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Abstract—Nonorthogonal multiple access (NOMA) and mul-
tiuser diversity (MUD) are different transmission techniques that
can improve the spectral efficiency of multiuser wireless commu-
nication systems. In this paper, we consider a hybrid switching
strategy of NOMA and MUD (HSS-NM) by combining these two
approaches in two-user and multiuser systems. With NOMA using
successive interference cancellation and MUD based on propor-
tional fair scheduling, we find out that one can perform better
than the other according to certain channel conditions. From this,
HSS-NM is proposed to improve spectral efficiency. Furthermore,
we extend HSS-NM to a multiuser scenario with a user selection
strategy. Simulation results demonstrate that the proposed method
can achieve a relatively high sum-rate gain.

Index Terms—Hybrid transmission, multiuser diversity (MUD),
non-orthogonal multiple access (NOMA).

I. INTRODUCTION

CONTINUOUS advancement of wireless communication
technologies enables the use of effective radio access

strategies in cellular communication systems, from frequency
division multiple access for the first generation systems, time
division multiple access for the second generation, to code di-
vision multiple access for the third generation, and orthogonal
frequency-division multiple access for the fourth generation.
The well-studied multiple access methods are known as or-
thogonal multiple access (OMA) schemes [1], [2]. Recently,
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the Third Generation Partnership Project (3GPP) proposed a
non-orthogonal multiple access (NOMA) method to provide a
higher spectral efficiency. In NOMA, multiuser signals are mul-
tiplexed in the power domain at a transmitter, and are decoded
at receivers based on successive interference cancellation (SIC)
[3], [4]. Generally, NOMA can enhance the spectrum efficiency
of cellular systems by exploiting the power domain.

Diversity techniques are an effective approach to overcome
wireless channel fading [5]. In a multiuser system, when the
users experience independent channel fading, multiuser diver-
sity (MUD) exploits the fact that the random fading channel
gains at a particular time can be higher than the average with
a high probability [5], [6]. Thus, MUD can improve the trans-
mission performance over fading channels, while it becomes
ineffective over non-fading channels where the received signal
power is constant.

Existing studies of NOMA and MUD mainly focus on opti-
mal power allocation and user scheduling strategies to enhance
the system performance (e.g., capacity, outage probability, and
fairness) [7]–[16]. More specifically, the original work [7] of
MUD shows that the system should first schedule the user with
the best instantaneous channel quality, and in [8], it is proved
that the spectral efficiency increases logarithmically with the
number of users. In [9], the performance of NOMA outage
probability is analyzed and optimal power control strategies
are proposed. A novel multiuser grouping scheme with power
allocation is proposed in [10] to reduce the computational com-
plexity at the cost of user fairness, in comparison with the full
search method. In [11], a power allocation scheme is studied in
multiple-input multiple-output (MIMO) NOMA systems. Also,
the fairness of multiuser scheduling attracts much attention in
the study of NOMA and MUD systems. In [13], with the aim of
providing proportional fairness, power allocation and user selec-
tion problems in multiuser downlink NOMA are investigated.
In [14]–[16], various user scheduling strategies are proposed to
achieve efficient and flexible trade-offs between system achiev-
able capacity and user fairness. So far, there are limited studies
on combining these two techniques.

In this paper, by considering the properties of MUD and
NOMA in a system consisting of one base station (BS) and
two users, we propose a hybrid switching strategy of NOMA
and MUD (HSS-NM) based on channel states. To decide the
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Fig. 1. The downlink of NOMA and MUD.

switching point mathematically, closed-form expressions of the
sum-rate regarding NOMA and MUD are derived. From that,
we find either method outperforms the other under different
channel conditions. Further, we extend the proposed method
to a multiuser scenario with a user selection strategy. Due to
the multiuser diversity, an extra sum-rate gain can be achieved.
Simulation results show that the proposed method effectively
utilizes the advantages of both MUD and NOMA. Particularly,
the low computational complexity makes the method more prac-
tical in engineering.

The rest of this paper is organized as follows. Section II de-
scribes the system transmission model which incorporates both
NOMA and MUD methods. In Section III, for the system with
a BS and two users, the sum-rate performance based on in-
stantaneous and average channel gains is respectively analyzed.
The hybrid switching strategy between NOMA and MUD is
presented in Section IV, and the throughput of multiuser sys-
tems is analyzed theoretically with a user selection strategy in
Section V. This work is concluded in Section VI.

Notation: E{x} denotes the mean of x and | · | represents
the Euclidean norm of a scalar. Denote by A\B the set minus,
which represents removing the elements of set B from set A.

II. SYSTEM MODEL

To illustrate the proposed approach as well as to simplify the
analysis, we focus on a scenario of two users and one BS, with
single-antenna transceivers.

A. NOMA With SIC

Fig. 1 illustrates a typical downlink NOMA scheme via
power-domain multiplexing with SIC at user equipments (UE),
where UE-2 is closer to the BS than UE-1. At the BS, the signals
for different users are linearly combined under a power alloca-
tion strategy. The signal transmitted to the i-th UE (denote by
UE-i, i = 1, 2) for one scheduling interval with the scheduling
interval index omitted is denoted by si . The transmitted signal

at the BS is given by

x =
√

P1s1 +
√

P2s2 (1)

where Pi is the transmission power allocated to si , with the total
transmission power P = P1 + P2. The received signal at UE-i
is given by

yi = hix + ni (2)

where hi ∼ CN (0, 2σ2
i ) denotes the complex channel coeffi-

cient between UE-i and the BS with σ2
2 > σ2

1 for a Rayleigh fad-
ing environment, ni represents the Gaussian noise with power
Ni .

In the downlink NOMA, the received signals at users can
be decoded in conjunction with SIC. Generally, SIC is to be
carried out successively at the users with the increasing sequence
of the channel power gains normalized by noise power |hi |2

Ni
.

According to [17], [18], for UE-i, any inter-user interference
from the signal sent to UE-j (j �= i) can be removed as long

as |hj |2
Nj

< |hi |2
Ni

. Suppose that the noise power is the same at
the two users (N1 = N2 = N0) and without loss of generality,
we assume that |h1|2

N0
< |h2|2

N0
. In general, NOMA is to allocate

more transmission power to the weak user than that to the strong
user [18], [19], thus we have P1 > P2. Then, the UE-2 receiver
will firstly decode the UE-1 signal, while the UE-2 signal is
detected after subtracting the UE-1 signal component. Thus, the
transmission rates are given by

R1 ≤ log2

(
1 +

|hmin |2P1

|hmin |2P2 + N0

)

= log2

(
1 +

|h1|2P1

|h1|2P2 + N0

)

R2 ≤ log2

(
1 +

|h2|2P2

N0

)
(3)

where |hmin |2 = min{|h1|2, |h2|2}, under the assumption of ac-
curate SIC. The NOMA has a sum-rate

Rnoma = R1 + R2. (4)

B. MUD Scheduling Methods

Considering the same system model for MUD as illustrated in
Fig. 1, there are various user scheduling methods for MUD, such
as opportunistic scheduling and Round Robin (RR) [20], [21].
The former selects only the UE with a better channel quality to
maximize the overall throughput, which is given by

Rmud ≤ log2

(
1 +

max(|h1|2, |h2|2)P
N0

)
. (5)

Generally, in opportunistic scheduling, the channel resources
can be efficiently shared by all users under symmetric channel
conditions. However, this scheduling policy may suffer from
severe unfairness under asymmetric channel conditions, as the
service request of a user with long-term poor channel quality
will always be rejected by the BS.

The RR schedulers treat the UEs equally regardless of their
channel qualities and rotate the scheduled UE [21]. Obviously,
this method realizes deterministic fairness at the cost of potential
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performance loss. In order to take a trade-off between the per-
formance and fairness, different user scheduling strategies have
been studied and one of which is known as proportional fair
scheduling (PFS). The PFS considers the instantaneous user
data rate along with the long-term-averaged rate ([13], [21]),
which is defined as:

uPFS
k =

Rk (t)
Tk (t)

(6)

where Rk (t) is the instantaneous user data rate of UE-k at the
scheduling time t. In (6), Tk (t) is the long-term-averaged rate,
which can be calculated by

Tk (t + 1) =
(

1 − 1
tc

)
Tk (t) +

1
tc

πk (t)Rk (t) (7)

where tc is the averaging window size and πk (t) is the schedul-
ing 0-1 factor. If UE-k is scheduled at time t, we have πk (t) = 1;
otherwise, πk (t) = 0.

Alternatively, this scheduling strategy can be simplified by
scheduling the UE with the largest normalized channel quality
with respect to the average channel power gain γi = E(|hi |2) =
2σ2

i [14]. Let iopt = arg maxi=1,2

{
|hi |2
γi

}
, the sum-rate with

the simplified PFS can be found as

Rp
mud ≤ log2

(
1 +

|hio p t |2P
N0

)
. (8)

Consequently, this scheduling can achieve an acceptable bal-
ance between system capacity and user fairness. To simplify the
analysis, only the simplified PFS is discussed in the rest of this
paper.

III. THE SYSTEM SUM-RATE PERFORMANCE OF NOMA
AND MUD

In this section, the system sum-rates based on instantaneous
and average channel power gains (the instantaneous and average
ratios of the received power to the transmit power [22]) are
analyzed respectively. Here, the channel gains are computed by
the squared-norm of channel coefficients [23].

A. System Sum-Rate Performance Based on Instantaneous
Channel Power Gains

For notational convenience, let αi = |hi |2 and ri = αi P
N0

, for
i = 1, 2. Here, αi is referred to as the instantaneous channel
power gain. Assuming that P1 = εP , P2 = (1 − ε)P (since
P1 > P2, we have 1

2 < ε < 1), then (4) and (8) can be rewritten
as

Rnoma = R1 + R2

≤ log2

[
1 +

εrmin

(1 − ε)rmin + 1

]

+ log2 [1 + (1 − ε)r2] (9)

and

Rp
mud ≤ log2

(
1 + rio p t

)
(10)

Fig. 2. The transmission rate of NOMA and MUD in different α1, α2,
P
N 0

=
50 dB, γ 2

γ 1
= 9, ε = 0.6.

respectively, where rmin = min{r1, r2} and iopt =
arg maxi=1,2{ ri

γi
}.

Fig. 2 illustrates the sum-rate of NOMA and MUD versus
channel power gains α1 and α2, which indicates that NOMA
outperforms MUD under certain circumstances. Thus, for the
purpose of sum-rate maximization, an efficient hybrid trans-
mission method of NOMA and MUD can be derived based on
instantaneous channel gains, which is analyzed in Section III.
Although the channel is assumed to be a Rayleigh fading one
in the last section, the above result can be extended to other
channel statistic characteristics.

B. System Sum-Rate Performance Based on Average Channel
Power Gains

In this subsection, we analyze the system performance of
NOMA and MUD based on average channel power gains {γi} =
E({αi}).

Considering the average sum-rate of NOMA, we have

R1 ≤ E

{
log2

[
1 +

εr1

(1 − ε)r1 + 1

]}

R2 ≤ E {log2 [1 + (1 − ε)r2]} . (11)

According to the properties of Rayleigh fading, ri follows an ex-
ponential distribution [24] with the probability density function
(pdf) given by

f(ri) =
1
Γi

e−ri /Γ i (12)

where Γi = γi P
N0

. Thus, the average NOMA sum-rate is given
by

Rnoma = R1 + R2

≤ 1
ln 2

∫ ∞

0
ln(1 + r2)

e−r2/(1−ε)Γ2

(1 − ε)Γ2
dr2

− 1
ln 2

∫ ∞

0
ln(1 + r1)

e−r1/(1−ε)Γ1

(1 − ε)Γ1
dr1

+
1

ln 2

∫ ∞

0
ln(1 + r1)

e−r1/Γ1

Γ1
dr1. (13)
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By defining an integral In (μ) as ([24, eq. (14)])

In (μ) =
∫ ∞

0
zn−1 ln(1 + z)e−μz dz,

μ > 0, n = 1, 2, ... (14)

(13) can be rewritten as

Rnoma ≤ 1
ln 2

[
1

(1 − ε)Γ2
I1

(
1

(1 − ε)Γ2

)]

− 1
ln 2

[
1

(1 − ε)Γ1
I1

(
1

(1 − ε)Γ1

)
− 1

Γ1
I1

(
1
Γ1

)]
.

(15)

Note that a similar simplification can be applied to (8) and the
sum-rate of MUD with PFS becomes

Rp
mud ≤ 1

ln 2

∫∫

r1/Γ1>r2/Γ2

ln(1 + r1)
e−r1/Γ1−r2/Γ2

Γ1Γ2
dr1dr2

+
1

ln 2

∫∫

r1/Γ1<r2/Γ2

ln(1 + r2)
e−r1/Γ1−r2/Γ2

Γ1Γ2
dr1dr2. (16)

Substituting (14) into (16), we have

Rp
mud ≤ 1

ln 2

[
1
Γ1

I1

(
1
Γ1

)
− 1

Γ1
I1

(
2
Γ1

)]

+
1

ln 2

[
1
Γ2

I1

(
1
Γ2

)
− 1

Γ2
I1

(
2
Γ2

)]
. (17)

It is noteworthy that the integrations in (15) and (17) do not
have a closed-form expression and can only be solved by nu-
merical approaches. Fortunately, by using the integral expansion
of In (μ), we can find analytical approximations of (15) and (17)
which are analyzed as follows.

According to [24, eq. (80)], I1(μ) can be expressed as

I1(μ) = eμ E1(μ)
μ

(18)

where E1(μ) =
∫∞

1 z−1e−μz dz is the exponential integral of
order 1. Let λ1 = 1

Γ1
and λ2 = 1

Γ2
, we have

Rnoma ≤ 1
ln 2

[
eλ2/(1−ε)E1

(
λ2

1 − ε

)]

− 1
ln 2

[
eλ1/(1−ε)E1

(
λ1

1 − ε

)
− eλ1E1(λ1)

]
(19)

and

Rp
mud ≤ 1

ln 2

[
eλ1E1(λ1) + eλ2E1(λ2)

]

− 1
ln 2

[
1
2
e2λ1E1(2λ1) +

1
2
e2λ2E1(2λ2)

]
. (20)

From [24, eq. (35)], the Taylor series expansion for E1(·) is

E1(μ) = −Eu − ln μ −
∞∑

k=1

(−μ)k

k · k!
(21)

where Eu = 0.577615225 is the Euler constant. If we only con-
sider the high signal-to-noise ratio (SNR) scenario, which means

Fig. 3. The transmission rate of NOMA and MUD versus γ1 and γ2 with
P
N 0

= 50 dB, ε = 0.6.

λ1, λ2 � 1, μ � 1, (21) can be approximated as

E1(μ) ≈ −Eu − ln μ + μ. (22)

Consequently, substituting (22) into (19) and (20), we can
find the analytical approximations of the transmission rates for
NOMA and MUD, which are omitted here.

From (19) and (20), we can see the effects of channel pa-
rameters λ1, λ2 (or γ1, γ2), and power allocation factor ε on
the system average sum-rate. Fig. 3 shows the sum-rate of
NOMA and MUD versus γ1 and γ2. We can see that the per-
formance of NOMA is better than that of MUD for certain
combinations of γ1 and γ2. Apparently, there exists the in-
tersection where the transmission rates of NOMA and MUD
are the same. The projection of the intersection on γ1Oγ2 is
given by

Rnoma − Rp
mud

=
1

ln 2

[
eλ2/(1−ε)E1

(
λ2

1 − ε

)]

− 1
ln 2

[
eλ1/(1−ε)E1

(
λ1

1 − ε

)
− eλ1E1(λ1)

]

− 1
ln 2

[
eλ1E1(λ1) + eλ2E1(λ2)

]

+
1

ln 2

[
1
2
e2λ1E1(2λ1) +

1
2
e2λ2E1(2λ2)

]
= 0. (23)

From Fig. 3, in order to take advantage of the performance
trade-off between NOMA and MUD, one natural idea is to ap-
ply MUD in the certain combinations of γ1 and γ2 where the
two users achieve higher communication throughput in MUD,
and switches to NOMA otherwise. That is, one potential hybrid
transmission method is intercepting the plane above the inter-
section in Fig. 3. However, as the form of (23) is complex, this
method is difficult to implement.
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Fig. 4. The transmission method of MUD and NOMA versus α1 and α2 with
P
N 0

= 50 dB, ε = 0.6. (a) γ2/γ1 = 4. (b) γ2/γ1 = 2.

IV. HYBRID TRANSMISSION OF NOMA AND MUD IN

TWO-USER SCENARIO

In this section, we focus on a practical transmission method
and introduce the concept of HSS-NM based on the discussions
in Section III.

A. Transmission Based on Instantaneous Channel Power
Gains

Firstly, we have the following results.
Lemma 1: For a cellular system consisting of a BS and two

users, suppose that γ1 < γ2 as UE-1 is farther to the BS than
UE-2, the sum-rate of NOMA is higher than that of MUD if and
only if α1 < α2, α1

γ1
> α2

γ2
.

Proof: Without loss of generality, the sum-rate of NOMA
can be discussed in the following two cases:

1) α1 < α2

As in (9), the rate of NOMA is given by

Rnoma = R1 + R2

≤ log2

[
(1 + r1)

1 + (1 − ε)r2

1 + (1 − ε)r1

]
. (24)

Since α1 < α2, which indicates that r1 < r2, we have log2[(1 +
r1)

1+(1−ε)r2

1+(1−ε)r1
] > log2(1 + r1) for any given ε. A further analysis

shows that Rnoma is a monotonically decreasing function of
ε, which indicates that log2[(1 + r1)

1+(1−ε)r2

1+(1−ε)r1
] < log2(1 + r2).

Thus, α1
γ1

> α2
γ2

, we have Rnoma > Rp
mud . In contrast, Rnoma ≤

Rp
mud with the condition of α1

γ1
≤ α2

γ2
.

1) α1 ≥ α2

In this case, Rnoma = log2(1 + r2) ≤ log2(1 + r1). Thus we
have Rnoma ≤ Rp

mud . �
According to the preceding analysis, the proposed HSS-NM

based on instantaneous channel states can be described as fol-
lows:

1) Applying NOMA if α1 < α2 and α1
γ1

> α2
γ2

;
2) Applying MUD, otherwise.
This hybrid transmission method is intuitively shown in Fig. 4

when the ratio of average channel power gains γ2/γ1 of the two
users varies. The colored areas represent the cases when NOMA
is used. Furthermore, the results indicate that the smaller γ2/γ1,
the narrower NOMA transmission areas. In particular, when
γ2/γ1 = 1, the system will only use MUD for transmission.

Fig. 5. The transmission rate of NOMA and MUD, C = Γ1 + Γ2 = 2 × 105,
Γi = γ i P

N 0
, P

N 0
= 50 dB, ε = 0.6.

B. Transmission Based on Average Channel Power Gains

1) Rayleigh Fading Channels: Let γ2 = kγ1 and C = Γ1 +
Γ2. Here, k (= γ2

γ1
) is referred to as the channel gain ratio. Similar

to Lemma 1 in Section IV-A, we have the following results based
on average channel power gains.

Lemma 2: For a cellular system consisting of a BS and two
users under Rayleigh fading channels, suppose that γ1 < γ2, the
sum-rate of NOMA is higher than that of MUD if and only if
γ2 > k0γ1, where k0 is obtained by the following equation:

[
1 +

1
(1 − ε)2

+
(

2 − 1
(1 − ε)2

)
k2

0

]
λ2

2 +
1
2

ln
k0

4

+
λ2

1 − ε
[(Eu − 1 − ln(1 − ε))(k0 − 1) + k0 ln k0]

− λ2(k0 + 1) ln 2 +
k0 − 1
1 − ε

λ2 ln λ2 = 0 (25)

and λ2 = k0+1
C k0

. In high SNR scenarios with a relatively low ε,
k0 is fixed at 4.

Proof: It is not trivial to explore the nature of MUD and
NOMA schemes directly from (19) and (20) in Section III-B,
as the expressions are too complex. Therefore, numerical sim-
ulations are applied to illustrate the performance of MUD and
NOMA schemes versus average channel gain ratios γ2

γ1
(please

refer to Fig. 5 in Section IV-C).
From the simulation result, one can observe that the perfor-

mance of NOMA increases while that of MUD degrades with
the increase of k. Therefore, there exists a demarcation point
k0 which results in an identical transmission rates of the two
methods. Next, according to the proposed method, we discuss
how to mathematically obtain an approximation of k0.

From the preceding analysis, finding the boundary point k0 is
equivalent to solving the following set of equations:

⎧
⎪⎪⎨

⎪⎪⎩

Rnoma = Rp
mud

λ1 = k0λ2

1
λ1

+ 1
λ2

= C

(26)
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where Rnoma and Rp
mud are determined by (19) and (20), re-

spectively. In order to solve (26), we focus on the high SNR
scenario region where only the first series expansion for E1(·)
is considered.

Noting that λ1 and λ2 are small enough, we use the second-
order Taylor expansion of the exponential functions in (19) and
(20), and obtain

Rnoma ≤ 1
ln 2

[
Eu − 1
1 − ε

(λ1 − λ2) − (Eu + ln λ1)

+
1

1 − ε

(
λ1 ln

λ1

1 − ε
− λ2 ln

λ2

1 − ε

)
+ ln

λ1

λ2

+
1

(1 − ε)2
(λ2

2 − λ2
1) + λ2

1

]
(27)

and

Rp
mud ≤ 1

ln 2

[
− Eu − λ2

1 − λ2
2 −

1
2

ln(λ1λ2)

+ ln 2(1 + λ1 + λ2)
]
. (28)

Here, the demarcation point k0 is related to ε and C. Substituting
(27) and (28) into Rnoma − Rp

mud = 0 and setting ε = 0, we
can derive (25). Although it is still a transcendental equation,
the form is significantly simplified.

Especially, in high SNR scenarios with a relatively low ε, the
parameter λ2 in (25) can be omitted and we have k0 = 4. �

According to Lemma 2, we can derive a realization of HSS-
NM that applies MUD if γ2 < k0γ1 and switches to NOMA
otherwise. The performance of the proposed method is shown
in Section IV-C, which indicates that this hybrid transmission
method outperforms both MUD and NOMA.

2) Rayleigh Fading Channels With Large-Scale Fading
(LSF): In multiuser communications, the impact of LSF such
as path loss on the total system performance should be consid-
ered, especially when the users are relatively far from the BS.
Different from small-scale fading (SSF), LSF is mainly caused
by shadowing and path loss, and is independent of SSF [25].
According to [25], [26], the complex channel coefficient hLi

with the mixture of large and small scale fadings is defined by

hLi =
√

wihi (29)

where hi denotes the Rayleigh channel coefficient between UE-
i and the BS as defined before, and wi is the LSF term given
by wi = lid

−v
i . Here, di denotes the distance between UE-i and

the BS, v is the path loss exponent, typically between 3 and 5
[27], and li represents the shadowing, which is usually modeled
as an independent log-normal distributed random variable [28].
Meanwhile, there are also many studies that focus on the cor-
related shadow fading [29]-[31]. For example, in [31], a novel
scheme to generate correlated shadow fading value (SFV) maps
with wrap-around is proposed. Here, we concentrate on the
channel model without shadowing factors for the sake of sim-
plicity. For presentation clarity, assuming that li = 1 (i = 1, 2),

the channel coefficient becomes

hLi ≈ hi√
dv

i

. (30)

Substituting (30) into (3), (8), and replacing hi with hLi , a
similar analysis can be applied to determine the sum-rate of
NOMA and MUD respectively. Letting ΓLi = γi P

dv
i N0

, the sum-
rate of Rayleigh fading channels with LSF is given by

RL−noma ≤ 1
ln 2

[
1

(1 − ε)ΓL2
I1

(
1

(1 − ε)ΓL2

)]

− 1
ln 2

[
1

(1 − ε)ΓL1
I1

(
1

(1 − ε)ΓL1

)

− 1
ΓL1

I1

(
1

ΓL1

)]
(31)

and

Rp
L−mud ≤ 1

ln 2

[
1

ΓL1
I1

(
1

ΓL1

)
− 1

ΓL1
I1

(
2

ΓL1

)]

+
1

ln 2

[
1

ΓL2
I1

(
1

ΓL2

)
− 1

ΓL2
I1

(
2

ΓL2

)]
. (32)

It is observed that the sum-rate of NOMA and MUD have pat-
terns similar to those in pure Rayleigh fading channels. There-
fore, in the scenario of high SNR (ΓLi 
 1), Lemma 2 is valid
by replacing γi and C with γi

dv
i

and CL respectively, based on
which HSS-NM can be derived similarly. That is, apply MUD if
γ2
dv

2
≤ kL0

γ1
dr

1
and switch to NOMA otherwise. Meanwhile, let-

ting λL1 = 1
ΓL 1

and λL2 = 1
ΓL 2

, the boundary point kL0 can be
obtained by the following equation:
[

1 +
1

(1 − ε)2
+
(

2 − 1
(1 − ε)2

)
k2

L0

]
λ2

2 +
1
2

ln
kL0

4

+
λ2

1 − ε
[(Eu − 1 − ln(1 − ε))(kL0 − 1) + kL0 ln kL0]

− λ2(kL0 + 1) ln 2 +
kL0 − 1

1 − ε
λ2 ln λ2 = 0 (33)

where λL2 = kL 0+1
CL kL 0

. We can see that, under the coexistence
of SSF and LSF, the transmission strategy is related to both
variances of the Rayleigh fading and the path loss.

Generally, HSS-NM is valid for correlated shadow fading.
The proposed hybrid switching strategy is based on the chan-
nel coefficients, in which shadow fading factors can also be
included. However, it remains a challenging work to mathemat-
ically find the switching boundary point, which is an interesting
topic for further research.

C. Simulation Results

In this subsection, we aims to demonstrate that there exists a
demarcation point k0 which results in an identical transmission
rates of MUD and NOMA, with respect to Lemma 2. The sum-
rate performance of HSS-NM based on instantaneous channel
power gains is quite intuitive, we only give the numerical results
of HSS-NM based on average channel power gains.
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Fig. 6. The transmission rate of NOMA, MUD, and HSS-NM in Taylor ex-
pansion, C = Γ1 + Γ2 = 2 × 105, Γi = γ i P

N 0
, P

N 0
= 50 dB, ε = 0.6.

In Fig. 5, the solid curves denote the sum-rate of NOMA
and MUD with different k by Monte Carlo simulations. Here,
the average channel power gains are subject to γ1 + γ2 = 0.02,
where γ1 increases from 0.01 while γ2 decreases correspond-
ingly. The sum-rate Rnoma and Rp

mud for each pair of (γ1, γ2) are
obtained by averaging the rates of 100000 independent channel
realizations. The dashed curves represent the results computed
by using (19) and (20). Here, we investigate the performance of
different MUD scheduling methods (the two kinds of PFS meth-
ods and RR method) and observe that all these MUD schemes
outperform NOMA when the channel gain ratio is not relatively
small (i.e., k ≈ 1). However, the MUD scheduling based on
instantaneous received SINR reaches a higher system sum-rate
than the other two MUD methods.

The simulation results illustrate that the performance of
NOMA increases while that of MUD degrades with the increase
of k, which indicates that there exists a demarcation point k0

that results in an identical transmission rates of the two methods.
According to Lemma 2, we can derive a realization of HSS-

NM as proposed in Section IV-B. Figs. 6 and 7 show the nu-
merical and analytical results of NOMA, MUD, and HSS-NM,
respectively. Here, Fig. 6 is the result in Rayleigh channels,
which demonstrates that the approximations in (27) and (28)
are sufficiently accurate. Fig. 7 shows the sum-rate of NOMA
and MUD over an LSF channel based on (31) and (32), where
CL = ΓL1 + ΓL2 = 2000, v = 3, and ε = 0.6. It is confirmed
that they have patterns similar to those in pure Rayleigh fad-
ing channels. As expected, HSS-NM outperforms either MUD
or NOMA by utilizing the properties of these two methods in
different channel conditions.

To show the impact of parameters CL (C) and ε, we explore
how the demarcation point kL0 (k0) changes with CL (C) and
the power split ratio ε, as illustrated in Figs. 8 and 9. Fig. 8
mainly shows the effect of CL in different ε, which suggests
that kL0 becomes more sensitive to ε in low SNR scenarios.
These results are also valid in the system with pure Rayleigh

Fig. 7. The transmission rate of NOMA, MUD, and HSS-NM in LSF channel,
γ1 = γ2 = 2, r = 3, γ 1

dv
1

+ γ 2
dv

2
= 0.02, ε = 0.6, P

N 0
= 50 dB.

Fig. 8. The boundary point kL 0 versus CL , ε = 0.6.

Fig. 9. The transmission rate of NOMA and MUD with different ε, C =
Γ1 + Γ2 = 2 × 105, Γi = γ i P

N 0
, P

N 0
= 50 dB.
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fading channels by setting v = 0. Furthermore, kL0 remains at 4
when CL is relatively large, which indicates that we can switch
from MUD to NOMA when γ2

dv
2

> 4 γ1
dv

1
in high SNR scenarios

to obtain a higher transmission rate. Fig. 9 illustrates the sum-
rate of NOMA and MUD with different ε. We observe that k0

changes slightly with relatively low ε in high SNR scenarios,
but increases rapidly when ε approaches to 1. The result also
shows that the sum-rate of NOMA decreases with the increase
of ε, as more power is allocated to the user with weaker channel
conditions.

V. HYBRID TRANSMISSION IN MULTIUSER SCENARIO

The preceding analysis is based on the system model with
only two users. However, the proposed HSS-NM can be ex-
tended to multiuser scenarios, as discussed in this section.

A. HSS-NM With User Selection

When there are M (M ≥ 2) users in the system, applying
NOMA directly to the multiuser system incurs high compu-
tational complexity to perform SIC in the receivers. In order
to alleviate the burden of the system, a practical transmission
method is proposed where only one pair of users during every
time slot are permitted to communicate with the BS. Consider-
ing a Rayleigh fading environment, the method is described in
detail as follows.

1) According to [32], we assume that every time slot of
length L has a training period consisting of N minislots
of length τ each. That is, τN duration is used for training
and L − τN duration is used for data transmission in
every time slot. Apparently, N = M (2M −1)

2 for exhaustive
searching. The receiver is supposed to obtain channel state
information (CSI) of each user and feed them back to the
BS.

2) In the training duration of every time slot, the system ran-
domly chooses user pairs during minislots and estimates
the transmission rates of MUD and NOMA, respectively.
After that, the two user pairs that maximize the system
sum-rate in NOMA and MUD method are selected. We
have

(Γ1m u d ,Γ2m u d ) = arg max
0<m≤N

{Rp
mud(Γ1m ,Γ2m )}

(Γ1n o m a ,Γ2n o m a ) = arg max
0<m≤N

{Rnoma(Γ1m ,Γ2m )}
(34)

where Rnoma(·) and Rp
mud(·) are determined by (15) and

(17), respectively.
3) Based on the NOMA or MUD chosen, the user pair of the

highest transmission rate are selected for hybrid transmis-
sion:

(Γ1o p t ,Γ2o p t ) = arg max{Rp
mud(Γ1m u d ,Γ2m u d ),

× Rnoma(Γ1n o m a ,Γ2n o m a )}. (35)

Although the transmission method outperforms any single
mode of MUD or NOMA and can reach a relatively high mul-
tiuser diversity gain, one factor possibly restricts the system

performance is the training time overhead, especially when M
is large. Therefore, how to reduce the overhead is important.

Considering only the high SNR scenario for simplicity, (19)
and (20) can be rewritten respectively as

Rnoma ≤ 1
ln 2

[
eλ2/(1−ε)E1

(
λ2

1 − ε

)]

− 1
ln 2

[
ex1/(1−ε)E1

(
λ1

1 − ε

)
− eλ1E1(λ1)

]

≈ 1
ln 2

[
eλ2E1(λ2)

]
(36)

and

Rp
mud ≤ 1

ln 2

[
eλ1E1(λ1) − 1

2
e2λ1E1(2λ1)

]

+
1

ln 2

[
eλ2E1(λ2) − 1

2
e2λ2E1(2λ2)

]

=
1

ln 2
[g(λ1) + g(λ2)] (37)

where g(λi) = eλi E1(λi) − 1
2e2λi E1(2λi) and λi = 1

Γ i
(i =

1, 2). It can be proved that eλ2E1(λ2) and g(λi) are both mono-
tonically decreasing (see Appendices A and B), which means
that the system sum-rates of NOMA and MUD are both maxi-
mized at the minimum value of λ1 and λ2. Thus, based on the full
CSI of all users in the system, the BS can select user pairs with
the minimum value of λ1 and λ2 (i.e., the maximum value of
Γi) for communication. In this way, the training time overhead
is reduced and the system can achieve the same performance as
the exhaustive searching does.

Once the final user pair is selected, HSS-NM between two
users proposed in Section IV can be applied in this situation.
Denote by γio p t (i = 1, 2) the average channel gains of the users
being selected, we can derive the strategy of HSS-NM with
user selection that applies MUD method if γ2o p t < k0γ1o p t and
switch to NOMA when γ2o p t > k0γ1o p t , where k0 can be ob-
tained from (25) or Fig. 8. Note that k0 ≈ 4 in a high SNR
scenario.

B. Sum-Rate Performance Analysis

1) Sum-Rate Performance Without Training Time Loss: In
this subsection, the sum-rate performance of multiuser systems
applying HSS-NM with the user selection strategy is analyzed
theoretically, and we derive the average sum-rate gain in large
user scale scenarios without considering training time loss (τ =
0). Let λd = min0<i≤M λi and λu = max0<i≤M λi . In this case,
the system throughput becomes

Rmax ≤ 1
ln 2

[
2eλd E1(λd) − e2λd E1(2λd)

]
. (38)

When the number of users is relatively small, the system sum-
rate is closely related to M . Assume that the user parameters
λ1, λ2, ..., λM are i.i.d. random variables with pdf f(λ) and
cumulative distribution function (CDF) F (λ), respectively. The
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parameters of the selected users are

λ(1) = min{λ1, λ2, ..., λM }
λ(2) = min

{{λ1, λ2, ..., λM }\{λ(1)}
}

(39)

which are the minimum and the second minimum value of user
parameters. Based on order statistics, the joint pdf of λ(1) and
λ(2) can be written as

f(λ(1) , λ(2)) = M(M − 1)f(λ(1))f(λ(2))
(
1 − F (λ(2))

)M −2
.

(40)
Thus, the transmission rate of the system is given by

Rsum(M, λd , λu )

=
∫∫

λd ≤λ( 1) ,λ( 2)≤λu

λ( 1) <λ( 2) <k0λ( 1)

Rp
mud(λ(1) , λ(2))f(λ(1) , λ(2))dλ(1)dλ(2)

+
∫∫

λd ≤λ( 1) ,λ( 2)≤λu

λ( 2)≥k0λ( 1)

Rnoma(λ(1) , λ(2))f(λ(1) , λ(2))dλ(1)dλ(2)

(41)

where f(λ(1) , λ(2)), Rnoma(λ(1) , λ(2)), and Rp
mud(λ(1) , λ(2))

can be computed by (40), (19), and (20), respectively. Although
(41) does not have a closed-form expression, we can derive an
approximate one using compound trapezoidal formula.

Denote hmud(λ(1) , λ(2)) = Rp
mud(λ(1) , λ(2))f(λ(1) , λ(2)) and

hnoma(λ(1) , λ(2)) = Rnoma(λ(1) , λ(2))f(λ(1) , λ(2)). In the case
of k0λd < λu , (41) becomes

Rsum1 =
∫ λu

k0λd

dλ(2)

∫ λ( 2)

λ( 2) /k0

hmud(λ(1) , λ(2))dλ(1)

+
∫ k0λd

λd

dλ(2)

∫ λ( 2)

λd

hmud(λ(1) , λ(2))dλ(1)

+
∫ λu

k0λd

dλ(2)

∫ λ( 2)

λd

hnoma(λ(1) , λ(2))dλ(1)

= Tnmud1 + Tnmud2 + Tnnoma + Rn (42)

where Tnmud1 , Tnmud2 , Tnnoma are composite trapezoidal inte-
gral terms and Rn is the error remainder, which can be found in
Appendix C.

When k0λd ≥ λu , the system will always work in the MUD
mode. Similarly, we can compute the sum-rate of the system by

Rsum2 =
∫ λu

λd

dλ(2)

∫ λ( 2)

λd

hmud(λ(1) , λ(2))dλ(1)

= Tnmud + Rn (43)

where Tnmud is given in Appendix C.
The expressions of (42) and (43) are too complicated for fur-

ther analysis. To study how M affects the sum-rate, we simplify
(42) and (43) according to the first median theorem for integrals
for the cases of k0λd < λu and k0λd ≥ λu , which are given by

Rsum1 < Rp
mud(λd , λd) + Rnoma(λd , λd)

+ (1 − F (η1))M μ1 + (1 − F (η2))M μ2 (44)

and

Rsum2 ≤ Rp
mud(λd , λd) + (1 − F (ζ))M β. (45)

In (44), (45), ηi and ζ are the integral mean value points, μi and
β are valuables not related to M . The derivations of (44) and
(45) can be found in Appendix D.

These results show a much more intuitive relationship be-
tween the total rate and the number of users. Because β < 0
and μi < 0, it can be seen that the total rate is monotonically
increasing with M , and will tend to a constant value, which is
an upper-bound for the system.

2) Sum-Rate Performance With Training Time Loss: The
analysis above is based on the assumption that the training
overhead is zero. However, the overhead in practical systems
cannot be ignored even with the simplified user selection strat-
egy. Based on the reduction method in Section V-A, we can set
N = 2M − 3, where M ≥ 2 is the total number of users, and
the maximum value of τ is L

N . Thus, the average sum-rate of
the whole system in one transmission time slot is given by

Rsum−loss =
(

1 − τN

L

)
Rsum (46)

where Rsum is the sum-rate given by (41). More specifically,
k0λd < λu , Rsum = Rsum1 , and Rsum = Rsum2 when k0λd ≥
λu .

For tractable analysis, the upper-bound obtained by (44) and
(45) is considered. Without loss of generality, we first consider
the case of k0λd ≥ λu . Hence, (46) is rewritten as

Rsum−loss ≤
(

1 − τN

L

)
(Rp

mud(λd , λd) + (1 − F (ζ))M β)

(47)
With the purpose to qualitatively analyze the impact of training
period τ on sum-rate, we calculate the difference of (47) as
follow:

DRsum−loss = −2τ̃Rp
mud + 2βτ̃(F (ζ)M +1 − 1)

+ (1 − τ̃(2M − 3))βF (ζ)M (1 − F (ζ)) (48)

where τ̃ = τ
L . Note that since (48) monotonically decreases with

M , we finally get the following results:
1) 0 ≤ τ̃ < βF (ζ )2(1−F (ζ ))

2Rp
m u d +2β (1−F (ζ )3)+βF (ζ )2(1−F (ζ )) :

There exists an optimal Mopt which maximizes the system
sum-rate;

2) τ̃ ≥ βF (ζ )2(1−F (ζ ))
2Rp

m u d +2β (1−F (ζ )3)+βF (ζ )2(1−F (ζ )) :
Rsum−loss is monotonically decreasing with M .

In the case of k0λd < λu , a similar approach can be followed
to analyze the system sum-rate performance and we have the
following results:

1) 0 ≤ τ̃ < G(μ1,η1)+G(μ2,η2)
2(Rp

m u d +Rn o m a )+H (μ1,η1)+H (μ2,η2)
:

There exists an optimal Mopt which maximizes the system
sum-rate;

2) τ̃ ≥ G(μ1,η1)+G(μ2,η2)
2(Rp

m u d +Rn o m a )+H (μ1,η1)+H (μ2,η2)
:

Rsum−loss is monotonically decreasing with M .
where G(μi, ηi) = μiF (ηi)2(1 − F (ηi)) and H(μi, ηi) =

2μi(1 − F (ηi)3) + ηiF (ηi)2(1 − F (ηi)).
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Fig. 10. The transmission rate of NOMA and MUD in multiuser channels
(without training time loss).

Fig. 11. The transmission rate of NOMA and MUD in multiuser channels
(with training time loss).

C. Simulation Results

In this subsection, we evaluate the performance of HSS-NM
with user selection strategy in multiuser scenarios. The numer-
ical simulations are carried out both with and without training
overhead.

Fig. 10 illustrates the transmission rates of NOMA and
MUD in the multiuser system by applying HSS-NM with
user selection strategy. Here, we assume that the train-
ing time loss can be ignored. As expected, the proposed
method outperforms the single mode transmission of MUD
and NOMA. Meanwhile, due to the large group of users,
an extra sum-rate gain can be obtained over the two-user
system.

In Fig. 11, the transmission rates of NOMA and MUD
with training time cost are plotted for the multiuser system by

applying HSS-NM with user selection strategy. Apparently, the
increase of τ gradually aggravates the degradation of system
sum-rate, which indicates that overmuch training time has a non-
negligible impact on the system performance. The simulation
results are consistent with the preceding theoretical analysis.

VI. CONCLUSION

In this paper, a hybrid transmission method HSS-NM using
NOMA and MUD is proposed to enhance the performance of a
single-cell system. We exploit the system sum-rate performance
by applying NOMA and MUD with only two users. Based on
the analysis, HSS-NM is developed by deciding the relative val-
ues of instantaneous and average channel gains (i.e., αi , σi or
σi/dv , for i = 1, 2) under Rayleigh fading channels as well as
Rayleigh fading with LSF, while a boundary point k0 is intro-
duced to support the proposed method. Further, we extend the
method to multiuser scenarios and present a quantitative study
about the sum-rate of the system, which demonstrates a higher
throughput achieved by HSS-NM with the aid of the proper user
selection strategy. The analysis and simulation results indicate
that an extra sum-rate gain can be obtained for a large group of
users.

HSS-NM has potentials for 5G applications, as NOMA is a
radio access technique to improve spectral efficiency, achieve
higher cell-edge throughput and satisfy communication require-
ment of large user scale ([1], [2], [33]). HSS-NM can effec-
tively take advantage of both MUD and NOMA, and is one
of promising radio access techniques for performance enhance-
ment in 5G communications. The low-complexity of the pro-
posed method makes it possible for wide applications based
on the communication hardware platform hitherto and in the
future. Furthermore, HSS-NM can be effectively combined
with the existing OMA techniques such as OFDMA for multi-
antenna BSs and OFDM-NOMA, to achieve larger channel
capacity.

In this paper, only single antenna base stations are considered.
We will consider the scenario of multi-antenna BS and other
metrics, such as energy efficiency [34], [35], to analyze the
proposed scheme in our future research.

APPENDIX A
PROPERTY OF exE1(x)

We prove that exE1(x) in Section V-A is monotonically de-
creasing. Let

f(x) = exE1(x). (49)

With E1(x) =
∫∞

1 t−1e−xtdt, (49) becomes

f(x) = ex

∫ ∞

1
t−1e−xtdt =

∫ ∞

1
t−1ex(1−t)dt. (50)

The derivative of (50) is given by

f ′(x) =
∫ ∞

1

1 − t

t
ex(1−t)dt. (51)

Note that ex(1−t) > 0 for t > 1 and x > 0, so 1−t
t ex(1−t) < 0.

Thus, we have f ′(x) < 0, i.e., f(x) is monotonically decreasing
for x > 0.
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APPENDIX B
PROPERTY OF exE1(x) − 1

2e2xE1(2x)

We prove that exE1(x) − 1
2e2xE1(2x) in Section V-A is

monotonically decreasing. Let

f(x) = exE1(x) − 1
2
e2xE1(2x). (52)

As E1(μ) =
∫∞

1 t−1e−μtdt, we have

f(x) =
∫ ∞

1

2ex(1−t) − e2x(1−t)

2t
dt (53)

and

f ′(x) =
∫ ∞

1

1 − t

t

(
ex(1−t) − e2x(1−t)

)
dt. (54)

With ex(1−t) − e2x(1−t) > 0 for t > 1 and x > 0, 1−t
t (ex(1−t) −

e2x(1−t)) < 0. Thus, we have f ′(x) < 0, i.e., f(x) is monoton-
ically decreasing for x > 0.

APPENDIX C
THE EXPRESSION OF Rsum BY COMPOSITE TRAPEZOIDAL

INTEGRATION

In the case of k0λd < λu , Rsum = Tnmud1 + Tnmud2 +
Tnoma + Rn . We have

Tnmud1 =
λu − k0λd

2n

λd(k0 − 1)
2n

(

hmud(λd , k0λd)

+ hmud(k0λd , k0λd)+2
n−1∑

k=1

hmud

(
λd +

(k0 − 1)λdk

n
, k0λd

))

+
λu − k0λd

2n

λd(k0 − 1)
2k0n

(

hmud(λu/k0, λu )

+ hmud(λu , λu ) + 2
n−1∑

k=1

hmud

(
λu

k0
+

(k0 − 1)λuk

nk0
, λu

))

+
λu − k0λd

2n

n−1∑

k ′=1

(k0 − 1)yk ′

2k0n

(

hmud

(
yk ′

k0
, yk ′

)

+ hmud(yk ′ , yk ′) + 2
n−1∑

k=1

hmud

(
yk ′

k0
+

(k0 − 1)yk ′k

nk0
, yk ′

))

(55)

Tnmud2 =
(

λd(k0 − 1)
2n

)2
(

hmud(λd , k0λd)

+ hmud(k0λd , k0λd)+2
n−1∑

k=1

hmud

(
λd +

(k0 − 1)λdk

n
, k0λd

))

+
(k0 − 1)λd

n

n−1∑

k ′′=1

yk ′′ − λd

2n

(

hmud(λd , yk ′′)

+ hmud(yk ′′ , yk ′′) + 2
n−1∑

k=1

hmud

(
xd +

(yk ′′ −λd)k
n

, yk ′′

))

(56)

and

Tnnoma =
λu − k0λd

2n

λu − λd

2n

(

hnoma(λd , λu )

+ hnoma(λu , λu )+2
n−1∑

k=1

hnoma

(
λd +

(λu − λd)k
n

, λu

))

+
λu − k0λd

2n

λd(k0 − 1)
2n

(

hnoma(λd , k0λd)

+ hnoma(k0λd , k0λd)

+ 2
n−1∑

k=1

hnoma

(

λd +
(k0 − 1)λdk

n
, k0λd

))

+
λu − k0λd

n

n−1∑

k ′=1

yk ′ − λd

2n

(

hnoma(λd , yk ′)

+ hnoma(yk ′ , yk ′) + 2
n−1∑

k=1

hnoma

(
λd +

(yk ′ − λd)k
n

, yk ′

))

(57)

where n is sufficiently large, yk ′ = k0 + k′ λu −k0λd

n , yk ′′ =
λd + k′′ (k0−1)λd

n . Rn ∼ o( 1
n ) is the error remainder, i.e.,

limn→∞ nRn = 0.
In the case of k0λd ≥ λu , Rsum = Tnmud + Rn . We have

Tnmud =
(

λu − λd

2n

)2
(

hmud(λd , λu ) + hmud(λu , λu )

+ 2
n−1∑

k=1

hmud

(
λd +

(λu − λd)k
n

, λu

))

+
(λu − λd)

n

n−1∑

k ′′′=1

yk ′′′ − λd

2n

(

hmud(λd , yk ′′′)

+ hmud(yk ′′′ , yk ′′′)+2
n−1∑

k=1

hmud

(
λd +

(yk ′′′ − λd)k
n

, yk ′′′

))

(58)

where yk ′′′ = λd + k′′′ λu −λd

n .

Rsum1 =
∫ λu

k0λd

M(M − 1)f(λ(2))(1 − F (λ(2)))M −2dλ(2)

×
∫ λ( 2)

λ( 2) /k0

f(λ(1))R
p
mud(λ(1) , λ(2))dλ(1)

+
∫ k0λd

λd

dλ(2)

∫ λ( 2)

λd

hmud(λ(1) , λ(2))dλ(1) +
∫ λu

λ0λd

dλ(2)

×
∫ λ( 2)

λd

hnoma(λ(1) , λ(2))dλ(1)

<

∫ λu

λd

M(M − 1)f(λ(2))(1 − F (λ(2)))M −2dλ(2)
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×
∫ λ( 2)

λd

f(λ(1))R
p
mud(λ(1) , λ(2))dλ(1)

+
∫ λu

λd

M(M − 1)f(λ(2))(1 − F (λ(2)))M −2dλ(2)

×
∫ λ( 2)

λd

f(λ(1))Rnoma(λ(1) , λ(2))dλ(1)

≤ Rp
mud(λd , λd) + Rnoma(λd , λd) + (1 − F (η1))M μ1

+ (1 − F (η2))M μ2, (59)

Rsum2 =
∫ λu

λd

M(M − 1)f(λ(2))(1 − F (λ(2)))M −2dλ(2)

×
∫ λ( 2)

λd

f(λ(1))R
p
mud(λ(1) , λ(2))dλ(1)

=
∫ λu

λd

M(1 − F (λ(2)))M −1

(

f(λ(2))R
p
mud(λ(2) , λ(2))

+
∫ λ( 2)

λd

f(λ(1))R
′p
mud(λ(1) , λ(2))dλ(1)

)

dλ(2)

≤
∫ λu

λd

M(1 − F (λ(2)))M −1f(λ(2))R
p
mud(λ(2) , λ(2))dλ(2)

= Rp
mud(λd , λd)+

∫ λu

λd

(1−F (λ(2)))M R
′p
mud(λ(2) , λ(2))dλ(2)

= Rp
mud(λd , λd) + (1 − F (ζ))M μ1. (60)

APPENDIX D
THE SIMPLIFIED DERIVATIONS OF Rsum1 AND Rsum2

For the cases of k0λd < λu and k0λd ≥ λu , according to the
first median theorem of integrals, the simplified derivations of
Rsum1 and Rsum2 are given by (59) and (60).

In (59) and (60), ηi and ζ are the integral mean value points,
and μi’s are variables independent of M , which are given by

μ1 =
∫ λu

λd

R
′p
mud(λ(2) , λ(2))dλ(2) (61)

and

μ2 =
∫ λu

λd

R′
noma(λ(2) , λ(2))dλ(2) . (62)
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