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1. Introduction

Binary measurement systems (BMS) are widely used in industry and it is of interest to assess
their performance in terms of misclassification rates. A BMS classifies items as conforming
and passes them or as nonconforming and rejects them. Simultaneously, we may want to
separate the effects of the measurement system and the rest of the process in producing
defective items.

2. Credit card example

An example of a BMS is one in which blank credit cards are passed or rejected by an
automated visual inspection system. The cards are checked for many defects, such as missing
parts, surface scratches, bleeding of colors, fuzzy letters and numbers, etc. The system takes a
digital picture of the front of each card and calculates hundreds of summary measures based
on comparing the picture to atemplate of the ideal card. If any of the summary measures falls
outside a pre-specified range, the card is rejected. Cards can also be classified by a human
operator who carefully analyzes the credit cards and classifies them as conforming or
nonconforming. We assume that the human inspector is the “gold standard” measurement
system that determines the true status of the cards with no classification error.

3. Misclassification rates
If each item’s true state is known, we can examine the performance of a BMS by considering
the misclassification rates.

There are two kinds of mistakes a BMS could make. First, conforming items are mistakenly
classified as nonconforming and second, nonconforming items are classified as conforming.
Usualy, for a production process, the latter misclassification probability is of a greater
interest, as a high rate of classifying nonconforming items as conforming could mean that
many defective items reach the customer.

To estimate misclassification rates we need to know both the BMS classification for a certain
number of items and also the items’ true state given by a “gold’ standard measurement
system. The cost of each measurement with the gold standard system is usually high. We can



summarize the results of classifying N items by each measurement system as given in
Tablel.

Table 1. Data from assessing aBMS performance

conform | not conform
(C) (6) Total items
pass (P) Npc Nes Ny
reject (P) Nsc Nee N5
Totd items N Ne N

Using the notation given in the table, we define p. =Pr(C), the probability of a conforming
itemand p, = Pr(P), the probability of passing an item. Note that p. is determined by the
quality of the production process and is not related to the measurement system performance.

We also define a set of conditional probabilities that characterize the quality of the
measurement system. Let Pr(P/C)=a be the probability of accepting a nonconforming item
and Pr(P/C) =b bethe probability of rejecting a conforming item.

We assume the pass rate, p,, is known. In other words, we assume the system has been
operating for a while and information has been gathered to compute a good estimate of p, .

The assumption that p, isknown will be used in all the proposed methods for assessing BMS
performance.

The assumption that p, isknown imposes restrictions on the conditional probabilities, a and
b,and p..

In particular, we have p, =(1- b)p. +a(l- p.)and solving for p., we get:
_ Pp-2a : Pp-2a
=————. Snce O£p.£1, Of

1-b-a Pe 1-b-a
1-b-a>0,asa axdb areusualy small. Therefore, we have two restrictions, a £p, and
b£1l-p,.

Pc £1. It is reasonable to assume that

4. Analysisgoals

We have mentioned above that p. characterizes the performance of the production process
and a and b quantify the performance of the measurement system. We consider two
different goals when assessing a BMS. The first is to estimate p. or the performance of the

production process, and the second is to estimate a and b or the performance of the BMS
itself.



The goal of this paper is to propose different approaches for estimating a ,b and p., and

then compare them using severa criteria. Sampling plans differ from method to method and
all approaches use Maximum Likelihood (ML) Estimation. To start, we describe each of the
methods, focusing on the sampling scheme and variance calculation for the estimators of

a ,b and p. under that particular scheme. For each method, parameters estimators and their

corresponding standard deviations will be obtained using both theoretical and simulation
methods. Then, we will present the advantages and disadvantages by comparing the efficiency
of the estimators, the costs and the practicality of each method.

5. Methods

In practice, there are two kinds of BMS. There are systems that record whether an item is
within some specification limits or not, so the binary output is the result of an underlying
continuous output. There are also systems that classify items as acceptable or not using alarge
number of criteria.

The Automotive Industry Action Group (AIAG) proposed a method for assessing the first
type of BMS's and this method is largely used in practice. Our goal is to estimate the
performance of BMS for the second type of outputs. Therefore, the AIAG method is not
applicable in this case. There is only one method that has been suggested for assessing the
performance of a BMS from the second category. This method was proposed by Farnumin
1994 and from now on is going to be referred to as the “Farnum’s Plan”. The author did not

assume that the passing rate, p,, is known and originally this information was not used in
estimation. Below we describe the proposed sampling plan and use p,, inestimating p. .

Plan | (Farnum)

The sampling plan for this approach is to select two equally-sized independent samples of
conforming and nonconforming items (n. =ns) previously assessed by the gold standard
measurement system. Then, the sampled items are evaluated by the BMS. Therefore, in Table
1, n., n. and N arefixed and all the other quantities are random.

A strength of this sampling scheme is that we can directly estimate the misclassification
probabilities.

The ML estimators for a , b and p. are denoted a (1), 6(1) and p. (1, respectively. We

obtain & (1) = Dbt and b (1) =T Both estimators are unbiased and their variances depend
o N

on ns and n., respectively.

We also estimate p. using the estimators for a and b, and the fact that p, is known:

2 _ pp'é(l)
P =1 b(1)-&(1)



However, Farnum’s Plan is not practical, since finding a large sample of conforming and
(especialy) nonconforming items requires that the true state of many items be determined. In
the case of a high conforming probability, getting a large rumber of nonconforming items
would be unreasonably expensive.

We do not consider this method in further investigations and comparisons. We will propose
another two methods that are easily applied and for which the costs involved are relatively
lower.

Plan Il (Binomial)
We select two independent samples, one containing n, items from the population of passed

items and another of size ns from the population of rejected items. Then, all the selected
items are inspecting using the “gold standard” measurement system and their true state —
conforming or nonconforming - is determined. In Table 1, n,, n; and N are fixed and all the
other quantities are random.

In this case, we cannot directly estimate the two misclassification probabilities, a and b .

Instead, we start with the ML estimates: Pr(C/P)=_¢ and Pr(C/F) =12c .
n

P N5
By Bayes Rule:
_Pr(PCC) _ Pr(C/ P)Pr(P)
~ P(C)  Pr(C/P)Pr(P)+Pr(C/P)Pr(P)
and
_Pr(PCC) _ Pr(C/P)Pr(P)

Pr(C)  Pr(C/P)Pr(P)+Pr(C/P)Pr(P)
We also have p. =Pr(CC P) +Pr(C G P) = Pr(C/ P)Pr(P) + Pr(C/P)Pr(P)

Using the invariance property of the ML estimators we obtain the following estimates for a |,

b and p. fromPanll:
n.-
p,—C
] Np PeNecNs

anL5+(1_ pp)ﬁ PeNcnp+(L- Pp)igeht
n-

d(2) =

P



Pr(C/P)1- Pr(C/P))

Therefore, E(—E n"c) =Pr(C/P), Var( . PC) = n and E( F’C) Pr(C/P),
Pr(C/P)(1- Pr(C/P))

Ns

N__
Var (—<) =
n

5

The biases for both a(2) and 5(2) are of order /N, and an approximation given by the
d - method can befound in Appendix 1. Notethat p.(2) isan unbiased estimator.

We can also get approximations for estimators' variancesintermsof a , b and p, (known)
using the d - method (for details, see Appendix 1):

a@-a)p,- a),l a-b+ab ab

Var(a(2)) = b : )

Thevariance of P (2) can be directly derived and the details are also included in Appendix 1.

(- b-pp)(Ps - a)(a(l- b) b@-a)

var(p(2) = 1-a- b)? n n

)

=

These approximations were computed for the general case of two independent samples of
different sizes (n,and ns). The purpose of considering first the case of different sample sizes
is to find the optimal allocation of n,and ns; =N - n, for fixed N. Our goa isto minimize
the standard deviations.

Figures 1 — 2 illustrate how the standard deviations of the estimators vary with the proportion
N, / N of the passed items, for some specific valuesof a , b and p, .
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Figurel: Sd(d(2))v/N and std(b(2))~/N as functions of the proportion of passed items

Total samplesizeis N, and a =0.01, b =0.02, p, =0.95

We noticethat td(a (2))\/W decreases slowly - from 0.86 to 0.57 - over the interval [0.4;1) ,

the function being almost flat over this range. Therefore, to estimate a , selecting passed
items anywhere from 40% to 99% gives roughly the same results.

Std(6(2))\/ﬁ increases very slowly over the entire interval for the proportion of passed

items. If the main goal of the study isto estimate a and b, we can select as many as 75%
passed items and 25% rejected items and have amost the same precision for the estimates as
when selecting 50% accepted and 50% rejected. This result makes Plan Il very appealing, as it

may be difficult to select alarge number of rejected items, 1- p, usually being small.
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Figure2: Std(p. (2)W/N as a function of the proportion of passed items sample size in the
total sasmplesize, N, whena =0.01, b =0.02, p, =0.95

Sd(p. (2)N varies from 0.047 to 0.057 over the interval [0.2;0.8]for the proportion of

passed items. The function is very flat from 0.25 to 0.75. Therefore, selecting 75% passed
items gives almost the same precision as selecting 25% passed items. This fact also makes



For estimating a , b and p. we use the ML method, the fact that p, is known and also the
invariance property of the ML estimators. The detailed derivations of the ML estimation using
Lagrange Multipliers can be found in Appendix 2.

We obtain the following estimatesfor a , b and p.:

P eMee (Mae + M)

a@) =

Pelee (nﬁc + nﬁ(f) + (1' pP)nﬁC(nPc + nP(_:)
b(3) = (L- Pe)Ngc (Mpe + Nig)

(1' pP)nﬁc (nPC + nP(‘:) *tp plpc (nﬁc + nﬁc‘:)
and

ﬁc (3) — P pNpc + (1' pP)nﬁc
Mec Mg Mc + Mg

The a and b estimators given by this method have biases of order /N, and the p.

estimator is unbiased. We use the d- method to derive approximations of estimators
variances and biases. The derivations and resulting functions are included in Appendix 2 and
the Maple code used for these derivationsisincluded in Appendix 3.

So far we have used the d - method to get the approximations for estimators biases and
variances, for each of the proposed methods. We also ran a 10,000 trial ssmulation using the

R-software and used the sample means as estimates for a, b and p. and the sample

variances as estimates of the variances of a(2), 6(2) and p.(2). Aswe will see later on,

these simulation results agree with the theoretical approximations. The R-code used for
simulation and graphs isincluded in Appendix 4.

6. Comparison of Plan Il and Plan |11
Both simulation and theoretical results are used to compare the proposed methods. If not
otherwise stated, we use for Plan Il the special case where the number of passed items equals

the number of rejected items, i.e. n, = n; = N/2.

First, we compare the distributions of each method’s estimators as given by the R simulation.
Figures 3, 4 and 5 give these distributions for some specific valuesof a , b and p..
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Figure 3: Smulation resultsfor estimatinga using Plan 1l and Plan 11,
a =0.01, b =0.02, p, =0.95 and the total sample sizeis 2,000 items

The d- method approximations for standard deviations are:d(a(2))=0.01734 and

Sd(a (3)) =0.01261. The theoretical and simulation results agree closely. Plan 11 gives the
better estimator fora .
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Figure 4. Smulation resultsfor estimating b using Plan 11 and Plan I11,
a =0.01, b =0.02, p, =0.95 and the total sample sizeis 2,000 items

We notice in Figure 4. that Plan Il gives a more efficient estimator forb . The theoretical
approximations for standard deviations are: Std(B (2)) =0.000779 and Std(B(S)) =0.00246 .
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Figure 5: Smulation results for estimating p. using Plan Il and Plan 11,

a =0.01, b =0.02,

p, = 0.95 and the total sample sizeis 2,000 items

Plan 1l is also better than Plan Ill at estimating p.. The theoretical approximations for
estimators standard deviations are Sd(p.(2)) = 0.000941 and Sd(p.(3)) =0.00246, which
are very close to the smulated values. We also notice that p. estimators are unbiased.

We are also interested in analyzing how the estimators standard deviations compare over a
large range of values for a and b , for different values of p,. Fgures 6. — 8. give a
graphical representation of the ratio of the standard deviations, for each parameter.
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In the graph above we notice that Plan 111 gives a consistently better estimator for a over al
valuesof a and b , and different values of p, . Also, as p, gets larger, the ratio gets larger

for thesamevaluesof a ,and b has asmaller influence on the ratio.
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Figure 7: Contour plotsfor Std(b(2))/ d(b (3))
Plan 1l gives a more precise estimator of b than Plan IlI, as the ratio of the standard

deviations is uniformly smaller than 1 over the wholerange of a , b and p, . Also theratio
variesonly by alittleover a and b ranges. Thisratio becomes less sensitiveto b values for
larger valuesof p, (e.g. 0.95).
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In Figure 8 we notice that Plan Il gives a more precise estimator for p,, for small values of
p, and a . When p, =0.95, b haslittle influence on the ratio, especialy for a lessthan

0.05.

It is adso of an interest to compare the precision of the estimators when we use different
sample sizes for passed and failed items in Plan Il, i.e. n, * ns. The graph below illustrates

how the ratio of the standard deviations for the two estimators varies with the proportion of
the passed items, for each parameter.

12
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Figure 9: Sandard deviations' ratiosfor a and b estimators, when a =0.01,b =0.02and
p, =0.95

Plan 111 gives a better estimator for a , regardless of the proportion of the passed items sample
size. The ratio of the standard deviations is greater than 1 for the whole proportion interval

[0.05;1) .In b case, Plan Il gives the more precise estimator.
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Figure 10: Standard deviations' ratiosfor p. estimators, when a =0.01, b =0.02 and
p, =0.95
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In p. case, we notice that theratio is smaller that 1 for ailmost al the values of the proportion,
but becomes larger than 1 for values close to 0.9.

7. Sample Size Calculation

So far we have assumed a certain value for the total sample size or have analyzed the ratio of
the standard deviations, which does not depend on N . Now, suppose that we are interested in
getting a certain precision for a parameter’s estimator. Then, the objective is to find the
minimum sample size for which we can achieve this precision. The functions that give the
sample size for Plan || when we want a certain precision and assume certain valuesfor a , b

and know p, are given below:

-a)l-a)d- f-b+bf-a+af+ab)
[std, (@ ()] (1~ f)1- b- pe)

Ny(a (2) = P2

Ny(b(@) = @2+ -bf-ahb@- b)d-b-p,)
[ste,(B@)F f A 1)p,-a)

@+bf-ab-af)1-b-p,)

N 2) = :
o(Pe () [stdy (5 () f (A- F)L-b-a)’

where f isthe proportion of the passed items in the total sample size. The R-code for these
functionsisincluded in Appendix 3.

If we are interested in using Plan 11, the functions that give the required sample sizes for
certain values of the standard deviations are included in Appendix 2. We can either use these
functions or we can use an indirect method that involves less computation. With the indirect
method we look at the contour plots described above and find the standard deviation ratio for

theassumed a and b values and the known p, . Once we have the ratio, we can derive the
corresponding standard deviation given by Plan Il and finally get the total sample size, N, .

For example, suppose that our goal is to estimate a with a precision of 0.0126
(Sd(a) =0.0126). The assumed values for a and b are 0.01 and 0.02, respectively, and
P, =0.95. Plan Il gives the best estimator for a and now we are interested in finding the
minimum total sample size, N,, for this method. We look at Figure 6 and find that, for the
givenvaluesof a, b and p,, the standard deviations ratio is 1.375. From this ratio we can
compute Sd(a (2)) =0.01734 and the minimum sample size to achieve that, using the above
functions. We finally get N,(0.01734)=2000, where the passed and failed items sample sizes
areequal (f =0.5).

14



8. Conclusions

The goa of this paper was to propose new methods for estimating the misclassification
probabilities that characterize the quality of the measurement system and the probability of
having a conforming item, which is a measure of the process quality.

The unique feature is that we assumed that the passing probability, p, is known, and this
information is used in al methods.

We started by reviewing an aready proposed method, i.e. Farnum’s Plan, and concluded that
this method is very difficult to implement. Then, we proposed two new methods that are more
practical and less costly.

Neither of the two methods was found to be consistently better than the other for estimating
all the parameters. The best method depends on the objective of the study.

Therefore, if we are interested in estimating a , the probability of passing a nonconforming
item we recommend Plan [11 (Multinomial). This method gives a more precise estimator than

the other one for a large range of a , b and p,values. If we want to achieve a certain
precision for this estimator, we can estimate the total required sample size.

If the study objective is to assess the second misclassification probability, the probability of
rejecting a conforming item, or to assess the process quality, i.e. estimating p., it is better to
use Plan Il (Binomia). We have mentioned before that the standard deviation of the b
estimator given by this method varies very slowly as we change the proportion of the passed
items sample size. Therefore, we can use a very convenient sample structure by selecting
unequal samples with alarger sample size for the passed items. This fact makes Plan Il very
convenient, as it is usually difficult to get a large number of rejected items. The standard

deviation of p. was almost constant when the proportion of the passed items sample size

varied from 0.25 to 0.75. Therefore, we can select as many as 0.75N passed items and
0.25N rejected items and still have aprecise p. estimator.
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Appendix |

Variance and bias approximations for Plan Il (Binomial)

The Delta Method — variance and bias approximations for a function of random variables
Consider X =(X,, X,,..., X,,) avector of n random variables with means q =(q,,d,...-.d,)
and a function g(X) for which we want to estimate the bias and the variance. If
X =(X,,X,,...,X,) 1S a vector of realizations of the n random variables the Taylor’'s series
expansion of g(x) around g =(Q,,d,,.--,q,) IS:

)2“

g(x) = g(q)+a(x a;) _g() I+—[a( zg() I

X=q 2! i=1
2

+2a6}(>s i )(X; q)ﬂ = g(x¥) I]+remamder

After taking the expectations we get.
E(g(X))=9(@)

Var (g (X)) = atﬁg(x)XL]ZVar(xwa a}ﬂ—g( ) _Iqﬂ—g(X) | Cov(X;,X,)
Bias(g(X)) = E(g(X))- g(q>~%:ﬂ’; . m'ﬂﬂ'ﬂ .

The above method is often referred to as the d - method (see G. Casdlla and R. L. Berger,
“Statistical Inference”, Second Edition, p. 241).

For Plan I, we select two independent samples of passed and failed items. In order to make
the derivation easier to follow we use some new notation:

g=PrC/P), § =" (MLE), E§) =g and Var(§) =g(1- g)/n,
n

P

d=PrC/P), d="2¢ (MLE), E[d)=d, Var(d) = d(L- d)/n, and Cov(§.d) =0
n

5

We know that: & (2) = D ,b(2)= _(1-d)d-pe) .
o, +d(1- pp) (1- d)(1- pp) + (- 9)Ps

and B = (1- d)1- pp)+(L- §)ps

Variances approximations
Using the above formul ae for variance approximationwe get:
. ’(1- p,)d d 1- 1-d

16



Var(5(@) =P Pp)" (- - 9)  (1-d)g , (- 9)d,
(- d)(1- pp)+(1- 9)pp)* " Mo s

The variance of p. can be derived directly:
Var (B (2)) =Var (1- d)(I- pp)+ (- 9)ps) =(1- pp)*Var(d) +p,*Var(g)
_(-pp)°d@-d)  p.9-9)

n|3 np

Using the identities:
_a-b-p,) 4 4-0-a)l-b-p,)
Pp(1-a- b) 1-pp)1-a-b)
termsof a , b and p, asfollows
a(l-a)(pp-a) 1-a-b+ab +£

we re-express the above approximations in

Var(a (2)) =
@@= o )
Var (5 (2) = 20X Do) @0 1 b2 +ab,

Pp-2a N, Ns
and

(- b-pp)(Ps - a)(a(l- b) b@-a)

VarP @) =0 Ty n n

)

Biases approximations
Using the above identities and the formulae for bias approximation and we get:
a(l-a)p,-a)(npb+nsb- n5)
Mens(L- b - p,)
b@- b)1- b-py)(na +nza-n,)
npnﬁ (pP - a)

Bias(d (2)) =

Bias(b (2)) =

Bias(p.(2)) =0, since
E(5(2) = E[(1- d)(I- p,)+(1- §)ps] = (- d)(A- p,)+(L- 9)Ps =P

Appendix 2

Variance and bias approximations for Plan 111 (Multinomial)

For Plan 1l weselect N itemsfrom the total population of items previously measured by the
BMS and then the selected items are classified as conforming or nonconforming by the “gold
standard” system.

We denote Pr(PC C)=q,, Pr(PCC)=q,, Pr(PCC)=q,, Pr(PCC)=q, and we have the
following identities:

17



_(@-a)1-b-p,)
l-a-b

_L-b)pe-a) o _bPa-3) [ _ald-b-Pe) gy

% 1-a-b "2 1-a-b ' ° 1-a-b

Note that the initial information about p, can be trandated into a restriction for g, and q,,
i.e.q, +q; =p, . First, weexpressa ,b and p. intermsof q,, q,, g;and q,:
o= Pr(Pg_(_:) _ G
P(C) o, +a,
, = Pr(PCC) _ g,
Pr(C)  d,+q
Pc=0,%0q,
Then, we estimateq,, q,,q, andq, using the Maximum Likelihood Method and Lagrange
Multipliersto include the additional restriction g, +0; =p5; .

We get the following estimates:
G=Pelbe g =@ Pl g Polbe g - (- Poike
Noc + M Nsc + Mg Noc + Mg Nsc + Mg
Using the invariance property of the ML estimators we get the estimatesfor a ,b and p.:
40 = P oM (N + M)
anPC (nﬁc + nﬁcf) + (1' pp)nﬁc(npc + npé)
6(3) - (- pP)nﬁc(nPc +nP(‘:)
(1' pP)nﬁc (nPC + npé) +p PnPC (nﬁc + nﬁé)
ch (3) — P pNec + (1' pp)nﬁc

Nec  Npz MN5e + Mo

PC

Variances approximations
We use again thed - method to approximate estimators variances. We also use the fact that
the margina  distributions for a multinomial  distribution are  binomial.

Thus, N ~BIN(N,q;), Nz ~BIN(Ng,), Noz~BIN(N,g;) and Ngz ~BIN(N g,). We
also know their covariances. CoV(N,.,N5.)=-Naggd,, Cov(N..,N.z)=-Ngg, etc. We
have:
Var (a" (3)) ~ pPz(l_ pP )2q4q3(q2 +q 4)(q1+q3)(q32q2 +q1q3cb :-q42q1 +q2chql)

N(ppqﬂz +0,4, +q0; - pFQAQl)
Var (5 @) = P2 (&~ Pe) & (0 +9.,)0: +45) (@A, +0.0, +0,°0; +0,0.)

N(ppqﬂz - 40, - 995 - qu4q1)
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Var (B (3) = @ 00," +30:Pp 0,00, +0,9,0;° +05°A0, +30,0:0:Pp 0
+3000,%° + 30,006 G +A4P 6 - 20,0, PG,
- 60,055 PeCh” = 20,058,Pp + A0s AP " + 30,0506 5"
- 60,0,°0,P 0 + 357000 0P 5 00,°) /(N(Q, +0,)° 61, +95)°)

Biases approximations
Bias(d (3)) = P (1- Pp)0ds(20 80,0, +0Pe0” +4P 4, +Pp0 T, +20,0 PG
+0,70Pp - 200,05 - A0,° - 9,95°) / N(Q,P; - PpAg, - 9,9, - A,95)°
Bias(b (3)) = Py (1- P p)00h (00, p - 20,80 +0Pels” +0,70P » +0P0L°
-0, - 9,0,"+ 20,009, + 20,0,0,0,)/ N(@,P:0, +0,0, +A.0, - P90,)’

We can provethat p.(3) isan unbiased estimator of p. using the conditional distributions:

NPC |(NPC + NP(_:)~ BIN(NPC +NPC’S_1) and Nﬁc |(Nﬁc + NFTG) - BIN(NFTC +NF>6’1_q2 )

P P

and the conditional mean identity E(E( X|Y)) =E(X).

We have:
A N N, N N,
E@R)=Ep,——&—+(1- —_BC  1=p E(———PC )+ (1- E(—_PC
(P (3) [pPNpc+Np<-; ( pp)N§C+NﬁC] Py (Npc+Np<-;) 1-p;) (N5C+N55
From the above conditional distributions we get:
Np q q
E(——2—|N +N_ ) = A oand E(——BC— | N,. +N_.) =—2
(NPC + N _ | PC ) pp (N N—— | PC PC) 1_ pP
E[E(N—|NPC+N-)] E(—)—ql
Npe + N Pe Nec + Nz~ Pp
and
N, q
- +N_)]=E =22
E[E (NPC+N5_| o Nl =Bl =1
Therefore,
—n % _ _
3 E +(1- pp)E(—2C—) = +q, =
BB QN =peE(—— pc+Npc) (- pp) (Nﬁc+Nsc) pppp (1- P)(l- L
Appendix 3

Maple-code for variance and bias approximations

Variances approximation

Method 11 (n1 passed items sample size and n2 failed items sample size)

)
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apha2:=gamma* g/(gamma* g+delta* (1-0)):
beta2:=(1-delta)* (1-q)/((1-delta)* (1-g)+(1-gamma)* q);
phat2:=(1-gamma)* g+(1-delta)* (1-q);

vargamma=gamma* (1-gamma)/n1,
vardelta=delta* (1-delta)/n2;

diffa2gam:=simplify(diff(al pha2,gamma));
diffa2delt:=simplify(diff(alpha2,delta));

vara pha2:=diffa2gam”"2* vargammatdiffa2del t"2* vardel ta;
valpha2:=simplify(subs(delta=(1-alpha)* (1-beta-q)/((1-9)* (1-beta-
alpha)),subs(gamma=al pha* (1-beta-q)/(g* (1-beta-a pha)),varal pha2)));

diffb2gam:=simplify(diff(beta2,gamma));
diffb2delt:=simplify(diff(beta2,delta));

varbeta2:=diffb2gam"2* vargammat+diffb2del t"2* vardelta;
vbeta2:=simplify(subs(delta=(1-a pha)* (1-beta-q)/((1-g)* (1-beta-
alpha)),subs(gamma=al pha* (1-beta-q)/(g* (1-beta-al pha)),varbeta2)));

diffp2gam:=simplify(diff(phat2,gamma));

diffp2delt:=simplify(diff(phat2,delta));

varp2:=diffp2gam”2* vargammadtdiffp2del t"2* vardelta;

vp2:=simplify(subs(delta=(1-a pha)* (1-beta-q)/((1-q)* (1-beta-al pha)),subs(gamma=al pha* (1-
beta-q)/(q* (1-beta-alpha)) varp2)));

Method Il (f*N passed items sample size and (1-f)*N failed items sample size)

alpha2:=gamma* g/(gamma* g+delta* (1-q));
beta2:=(1-delta)* (1-q)/((1-delta)* (1-g)+(1-gamma)* q);
phat2:=(1-gamma)* g+(1-delta)* (1-q);

vargamma =gamma* (1-gamma)/(f* N);
vardelta=delta* (1-delta)/((1-f)* N);

diffa2gam:=simplify(diff(al pha2,gamma));
diffa2delt:=simplify(diff(alpha2,delta));

varal pha2:=diffa2gam”2* vargamma+diffa2del t"2* vardelta;
valpha2:=simplify(subs(delta=(1-alpha)* (1-beta-q)/((1-9)* (1-beta-
alpha)),subs(gamma=al pha* (1-beta-q)/(g* (1-beta-a pha)),varal pha2)));

ratioal phaf:=simplify(subs(delta=(1-a pha)* (1-beta-q)/((1-q)* (1-beta-
alpha)),subs(gamma=al pha* (1-beta-q)/(g* (1-beta-al pha)),varal pha2/val phad)));

diffb2gam:=simplify(diff(beta2,gamma));
diffb2delt:=simplify(diff(beta2,delta));

varbeta2:=diffb2gam”2* vargammatdiffb2del t"2* vardelta;
vbeta2:=simplify(subs(delta=(1-al pha)* (1-beta-q)/((1-q)* (1-beta-
alpha)),subs(gamma=al pha* (1-beta-q)/(g* (1-beta-alpha)),varbeta2)));
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ratiobetaf:=simplify(subs(delta=(1-a pha)* (1-beta-q)/((1-9)* (1-beta-
alpha)),subs(gamma=al pha* (1-beta-q)/(q* (1-beta-al pha)) varbeta2/vbetad)));

diffp2gam:=simplify(diff(phat2,gamma));

diffp2delt:=simplify(diff(phat2,delta));

varp2:=diffp2gam”2* vargammadtdiffp2del t"2* vardelta;

vp2:=smplify(subs(delta=(1-a pha)* (1-beta-q)/((1-q)* (1-beta-al pha)),subs(gamma=al pha* (1-
beta-q)/(q* (1-beta-alpha)) varp2)));

ratiopf:=simplify(subs(delta=(1-alpha)* (1-beta-q)/((1-9)* (1-beta-

alpha)),subs(gamma=al pha* (1-beta-q)/(g* (1-beta-al pha)),varp2/vp4dhat)));

Method |V

thetal:=g*x1/(x1+x3);
theta2:=(1-q)* x2/(x2+x4);
theta3:=g*x3/(x1+x3);
thetad:=(1-q)* x4/(x2+x4);

a phad:=theta3/(theta3+thetad);
betad:=theta2/(thetal+theta2);
pdhat:=thetal+theta2;

dal pha4x1: =si nplify(diff(al pha4, xl));
dal pha4x2: =si nplify(diff(al pha4, x2));
dal pha4x3: =si nplify(diff(al pha4, x3));
dal pha4x4: =si nplify(diff(al pha4, x4));

dbet adx1: =sinmplify(diff(beta4, x1));
dbet a4x2: =si npl i fy(di ff(beta4, x2));
dbet a4x3: =si mpl i fy(di ff(beta4, x3));
dbet adx4: =simplify(diff(beta4, x4));

dp4x1: =di f f (p4hat, x1);
dp4x2: =di ff (p4hat, x2);
dp4x3: =di ff (p4hat, x3);
dp4x4: =di f f (p4hat, x4);

var x1: =pl*(1-pl)*N
var x2: =p2*(1- p2) *N,
var x3: =p3*(1- p3) *N;
var x4: =p4*(1- p4) *N,
covx1lx2: =- N*pl*p2;

covx1x3: =- N*pl*p3;
covx1lx4: =- N pl*p4;
covx2x3: =- N*p2* p3;
covx2x4: =- N*p2* p4;
covx3x4: =- N*p3* p4;
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var al pha4_1: =(dal pha4x1”2) *var x1+( dal pha4x2”"2) *var x2+( dal pha4x
372) *var x3+(dal pha4x4”2)*var x4;

var al pha4_2: =2*( dal pha4x1*dal pha4x2*covx1x2+dal pha4x1*dal pha4x
3*covx1x3+dal pha4x1*dal phad4x4* covx1x4+dal pha4x2*dal pha4x3*covx
2x3+dal pha4x2*dal pha4x4* covx2x4+dal pha4x3*dal phad4x4* covx3x4) ;

var al pha4: =var al pha4_1+var al pha4_2;
val phad:=subs(x4=N* p4,subs(x3=N* p3,subs(x2=N* p2,subs(x1=N*p1,varalphad))));

var bet a4_1: =(dbet a4x1"2) *var x1+(dbet a4x2"2) *var x2+( dbet a4x3"2)
*var x3+( dbet a4x4”2) *var x4;

var bet a4_2: =2*(dbet ad4x1*dbet a4x2* covx1x2+dbet a4x1* dbet a4x3* cov
x1x3+dbet a4x1* dbet a4x4* covx1x4+dbet a4x2* dbet a4x3* covx2x3+dbet a
4x2* dbet a4x4* covx2x4+dbet a4x3* dbet a4x4* covx3x4) ;

var bet a4: =var bet a4_1+var bet a4_2;
vbet a4: =subs(x4=N*p4, subs(x3=N*p3, subs(x2=N*p2, subs(x1=N*pl, va
rbetad))));

var pdhat 1:=(dp4x172)*varx1l+(dp4x272)*var x2+(dp4x3"2) *var x3+(d
p4x4n2) *var x4;

var pdhat 2: =2*(dp4x1*dp4x2* covx1x2+dp4x1*dp4x3* covx1x3+dp4xl*d
p4x4* covx1x4+dpdx2* dp4x3* covx2x3+dp4x2* dp4x4* covx2x4+dp4x3*dp4
x4* covx3x4) ;

var pd4hat : =var p4hat _1+var p4hat _2;
vp4dhat : =subs( x4=N*p4, subs(x3=N*p3, subs(x2=N*p2, subs(x1=N*p1l, va
rp4hat))));

Biases Approximation
Method Il (n1 passed items sample size and n2 failed items sampl e size)

apha2:=gamma* o/(gamma* g+delta* (1-0)):
beta2:=(1-delta)* (1-q)/((1-delta)* (1-g)+(1-gamma)* q);
phat2:=(1-gamma)* g+(1-delta)* (1-q);

vargamma=gamma* (1-gamma)/n1,
vardelta=delta* (1-delta)/n2;

diffa2gam2:=simplify(diff(diff(alpha2,gamma),gamma));
diffa2delt2:=simplify(diff(diff(al pha2,delta),delta));
diffa2gamdelt:=simplify(diff(diff(a pha2,gamma),delta));

biasal pha2:=simplify((1/2)* (diffa2gam2* vargammadtdiffa2del t2* vardelta));
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biasal pha2:=simplify(subs(delta=(1-al pha)* (1-beta-q)/((1-g)* (1-beta-
apha)),subs(gamma=al pha* (1-beta-q)/(q* (1-beta-al pha)),biasal pha2)));

diffb2gam2:=simplify(diff(diff(beta2,gamma),gamma));
diffb2delt2:=simplify(diff(diff(beta2,delta),delta));

biasbeta2:=simplify((1/2)* (diffb2gam2* vargammatdiffb2delt2* vardelta));
biasbeta2:=simplify(subs(delta=(1-alpha)* (1-beta-q)/((1-9)* (1- beta-
alpha)),subs(gamma=al pha* (1-beta-q)/(g* (1-beta-alpha)),biasbeta?)));

Method |V

dal phadx1x1:=simplify(diff(diff(alphad,x1),x1));

dal phadx2x2:=simplify(diff(diff(al pha4,x2),x2));

dal phadx3x3:=simplify(diff(diff(al pha4,x3),x3));

dal phadx4x4.=simplify(diff(diff(al phad,x4),x4));

dal phadx 1x2:=simplify(diff(diff(alpha4,x1),x2));

dal phadx1x3:=simplify(diff(diff(al phad,x1),x3));

dal phadx1x4.=simplify(diff(diff(alphad,x1),x4));

dal phadx2x3:=simplify(diff(diff(al phad,x2),x3));

dal phadx2x4.=simplify(diff(diff(alphad,x2),x4));

dal phadx3x4:=simplify(diff(diff(al phad,x3),x4));

biasalphad 1:=1/2* (dalphadx1x1* varx1+dal phadx2x2* varx2+dal phadx3x3* varx3+dal phadx
4Ax4*varx4);

biasalphad _2:=dal phadx1x2* covx1x2+dal phadx1x3* covx 1x3+dal phadx1x4* covx 1x4+dalph
adx2x3* covx2x3+dal phadx2x4* covx2x4+dal phadx3x4* covx3x4;

biasal phad:=biasalphad 1+biasalphad 2;

bial phad:=subs(x4=N* p4,subs(x3=N* p3,subs(x2=N* p2,subs(x1=N* p1,biasalphad))));
factor(simplify(bialphad));

dbetadx1x1:=simplify(diff(diff(betad,x1),x1));
dbetadx2x2<-simplify(diff(diff(betad,x2),x2));
dbetadx2x2:=simplify(diff(diff(betad,x2),x2));
dbetadx3x3:=simplify(diff(diff(betad,x3),x3));
dbetadx4x4:.=simplify(diff(diff(betad,x4),x4));
dbetadx 1x2:=simplify(diff(diff(betad,x1),x2));
dbetadx1x3:=simplify(diff(diff(betad,x1),x3));
dbetadx 1x4:=simplify(diff(diff(betad,x1),x4));
dbetadx2x3:=simplify(diff(diff(betad,x2),x3));
dbetadx2x4:=simplify(diff(diff(betad,x2),x4));
dbetadx3x4:=simplify(diff(diff(betad,x3),x4));
biasbetad 1:=1/2* (dbetadx1x1* varx1+dbetadx2x2* varx2+dbetadx3x3* varx3+dbetadx4x4* v
arx4);
biasbetad 2:=dbetadx1x2* covx1x2+dbetadx1x3* covx1x3+dbetadx1x4* covx1x4+dbetadx2x
3* covx2x3+dbetadx2x4* covx2x4+dbetadx3x4* covx3x4;
biasbetad:=biasbetad 1+biasbetad 2;
bibetad:=subs(x4=N* p4,subs(x3=N* p3,subs(x2=N* p2,subs(x1=N* p1,biasbetad))));
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factor(simplify(bibetad));

dfpax1x1:=simplify(diff(diff(p4hat,x1),x1));
dfpax2x2:=simplify(diff(diff(p4hat,x2),x2));
dfpdx3x3:=simplify(diff(diff(p4hat,x3),x3));
dfpax4x4:.=smplify(diff(diff(p4hat,x4),x4));
dfpdx1x2:=simplify(diff(diff(p4hat,x1),x2));
dfpax1x3:=simplify(diff(diff(p4hat,x1),x3));
dfpdax1x4.=simplify(diff(diff(p4hat,x1),x4));
dfpax2x3:=simplify(diff(diff(p4hat,x2),x3));
dfpdx2x4.=simplify(diff(diff(p4hat,x2),x4));
dfpax3x4:=simplify(diff(diff(pdhat,x3),x4));

biaspd 1.=1/2* (dfpdx1x1* varx1+df pdx2x2* varx2+df pdx3x3* varx3+df p4x4x4* varx4);
biasp4 2:=df p4x1x2* covx1x2+dfpdx1x3* covx1x3+df pdx1x4* covx 1x4+df pAx2x3* covx2x3
+df p4x2x4* covx2x4+df p4x3x4* covx3x4,

biasp4:=biasp4 1+biaspd 2;

bi p4:=subs(x4=N* p4,subs(x3=N* p3,subs(x2=N* p2,subs(x1=N* p1,biasp4))));
simplify(bip4);

Appendix 4
R-code for simulations, functions and graphs

NOTE:
The following R-code uses a dightly different notation for parameters and their estimates.
Thus, p, isdenoted by q , p. by p, a by “dpha’ and b by “beta’. The estimates are

denoted by the name of the estimated quantity (alpha, beta and p) and a number
corresponding to the method. For Plan 11 the specific number that denotes the estimates is 2
and for Plan I11 the specific number is 4.

#Simulation results for estimating alpha, beta and p
#assign alpha, beta, g and N

#in most of the essay examples the assigned values were:
N<-2000

g=0.95

beta=0.02

alpha=0.01

p<-(g-apha)/(1-beta-apha)

#p should be smaller than 1

p<1

#Plan Il (Binomial)

gamma<-(al pha* (1-p))/(al pha* (1-p)+(1-beta)* p)
delta<-((1-alpha)* (1-p))/((1-apha)* (1-p)+beta* p)
gamma
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delta

N1<-trunc(N/2)

N1

N<-2*N1
gammahat<-rbinom(10000,N1,gamma)/N1
deltahat<-rbinom(10000,N1,delta)/N1
gamma* g+delta* (1-q)

1-p

#they should be the same

(1-0)* (1-delta)+(1-gamma)*q

p

#they should be the same

alpha2<-g* gammahat/(q* gammahat+(1-qg)* deltahat)
mean(al pha2)

sd(alpha2)

beta2<-((1-deltahat)* (1-q))/((1-deltahat)* (1-g)+(1-gammahat)* q)

mean(beta2)

sd(beta2)

phat2<-(1-gammahat)* g+(1-deltahat)* (1-q)
mean(phat2)

sd(phat2)

#Plan 111 (Multinomial)
pl<-p*(1-beta)

p3<-(1-p)*apha

p3

p4<-(1-p)*(1-alpha)

p4

pl+p2+p3+p4
method3<-rmultinom(10000,si ze=N,prob=c(p1,p2,p3,p4))
x1<-method3[1,]
x2<-method3[2,]
X3<-method3[3,]
x4<-method3[4,]
plhat<-(g*x1)/(x1+x3)
p3hat<-(g* x3)/(x1+x3)
p2hat<-((1-q)*x2)/(x2+x4)
pdhat<-((1-q)* x4)/(x2+x4)
alphad<-p3hat/(p3hat+p4hat)
mean(al phad)

sd(alphad)
betad<-p2hat/(plhat+p2hat)
mean(betad)
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sd(betad)
phat4<-plhat+p2hat
mean(phat4)
sd(phat4)

#Box Plots

#Alpha

par(mfrow=c(1,2))

par(mar=c(8,5,5,2)+0.1)

boxpl ot(al pha2,ylim=c(min(al pha2,al phad),max(al pha2,al pha4)), mai n=expression(paste(hat(a
Ipha)(2), " values")),

sub=paste("mean=",round(mean(alpha),digit=4),"
std=",round(sd(alpha2),digit=6)),cex.lab=1,cex.sub=1.5,cex.main=1.5)

boxplot(a phad,ylim=c(min(al pha2,alpha4),max(al pha2,a phad)),mai n=expression(paste(hat(a
Ipha)(3),” values’)), sub=paste(* mean=",round(mean(al phad),digit=4),"

std=",round(sd(al phad),digit=6)),cex.lab=1,cex.sub=1.5,cex.main=1.5)

#Beta

par(mfrow=c(1,2))

par(mar=c(8,5,5,2)+0.1)

boxplot(beta2,ylim=c(min(beta2,betad),max(beta2,betad)), main=expression(paste(hat(beta) (2
), " values")),

xlab=paste(" mean=",round(mean(beta2),digit=4),"std=",round(sd(beta?),digit=6)),cex.lab=1.5
,cex.main=1.5)

boxplot(betad,ylim=c(min(beta2,betad), max(beta2,betad)), main=expression(paste(hat(beta) (3
), " values")),

xlab=paste("mean=",round(mean(betad),digit=4)," std=",round(sd(betad),digit=6)),cex.lab=1.5
,cex.main=1.5)

#p

par(mfrow=c(1,2))

par(mar=c(8,5,5,2)+0.1)

boxpl ot(phat2,ylim=c(min(phat2,phat4),max(phat2,phat4)), mai n=expressi on(paste(hat(pi)[ C](
2), " values")),

xlab=paste("mean=",round(mean(phat2),digit=4)," std=",round(sd(phat2),digit=6)),cex.lab=1.
5,cex.mairn=1.5)

boxplot(phat4,ylim=c(min(phat2,phat4),max(phat2,phat4)), main=expression(paste(hat(pi)[ C] (
3), " values")),
xlab=paste("mean=",round(mean(phat4),digit=4),"std=",round(sd(phat4),digit=6)),cex.lab=1.
5,cex.mairn=1.5)

#Graphs of the theoretical approximations of alpha2, beta2 and p2 standard deviations*
sgrt(N) asfunctions of f (proportion of passed items sample size)

#alpha2 and beta2
varal pha2N<-function(x)
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{ ((1-x-betat+beta* x-al phata pha* x+al pha* beta)* (g-al pha)* al pha* (1-a pha))/((1-x)* x* (1-beta-
a))}

varbeta2N<-function(x)
{ ((apha* betatx-al pha* x-beta* x)* (1-beta)* (1-beta-q)* beta)/((1-x)* x* (g-al pha))}

par(mfrow=c(1,2))
par(mar=c(5,4.75,4,2)+0.1)

curve(sgrt(varal pha2N(x)),from=0.05, t0=0.99,

ylim=c(0,max(max(sgrt(vara pha2N(seq(0.05,0.99,by=0.02)))),max(sgrt(varbeta2N(
seq(0.05,0.99,by=0.02)))))), xlab=paste(" Proportion of passed items"),ylab=
expression(paste(Std(hat(al pha)(2)),sart(N))),cex.lab=1.5,cex.axis=1,lwd=3)

curve(sgrt(varbeta2N(x)),from=0.05, t0=0.99,

ylim=c(0,max(max(sqrt(varal pha2N(seq(0.05,0.99,by=0.02)))),max(sqrt(varbeta2N(
$eq(0.05,0.99,by=0.02)))))), xlab=paste(" Proportion of passed items"),ylab=
expression(paste(Std(hat(beta)(2)),sqrt(N))),cex.lab=1.5,cex.axis=1,lwd=3)

#p2

varp2N<-function(x)

{ ((g-alpha)* (alpha-al pha* x-al pha* beta+beta* x)* (1-beta-q))/((1-x)* (1-beta-al pha)*2* x)}
par(mar=c(5,4.75,4,2)+0.1)

curve(sgrt(varp2N(x)),from=0.05, t0=0.99,xlab=paste(* Proportion of passed items"),ylab=
expression(paste(Std(hat(pi)[C](2)),sqrt(N))),cex.lab=1.5,cex.axis=1,lwd=3)

#Contour plots of std(alpha2)/std(alpha4), std(beta2)/std(betad),
std(p2)/std(p4)

#Alpha

0<-0.85

upper.beta<-(1-q)-0.01

upper.beta

alpha.grid<-rep(seq(0.01,0.1,/1=10),10)
beta.grid<-rep(seq(0.01,upper.beta,1=10),rep(10,10))
grid<-data.frame(chind(alpha.grid,beta.grid))
p<-(g-alpha.grid)/(1-beta.grid-al pha.grid)

pl<-p*(1-beta.grid)

p2<-beta.grid*p

p3<-(1-p)*aphagrid

p4<-(1-p)* (1-alpha.grid)

pl+p2+p3+p4

ratio.al pha.sd<-sgrt((2* (-q* p3* p2-p4* p1-p4* p3+pd* g* p1)"4* (1-beta.grid-
alpha.grid+2* alpha.grid* beta.grid)* (g-alpha.grid)* al pha.grid* (-
1+alphagrid))/(q"2* (p2+p4)* (p1+p3)* (p1* p3* p2+p2* p4* pl+pd"2* pl+p3"2* p2)* p3* p4* (-
1+beta.grid+q)* (-1+q)"2))

sdal pham<-matrix(ratio.al pha.sd,nrow=10,ncol=10)
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par(mfrow=c(1,3))
par(mar=c(8,4.75,8,1)+0.1)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta) ,xlab=expression(al pha),ylab=expression(b
eta),type="n",cex.axis=1.5,cex.lab=2)

title(sub=bquote(pi[P]==.(q)),line=6,cex.sub=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdal pham,add=T,lwd=3,labcex=0.75)

0<-0.9

upper.beta<-(1-g)-0.01

upper.beta

alpha.grid<-rep(seq(0.01,0.1,/1=10),10)
beta.grid<-rep(seq(0.01,upper.beta,1=10),rep(10,10))
grid<-data.frame(cbind(al pha.grid,beta.grid))
p<-(g-alpha.grid)/(1-beta.grid-al pha.grid)

pl<-p*(1-beta.grid)

p2<-beta.grid*p

p3<-(1-p)*alpha.grid

p4<-(1-p)* (1-alpha.grid)

pl+p2+p3+p4

ratio.al pha.sd<-sgrt((2* (-g* p3* p2-p4* p1-p4* p3+pd* g* p1)"4* (1-beta.grid-
alpha.grid+2* alpha.grid* beta.grid)* (g-alpha.grid)* al pha.grid* (-
1+alphagrid))/(g"2* (p2+p4)* (p1+p3)* (p1* p3* p2+p2* p4* pl+pd"2* pl+p3°2* p2)* p3* p4* (-
1+beta.grid+q)* (-1+q)"2))

sdal pham<-matrix(ratio.al pha.sd,nrow=10,ncol=10)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta) x| ab=expression(al pha),ylab=expression(b
eta),type="n" ,cex.axis=1.5,cex.lab=2)

title(mai n=expression(Std(hat(alpha)(2))/Std(hat(al pha)(3))),
sub=bquote(pi[P]==.(q)),line=6,cex.sub=2,cex.main=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdal pham,add=T,lwd=3,|abcex=0.75)

g<-0.95
upper.beta<-(1-qg)-0.01
upper.beta
alpha.grid<-rep(seq(0.01,0.1,/1=10),10)
beta.grid<-rep(seq(0.01,upper.beta,1=10),rep(10,10))
grid<-data.frame(cbind(al pha.grid,beta.grid))
p<-(g-apha.grid)/(1-beta.grid-alpha.grid)
pl<-p* (1-beta.grid)
p2<-beta.grid*p
p3<-(1-p)*aphagrid
p4<-(1-p)* (1-alpha.grid)
pl+p2+p3+p4
ratio.al pha.sd<-sgrt((2* (-g* p3* p2-p4* p1-pd* p3+p4* g* p1)"4* (1-beta.grid-
alpha.grid+2* alpha.grid* beta.grid)* (g-a pha.grid)* alpha.grid* (-
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1+alphagrid))/(q"2* (p2+p4)* (p1+p3)* (p1* p3* p2+p2* p4* pl+pd"2* pl+p3°2* p2)* p3* p4* (-
1+beta.grid+q)* (-1+q)"2))
sdal pham<-matrix(ratio.al pha.sd,nrow=10,ncol=10)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta) , xl ab=expression(a pha),yl ab=expression(b
eta),type="n",cex.axis=1.5,cex.lab=2)

title(sub=bquote(pi[P]==.(q)),line=6,cex.sub=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdalpham,add=T,lwd=3,labcex=0.75)

#Beta

0<-0.85

upper.beta<-(1-qg)-0.01

upper.beta

alpha.grid<-rep(seq(0.01,0.1,/1=10),10)
beta.grid<-rep(seq(0.01,upper.beta,1=10),rep(10,10))
grid<-data.frame(cbind(al pha.grid,beta.grid))
p<-(g-apha.grid)/(1-beta.grid-alpha.grid)

pl<-p* (1-beta.grid)

p2<-beta.grid*p

p3<-(1-p)*aphagrid

p4<-(1-p)* (1-alpha.grid)

pl+p2+p3+p4

ratio.beta.sd<-sgrt((2* (p4* g* p1+p2* pl+p2* p3-g* p3* p2)"4* (1-beta.grid-
alpha.grid+2* a pha.grid* beta.grid)* (- 1+beta.grid+q)* (-

1+beta.grid)* beta.grid)/(gq"2* (p2+p4)* (p1+p3)* (p112* pd+pl* p3* p4+p2"2* p3+p2* p4* p3)*p
1*p2* (-1+q)"2* (g-alpha.grid)))
sdbetanc<-matrix(ratio.beta.sd,nrow=10,ncol=10)

par(mfrow=c(1,3))
par(mar=c(8,4.75,8,1)+0.1)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta)  xlab=expression(a pha),yl ab=expression(b
eta),type="n",cex.axis=1.5,cex.lab=2)

title(sub=bquote(pi[P]==.(q)),line=6,cex.sub=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdbetamc,add=T,lwd=3,labcex=0.75)

g<-0.9

upper.beta<-(1-qg)-0.01

upper.beta
alpha.grid<-rep(seq(0.01,0.1,/1=10),10)
beta.grid<-rep(seq(0.01,upper.beta,|=10),rep(10,10))
grid<-data.frame(cbind(al pha.grid,beta.grid))
p<-(g-apha.grid)/(1-beta.grid-alpha.grid)
pl<-p* (1-beta.grid)

p2<-beta.grid*p

p3<-(1-p)*aphagrid

p4<-(1-p)* (1-alpha.grid)
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pl+p2+p3+p4

ratio.beta. sd<-sgrt((2* (p4* g* p1+p2* pl+p2* p3-g* p3* p2)"4* (1-beta.grid-

alpha.grid+2* alpha.grid* beta.grid)* (- 1+beta.grid+q)* (-

1+beta.grid)* beta.grid)/(q"2* (p2+p4)* (p1+p3)* (p1"2* pd+pl* p3* p4+p2/2* p3+p2* p4* p3)* p
1*p2*(-1+q)"2* (o-alpha.grid)))

sdbetamc<- matrix(ratio.beta.sd,nrow=10,ncol=10)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta) , xlab=expression(a pha),yl ab=expression(b
eta),type="n" ,cex.axis=1.5,cex.lab=2)

title(main=expression(Std(hat(beta) (2))/Std(hat(beta) (3))),
sub=bquote(pi[P]==.(q)),line=6,cex.sub=2,cex.main=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdbetamc,add=T,lwd=3,labcex=0.75)

g<-0.95

upper.beta<-(1-qg)-0.01

upper.beta

alpha.grid<-rep(seq(0.01,0.1,/1=10),10)
beta.grid<-rep(seq(0.01,upper.beta,1=10),rep(10,10))
grid<-data.frame(cbind(al pha.grid,beta.grid))
p<-(g-apha.grid)/(1-beta.grid-alpha.grid)

pl<-p* (1-beta.grid)

p2<-beta.grid*p

p3<-(1-p)*aphagrid

p4<-(1-p)* (1-alpha.grid)

pl+p2+p3+p4

ratio.beta.sd<-sgrt((2* (p4* g* p1+p2* pl+p2* p3-g* p3* p2)"4* (1-beta.grid-
alpha.grid+2* a pha.grid* beta.grid)* (- 1+beta.grid+q)* (-

1+beta.grid)* beta.grid)/(q"2* (p2+p4)* (p1+p3)* (p1"2* p4+pl* p3* pd+p2r2* p3+p2* p4* p3)* p
1*p2* (-1+q)"2* (g-alpha.grid)))

sdbetamc<- matrix(ratio.beta.sd,nrow=10,ncol=10)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta)  xlab=expression(a pha),yl ab=expression(b
eta),type="n",cex.axis=1.5,cex.lab=2)

title(sub=bquote(pi[P]==.(q)),line=6,cex.sub=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdbetamc,add=T,lwd=3,labcex=0.75)

#D

g<-0.85

upper.beta<-(1-qg)-0.01

upper.beta

alpha.grid<-rep(seq(0.01,0.1,/1=10),10)
beta.grid<-rep(seq(0.01,upper.beta,|=10),rep(10,10))
grid<-data.frame(cbind(al pha.grid,beta.grid))
p<-(g-apha.grid)/(1-beta.grid-alpha.grid)

pl<-p* (1-beta.grid)

p2<-beta.grid*p
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p3<-(1-p)*aphagrid

p4<-(1-p)* (1-alpha.grid)

pl+p2+p3+p4

ratio.p.sd<-sgrt((2* (-1+beta.grid+qg)* (-al pha.grid+2* al pha.grid* beta.grid-beta.grid)* (g-
alpha.grid)* (p1+p3)"3*(p2+p4)"3)/((-

2% pl/\s* pz* p4* q+p2* p4* pl/\3+p1/\3* p2* q/\z* p4+3* p3* p4* p2* pl/\2+3* pl/\z* p2* q/\2* p4* p
3-6* pl/\z* p2* p4* q* p3+3* pl* p2/\2* q/\2* p3* p4_

6* pl* p2* p4* q* p3/\2+3* pl* p2* q/\z* p3* p4/\2+3* p3/\2* p4* pz* p1+p1* p2/\3* q/\z* p3+3* pl* p
2% q/\2~k p4* p3/\2+p1~k q/\z* p3* p4/\3+ p2* q/\2~k p4* p3/\3+ p3/\3* p4* p2_ % p2* p4* q* p3/\3)* (_
1+beta.grid+alpha.grid)"2))

sdpm<-matrix(ratio.p.sd,nrow=10,ncol=10)

par(mfrow=c(1,3))
par(mar=c(8,4.75,8,1)+0.1)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta) ,xlab=expression(al pha),ylab=expression(b
eta),type="n",cex.axis=1.5,cex.lab=2)

title(sub=bquote(pi[P]==.(q)),line=6,cex.sub=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdpm,add=T,lwd=3, labcex=0.75)

g<-0.9

upper.beta<-(1-qg)-0.01

upper.beta

alpha.grid<-rep(seq(0.01,0.1,/1=10),10)

beta.grid<-rep(seq(0.01,upper.beta,1=10),rep(10,10))

grid<-data.frame(cbind(al pha.grid,beta.grid))

p<-(g-apha.grid)/(1-beta.grid-alpha.grid)

pl<-p* (1-beta.grid)

p2<-beta.grid*p

p3<-(1-p)*aphagrid

p4<-(1-p)* (1-alpha.grid)

pl+p2+p3+p4

ratio.p.sd<-sgrt((2* (-1+beta.grid+q)* (-al pha.grid+2* al pha.grid* beta.grid-beta.grid)* (g-
alpha.grid)* (p1+p3)"3* (p2+p4)"3)/((-

2% pl/\g* p2* p4* q+p2* p4~k pl/\3+p1/\3* pz* q/\2* p4+3* p3* p4~k p2~k pl/\2+3* pl/\z* p2* q/\z* p4* p
3-6* pl/\z* p2* p4* q* p3+3* pl* p2/\2* q/\z* p3* p4_

6* pl* p2* p4* q* p3/\2+3* pl* p2* q/\2* p3* p4/\2+3* p3/\2* p4* pz* p1+pl* p2/\3* q/\2~k p3+3* pl* p
o q/\z* p 4% p3/\2+p1* q/\z* p3* p4/\3+ pz* q/\z* p 4% p3/\3+ p3/\3* p4* p2_ % p2* p4* q* p3/\3)* (_
1+betagrid+alpha.grid)*2))

sdpm<-matrix(ratio.p.sd,nrow=10,ncol=10)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta) x| ab=expression(al pha),ylab=expression(b
eta),type="n" ,cex.axis=1.5,cex.lab=2)

title(main=expression(Std(hat(pi)[C] (2))/Std(hat(pi)[C] (3))),
sub=bquote(pi[P]==.(q)),line=6,cex.sub=2,cex.main=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdpm,add=T,lwd=3,labcex=0.75)

0<-0.95
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upper.beta<-(1-q)-0.01

upper.beta

alpha.grid<-rep(seq(0.01,0.1,/1=10),10)

beta.grid<-rep(seq(0.01,upper.beta,1=10),rep(10,10))

grid<-data.frame(cbind(al pha.grid,beta.grid))

p<-(g-alpha.grid)/(1-beta.grid-al pha.grid)

pl<-p*(1-beta.grid)

p2<-beta.grid*p

p3<-(1-p)*alphagrid

p4<-(1-p)* (1-alpha.grid)

pl+p2+p3+p4

ratio.p.sd<-sgrt((2* (-1+beta.grid+qg)* (-alpha.grid+2* al pha.grid* beta.grid-beta.grid)* (g-
alpha.grid)* (p1+p3)"3*(p2+p4)"3)/((-

o% pl/\s* pz* p4* q+p2* p4* pl/\3+p1/\3* p2* q/\z* p4+3* p3* p4* p2* pl/\2+3* pl/\z* p2* q/\2* p4* p
3-6* pll\2* p2* p4* q* p3+3* pl* p2/\2* q/\2* p3* p4_

6* pl* p2* p4* q* p3/\2+3* pl* p2* q/\z* p3* p4/\2+3* p3/\2* p4* pz* p1+p1* p2/\3* q/\z* p3+3* pl* p
2% q/\2* p4* p3/\2+p1* q/\2* p3* p4/\3+ p2* q/\z* p4* p3/\3+ p3/\3~k p4* p2_ % p2* p4* q* p3/\3)* (_
1+beta.grid+alpha.grid)"2))

sdpm<-matrix(ratio.p.sd,nrow=10,ncol=10)

plot(0,0,xlim=c(0.01,0.1),ylim=c(0.01,upper.beta) x| ab=expression(a pha),yl ab=expression(b
eta),type="n",cex.axis=1.5,cex.lab=2)

title(sub=bquote(pi[P]==.(q)),line=6,cex.sub=2)
contour(x=unique(grid[,1]),y=unique(grid[,2]),sdpm,add=T,lwd=3, labcex=0.75)

#Ratios of std(alpha2)/std(alpha4), std(beta2)/std(betad4) and std(p2)/std(p4) as
functions of f (proportion of passed items)

#assign alpha, beta and g
alpha
beta

q
p<-(g-alpha)/(1-beta-alpha)
#p should be smaller than 1
p<1

pl<-p*(1-beta)

p3<-(1-p)*apha

p3
p4<-(1-p)*(1-alpha)
p4

pl+p2+p3+pd

#Alpha
ratio.a pha.sd.f<-function(x)
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{ ratio.a phal=sgrt(((1-x-betat+beta* x-al phatal pha* x+al pha* beta)* (g-al pha)* al pha* (1-
alpha))/((1-x)*x* (1-beta-q)))

ratio.al pha2=sgrt(((-

1+q)A2* p4* q/\2* p3~k (2* p4* p2* pl* p3/\2+p1* p3* p2/\2* p4+2* pl* p3* p2* p4A2+p4* p2* plAZ* p
3+p2°2* p3N3+pln2* pdN3+pd* p2* p3n3+p1N2t pd* p2h2+2* pIn2* pdh2* p2+p2h2* p3* plh2+2
*p2h2* p3"2* pl+pl* p3* p4"3))/((q* p3* p2+pd* pl+pd* p3-p4* q* pl)~4));

ratio.al phal/ratio.a pha2}

#Beta

ratio.beta.sd.f<-function(x)

{ ratio.betal=sgrt(((al pha* betatx-al pha* x-beta* x)* (1-beta)* (1-beta-q)* beta)/ ((1-x)* x* (g-
alpha)))

ratio.beta2=sgrt((q"2* (-

1+g)"2* p2* p1* (2* pd"2* p172* p3+pd* p2* pl1* p3"2+pd2* p1* p3"2+pd* p2* p13+pl* p3* p2/
3+2* p1* p3* p2"2* pA+pl* p3* p2* pdh2+2* pd* p2* p1N2* p3+pdh2* plN3+p3n2* p2h3+2* p3n2*
p22* pA+p3°2* p2* p4"2))/((-p4* o pl-p2* pl-p3* p2+q* p3* p2)"4));

ratio.betal/ratio.beta2}

par(mfrow=c(1,2))
par(mar=c(5,4.75,4,2)+0.1)

curve(ratio.al pha.sd.f(x),from=0.05, to=0.99,

ylim=c(0,max(max(ratio.al pha.sd.f(seq(0.05,0.99,by=0.02))),max(ratio.beta.sd.f(
se(0.05,0.99,by=0.02))))), xlab=paste(" Proportion of passed items"),ylab=
expression(paste(Std(hat(al pha)(2))/Std(hat(alpha)(3)))) ,cex.lab=1.5,cex.axis=1,lwd=3)
abline(h=1,col="red")

curve(ratio.beta.sd.f(x),from=0.05, t0=0.99,

ylim=c(0,max(max(ratio.al pha.sd.f(seq(0.05,0.99,by=0.02))),max(ratio.beta.sd.f(
$eq(0.05,0.99,by=0.02))))), xlab=paste(*" Proportion of passed items"),ylab=
expression(paste(Std(hat(beta) (2))/Std(hat(beta)(3)))),cex.lab=1.5,cex.axis=1,lwd=3)
abline(h=1,col="red")

#p

ratio.p.sd.f<-function(x)

{ ratiopl=sgrt(((g-alpha)* (a pha-al pha* x-al pha* beta+beta* x)* (1-beta-q))/((1-x)* (1-beta-
alpha)"2*x))

ratiop2=sqrt((p3* q"2* p1* p2'3+3* p3* 0\ 2* p1* pd* p2"2-6* p2* p3°2* pd* g* p1-

6* p2* p3* p4* q* pl/\2+p4* p2~k plAs_

% p2* p4~k q* pll\3+3~k p2* p3/\2* p4* q/\2* p1+ p2* p4~k q/\2* pl/\3+3* p 4* p2* pl/\z* p3+3* p2~k p3* p
4* 2% p1n2+pd* p2* p3n3+p2* p3n3*t pdr g2-

2*p2* p3"3* p4* q+3* p4* p2* pl* p3"2+3* p2* p3* q"2* p1* pa"2+p3* q"2* p1* pa"3)/((p2+p4)"3
*(p1+p3)"3));

ratiopl/ratiop2}

par(mar=c(5,4.75,4,2)+0.1)
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curve(ratio.p.sd.f(x),from=0.05, t0=0.99,xlab=paste(" Proportion of passed items"),ylab=
expression(paste(Std(hat(pi)[C] (2))/Std(hat(pi)[C] (3)))),cex.lab=1.5,cex.axis=1,lwd=3)
abline(h=1,col="red")

# Minimum Sample Size for Plan |1

sample.size.alpha2<-function(x)
{round((g-a pha)* a pha* (1-al pha)* (1-f-betat+beta* f-al pha+al pha* f+al pha* beta)/((x"2)* f* (1-
f)*(1-beta-0)))}

sample.size.beta2<-function(x)
{ round(((alpha* beta+f-beta* f-al pha* f)* beta* (1-beta)* (1-beta-q))/((x2)* f* (1-f)* (g-al pha)))}

sample.size.p2<-function(x)

{ round(((al pha+beta* f-al pha* beta-al pha* f)* (1-beta-q)* (g-al pha))/((x"2)* f* (1-f)* (1-beta-
alpha)"2))}
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