α∗⊤kXx, where the attained values at the data sites are denoted by

dt := s∗ (xt) , t = 1, . . . , T , with d =
[
d1 . . . dT

]⊤
= Kα∗, we are able to bound the

unknown ground-truth f in terms of some known values and the newly calculated vector d.

Theorem 2.3.3(SVR Error Bounds): Let δ̄ ∈ RT
>0 be the noise bound vector. The

SVR model s∗ admits the error bound |s∗(x)− f(x)| ≤ P (x)
√
Γ2 − ∥s∗∥k

2+δ̄⊤ |K−1kXx|+∣∣(d− yT )
⊤K−1kXx

∣∣ for all x ∈ X , where f is the unknown ground-truth and ∥s∗∥k
2 =

d⊤K−1d.

10



Chapter 3

Stability Analysis

In the previous chapter we have shown how to obtain interval estimates of unknown func-
tions through Gaussian Processes and Kernel Methods. However, it is still necessary to
demonstrate that these interval estimates are not too conservative to be meaningful. Oth-
erwise, (−∞,∞) is always a safer estimate, but it is obviously meaningless.

To demonstrate our error bounds estimates are meaningful, we will show its application
in stability analysis. Our strategy is to do stability analysis on both the actual dynamic
and the learned dynamic, and calculate their Region of Attraction(ROA). We expect the
ROA obtained through the actual dynamic contains the one obtained through the learned
dynamic almost everywhere and they are similar in size.

3.1 Lyapunov Theory

In this section, we will introduce necessary Lyapunov theory content. For ease of notation,
we use the definition from [3] and [15] in this research paper. For more on stability analysis
and Lyapunov theory, please read the Book [7].

Definition 3.1.1 (Controlled Dynamical Systems). An n-dimensional controlled
dynamical system is

dx

dt
= fu(x), x(0) = x0 (3)

where fu : D → Rn is a Lipschitz-continuous vector field, and D ⊆ Rn is an open set with
0 ∈ D that defines the state space of the system. Each x(t) ∈ D is a state vector. The

11



feedback control is defined by a continuous function u : Rn → Rm, used as a component in
the full dynamics fu.

Definition 3.1.2 (Asymptotic Stability). We say that system of (3) is stable at the
origin if for any ε ∈ R+, there exists δ(ε) ∈ R+such that if ∥x(0)∥ < δ then ∥x(t)∥ < ε
for all t ≥ 0. The system is asymptotically stable at the origin if it is stable and also
limt→∞ ∥x(t)∥ = 0 for all ∥x(0)∥ < δ.

Definition 3.1.3 (Lie Derivatives). The Lie derivative of a continuously differentiable
scalar function V : D → R over a vector field fu is defined as

LfuV (x) =
n∑

i=1

∂V

∂xi

dxi

dt
=

n∑
i=1

∂V

∂xi

[fu]i (x)

It measures the rate of change of V along the direction of the system dynamics.

Proposition 3.1.4 (Lyapunov Functions for Asymptotic Stability). Consider a
controlled system (3) with equilibrium at the origin, i.e., fu(0) = 0. Suppose there exists
a continuously differentiable function V : D → R that satisfies the following conditions:

V (0) = 0, and, ∀x ∈ D\{0}, V (x) > 0 and LfuV (x) < 0.

Then, the system is asymptotically stable at the origin and V is called a Lyapunov function.

Definition 3.1.5 (Forward Invariance). A set Ω ⊂ Rn is said to be forward invariant
for system (3) if x0 ∈ Ω implies that x(t) ∈ Ω for all t ≥ 0.

Definition 3.1.6 (Region of Attraction). For a closed forward invariant set A that is
uniformly asymptotically stable (UAS), the region of attraction is the set of initial condi-
tions in D such that the solution for the closed-loop system (3) is defined for all t ≥ 0 and
∥x(t)∥A → 0 as t → ∞.
Remark 1. Any set satisfying Definition 3.1.6 is called a region of attraction. The ROA
is the largest set contained in D satisfying Definition 3.1.6.

Theorem 3.1.7 (Sufficient Condition for UAS property). Consider the closed-
loop nonlinear system (3). Let A ⊂ D be a compact invariant set of this system. Suppose
there exists a continuously differentiable function V : D → R that is positive definite with
respect to A, i.e.,

12



V (x) = 0 ∀x ∈ A and V (x) > 0 ∀x ∈ D\A,

and the lie derivative is negative definite with respect to A, i.e.

∇fV (x) < 0∀x ∈ D\A

Then, A is UAS for the system.

Lemma 2. (Region of Attraction with Lyapunov Functions). Suppose that V satisfies the
conditions in Theorem 3.1.7, denote

V c := {x ∈ D | V (x) ≤ c}.

For every c > 0, V c is a region of attraction for the closed-loop system (3).

3.2 Safe Learning

In the previous section, we have introduced the concept of asymptotically stable and Lya-
punov theory in general. Next, we will apply Lyapunov theory to a relatively specific
dynamic system and see how it works with GPs in doing stability analysis. The follow
setting and derivation comes from [1] and we have revised its mistake.

Consider a nonlinear, continuous-time system,

ẋ(t) = f(x(t), u(t))︸ ︷︷ ︸
a prior model

+ g(x(t), u(t)),︸ ︷︷ ︸
unknown model

(4)

where x(t) ∈ X ⊆ Rq is the state at time t within a connected set X and u(t) ∈ U ⊆ Rp

is the control input. We further assume a control policy u = π(x) is given, which has
been designed for the prior model, f(·). The resulting closed-loop dynamics are denoted
by fπ(x) := f(x, π(x)) and gπ(x) := g(x, π(x)). Our goal is to estimate the ROA of (4)
under the control policy, π(x), based on the measured data. Without loss of generality, we
can assume the origin to be an equilibrium point of (4).

Assumption 2. The origin is an equilibrium point of (4) with fπ(0) = gπ(0) = 0 and a
initial safe set around the origin is given.

13



In order to do stability analysis, we require gπ(x) satisfies Assumption 1 and (AT ,yT )
to be its measurements. We also need more assumptions on the prior model and Lyapunov
function.

Assumption 3. The prior model fπ(x) is Lipschitz continuous with Lipschitz constant
Lf and bounded in X by Bf .

Assumption 4. A fixed, two-times continuously differentiable Lyapunov function V (x) is
given.

Then by Lyapunov stability theory in [7], we have:

Lemma 3: The origin of the dynamics in (4) is asymptotically stable within a level
set, V(c) = {x ∈ X | V (x) ≤ c} with c ∈ R>0, if, for all x ∈ V(c),

V̇ (x) =
∂V (x)

∂x
(gπ(x) + fπ(x)) < 0

and V(cmax) would be our estimated ROA.

It is impossible to evaluate V̇ (x) everywhere in X so that we use discretization tech-
niques here. And the “Lipschitz” continuity and boundedness of functions in RKHS will
allow us to realize stability analysis by only evaluate finite number of grid points. In fact,
functions in RKHS are not Lipschitz continuous but has a property analogous to Lipschitz
continuity. We use quotation marks here to refer to this similar property.

Lemma 3. ∀f ∈ H,
|f(x1)− f(x2)| ≤ lf

√
||x1 − x2||∞

where lf = 2Γ2||∂k
∂x
||∞.

Proof. By applying the reproducing property inversely and the Cauchy-Schwarz inequal-
ity, we have |f (x1)− f (x2)|2 ≤ ∥f∥2k {k (x1, x1)− 2k (x1, x2) + k (x2, x2)}(Lemma 4.28
in [13]). Then applying the Mean Value Theorem to both (k (x1, x1) − k (x1, x2)) and
(k (x2, x2)− k (x1, x2)) completes the proof.

Lemma 4. gπ(x) is “Lipschitz” continuous with Lipschitz constant Lg and bounded by
Γ ∥k∥∞.
Proof. Boundedness by Lemma 4.28 in [13], and “Lipschitz” continuity by lemma 3.
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Lemma 5. The function V̇ (x) is “Lipschitz” continuous with “Lipschitz” constants L1

and L2.
Proof.∣∣∣V̇ (x)− V̇ (x′)

∣∣∣ = ∣∣∣∣∂V (x)

∂x
(fπ(x) + gπ(x))−

∂V (x′)

∂x
(fπ (x

′) + gπ (x
′))

∣∣∣∣
≤ |fπ(x) + gπ(x)|

∣∣∣∣∂V (x)

∂x
− ∂V (x′)

∂x

∣∣∣∣
+

∣∣∣∣∂V (x′)

∂x

∣∣∣∣ |fπ(x) + gπ(x)− fπ (x
′)− gπ (x

′)| ,

≤ (Bf + Γ∥k∥∞)L∂V |x− x′|+ LVLf |x− x′|+ LVLg

√
|x− x′|

:= L1 |x− x′|+ L2

√
|x− x′|

where LV =
∥∥∥∂V (x)

∂x

∥∥∥
∞

and L∂V =
∥∥∥∂2V (x)

∂x2

∥∥∥
∞

are the Lipschitz constants of V and its first

derivative.

Gaussian Processes regression gives us the posterior mean µT (x)and variance σT (x) of
the unknown dynamics gπ(x) for all x ∈ X . As V̇ (x) is affine in gπ(x), V̇ (x) is also a GP
with mean µT (x) and variance σT (x), where

µT,V̇ (x) =
∂V (x)

∂x
(µT (x) + fπ(x))

σT,V̇ (x) = |∂V (x)

∂x
|σT (x)

Lemma 6. Let Xτ ⊂ X be a discretization of X with |x− [x]τ | ≤ τ/2 for all x ∈ X . Here,
[x]τ denotes the closest point in Xτ to x ∈ X . Choosing βT according to Theorem 2.2.1,
the following holds with probability at least (1− δ) for all x ∈ X and all T ≥ 1 :∣∣∣V̇ (x)− µV̇ ,T−1 ([x]τ )

∣∣∣ ≤ β
1/2
T σV̇ ,T−1 ([x]τ ) + Lτ.

Theorem 3.2.1. With a discretization of X ,Xτ , according to Lemma 6 and with βT+1

according to Theorem 2.2.1, the origin of (4) is asymptotically stable within V(c) for some
c > 0 with probability at least (1− δ) if, for all x ∈ V(c) ∩ Xτ ,

un(x) := µV̇ ,T−1(x) + β
1/2
T σV̇ ,T−1(x) < −Lτ.
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Figure 3.1: Algorithm 1.

Proof. This is obtained through synthesising Theorem 2.2.1, “Lipschitz” continuity and
boundedness of fπ(x) and gπ(x), and discretization.

Figure 3.1 from [1] shows how to obtain ROA through GPs. Note that GPs error bounds
estimate is applied to V̇ (x) in [1]. This requires V̇ (x) is also a GP. In fact, it is sufficient to
only apply GPs error bounds estimate to gπ(x). This is significant because it provides theo-
retical guarantees of doing stability analysis through kernel methods error bounds estimate.

Proposition 3.2.1 Consider |f(x) − s(x)| ≤ β(x), where s(x) is a kernel methods in-
terpolation and β(x) ≥ 0 to be its error bound. Then,∣∣∣∣∂V (x)

∂x
f(x)− ∂V (x)

∂x
s(x)

∣∣∣∣ ≤ ∣∣∣∣∂V (x)

∂x

∣∣∣∣ · |f(x)− s(x)|

≤
∣∣∣∣∂V (x)

∂x

∣∣∣∣ · β(x)
Therefore,

∂V (x)

∂x
f(x) ≤ ∂V (x)

∂x
s(x) + |∂V (x)

∂x
|β(x)

The above proof shows that an upper bound of V̇ (x) can be obtained without requiring
V̇ (x) is a GPs. As a result, Lyapunov methods can also be used together with kernel
methods.
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Chapter 4

Experiments

Three examples are presented here to illustrate the performance of error bounds estimate.
First we compare the deterministic GPs, KRR and SVP approaches to one another, and to
the Bayesian Neural Networks(BNNs) error bounds proposed in [2]. The second and third
examples follow the same framework given in [1]. We expected to demonstrate our error
bounds estimate is safe enough and not too conservative to be meaningful by showing the
ROA obtained through the actual dynamic contains the one obtained through the learned
dynamic almost everywhere and they are similar in size. In the second experiment, we
successfully verified that doing stability analysis for one-dimensional systems with error
bounds estimate is feasible. However, we could not get the expected experimental results
to verify the feasibility of the theory in two-dimensional systems.

4.1 Bayesian Neural Networks

Neural network is a commonly used and effective method for fitting unknown functions.
According to the well-known universal approximation theorem [9], a feed forward neural
network with a single hidden layer containing a sufficient number of neurons (units) can
approximate any continuous function to arbitrary accuracy, given appropriate activation
functions and under certain conditions. However, traditional neural networks can only
provide point estimates. Bayesian Neural Networks (BNNs) are a probabilistic extension
of traditional artificial neural networks, incorporating Bayesian inference techniques into
the learning process. Unlike standard neural networks that produce point estimates of
the weight, BNNs provide a probability distribution of it. So that it can also output a
confidence interval of at any location,
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In a Bayesian Neural Network, each weight and bias parameter is treated as a random
variable with a prior distribution, representing our initial belief about the parameter’s
value. As we observe data, the posterior distribution of these parameters is updated
using Bayes’ theorem, combining prior beliefs with the likelihood of the data given the
parameters. This process results in a more refined and data-informed estimate of the
parameters.

4.2 A Comparison Among Different Approaches

First, we use different approaches to fit a kernel expansion whose exact RKHS norm can
be calculated by the formula given in section 2.1.1. Most of the settings in the experiment
are the same as in [9]. Specifically, we use the same squared-exponential kernel

k (x, xn) = exp

(
−∥x− xn∥22

2ℓ2

)
with lengthscale ℓ = 0.707, to fit the same kernel expansion f(x) = −k(x, 0)+3.5k(x, 2)+
1.6k(x, 3)+6k(x, 5), whose exact RKHS norm is 7.49 and Γ = 9 is used in the experiments.
Figure 4.1 from [9] and 4.2 show the error bounds estimate from all these approaches.
Clearly, KRR has a quite good performance but relies a well-chosen hyperparameter λ. In
addition, BNNs do not have strong theoretical guarantees like GPs or kernel methods, but
just more interpretable than ordinary NNs. It provides interval estimates that are not as
conservative as GPs, but are also significantly less secure and requires most measurements.
Table 4.1 depicts the pros and cons of these methods of fitting unknown functions. In
general, NNs is a commonly used and effective method for fitting unknown functions,
and BNNs, as a variant that can provide interval estimates, has stronger interpretability.
Compared with GPs and kernel methods, it is more suitable when the training set is large
or Γ is unknown and difficult to estimate, for example, when the unknown function is quite
complex. In contrast, GPs and kernel methods are more suitable for safety-critical scenario
and when the training set is small since the existence of matrix inversion operations in the
result will kill the entire algorithm if the kernel matrix is large.

4.3 Issues with Truncated Gaussian Noise

By truncating the i.i.d. Gaussian Noise by its standard deviation, theorem 2.2.2 provides
a deterministic error bounds estimate. However, this truncation can sometimes lead to
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Figure 4.1: Ground-truth (- -), KRR (blue), SVR (green), and GPs (yellow). The error
bounds are depicted using the same colors of their respective models, and were computed
for N = 20 (top) and N = 100 (bottom) samples. The noisy data-points are shown as
black circles.

GPs Kernel Methods BNNs
Theoretical Guarantees high high mid
Interpretability high high mid
Conservatism high mid low
Data Dependencies low low high
Additional Needs Γ Γ and λ None

Table 4.1: Comparison of different approaches.
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Figure 4.2: Comparison of BNNs and GPs
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disastrous results. For example, in our numerical experiments, the parts under square root
in (3) might be negative.

In fact, when T is greater than 20, Pr
{
σ−2 ∥εT∥2 ≤ T

}
is only slightly larger than

0.5. To avoid self-contradictory assumptions and disastrous results, we propose to use
chi-square distribution techniques to deal with the noise term.

Since εt ∼ N (0, σ2) are i.i.d. Gaussian noise, it can be converted to the standard nor-
mal distribution, i.e: εt/σ ∼ N (0, 12). Then σ−2 ∥εT∥2 ∼ X 2(T ) as it is the summation of
the squares of T independent standard normal random variables. Hence we can conclude
that:

Theorem 4.3.1:Let δ ∈ (0, 1). Define

βt = Γ2 − y⊤
T

(
K + σ2I

)−1
yT + gT (δ)

Then
Pr
{
∀T,∀x ∈ X , |µT (x)− f(x)| ≤ β

1/2
T σT (x)

}
≥ 1− δ

where gT (δ) is the least horizontal coordinate of a random variable Z ∼ X 2(T ) to have
Pr {Z ≤ gT (δ)} ≥ 1− δ.

In fact, the safety of our proposed error bounds is significantly higher than 1 − δ
as we have scaled in (2) and Γ is an upper bound of ∥f∥k. This is also why (4) still
remains a certain level of safety. By looking at the chi-square distribution table, we can
see that when T is greater than 20, gT (0.5) is only slightly smaller than T , which means
Pr
{
σ−2 ∥εT∥2 ≤ T

}
is only slightly larger than 0.5.

4.4 One Dimensional Stability Analysis

In this experiment, we demonstrate the introduced error bounds estimate is not too con-
servative to be meaningful by implementing it to a one dimensional system. Specifically,
we set the dynamics to be ẋ = −0.25x+ f(x) and the unknown ground truth f is chosen
to be f(x) = k(x,−0.5) − k(x, 0.5) + 6k(x, 5), where k refers to the same kernel in the
previous experiment. The exact RKHS norm of f is 6.1045 so that Γ is chosen to be

√
40.

We follow the strategy in [1], but use the error bounds given in Theorem 2.2.2 and 2.3.2
and no longer set a fixed fake β = 2.
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Figure 4.3: Chi-square distribution table
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Figure 4.4: True V̇ (x) (blue), GPs upper bound of V̇ (x) (orange), and y = −Lτ (green).

Figure 4.4 shows the result of theorem 2.2.2. The horizontal coordinates the blue
nood is a reflection of the true ROA and the estimated ROA. The true safe set is S =
{x ∈ R] |V (x) ≤ 3.625} and the estimated safe set is S = {x ∈ R] |V (x) ≤ 3.373}, where
V (X) = x2 is the lyapunov function. The estimated ROA is within the true safe set and
has 96.5% of estimated safe points. This reflection proves the feasibility of doing stability
analysis with Gaussian Processes. In addition, V̇ (x) goes above y = −Lτ around the
origin. It doesn’t matter as states around the origin are already inside the given initial
safe set. Figure 4.5 shows the result of theorem 2.3.2 using a data set containing only 25
pairs of measurements.

4.5 Higher Dimensional Stability Analysis

All error bounds estimate we have introduced so far can be written in the form of |f(x)−
s(x)| ≤ e(x), where f is the unknown function we are trying to fit, s(x) stands for interpo-
lation in Kernel Methods and mean estimate in GPs and e(x) ≥ 0 is the error bound. In

short, e(x) is the term we are trying to estimate. In particular, for GPs, e(x) = β
1/2
T σT (x),
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Figure 4.5: True V̇ (x) (orange), KRR upper bound of V̇ (x) (blue), and y = −Lτ and
y = 0 (yellow).
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where σT (x) is the posterior variance and T is the number of measurements, so that β
1/2
T is

the exact term we are trying to quantify and it should be kept updated as we get new mea-
surements. However, in the inverted pendulum experiment in [1], a fixed β = 2 was chosen
which results in loss of theoretical guarantees. We want to reproduce this experiment, with
β correctly updated according to algorithm 1 and theorem 2.2.2.

We consider an inverted pendulum with angle θ, mass m = 0.15 kg, length l = 0.5 m,
and friction coefficient µ = 0.05Nms/rad. The dynamics are given by

θ̈(t) =
mgl sin θ(t)− µθ̇(t) + u(t)

ml2
(5),

where u(t) is the torque applied to the pendulum. The torque is limited so that the real
system cannot recover from states with |θ| > 30deg. The state is x = (θ, θ̇). The prior
dynamics are also governed by (5), but the friction is neglected and the mass is 0.05 kg
lighter. We use a Linear Quadratic Regulator based on the prior model in order to design
the controller, and use the corresponding quadratic Lyapunov function to determine the
ROA of (5). Figure 4.6 shows the logic of this experiment. In order to achieve this goal,
we uniformly sample 100, 144, and 400 states in the area of [−4, 4] × [−4, 4], output ẋ
governed by true dynamics at these states as noise free measurements, and calculate the
lower estimate of the RKHS norm. As shown in Figure 4.7, we don’t need to care about
the hidden dynamics dθ/dt = θ̇ in the sampling process as our sampling here is just to
learn the RHS of (5). An i.i.d additive Gaussian noise is then imposed to the noise free
measurements, so that βT proposed in theorem 2.2.2 can be calculated. Table 4.2 shows
the result of these calculations. Unfortunately, we do not get results that match theoretical
expectations. In this experiment, we followed the strategy in section 2.1.2 to get the lower
estimate of the right hand side of RKHs norm of (5), but it doesn’t converge. In addition,
the βT we calculated was never close to 2. Figure 4.8 shows the ROA obtained through βT

we calculated with samples. Clearly, it’s too conservative to be meaningful. In addition,
we tried estimating Γ first and letting β = 2Γ2, since 2Γ2 is the dominant term in betat
of theorem 2.2.1. Note that we are still not updating βT in every iteration of algorithm
1, but treat βT as a feature of (5) and try to learn this feature on a larger area. Figure
4.9 shows the ROA obtained in this way with 53.7% safe points relative to true dynamics.
We boldly infer that the author of [1] picked a fixed β = 2 not based on the algorithm he
proposed but on the commonly used Gaussian distribution 95% confidence interval which
has a width of 1.96σ.
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Figure 4.6: Experiment logic
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Figure 4.7: Learned Inverted Pendulum Dynamics

Number of measurements Lower estimate (f⊤
T K

−1fT ) βT

100 68.47 99.65
144 96.16 144.20
400 191.83 400.19

Table 4.2: Inverted pendulum
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Figure 4.8: ROA learned from 100 measurements learned β
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Figure 4.9: ROA learned from 100 measurements with β = 2Γ2
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Chapter 5

Disscussion

In this research paper, we explored error bound estimates for Gaussian Processes and kernel
methods, and demonstrated their application to the stability analysis of dynamical systems.
Through theoretical derivations and experimental verifications, several key observations
and challenges were identified.

First, Gaussian Processes and kernel methods provide strong theoretical guarantees
and interpretability for error bounds estimate. These properties are crucial for stability
analysis in safety-critical environments.

Second, experimental results verify that these error bounds are not overly conservative
in one-dimensional settings. The learned ROA closely matches the true ROA, and the
conservative estimates obtained through the proposed methods remain meaningful.

However, challenges arise when extending these methods to higher-dimensional systems.
In the inverted pendulum experiment, several significant issues were encountered when
attempting to accurately learn the ROA. In particular, it proved infeasible to obtain a
reliable estimate of the RKHS norm purely from data, and the resulting ROA estimates
were too conservative to be practical.

In addition, this study makes several important contributions and corrections to previ-
ous research. We show that it is sufficient to apply error bounds directly to the unknown
dynamics but not its lyapunov function. This insight extends the applicability of stability
analysis beyond Gaussian Processes to include kernel methods. Furthermore, we optimize
the error bounds estimation by introducing chi-square techniques, thereby addressing is-
sues associated with truncated Gaussian noise and improving the robustness of the error
estimates.
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Overall, this study lays a theoretical foundation for safe learning using Gaussian Pro-
cesses and kernel methods. It demonstrates promising results in lower-dimensional systems,
identifies critical challenges in high-dimensional scenarios.
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