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Abstract

In this paper we present prediction methods for recurrent events which occur for
individuals or units in some population. The events are modeled using flexible non-
homogeneous Poisson processes and possible heterogeneity amongst the individuals is
modeled using random effects. We also present effective calibration techniques which
provide prediction intervals with coverage probabilities close to a desired nominal level.
We apply these methods to a particular warranty data setting from the automobile
industry. The number of processes in this context being very large, we emphasize
methods providing rapid computation of prediction intervals.
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random effects.

1 INTRODUCTION

Recurrent events are ubiquitous in populations and processes; consider, for example, occur-
rences of disease in a human population, the creation of jobs in an economic sector, or the

occurrences of stoppages in production or service processes due to equipment failure. Often
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there is some sort of adverse connotation to the events, as in the case of disease episodes or
equipment failures, and many experimental or observational studies are directed at under-
standing factors affecting event occurrence, and at reducing their frequency. In many settings
it is, on the other hand, important to predict the numbers of events that will occur in future
time periods. For example, in the case of insurance or warranty claims in populations of
contract holders, such predictions are used for fiscal planning and for taxation purposes. In
testing and debugging new software systems (e.g. Dalal & McIntosh 1994), decisions about
when to stop testing and to release software are influenced by predictions of the number of

new bugs that would be found if testing were to continue further.

This paper deals with such prediction problems. The motivation for our work lies in the
prediction of warranty claims (e.g. Robinson & McDonald 1991, Chen, Lynn & Singpurwalla
1996) or other events that occur for individual units or subjects in a population. That is,
there is some population of units i = 1, ...,k and we wish to predict the number of events
for individual units, or the aggregate number across the population or a sub-population
of units. Specifically, we consider what we term finite horizon aggregate prediction: the
objective is to predict the total number of events in the population over a specified time
period, which without loss of generality we denote as (0,7"), on the basis of events that have
already occurred up to given times t; < T for the units in the population. In practice the
interval (0,7") may refer to either a calendar time period or to a time period that is related

to the "age” of units in the population.

We now discuss a motivating example to which we will later apply the methodology devel-
oped. The context is warranty claims on manufactured products, where each of k product
units sold is under warranty for a specified time 7" from the date of sale. Let t represent
the age of a unit, meaning time since it was sold (here expressed for the sake of discussion
in days), and let N;(u,v) denote the number of claims in the age interval u < t < v. The

objective is then to predict

k
N.(0,T) = ZNi(OvT)> (1)

i=1
the total number of claims that will eventually accrue in the population. Of course, N (0,T")
will eventually be known, once every unit is sold and completes its warranty period. However,
it is desired to predict N (0,7") at various calendar times on the basis of the claims already
observed. Product units are sold at different times so at any given calendar time the age
of the ith unit will be some value t;, where 0 < ¢; < T. This allows that some units may

not have yet been sold (¢; = 0) and that some may have already completed their warranty
period (t; =T).



Since N;(0,t;) is known for each i = 1, ..., k, the prediction of (1)) is equivalent to prediction
of Zle N;(t;,T). In practice, it is often of interest to update predictions of (1) at various
calendar times. These problems will be addressed for a real car warranty setting in Section

4, but also apply in a variety of other contexts.

The prediction of recurrent events has been discussed in specific contexts such as warranty
claims (e.g. Robinson & McDonald 1991, Kalbfleisch, Lawless & Robinson 1991, Lawless
1998), insurance claims (e.g. England & Verrall 2002) and software reliability (e.g. Singpur-
walla & Wilson 1999) but there has been little general discussion and intervals are generally
not well calibrated in terms of coverage probability. Novel features of our presentation here
include the provision of probabilistically well-calibrated prediction intervals, the ability to
handle age or time trends in the event processes, and the ability to handle large populations
of heterogeneous units. In Section 2, we present non-homogeneous Poisson processes with
random effects, which will be used as the basis for our methodology. Section 3 develops
a flexible method of prediction, and Section 4 illustrates the methodology on car warranty

data. Section 5 discusses the robustness of the methodology and some extensions.

2 MIXED POISSON MODELS

Let N(s,t) be the random variable representing the number of events occurring for a subject
in the time interval (s, t]; we write N(¢) for N(0,¢). We consider for convenience continuous
time processes where two events cannot occur simultaneously; settings where events are
recorded in discrete time units such as days or weeks can be handled by grouping. Different
types of such processes are discussed in the literature on point processes (e.g. Snyder &
Miller 1991, Grandell 1997), but Poisson processes and renewal processes are the two most
popular types used to model recurrent events. We can distinguish them through the event
intensity function

PIN(t,t + A,) = 1|H(t)]

AtH®) = lim A , 2)

A¢—0

where H (t) denotes the history of the process up to time ¢. Note that conditional on H(0),
fully specifies the process {N(t),t > 0}. Renewal processes make the assumption that
depends only on the time elapsed since the last event; these processes are semi-Markovian.

On the other hand, the Poisson processes are Markovian because (2) depends only on ¢. The



intensity, or rate, function is then simply denoted by A(¢), and
N(t) ~ PP(A(L))

means that N(t) is a non-homogeneous Poisson process (NHPP) with rate function A(t).

It is well known that in a Poisson process the total number of events over any interval
has a Poisson distribution, and that the number of events N(sy,t;) and N(sg,t3) in two
non-overlapping time intervals (s1,?1) and (ss, %) are independent. These two properties
combined with the fact that event times are often interval-censored make Poisson processes
easy to use with prediction problems involving recurrent events. On the other hand, the
distribution of the future number of events can be difficult to obtain when renewal processes
are used. Experience has shown that Poisson processes apply to a wide range of settings
(e.g. Ascher & Feingold 1984, Grandell 1997) and in this paper we focus on them. However,
in populations with heterogeneous units it is generally found necessary to extend the models
by including unit-specific random effects. Such models are termed random effects, or mixed,

Poisson processes (e.g. Lawless 1987, Grandell 1997).

We henceforth consider mixed non-homogenous Poisson processes. We will model the rate

function for a single process with parametric forms

At; o, B) = af(t;3),
where « is a scalar and 3 is a vector of low dimension. This parameterization is convenient
because f(t; 3) and « measure different aspects of a NHPP: the function f(¢; 3) describes the
shape of the rate function and « represents the overall event frequency. In the finite horizon
problems it is convenient to choose a so that E[N(0,7")] = «, in which case fOT f(t; B)dt = 1.
That is, f(t; 3) has the form of a probability density function over (0, 7).

To consider scenarios where heterogeneity is observed amongst the processes for different
units, we incorporate unobservable i.i.d. random effects in our model. The model considered
in this paper is
Ni ()| ~ PP(aif (8 3)),
a; ~ Gamma(a, b), (3)
where ¢ = 1,..., k. The parameterization for the gamma distribution is such that E[o;] = a/b

and Var[o;] = a/b?. Appropriate forms for f(¢;3) will be discussed in Section 4 for the

warranty claims problem; in general, they depend on the setting being considered.

The model may seem like a stringent assumption, but it allows for cases where the rates

may be affected by unobserved covariates in a multiplicative fashion, and has been found
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to work well in many settings. Simulations in Fredette (2004, Chapter 3) also suggest that
predictions based on models (3)) are robust to some types of misspecification. For example,
they provide adequate predictions if the a;’s are not actually random or if they are random
but their actual distribution is not gamma. More generally, (3]) can be extended by allowing
[ to contain random components. Some further comments on extensions and robustness are

given in Section 5.

3 PREDICTION

Prediction has been discussed in general terms by various authors, for example, Aitchison
& Dunsmore (1975), Geisser (1993), Barndorff-Nielsen & Cox (1996), Beran (1990), and
Meeker & Escobar (1999). Like those authors, we consider frequentist methods and, in
particular, we seek to construct prediction intervals for a future random variable Y, given
observed data X = x. Such intervals are of the form (L(x),U(z)), and we attempt to find
intervals where P[L(X) <Y < U(X)] equals some specified fixed value 7, in which case
(L(z),U(x)) is called a v prediction interval (e.g. Barndorff-Nielsen & Cox 1996), and ~ is

called its coverage probability.

In the context discussed in this paper, we wish to use the information regarding the &
processes that is available at a certain given time to make predictive statements about the
remaining number of events to be observed. Since processes were not necessarily observed
for the same amount of time, we let ¢; represent the "age” of the ith process at that time and
the remaining number of events is then represented by Zle N;(t;,T). For each process, the
information available to make our prediction consists of the total number of events V;(t;)
and the set of occurrence times 7;(t;) = {7i1,...,Tin,) - 1t is shown in Appendix A.1
that conditional on this information each N;(¢;,T) has a negative binomial distribution with
parameters a + N;(t;) and (b+ F(t;;6))/(b+ F(T;3)), where F(t; ) = fg f(u; B)du. From
now on, this distribution will be denoted N B(a + N;(t;), (b+ F(t;;3))/(b+ F(T;3))), with
a probability function given by

PNu(ts, T) = n|Ni(ts);a,b, 3] = ot Nit) +n) (F(T; B) = F(t; 6)) y

T(a+ N;(t;))n! b+ F(T; )

b—i-F(ti;ﬁ) a+N;(t;)
(irirs) W

Note that the occurrence times do not appear in this distribution; only the knowledge of

N;(t;) is required to determine this conditional distribution. However, the occurrence times



will enter in the estimation of model parameters. Note also that although claim times are
recorded in discrete units (days), we utilize the continuous time likelihood, given below in
Section 3.1. This is typically done when, as here, failure times or event times are recorded

in units that are short relative to the length of the processes in question.

3.1 Plug-in prediction intervals

Let ]y(t) = (Nl(tl), ey Nk(tk)) and I(t) = {Tz],l = ]_, ce k and j = 1, ey Nz(tz)} A
prediction interval for S_F_ N, (t;, T) is an interval [L(N(t),7(t)), U(N(t), 7(t))] such that

P[L(N(1),7(t)) < > Ni(t:, T) < U(N(#),7(1)); a,b, 5] = 7.

i=1

Such an interval is called an exact 7 prediction interval for Zle N;(t;,T). Note that this
random variable as well as the random variables N(t) and 7(¢) enters in the calculation of
the probability above.

In most settings (including the one considered in this paper) we cannot find exact prediction
intervals when the parameters are unknown. This is analogous to the non-existence of exact
confidence intervals for parameters in most statistical models. The alternative is to find an
interval with an approximate coverage probability of 4. This can be accomplished in one
way by finding an interval [L, U] such that

k
P[L <) Ni(t;, T) <U);a,b, 5] =, (5)

i=1
where only Zle N;(t;,T) is treated as a random variable, and where a,b, and 3 are the

maximum likelihood estimates (mle’s) obtained from the likelihood function based on the
observed data, which is (e.g. Lawless 1987)

L(a7baﬁ|(]y(t)v7~_(t))) = H f(Tij;ﬁ) ((b+ F(ti-b;))a—i-Ni(ti)) X

The interval (5) is called a ”plug-in” 7 prediction interval. Essentially, this method assumes
that is the true distribution and that the true parameter values are in fact a, l;, and B and
thus ignores completely the uncertainty in (&, b, 3) relative to (a,b, 3). When the observed
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data set is very large , so that (d,l;, B) can be assumed close to (a,b,3) (provided the
model is correct), then the coverage probability of this interval will be close to . However,
this method can be improved upon by ”calibrating” the plug-in intervals obtained (Beran
1990, Meeker & Escobar 1999, Lawless & Fredette 2005). We will now show how to obtain
these plug-in intervals and then we will explain how to calibrate them so that they have

close to a stated nominal coverage probability.

For the prediction problem at hand, we can see from (4) that the distribution of % | N;(¢;, T)
given N(t) is a convolution of k NB(a + N;(t;), (b + F(t;;5))/(b+ F(T;/3))) distributions
with a probability function given by

p(n|N(t);a,b,5) = ZN' t;, T) = n|N(t); a,b, ]
_ Dla+ Nilty) & z) (T3 5) — F(t:: )
= {lezz_}zl;[ a+ Ny(t;)) ! ( b+ F(T; 6) ) .

(b—l— F( i;ﬁ))aJrNi(ti)
b+ F(T;p) ’

where S; is the set of cars already sold at time ¢.

Now let Q(«; a, b, 3) be the a quantile of Zle N;(t;,T) given N(t), and we see that according
to a two-sided plug-in 1 — « prediction interval is given by

These quantiles may be hard to compute; we next discuss ways to do this.

3.2 Approximation of p(n|N(t);a,b, 3)

The quantiles mentioned above are retrieved using the probability function p(n|N(t); a, b, 3).

However this function is obtained by summing over ("J“:*l) terms, which may not be feasible
when k or n is large. Nevertheless, this problem in principle can be solved by using a recursive
formula to find p(n|N(t);a,b, 3). In particular, a recursive formulae can be obtained by a
method in Klugman, Panjer & Willmot (2004, Example 4.60); see Fredette (2004, pp. 52-54).

When n is very large, which will be the case for the data studied in Section 4, it is more

convenient to approximate p(n|N (t);&,l;, B) instead of using a recursive formula. A good



approximation can be obtained by generating convolutions of gamma random variables.

This is due to the fact that the probability function can be written as

k

PN ()b, 5) = / P[3" Ni(t:, T) = nlas lr(a| N (1); &, b, )da
k
Poisson (Z( (T; 3) — >_ ] (a|N(t);a,b, f)da

i=1
@ i=1

- [T wa,b
0

n!

where u = S2F (F(T; ) — F(t; 3))a, and since each o; has a Gamma(a + N;(t;), (b +
F(t;;3))) distribution, ¢ (u; a, b, §) is the density of the convolution of k Gamma(a+Nj(t;), (b+
F(t;: 3))/(F(T; ) — F(t; 3))) random variables. The density (4) does not have a simple
closed form, and we approximate the integral above by simulation. Once we generate B
convolutions of gammas, where each simulated convolution is denoted by uf (i = 1,...,B),

we can approximate the predictive density function with

PN @ab,5) = 3 SR

n!
i=1

3.3 Calibration

Letting 0 = (a, b, 3), we mentioned in Section 3.1 that a v plug-in prediction interval is likely
to have a coverage probability below the desired level since it ignores the uncertainty in 0
relative to #. Therefore, we should try to find a level greater than v, say ', such that a ~/
plug-in prediction interval would have an actual coverage probability of v. This procedure
is called calibration. Calibration can be done using asymptotic expansions or simulations.
We refer the reader to Komaki (1996) and Barndorff-Nielsen & Cox (1996) to learn more
about calibration procedures using asymptotic expansions and to Beran (1990), Meeker &
Escobar (1999), and Lawless & Fredette (2005) for calibration procedures using simulation.
Calibrating an interval by simulation is usually more tractable for finite horizon prediction

problems involving recurrent events.

From a theoretical point of view, it is clear that calibrated plug-in prediction intervals are
more adequate than simple plug-in prediction intervals (see Theorem 1 in Lawless & Fre-
dette (2005) for an example). However, practical prediction problems are mostly handled

using non-calibrated intervals. Foregoing the fact that some scientists could be unaware of



this procedure, the main reason why intervals are not calibrated is probably because this

procedure often requires a significant amount of computational time.

In the next section, we will apply the methods mentioned above to a particular database.
We will calibrate the prediction intervals using an algorithm proposed in Lawless & Fredette
(2005), and we will see that the calibrated prediction intervals provide a much more realistic

measure of uncertainty than the uncalibrated intervals.

4 PREDICTION OF CAR WARRANTY CLAIMS

With products under warranty, manufacturers usually collect detailed claims data. When
this database is maintained properly, it can be used to predict the eventual total number
of warranty claims based on the data already observed. In this subsection, we apply our
prediction model to a car warranty database. The number of units (cars) in this dataset
being very large, we will consider efficient computational methods for providing prediction

intervals.

The setting and database that we consider are an update of that presented in Kalbfleisch
et al. (1991); this dataset contains warranty information on one subsystem for cars of one
production year and model type. The database includes information over a span of 571
days since the first car was produced and the following times were recorded for each car:
production time, sale time and the claim time(s). Each car had a one year or 12,000 mile

warranty, whichever came first.

We let N;(t) = N;(—o0,t) be the total number of warranty claims for the ith car up to ¢ days
after it was sold. Note that N;(0) = N;(—o00,0) is not necessarily equal to 0 as some claims
could occur between the production day and the day of sale. Therefore, N;(¢) now represents
the total number of warranty claims while V;(0, ¢) represents the number of claims observed
after the sale of the ith car.

The quantity we wish to predict is Zle N, (365), the eventual total number of warranty
claims for this fleet of cars. The prediction of claim numbers is of interest because they can
be compared across production years or other periods, and because they drive costs. The
prediction of total warranty cost is also important. A possible approach, that we wish to
explore in separate article, is to model the cost process. One way to do this is by assigning

a cost distribution to a claim, combining this with the claim occurrence modeling of the



present paper. The methods herein could then be extended to provide calibrated prediction

intervals for cost.

To be able to assess the performance of our predictions, we will here only consider cars for
which N;(365) is known, i.e. cars sold at least 365 days before the end of the data collection
period for this particular database. The resulting dataset contains 15,775 cars, manufactured
over a period of 206 days. Each of them had between 0 and 10 claims for a total of 2,620
claims. Table [1/ shows the distribution of total claims amongst all the cars. We see that

most of the cars never had a warranty claim, and only a few cars had more than 2 claims.

| Put Table[1 around here]

Early in a production year and before cars have been in service for a substantial period of
time, manufacturers estimate the eventual number of warranty claims per unit from past
years’ data. Once data begin to accrue for the model year in question, however, the methods
in Section 3 can be used to predict the average claims per vehicle, or the total claims for
a specified number of vehicles sold. We will illustrate this methodology here by beginning
prediction based on data accumulated in the first 150 days of production, and then updating
the predictions every 50 days thereafter. We will be able to assess how well the prediction
methodology has performed, since T' = 365 and leif ™ N;(365) = 2,620 is eventually known

for the vehicles we consider.

Put Figure 1l around here ‘

Before implementing the prediction methodology, we provide some discussion of the full data
set, which will give some insight into predictive performance, and ideas for extensions to the
models used. Figure [1/ shows a plot of the occurrence times (in days before or after sale)
for each claim, for each of the 15,775 vehicles produced; there are thus 2,620 points in the
plot. The claims for each car are represented along an invisible horizontal line. The first car
produced appears at the bottom while the last one, produced 203 days later, appears at the
top. Some interesting features are revealed in this figure. First we see that the rate of claims
decreases as age increases; one explanation for this is that a significant number of cars are
no longer under warranty at higher ages because of the mileage limit. In addition, we can
see that the cars produced towards the end appear to have more claims than the first ones
produced and that some cars manufactured during a certain early period had fewer claims
than the others.

10



Figure2 shows another view of the data in Figure[l; Nelson-Aalen estimates of the cumulative
mean function for the total number of claims per vehicle are given for cars stratified by
manufacturing period. This figure originally appeared in Lawless & Nadeau (1995). The
sample of cars we are considering in this paper appeared in the first three manufacturing
periods. It is more clear in this figure that cars produced later (period 3) indeed appear to
have more claims. Pointwise 95% confidence bands for that period are displayed and we can

see other mean functions for the data at hand (periods 1 and 2) are outside these bands.

We must keep in mind that the characteristics mentioned above are not known at first to
the analysts facing this prediction problem. Therefore, the features mentioned will not be
taken into account in our prediction model. However, it is possible that the analysts could
be able to detect such fundamental reliability shifts and adapt the model accordingly during

the prediction process. An example of this will be discussed in Section 4.7.

‘ Put Figure 2 around here

4.1 Prediction model proposed

We will now propose a model to predict the total number of warranty claims or, equivalently,
the average number per vehicle. This model is a simple extension of model (3) which takes
into account that N;(0) is not necessarily 0. The choice of a suitable parametric form for
f(t; B) in (3) is crucial, since our predictions necessarily involve extrapolation into the future.
The time scale for prediction is car age t, in days since sale. To deal with the calendar times
at which vehicles are sold, we let s denote calendar time, with s = 0 the day of manufacture
of the first vehicle in the database and s = 571 the day the last warranty expired among the

set of 15,775 vehicles considered here. We also introduce the following notation:

7,;, = 'The age of car i when the jth claim after its sale occurred.
s; = Sale time of the ith car.
Sy = {i:s; <s} (setof cars already sold at calendar time s).
Wi(s) = Y Ni(365)+ > Ny(s—s;,365)
i€Se €55\ Ss—365

= The number of future warranty claims at calendar time s.

Note that W, (0) corresponds to 312" N;(365), the total number of warranty claims for the

cars in the database. Our objective is to be able to, at any calendar time s, predict W (s).
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Adding this to the number of claims already observed equivalently gives a prediction for

W_(0). The prediction model proposed is

N;(0)|a; ~ Poisson(cay),
N;(0,0)]|a; ~ PP(aif(t;8)),
«; ~ Gamma(a,b), (6)

where 1 = 1,..., 15,775 and 0 < ¢t < 365. In this model, the unknown parameters are a, b,
¢, and the vector 5. We point out that a model using different random effects for N;(0) and
N;(0,t) was also fitted but we are presenting the simpler one since the predictions obtained

with the other model were not much different.

The following proposition shows that the distribution of the quantity we want to predict
will still be a convolution of negative binomials; the proof of this proposition is given in
Appendix A.2:

Proposition 1. Using model (6), the probability function for W (s), the number of future
warranty claims for the k = 15,775 cars, given the information available at calendar time s,
is a convolution of k —|Ss_s¢5| negative binomials. Of these, k—|Ss| have a NB(a,b/(b+c+
F(365;3))) distribution, while the remaining |Ss| — |Ss—3¢5| have a NB(a + N;(s — s;), (b+
c+ F(s—si;0))/(b+c+ F(365;3))) distribution where i € Ss\Ss_365-

Like in Section 3, the distribution of the quantity being predicted is a convolution of negative
binomials. In fact, W (s) can be written in the form Zle N;(t;,T), where T' = 365 and
min(s — s;,365) if s > s;,

—o00 otherwise.

Thus, like in Section 3, plug-in prediction intervals are found by finding the quantiles of this
distribution with the unknown parameters (a, b, ¢, ) replaced with their mle’s, based on the

data observed up to calendar time s.

We will now consider the estimation of the unknown parameters a, b, ¢, and 3, and the
specification of the form of the function f(¢;3). Since it is important to use a function that

is flexible, we consider functions such as

ft:8) = exp{Bit+ Bot® + ... + Bt} (7)

Even for moderate values of ¢, this function can have different changes of slope, with up to

q — 1 critical points. In the cases like here where ¢ is large, we have found that it is better

12



to use f(log(1l + t);3) instead of f(¢;3). Since polynomials may not extrapolate well too
far into the future, we also adopt a strategy whereby a small value of ¢ is used early in the
data collection period, with a larger value used later. Note, however, that since ¢ < 365 we
are not forced to extrapolate too far forward with respect to the age of a vehicle. Note also
that with these (and most other) functions, F'(¢;3) has to be evaluated numerically when
q > 1. However, simple numerical integration techniques like the trapezoidal method give

very adequate approximations.

When comparing different types of function where  has the same dimension, we have no
reason to believe a priori that our log-polynomial model would be the most adequate, so we

may want to explore polynomials in different functions of ¢, or other functions altogether.

Now let H(s) be the information available for all the processes at calendar time s; H(s)
contains information about the total number of claims for each car and their associated claim
times. Given this information, the likelihood function L(a,b,c, 3|H(s)) based on model (6)
is derived and stated in Appendix B.

This likelihood function will also be used to find a suitable value for ¢ in (7)), the dimension
of the vector of unknown parameters 5. We will initially fit the model with ¢ = 1 and
increase ¢ if there is a substantial increase in the likelihood function (13). However, because
the model is to be used for prediction, we also pay close attention to the fit of the model at

higher ages, and to the shape of f(¢; B) there. We now expand on the model fitting process.

4.2 Fitting the model

With g+ 3 parameters and up to 15,775 processes, the computer time required by non-linear
maximization routines to obtain the mle’s is non-negligible. However, there are ways to
substantially reduce this computational time: the use of a conditional likelihood, a reparam-
eterization for the function f(¢;3) and methods to obtain appropriate starting values. We

now present these ideas.

The likelihood function (13) given in Appendix B can be rewritten as

L(a,b,c,B|H(s) (HP (O),Ni(O,s—si):Ni(O,s—si);a,b,c,ﬂ]> X
i€ Ss
1(0,s—s; 7_
zya : 8
I :

13



where P[N;(0) = NZ(O) N;(0,s—s;) = N;(0,s—s;); a,b, c, 5] is the product of the probability
function of a NB(a, ;- b)) and a N B(a+ N;(0), m) Note that to ease the notation,
we are using expressions like N;(0,s — s;) and F'(s — s;; 3) instead of N;(0, min(s — s;,365))
and F'(min(s—s;,365); 3): when a car has been sold for more than 365 days at calendar time
s, it no longer provides additional information to the likelihood function, since the warranty

coverage ceases at 365 days.

Now let N(0) = {N;(0) : i € S5}, N(0,s) = {N;(0,s — ;) : i € Sg}, and 7(s) = {m; : 7 €
Sgand j =1,...,N;(0,s — s;)}, so that the likelihood function is then the product of

L(a,b, ¢, 3IN(0),N(0,5)) = P[(IN(0),N(0,s)) = (N(0), N(0,s);a,b,c, ] (9)
and
L) = I H ST_”;, ol (10)
i€Ss  j=1 v

We can see that L.(3|7(s)) is the likelihood function for § when we condition on the total
number of claims per car. Our empirical studies suggest that (9) has relatively little infor-
mation on . This means that the parameter maximizing (10) will be close to the B obtained
by maximizing (8). Thus, a good strategy is to first find the estimate maximizing L.(5|7(s))
and use this value as a starting value to maximize the original likelihood. These two max-
imizers being similar, we are close to maximizing ¢ parameters and then 3 instead of ¢ + 3
parameters all at once, a strategy that often leads to a substantial decrease in computational

time.

We can also reparameterize f(t;3) to shorten the time required to obtain the mle’s. The
way this function is defined in leads to high correlations between the components of B

To correct this problem, we consider the following reparameterization:

ft:8) = exp{Bilai(t) +...+ ﬁqu(t)}v (11)

where

"

Lu(t) = exp{t) o (1" exp{~1)).

These polynomials, called Laguerre polynomials, are of interest here because they are or-
thogonal with respect to a certain inner product. In addition, they are easily obtained via

the recursive formula
Loio(t) = 2n+1)—t+1)L,1(t) — (n+ 1)2Ln(t).
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For example, when the model is fitted using the complete dataset and ¢ = 4, Table 2 shows
the substantial reduction of the correlation of the §;’s when (11) is used instead of (7).
The correlations in Table 2 are obtained from the asymptotic covariance matrix for the

parameters, obtained by inverting the observed information matrix.

| Put Table[2 around here|

When we first fit model (6) using ¢ = 1, § = 0 is usually an appropriate starting value to
find 4 using a non-linear maximization routine. When investigation reveals that it may be
better to increase ¢, good starting values to find 3 = (Bl, . ,Bq) are given by 3 = (B(q_l), 0)
where B(q_l) is the mle of § obtained when we fitted the model with ¢ — 1 terms. This
approach works well for both likelihood functions and (13). Appropriate starting values
for the other parameters a, b, ¢ can also be found using a technique similar to the moment
matching approach. This technique can be derived from Gaver & O’Muircheartaigh (1987)
and the actual formulae can be found in Fredette (2004, Section 5.3).

4.3 Assessment of fit

We fitted the model and obtained prediction intervals for the total number of warranty claims
using the information available after 150 days and every subsequent 50 days. Table 3| shows
the number of warranty claims observed by calendar times s = 150,200, ...,550, as well as
by day 571. Based on the information available at each given time, the value selected for

A

g = dim(3) was 1 after 150 days, 2 after 200 days, and 4 thereafter.

| Put Table |3 around here |

Before presenting the prediction intervals, we present some methods to assess how well
model (6]), with ¢ = 4 for the function f(log(1+t); ) given in (11), fits the complete dataset.
We cannot of course assess this at the earlier prediction times, but this provides insight into
the performance of the predictors discussed below. First we compare the distribution of the
total claims amongst all the cars and their corresponding fitted values. We do not observe
any significant difference between the observed and fitted values and the p-value of Pearson’s
goodness-of-fit test is 0.15.

In addition to the total number of claims for each car, we are also interested to assess the

validity of the function f(¢; ) to model the occurrence times. We can show from Snyder &
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Miller (1991, Section 2.3) that under the stated mixed Poisson model the set of all

_ F(ry;8)
where i = 1,...,15,775 and j = 1,..., N;(0,365), forms a sample of independent observa-
tions uniformly distributed on [0, 1]. Therefore, when {3 is a precise estimate of 3, the sample

~

of all w;;(3)’s should behave like a sample of independent uniforms if model is right.
Figure [3 shows the empirical quantiles of the w;; (B)’s versus the theoretical quantiles of a
U(0,1) distribution using the complete dataset with ¢ = 4. This figure provides no evidence

that f(¢; 3) is not adequate.

‘ Put Figure 3 around here ’

Another way to assess the adequacy of f(¢;3) is by comparing the histogram of the claim
times with the estimated density f(¢; B) /F(365; B) This is done in Figure [4] where the
estimated density is plotted for each ¢=1, 2, 3, and 4. It is clear from this figure that
the estimated density with ¢ = 4 (the value chosen at calendar times s = 250,300, ...) is
preferable for the full set of claims. The model with ¢ = 2 fits only moderately well, but
it should be noted that because of the narrow bin widths in Figure 4, there is substantial
sampling variation in the bin frequencies. The histogram suggests that warranty claim rate
is a little higher early after the sale of a vehicle but decreases in the next couple of weeks.
After that, it suggests an increase in the rate of claims for approximately 4-5 months and
a decrease thereafter, probably because of the mileage drop-out. Note that this feature was

also observed on Figure |l and Figure 2.

‘ Put Figure 4 around here ‘

4.4 Non-calibrated prediction intervals

We now look at the ability of the proposed models to predict W (s). The upper panel
of Figure 5/ shows 95% non-calibrated plug-in prediction intervals, presented in Section 4.1,
obtained using the information available after 150, 200, ..., 550 days. The digit next to each
interval is the value of ¢ used, and the increasing solid curve represents the total number
of claims known at that point. Early prediction intervals are seen to be substantially lower
than the eventual value of W, (0) = Zif?s N;(365) = 2,620, which is represented by a line

16



in the plot. However, the models start to give better prediction intervals after about 300
days. Factors other than model imperfection (which is related to extrapolation, and cannot
be detected from the data used to fit the models for earlier calendar times) can also affect
the performance of the early prediction intervals. For example, some of these intervals were
obtained when few claims were observed and therefore the mle’s were not very precise. In
addition, we saw in Figure [1/ that a group of cars manufactured early in the production
year had very few claims relative to the others. Since these cars were mostly sold early, this
contributes to the early under-prediction. The lower panel of Figure |5 shows predictions
obtained by using the mle’s with ¢ = 4 from the full data set; it suggests that the early
under-prediction is more due to poor estimation of the unknown parameters than model

imperfection.

Put Figure 5 around here

Even though they usually do not include the real value, the prediction intervals obtained
after about 300 days are reasonably adequate, and close to the eventual value of W, (0).
It should be stressed that the prediction horizon here is 571 days, and we are thus able
to obtain reasonably adequate predictions approximately 571-300=271 days before the last
warranty claim was observed. However, we should keep in mind that we are here studying
only the cars sold at least 365 days before the end of the data collection period (s=571). In
the complete database, the warranty of the last car sold expired more than 900 days after
the first car was produced. Therefore, the real prediction horizon is more than 571 days.
In addition, we are ignoring the sampling variability in the estimation of up to 7 unknown
parameters (a, b, ¢, 51, B2, (3, B1) in getting these plug-in prediction intervals. We will see in

the next section that properly calibrated prediction intervals are much more satisfactory.

4.5 Calibrated prediction intervals

Letting 6 = (a, b, ¢, ), we will calibrate our prediction intervals at a given calendar time s
using an algorithm derived from Lawless & Fredette (2005):

1 Simulate B complete datasets using é(s) the mle’s obtained from the claims data
available at calendar time s. By complete datasets, we mean the full claim histories
{N;(t),0 <t <365} for each vehicle i =1,...,15,775; see Ross (2003, Section 11.5.1)

for details on how to simulate a NHPP.
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2 For each simulated dataset, use the information available at time s to obtain a set of
mle’s denoted by 0%(s), i=1,...,B.

3 Let W;(s) be the remaining number of warranty claims at time s for the ith simulated

dataset and ]YZ*(S) be a vector giving the total number of claims per car based on the

ith simulated dataset. Calculate u; = P[W(s) < W;(s)|N;"(s); 0:(s)].

4 Let uy, and uy be the a/2 and the 1 — /2 empirical quantiles based on the sample
(uf,...,ul). It is shown in Lawless & Fredette (2005) that a calibrated two-sided
1 — « prediction interval for W (s) is obtained by finding the u; and wuy quantile
of the distribution of W (s) given in Proposition 1, with the unknown parameters 6
replaced with (s).

‘ Put Figure 6 around here

Using this method, we simulated B = 2,000 datasets at times ¢ = 150,200,...,550 to
provide calibrated 95% prediction intervals. These new intervals are presented in Figure [6.
We can see that these intervals predict well by 300 days. Moreover, early predictions have
wide limits, indicating a high degree of uncertainty, and the upper limits are within 15-30
percent of the eventual number of claims. Because of the small number of claims observed
early on (see Table[3) and patterns in the data mentioned earlier, it is difficult for any early

prediction to be accurate. We will discuss this issue further in Section 5.

The importance of calibrating the prediction intervals is also illustrated in Table |4, which
shows the approximate coverage probability of nominal two-sided 95% plug-in prediction
intervals. These are obtained from the simulation mentioned above by finding the empirical
coverage for the plug-in intervals; see Lawless & Fredette (2005) for more detail. We can
see that unless s is large, the non-calibrated prediction intervals do not have close to the

nominal coverage probability.

| Put Table 4 around here]

4.6 Approximating the calibration process

It is clear from Table 4 and Figure 6 that plug-in prediction intervals should be calibrated.

However, the amount of computational time required to calibrate these intervals is non
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negligible. In our calibration algorithm, the step where we obtain B sets of mle’s is especially
long. We can significantly reduce the amount of computational time if we replace the second

step of the calibration algorithm by:

2 Simulate B sets of mle’s 03(s), ..., 0%(s) using their asymptotic normal distribution
N(0(s), I72(0(s))) where I(6) is Fisher’s observed information matrix.

With this modification, we are essentially using the asymptotic normal distribution of the

mle’s instead of approximating their real distribution via simulations.

The calibrated intervals using the "real” and the "normal” mle’s are shown in Figure [7.
We can see that these prediction intervals are very similar. Since the approximate intervals
are obtained rapidly, they could be used on their own, or to determine if intervals should
be calibrated: if the approximate interval obtained is substantially different than the non-

calibrated interval, one could perform simulations to obtain a calibrated prediction interval.

‘ Put Figure 7 around here

4.7 Monitoring of the data

Although our proposed model (6)) provides adequate predictions once a sufficient number of
claims have been observed, such models should of course be compared with the observed
data. In addition, the data should be monitored to detect any shifts over time. Amongst
others, an item that is important to monitor is the stationarity of the claims process for
cars produced in different time periods; a potential problem we discussed at the beginning
of this section. We now suggest how monitoring can be performed and used in connection

with prediction.

Put Figure 8 around here ‘

An simple way to assess stationarity of the claims process is to look at the claims per vehicle
curves for different production periods, as illustrated in Figure 2. Figure |8 shows final values
for the cars produced during the first 12 weeks; we can see that cars produced in week 3

had substantially fewer claims than those for the other weeks. In fact, they correspond to
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the group of reliable cars we observed in Figure 1 and that were potential contributors to
our early under-prediction problem. Of course, the values in Figure|8 only become apparent
over time, as we see more and more of the claims curves analogous to those in Figure [2.
In practice, monitoring should be done on a frequent basis so as to pick up features like
this as early as possible. Combined use of figures like Figures [1l and 2] are useful for this
purpose. For example, Figure [9 resembles Figure [l except that the x-coordinate is now the
calendar time instead of the age of each car. After 250 days we would have observed all
the claims on the left of the vertical line in the figure. It is likely that analysts would by
then be able to identify the unusual behavior of cars produced during the third week (all the
processes between the two horizontal lines) at or before that time and take this into account

in subsequent predictions.

‘ Put Figure 9 around here

In order to study their actual impact on the adequacy of our predictions, we removed these
1,100 cars from week 3 and their 60 warranty claims and redid our predictions. Figure
gives the 95% calibrated prediction intervals for the total number of claims when these cars
are removed. We can see that the intervals obtained after about 250 days are now quite
good. Obviously, however, the interest is to predict the claims for all the cars and thus the
claims process for cars produced during the third week also have to be taken into account.

We discuss how this can be achieved in the next section.

‘ Put Figure[10 around here ‘

5 CONCLUDING REMARKS

We have presented a flexible approach to the prediction of recurrent events, which is easy
to implement. Successful prediction of course depends on choosing a satisfactory model for
f(t; B) in (7), representing the shape of event rate functions for individual units or processes.
Model specification should include an assessment of fit, as illustrated in Section 4.3. Among
two or more models that fit the data equally well, we recommend choosing the model that
best captures the time trend in the event rate at the largest observed values of ¢, and
which provides defensible extrapolations. In practice, there is often historical data on event

occurrence that suggests families of models for f(¢; ). In the warranty claims field, these
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are sometimes referred to as claim development curves, and are often relatively stable across

different production years.

The methodology here uses unit-level random effects. This captures unit-to-unit hetero-
geneity and provides realistic prediction intervals. Studies with such models suggest that
the methodology is robust to the assumption of a gamma distribution for the random effects,
but if desired other distributions can be considered (e.g. see Grandell 1997).

In many settings, as for the warranty data process described here, there may be variations
in event rate functions according to the time a process begins. An extension of the models
used here would be to include terms in the rate function to represent the time a vehicle is
manufactured. However, this increases the complexity of the models and the variance of
predictions based on them. If there is substantial concern about this issue, a compromise is
to stratify the vehicles into a small set of production periods, and then to model separately
by (6) and (7) the claims process for each group. The computational and simulation methods
in Section 3 and 4 are readily extended to deal with this.

Prediction intervals made when only a little data is available are necessarily very uncertain.
In this case, data from previous experience or expert knowledge is valuable, and can be
used to modulate predictions based on the current data alone. A Bayesian approach to
prediction (e.g. Kuo & Yang 1996, Singpurwalla & Wilson 1999) is useful for this purpose,
and is currently being investigated. We also remark that the simulation approaches used here
for our frequentist prediction intervals can be related to Bayesian posterior and predictive
probability calculations, and computational approaches such as MCMC methods could be

considered.

The problem addressed in this paper is one of aggregate prediction: we wish to predict
the total number of events across a population of units. We have adopted here what one
can term micro modeling, by using models that describe the event processes for individual
units. This is appealing in settings where the processes for individual units start at different
times. However, it is also possible to develop macro models that consider aggregate event
occurrence; in the warranty claims setting, see Chen et al. (1996) for such an approach. We
also note that the micro models we use can provide predictors for individual units of empirical
Bayes type. These are useful in problems such as maintenance planning for multiple pieces

of equipment.

Finally, there are many settings (including the warranty data setting) where there are costs or

other values associated with events, and we may wish to predict future costs. The methods
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considered here can be extended to deal with this through the use of compound mixed
Poisson processes (Snyder & Miller 1991, Grandell 1997, Klugman et al. 2004), though
detailed development remains to be done.

ACKNOWLEDGMENT

This research has been partially supported by grants from the Natural Sciences and Engi-
neering Research Council of Canada (NSERC). The authors also want to thank the referees
for their helpful suggestions.

APPENDIX A

The following Lemma will be used in both Appendix A.1 and A.2:

Lemma 1. Let X|\ and Y|\ have a Poisson distribution with mean K1\ and Ko\, If A
has a Gamma(a,b) distribution, then Y|X = x has a NB(a+ x,(b+ K;)/(b+ K; + K3))

distribution.

Proof. Let m(\) be the density function of A. The conditional density of A|X = z is then
proportional to

T(Az) o (exp{—AK1}\") (exp{—Ab}A""")
= exp{-A(b+ K JA*T L

Thus A|X = = must have a Gamma(a + z,b + K;) distribution.

Using this conditional density, we now have

PY =y X=1z2] = /}\P[Y = y|\|7r(\|x; a, b)dA

- /A[exp{—)\f;z}()\fﬁ)y] [(b+Kl)“+xexlgja_ig,)+ Kp)paete!

(K2)?(b+ Ky)*t" / B
b+ Ky + Ko) I\ tv=1g)
y'T'(a+ x) N exp{—A(b + K1 + K)}

X
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_ Tla+z+y) K, v b+ K, \“°
 T(a+x)n! \b+ K + K, b+ K+ Ko ’

which is the probability function of a NB(a + x, (b+ K;)/(b+ K; + K3)). O

A.1: Conditional distribution of N;(t;, T")|N;(t;)

By letting X = N;(t;), Y = Ny(t;,T), K1 = F(t;;8), and Ky = F(T; ) — F(t;; ), we
can apply Lemma 1] to show that the distribution of IN;(¢;, T)|N;(t;) = N;(t;) is NB(a +
Ni(ti), (b+ F(ti; 3)) /(b + F(T7 5))).

A.2: Proof of Proposition 1

Proof. At calendar time s, only the cars that have not been sold yet and those sold over the
last 365 days are at risk of having any additional warranty claims. Therefore, the variable

of interest, W, (s), is a sum of k — |S;_365| random variables:

Wi(s) = > Ni(365)+ Y Ni(s—s;,365), (12)

i€se 1€Ss\Ss—365

where S¢ is the set of cars still unsold at calendar time s and Ss\Ss_365 is the set of all cars

sold during the year before calendar time s.

First, we use Lemmall to find the distribution of each random variable in the first summation
on the right hand side of (12). By letting X = 0, Y = N;(365), K; = 0, and K, =
¢+ F(365; 3), we show that each N;(365) has a NB(a,b/(b+ ¢+ F(365;3))) distribution.

At calendar time s, the random variables in the second summation on the right hand side
of (12) have been observed for less than 365 days and thus some information is available
about them. We can show that conditional on this information, each of these processes has
a NB(a+ N;(s—si), (b+c+F(s—s;3))/(b+c+ F(365; 3))) distribution. This is achieved
by using Lemma 1 again with X = N;(s — s;), Y = N;(s;,365), K1 = ¢+ F(s — s;;3), and
Ky = F(365; 8) — F(s — si; B). O
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APPENDIX B

The likelihood function based on model (6) is given by (e.g. Lawless 1987)

Lia,b,c. BlH(s) = / L{a, e, B H(s))m(a: 0, b)da

- =)

€Sy

(s b® exp{—a;b}ald™!

exp{—a;F(s — s;; 3 } H aif(7i; B { o) d }dai

Ope ([T Sl)f(ﬂ‘j%ﬁ))
- le_s[ N;(0)T(a)

Ni(0)—
oyt ( daz

e D(a+ NiGs — 59)
— Hc © H F(75:.6) ( I'(a)N;(0)! )X

i€Ss

/. exp{—a;(b+c+ F(s—s;;0))} x

{(b +c+F(s —b;; ﬁ))a+Ni(s—si)] : (13)
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Number of claims | Number of cars
0 13,987
1 1,243
2 379
3 103
4 34
o+ 29
2,620 15,775

Table 1: Frequency distribution of warranty claims.

With reparameterization

Without reparameterization

1.00 0.83 -0.01 0.65
1.00 -0.53 0.96

1.00 -0.73

1.00

1.00 -0.98 095 -0.91
1.00 -0.99 097

1.00  -0.99

1.00

Table 2: Correlation matrix of B

Time | Number of claims % q = dim(p)
150 184 7.0% 1
200 457 17.4% 2
250 874 33.4% 4
300 1,392 53.1% 4
350 1,791 68.4% 4
400 2,160 82.4% 4
450 2,426 92.6% 4
500 2,555 97.5% 4
550 2,615 99.8% 4
571 2,620 100.0% 4

Table 3: Number of claims observed at every given time.

S

150 200 250 300

350 400 450 500

550

Prob.

34.6% | 32.6% | 25.6% | 38.3%

53.6% | 64.2% | 75.8% | 86.2%

96.0%

Table 4: Approximated coverage probability of 95% plug-in intervals.
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Warranty claims occurrences
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Figure 1: Warranty claims occurrences (time of sale is the origin).
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Figure 2: Cumulative mean function estimates for the six production periods; 95% pointwise

confidence bands are displayed for the third group.
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Quantiles of U(0,1)
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Figure 3: Quantile-quantile plot of the uij(B)’s.
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Figure 4: Histogram of the occurrence times with different estimated densities.
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Intervals with varying q
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Figure 5: Non-calibrated 95% prediction intervals for the total number of warranty claims.
The increasing solid curve represents the total number of claims known at that point and
the digit next to each interval in the upper panel is the degree of the polynomial used at
that time.
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Calibrated 95% prediction intervals
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Figure 6: Calibrated 95% prediction intervals for the total number of warranty claims. A

dotted line shows the difference between a calibrated and a non-calibrated interval.
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Calibrated 95% prediction intervals
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Figure 7: Comparison of calibration methods; we compare 95% prediction intervals for the

total number of warranty claims calibrated using the "real” and the "normal” mle’s
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Average number of claims by production weeks
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Figure 8: Average number of warranty claims observed for cars produced over different

weeks.

33



Warranty claims occurrences
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Figure 9: Warranty claims occurrences where the x-coordinate is the calendar time. The

processes between the two horizontal lines are the cars produced during the third week.
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Calibrated 95% prediction intervals (without the third week)
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Figure 10: Calibrated 95% prediction intervals for the total number of warranty claims when
cars produced during the third week are removed. A dotted line shows the difference between

a calibrated and a non-calibrated interval.
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