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Abstract

The purpose of this paper is to present an overview of families of cutting planes for mixed integer
programming problems. We examine the families of disjunctive inequalities, split cuts, mixed integer
rounding inequalities, mixed integer Gomory cuts, intersection cuts, lift-and-project cuts, and reduce-
and-split cuts. In practice, mixed integer Gomory cuts are very useful in obtaining solutions to mixed
integer programming problems. Hence, we also examine how to use intersection cuts, lift-and-project
cuts, and reduce-and-split cuts to obtain cuts which are stronger than a mixed integer Gomory cut.
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1 Introduction

Mixed integer programming is a generalization of integer programming wherein only some variables are
constrained to take integer values; for example, a mixed integer programming minimization problem can
be denoted as min{cz : Az < b,z > 0,z; € Zfor j € {1,...,p}} where A € R™*@P+1) p ¢ R™. As
mixed integer programming is a generalization of pure integer programming, it remains NP-hard to find
optimal solutions to such problems; however, there are a significant number of real-world problems that
one can model as a mixed integer programming problem. As a result, there is a practical importance to
having the capability to solve mixed integer programming problems of a relatively large size.

A general solution technique in integer programming is to use the linear programming relaxation
along with various types of cutting planes to assist the solver in finding an optimal integer solution (a
cutting plane is a linear inequality that all integer solutions of the linear programming relaxation satisfy).
Mixed integer linear programming follows this same idea, using linear programming and cutting planes
to arrive at solutions which have integral components where specified. An additional intrigue, however,
of mixed integer programming is the fact that we cannot form Gomory cutting planes as in pure integer
programming problems (this is due to the fact that the argument used to derive Gomory cuts does not
apply in the mixed integer case). We thus need to develop families of cutting planes which will either
generalize in this context or apply solely to this situation.

This paper will present several families of cutting planes that could be used for mixed integer pro-
gramming problems. We assume that the reader has a good background in linear programming as well
as some knowledge of integer programming. The goal is to provide the reader with a short introduction
to many of the families of cutting planes used to solve mixed integer programming problems in current
codes.

We first introduce two families of cutting planes (disjunctive inequalities and split cuts) which gen-
eralize from integer programming to the mixed integer case as well as one family of cuts formed by a
technique called mixed integer rounding. Next, we introduce the family of cuts Gomory proposed for
mixed integer problems to be used in place of the pure integer cutting planes. A particular focus will be
made on mixed integer Gomory cuts since they have a high level of practical importance (they are among
the most generally useful cuts available for use in current mixed integer solver codes). This paper will
demonstrate links between the other families of cutting planes and the mixed integer Gomory cuts.

The remainder of this essay will introduce several additional families of cuts with the aim of finding a
family of cuts that are stronger than mixed integer Gomory cuts, as such a family will potentially be of
practical importance in improving the quality of mixed integer programming codes. The paper proceeds
as follows:

e The remainder of Section 1 introduces the notational conventions used throughout this paper.

e Section 2 introduces three types of mixed integer cutting planes and demonstrates the equivalence
between these families.

e Section 3 introduces the mixed integer Gomory cut (a cut with links to the pure integer Gomory
cuts) and intersection cuts. This section will also establish the mixed integer Gomory cut as a
member of several of the families of cutting planes.

e Section 4 introduces a family of cutting planes called lift-and-project cuts. The section also covers
the links between these cuts and mixed integer Gomory cuts.

e Section 5 presents techniques for improving mixed integer Gomory cuts.

1.1 Notational conventions

Consider a mixed integer problem with p integer-constrained and n non-integer constrained variables.
We denote the set of feasible points to this problem as {z € RP™™ | Az < b, x > 0, z; € Z for j € I}
where A € R™*(®P+) p ¢ R™ and I is the set of indices of the integer-constrained variables (without
loss of generality, we consider this to be {1,...,p}). We denote this set of feasible points by P; and let
P ={z € RP™™ : Ax < b, x > 0} be the feasible set of the LP relaxation obtained from relaxing the



integral constraints on the variables z; for j € I. We denote by J the set of indices of the remaining,
non-negative real variables.

Where necessary, we denote an optimal solution to the LP relaxation of this problem (namely min{cx :
x € P} for some cost function ¢I’ € RPT™) by . Without loss of generality, we will assume that 7 is a basic
solution and denote by B and IV the set of indices of variables that are basic and nonbasic, respectively,
inz. Let Br=BNI, By=BNJ, Ny =Nn1I,and Ny = NN J denote the integer-constrained and
continuous basic and nonbasic variables, respectively.

We denote a row k of the simplex tableau as follows:

T + Z ak;T; + Z Qk;T; = Bk .

1€ENT JEN

In many cases, we will be interested in rows of the simplex tableau for the LP relaxation of (MIP) having
k € I but by ¢ Z (since then Z is not a feasible solution to the mixed integer problem and we will
then want to form cutting planes that will cut off this point). Under these circumstances, we define

f="br— br], fj = ar; — |ax;], and I’ = I\{k}.
1.2 Basic concepts of valid inequalities

n n
Proposition 1.1. Ifz >0 and both Y cix; < ¢ and Y c3x; < c§ are valid inequalities for Sy and Ss,
j=1 j=1

n
respectively, then min{cjl-, c?}xj < max{c}, 3} is a valid inequality for S U Sa.
j=1

n n n
Proof. Let z € S;US. Then, Zl min{cj, ¢3}z; < ¢f and Zl min{c}, ¢5}x; < ¢§. Thus, 21 min{c;}, ¢3}x;
= = i=

max{cp, c2}. O

2 Disjunctive inequalities, split cuts, and mixed integer round-
ing

In the study of valid inequalities, we see that there are two ideas reused many times among the various
families of cutting planes. The first technique, rounding, is the basis of the Gomory cutting plane
algorithm for pure integer programming problems. The idea is that given an inequality of the form
cx < ¢y where ¢ is an integral vector and all of the variables of = are integer-constrained, we must have
that cx < |co| is satisfied by every integral x.

The second technique, disjunction, relies on a disjunction of the form 7'z < 7} vV 72z > 72 where
points must satisfy one of the two conditions 71z < 7} or 72z > 2. A special type of disjunction called
a split disjunction is of particular interest. Consider P as above and let (m, 7o) € ZPT"+! with m; =0
for j € J. Then all points in Pz, that is, all points « € P such that z; € Z, j € {1,...,p}, satisfy either
mx < mg or mx > mo+ 1. A simple example of a split disjunction is as follows: Suppose that Z is a solution
for a linear programming relaxation with feasible region P, Ty ¢ Z for some k € I, and let 7 be such that
m; = 1 if j = k and 0 otherwise, and let mp = [Z;|. For any solution to a mixed integer programming
problem Py, we must have either x; < mg or x; > 79 + 1.

These two techniques, rounding and disjunction, play vital roles in the validity and construction of
many families of cuts. As we shall see, we often need both techniques to derive valid cutting planes for
mixed integer programming problems.

2.1 Disjunctive inequalities and split cuts

Definition 2.1.

e We denote by D(m,n},n3) a disjunction of the form mz < 7} V 7z > 7. Furthermore, let Fpp be
the set of points z satisfying D(m, 78, 73), where Fp = {z | 7z < 7} or 7z > m3}.



e We call a disjunction a split disjunction if (w,mg) € ZPT" 1 7, =0 for j € J, and 73 = 7} + 1.
We denote such a disjunction by D(m, 7). If the disjunction is not a split disjunction, we call it a
general disjunction.

e The inequality cz < g is a disjunctive inequality (or disjunctive cut) if there exist o, 8 € RT and
(m,mo) € II such that

cx — a(rr — ) < ¢
cx + f(mx — (mo + 1)) < co
are valid inequalities for P.

e An inequality cx < ¢y is a split cut with respect to I if there exists (m,m) € 7P+ guch that
cx < ¢ is valid for both {z € P | mx < mp} and {x € P | mx > 7o + 1} (i.e. cx < ¢p is valid for
PN FD(TK‘,TI’Q))'

Remark 2.2.

e We note that some general disjunctions are valid for P; whereas others are not. By contrast, every
split disjunction is valid for P;.

o If cx < ¢ is a disjunctive inequality then we see that it is valid for P;: let x € Py.

— If 7z < mp, then —a(mz — mp) > 0. So cx < ¢p.
— If mx > mo + 1, then G(wx — (mo + 1)) > 0. Therefore cx < ¢o.

o If cx < ¢ is a split cut, the we see that it is valid for P since {x € P | mg < mx < 7o + 1} contains
no integral points.

We now show a result which indicates that using only a relatively small set of disjunctions allows us
to generate all valid disjunctive inequalities.

Proposition 2.3. Let P be bounded and suppose cx < ¢ is a valid inequality for (P N {z | xp <
mop)U(PN{x|xk >mo+ 1}). Then there exist > 0 and § > 0 such that

cx — a(zy — m) < ¢ (1)
C$+ﬁ($k—(ﬂ'0+1)) S Co (2)
are valid inequalities for P.

Before beginning the proof of this proposition, we need an auxiliary lemma:

/
Lemma 2.4. Let cx < ¢ be a valid inequality for P = {x | Ax < b,x >0}. If A= (é) for some

matriz A’, then there exists u > 0 such that uA > ¢ and ub < cy.
AI
Proof. Suppose that A = < I) where A’ is an m X n matrix and I is an n X n matrix.

e Case 1: P # (). Then max{cz | z € P} has a feasible solution bounded above by cy; hence the dual
of max{cx | x € P} is also feasible, so there exists a real-valued, non-negative 1 X m matrix u such
that uA > ¢ and ub < ¢q.

e Case 2: P = (. Consider the dual problem to max{cz | z € P}, namely min{ub | ud > ¢, u > 0},
where u is a real-valued, non-negative 1 x (m + n) matrix. Consider a particular u where

0 ifje{l,...,m}
u; =
! ¢ ifj=m+iie{l,...,n}

We see that uA = ¢ so u is a feasible solution to the dual, so by the duality theorem min{ub | uA > ¢}
is unbounded. Hence, there exists u > 0 such that ©uA > ¢ and ub < ¢g.



In both cases, we see that there exists u > 0 such that uA > ¢ and ub < ¢g. O

Proof of Proposition 2.3. Suppose that cx < ¢ is valid for (PN {z | 2, < mo})U(PN{z | 2 > mo+1}).
Then cx < ¢ is valid for PN {x | 2 < mp} and PN {x | 25 > 7 + 1}. Since P is bounded, either P is
of the form necessary for Lemma 2.4 or there exists K € RP*™ such that + < K and we can construct
an equivalent constraint matrix for P of the correct form. Hence, without loss of generality we can
conclude by Lemma 2.4 there exists a real-valued, non-negative 1 X m matrix u; such that u1 A+ aeg > ¢,
u1b + amy < ¢g and there exists a real-valued, non-negative 1 X m matrix us such that us A — Bep > ¢,
ugb — B(mg + 1) < ¢p. Now, let € P and we see:

cx < (u1 A+ aeg)x
=uiAx + aex
< u1b+ axy

< ¢y — amy + aTg.
So, cx — a(xy — my) < ¢p is valid for P. Similarly,

cx < (ugA — Bey)x
= ugAx — Begx
< ugb — By
<co+ B(mo + 1) — By,

So, cx + Bz — (mo + 1)) < ¢p is valid for P. O

Proposition 2.5. Let Py(m,m) = P N{z | mz < m} and Pa(w,mp) = P N{z | mx > mo + 1}. Then an
inequality cx < cq is valid for Py (7, mo) U Pa(m, mo) if and only if it is valid for conv (P (m,m)UPa(m, m)).

Proof. “=" Suppose = € conv(P;(m, 7o) U Pa(m,m)), then & = Az! + (1 — X\)a? for some A € [0, 1],
2! € P, and 22 € P». Since cz! < ¢ and cx? < ¢, we thus have cz < cq.

“<” Let x € Pi(m,mp) U Py(m,m) Then either x € Py(m,mp) or € Pa(m,mp). Since cx < ¢ is valid for
conv(Py(m,m) U Po(m, mp)), we thus have that it is certainly valid in the above cases. O

2.2 Mixed integer rounding inequalities

The concept of mixed integer rounding was motivated by the work of Gomory [10]. In this section, we
define the mixed integer rounding cuts and verify the validity of these inequalities.

Definition 2.6 (Nemhauser and Wolsey, [13]). Let ¢!, c? € RP*™ be such that ¢; := cjl- = c? forall j € J,
let ¢}, ¢ € R and suppose that ctz < ¢} and c?z < ¢ are valid for P. Let f = (3 —¢}) — |3 — ¢§, and
define the mized integer rounding inequality as

Sl - cllo ity (Do + Comy - b) < 1 - bl

jer jer jeJ

Remark 2.7. There is another definition (due to Wolsey, [15]) that is more compact but less general
than the above. If cx < ¢ is valid for P, then the following is valid for P;:

S oledwi+ Y (o) + 20w+ 25 > ¢y < o)

jeI jeI jeJ

i<t Ii>f ¢;<0
We will see a proof of the validity of the inequality in this form in Proposition 2.12 which will demonstrate
why it is less general than Definition 2.6. Articles in the literature refer to mixed integer rounding as one
of the above inequalities, though not always the exact form the author had in mind. Care must be taken
to use the correct definition for the application at hand.

We begin the process of demonstrating the validity of the mixed integer rounding inequality with a
preliminary lemma:



Lemma 2.8 (Nemhauser and Wolsey, [12]). Given an inequality cx < co that is valid for P, then the
following inequality is valid for Py:

> lejlzs + ﬁ > ciay < el

jel jeJ
Cj<0

Proof. Let z € P; and recall that f = ¢y — |¢o].

e Case 1: Y cjz; > f—1. Since z; > 0, we see that

jedJ
> leila <Y e

jer jer
<cy— Z cjxj, since cx < ¢ is valid for P
jed
<c—(f-1)
=co—(co— co] — 1)
=|eo] +1

So, by the integrality of the left-hand side of the inequality, > |¢;|z; < |co]. Moreover,
jel

1

jeJ
Cj<0

so we have

Sloslay + 15 3 e < laol-

JeI jeJ
c; <0

e Case 2: ) cjz; < f—1. Since z; > 0 we see that

JjeJ
1 1
ZLCjJIj + -7 (Z CjIj) < ZCJ‘JC]' + -7 (Z ijj)
JeI jeJ JeI JjeJ
c;j<0 c;j <0
<co— chxj + 1y (Z Cj%‘)
JjEJ JjeJ
c;j<0
— 1
= Cy — Z cjxj — Z Cj(Ej + ”(Z Cjil'j)
jeJ jeJ jedJ
c; >0 c; <0 c;j<0
Sco— ) s+ 1-%(2 cm-)
JjeJ JjE€J
c; <0 c;<0
S Cco + (ﬁ — 1)(2 C]'(Ej)
s
c;j<0
<co+ ﬁ(f— 1), since Z ¢y < chxj <f-1
JjeJ jeJ
c; <0
S<c—f



So, the inequality is valid for Pj. O

Theorem 2.9 (Nemhauser and Wolsey, [12]). Given two inequalities c'z < ¢} and c®>z < 3 that are
valid for P, define f = (2 —c}) — |2 — c§). Then

ZLC — ¢l + f(Zc x]+Zmln{c],c]}x]—co)§ch—céj
jerl jel jed
is a valid inequality for Pr.

Proof. Let x € P;. Since x; > 0 for all j € J, ctr < ¢}, and 2r < 3, we see that Zc}xj +

i€l

> min{cj, 5}y < cgand Y xy+ Y min{cj, ¢ }a; < ¢f. So, we have:
JjeJ i€l JjeJ

cx+ min{c!, c?}a; — cx—i— cx —cp <2 —c}

J 7 j J J J 0 =% 0
Jjel jeJ jel jel
E (¢} —cj)x g iy — E min{cj, ¢ }z;) < f — ¢
jerl jel jeJ

Let s = ¢f — Zlc;x] Z min{cj, ¢} }x;. Since ZIC T+ Z min{cj, ¢3}z; < ¢f, we see that s > 0 and so
Jj€ jG
—s$ < 0. Consider (c? —cj)aj+(—s) < ¢ —cf and apply Lemma 2.8 to obtain Y [} —cj|x; —
jEI jE€I
|c2 — c}]. Replacing s, we get the desired result. O

1
=75 <

Corollary 2.10. The mized integer rounding inequality is a valid inequality for Pr.
Proof. Take cjl- = c? for each j € J in Theorem 2.9 and we obtain this result. O

0 ite<y

Notation 2.11. For z, y € R, define (z —y)" = .
x —1y otherwise

Proposition 2.12. If cx < ¢ is valid for P, then the inequality

. +
S(le) + By + 23 ey < oo
el JjeJ
Cj<0

is valid for Pr.
Proof. We note that

is valid for P. We have the following:

Z Cjxj + Z Cixj + ZCJ‘JJ]‘ < ¢y

el el jeJ
h<s 5o ’

S i+ Y (Tl = (L= f))z+ Y ejay < co

jerl jelI jeJ

fi<s fi>f
S i+ Y [eila Y e — Y (1= fi)z; < co.
jel jeI jeJ jeI
fis<f fi>f fi>f

We note that s = Y (1 — fj)z; > 0 so we have
Jjel
fi>f

S i+ Y feila+ Y e —s < co. (2)

Jel jel jeJ
fi<f fi>f



We apply Theorem 2.9 to (1) and (2):

D oleilzi+ Y Ueila + 25 (O ejwy—s) < ol

jeI jel jeJ
fi<f fi>f cj <0
D oleilai+ Y Teilay + 250> cay = > (1= fi)x;) < [co
jel jeI jeJ jel
fi<f fj>f ¢; <0 fi>f
Z (L) + )z + Z [ei] — 7] )+ 1= f Z cjzj < [co]
JjeI jel JjeEJ
fi<f fi>f ¢ <0
3 (leg) + Y20+ 3 (o) + 1= e + 25 Y gy < Leo
Jel JeI JjeJ
Fi<f fi>f ;<0
+ _f
(el + )z + 3 (el + 55hn + 25 Y ey < Lol
jel jel jed
fi<f fi>f ¢ <0

S (e + L0+ 25 S e < ool

jer jed
c;<0

This is thus valid for Py.

O

2.3 The equivalence of disjunctive, split, and mixed integer rounding inequal-

ities

Theorem 2.13 (Nemhauser and Wolsey, [13]). The families of disjunctive inequalities, split cuts, and

mized integer rounding inequalities are the same.

Proof.

1. We show that a split cut is a disjunctive inequality. Let D (7, mp) be a split disjunction and cz < ¢
be a split cut for this disjunction. Now the inequality cz < ¢ is valid for PN {z | 7z < 7o} if and
only if there exists @ > 0 such that cx — a(7mz — 7)) < ¢p is valid for P. We can see this using LP

duality:

cx < ¢p is valid for {z | Az <b, £ >0, mx < mp}
< max{cx | Az < b, mx < 7o, x>0} < ¢
< Jy >0, a > 0 such that yA + ar > ¢ and yb + amg < ¢p.

Then for every x € P,

(c —am)z < yAx
<yb

< ¢y — amg.

Hence, for all z € P, cx — a(mz — mp) < cp.

Likewise, cx < ¢g is valid for PN {z | mx > mo + 1} if and only if there exists S > 0 such that

cx + fB(rax — mp — 1) < ¢ is valid for P, which we can again see using LP duality:

cx < ¢g is valid for {z | Ax < b, >0, 7z > 7y + 1}
< max{cr | Az <b, mx >m+1, x>0} < ¢

< Jy >0, 8> 0such that yA — 87 > c and yb — (7o + 1) < ¢p.



Then for every x € P,
(c+ fm)x < yAx
<yb
< co+ B(m +1).
Hence, for all z € P, cx + f(mz — (79 + 1)) < co.

So by Definition 2.1 we have that cz < ¢ is a disjunctive inequality.

. If ez < ¢ is a disjunctive inequality, there exist a > 0 and 8 > 0 such that cz — a(max — m) < ¢
and cz+ B(mx — (mo+ 1)) < ¢o for all z € P. We can use the above argument in the other direction
to conclude that cx < ¢g is a split cut. Hence, disjunctive inequalities and split cuts are equivalent.

. Next, we will show that the mixed integer rounding inequality is a disjunctive inequality. Let x € P
and suppose that

crry +cyry <c} (1)
crr+eyry < ch. (2)
Let iy =c2 —ch, my =0, m0 = |2 — ¢}, and v = ¢3 — ¢} — mo. Note that 7z = 72;.
Take ﬁ - (1) and let & = 1. We notice that ﬁ > 0 and we obtain:
1 1
cixr +cyjry—cy <0

T ’y(CIl‘I‘FCJ.TJ_Co) <0

T+ 7 (clxj—l—c]xJ—c(l)) (mx — 7o) < 7o
T + m(c,x;—FchJ—CO) —arr —m) < 7o (1%)
Similarly, we take ﬁ +(2) and 8 = 125 to obtain:

c?xIJch;z:chgSO
Aryp+cjry—(y+ch+m) <0

(c% — cl)x[ + (clml +cyry — cO) v <

T+ 7= (clx1+chJ—co)+ 11171(01x1+chJ—co)—7§7r0

7T£L’+7(CIZ'I+CJIJ—CO)+%,Y(—C}.T]—CJ$J+C(1)—1+’Y) <o
7rgc+1—(clq:1+chJ—c0)+i(—c}xj—chJ+(c(1)+7)—1) <
7rz+—(clx1+chcho)+ﬁ( crrr —cyry+ (2 —m) —1) <
7T.'I/'+§(CI.’E[+CJ.'I;J—Co)+6(_clx]_CJJ}J‘i‘CO_WO_l) <

We note that —cjz; + 0(2) > c?m; and obtain:

T + %(c}xl +egrg —cg) + B(—crrr + cxr —mo—1) < mp

T+ (cI:CI—I—chJ—CO)—i—ﬂ( x—mo—1) <mp (2%)

Now since (1*) and (2*) are valid for P, we can apply Definition 2.1 to (1*) and (2*) to obtain the
mixed integer rounding inequality, namely:

T + —(clm—i—c]x] —c}) < mo.



4. Finally, we show that a disjunctive inequality is a mixed integer rounding inequality. Let x € P
and let 7 be such that 7; = 0 for all j € J (hence we note that 7;2; = 7). Suppose that for some
a >0, >0 we have:

Co (1)
Co. (2)

Let f = (co+B(mo+1) — co+am) — [co+ B(mo+1) — co+am| = (am+ B(mo+1)) — [am +Blmo+1) .

If both & = 0 and 8 = 0, apply Definition 2.6 to (1) and (2) to obtain
cx < cg.

If a = 0 but § # 0, apply Definition 2.6 to

= f(cx —¢p) <0, and hence

1(1) and %(2), noting that f = (ﬁ(ﬂ%ﬂ))_ Lﬁ(”%ﬂ)J =0:

»

(% +m = F)er + g g(ex — co) < [F(co+ B(mo +1) — co)]
mrry + %%(cx —cp) < LB(TFO +1)]
T + %(cx —cp) <mg+1
%(cm—co)gﬂ'o—l—l—ﬂx (*
( )

So, if Tz < mp + 1 then by line (*) we have %(cac —¢p) < 0, and hence cx < ¢y. Otherwise, if
wx > 7 + 1, then B(mx — (mo + 1)) > 0 and thus cx < ¢.

If 8 =0 but a # 0, apply Definition 2.6 to 1 (1) and 1(2):

Llamzr) + L(cx — arz + amy — ¢g) < |mo)
7r1z1+a( cx —¢p) —mx +mo < Mo

mc—&—é(cx—co)—wx—i—wogwo

cx —co < 0.
Hence, cx < c¢g.
If we are not in one of the special cases, take m (1) and a+ﬁ -(2) and rearrange in terms of x;
and x .
1
a+501x1+a+5ch] 15 (mr —m) < 5¢0 (1%)
1
a+ﬂC]x[+a+/BCJIJ+ a+ﬂ(77$—7T0—1) < ar5%- (2%)
N te 2 — ¢l = (L _ _ — Bta — d B B
ow we compute c; — ¢; = (g35(cr + Bmr)) (a+ﬁ<01 a7r1)) orsTI = T an 2 —ch
a—}rﬁ(co + B(m + 1)) — B(CO —amg) = 7o + a+5' Let v = aT—B and note that 0 < v < 1. Apply

Definition 2.6 to (1*) and (2*) to obtain:

mrry + ﬁ (ﬁ ((ef —amp)xy +cjry —co + omo)> < mp

T + jﬁ'ﬂ ((cr —amp)xr + cyjzy — co + amg)) < 7o

T atB
7%+ t(crwr + cjry — co) — x4+ mo < ™Mo
1
S(erer+ ey —co) <0

cr < cp.

Hence, we have that cz < ¢g.
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2.4 Are all mixed integer cuts disjunctive/split/mixed integer rounding cuts?
In the special case where 0 < x; <1 for all j € I U J, we have the following result:

Theorem 2.14 (Nemhauser and Wolsey, [13]). Let P = {z € RPT" | Az < b,0 < z < 1} and let
T={xeP|xz;j€{0,1} for all j € I}. Then all valid inequalities for T are disjunctive inequalities for
P.

Using Theorem 2.13, we get the following corollary:

Corollary 2.15. All valid inequalities for T = {x € RP*™ | Ax <b, 0 <z <1, z; € {0,1} for all j € I}
are disjunctive inequalities, mized integer rounding inequalities, and split cuts.

We naturally wonder whether or not the same idea holds in the general integer case; however, there
is an example due to Schrijver (see [12] for more information) which establishes that there are valid
inequalities to a general mixed integer problem which do not belong to any of the above families.

3 Mixed integer Gomory cuts and intersection cuts

As mentioned in the introduction, the Gomory pure integer cutting plane method does not convert into a
method for mixed integer programming (the technique used to create that family of cutting planes is not
valid in the mixed integer case). Realizing this, Gomory introduced a new family of cuts for the mixed
integer problem in [10]; we call these cuts mixed integer Gomory cuts. These cuts rely on the use of a
disjunction and rounding to cut off an extreme point of the polyhedron of the LP relaxation of a mixed
integer problem that is fractional for integer-constrained variables. There are several ways to derive this
cut due to the fact that this cut belongs to a number of families of cutting planes (as we shall demonstrate
throughout the remainder of this paper). We begin our discussion of the mixed integer Gomory cut with
an elementary derivation and definition of the cut.

3.1 Derivation of the mixed integer Gomory cut

Theorem 3.1. Let I' = I\{k} and suppose we have a row from an optimal simplex tableau of the form

T+ Y Gz + Z arjr; = by where k € I and by, ¢ Z. Define f; = ax; — |ax;] and f = by — |bx].
iel’
Then the followmg mequalzty is valid for Py:

1 1 .

PO Sty D= e Y awmy -ty Y Gk > L. (MIG)
jer jer jed jed
fi<f Ii>f ar; 20 ar; <0

Proof. Rewrite z; + > agjz; + D apjz; = by as

=g jEJ
Tp + E a5 + E Qk;%; + E AT = by (1)
il jeJ jeJ

@p; >0 @iy <0
Let x € Pr and set t as follows (so that ¢ is integral):
t=ap+ Y laglo;+ Y [ar]z;. (2)
iel’ iel’
fi<f fi>f
Take (1) — (2) to obtain:

D@y — aws )z + D (@ — [an Dy + Y awgay + > argey; = by —t

iel’ el JjeJ Jed
fi<f fi>f k20 ak; <0
*k
E:fa%"'i: Da; + E:aija"‘ E:aijyfbk_t' (*)
iel’ iel’ JjeJ jed
fi<f fi>f ap; >0 ax;<0

11



Case 1: |by] >t. We note that > (f; —1)xz; <0and ). ay;x; <0. Hence, by (*)

jer’ jeJ

fi>f ar; <0
ST fiwi+ Y awwy = by —t > by — |b] = f
jeI’ JjeJ
h<s @y 20

Since ﬁ > 0, we have:

PO St Y am =y Y (- Dy =y Y akry > 1

jer' jed jer jeJ
f]Sf akj>0 fj>f akj<0

1 s 1 Gs T

7 E fizj + = f E : — fi)z; + f E akjTj — 1=F E : agjr; 2> 1.
jeI’ jer’ JjeJ JjeJ
Fi<t 5> ak; >0 ;<0

Case 2: [by] <t. Then by (*)

Z l_f_] Z ATy = Z fiz; + Z (ikjal‘j-f—t—gk

jer’ JjeJ jer’ jeJ
fi>f ak; <0 fi<f x>0
>0
>t — by
> [by] — by
|_ka + ]. — bk
Since 1 Z fiz; >0 and + Y, akjz; >0, we see that
! jer ! jeJ
i<t ay; >0
1 1 _
PO Gttty D= fa Y Ak - iy D anm 2 1
jer’ jeI’ jeJ jeJ
fi<f fi>f Gp;>0 ay; <0

Since the inequality is valid under both terms of the disjunction ¢ < |by | and [bs] < t, we thus have that
the inequality is valid for Pj. O

Definition 3.2. The mized integer Gomory cut (or MIG cut) is the inequality (MIG) derived as above.

3.2 Mixed integer Gomory cuts and pure integer Gomory cuts

We recall the derivation of the pure integer Gomory cuts, where J = (). Given a row of a simplex tableau
of the form xy + Y ag;z; = by, we rewrite the row as

JEN
oo+ > lanjlz+ > fizg = [bx] + f.
JEN JEN

We rearrange the terms to obtain

Dty — = be) —xi =Y Lag ).

JEN JEN
Notice that when x € Py the right hand side is integral, and also that > fjz; > 0. Since ). fjz; — f
JEN JEN
must be integral for a feasible solution z, we see that > fz; — f > 0. We call the resulting valid
JEN

inequality > fjxz; > f the pure integer Gomory cut.
JEN

12



We wish to compare this to the mixed integer Gomory cut so suppose now that J = (. Assuming
that by, ¢ Z we obtain the mixed integer Gomory cut:

) fmi g ) (L= fz > 1.
jer jeI’
Fisf fi>f
We thus only recover the Gomory cut from the mixed integer Gomory cut when {j € I | f; > f} = 0.
Moreover, the mixed integer Gomory cut will have a slack that is not integer constrained, whereas in the
pure integer context this slack is always integer constrained. As a result, we see that the mixed integer
Gomory cut and the pure integer Gomory cut are not the same in general.

3.3 Mixed integer Gomory cuts and mixed integer rounding

The mixed integer Gomory cut is closely related to the mixed integer rounding inequalities. In fact, if we
expand the definition of a mixed integer rounding inequality to the inequality shown in Theorem 2.9, we
can derive the mixed integer Gomory cut as an expanded mixed integer rounding inequality. We define
this modified mixed integer rounding inequality as follows.

Definition 3.3. Let ¢!, c? € RP*", ¢}, 2 € R be such that ¢’z < ¢} and c?z < ¢ are valid for P. Then
the expanded mized integer rounding inequality is defined as

SUE e+ ok f(zcxﬁzmm{], ]}xj_co) <|E—cl.

JEI jel jeJ

The difference between this definition and Definition 2.6 lies in the relaxation of the requirement that
¢}, = ¢%. As mentioned in the motivation of this definition, the validity of the inequality for P; was

established in Theorem 2.9. We now use this definition to derive the mixed integer Gomory cut [12].
Lemma 3.4. The mized integer Gomory cut is an expanded mized integer rounding inequality.

Proof. Suppose z; + Y ax;x; + Y. ax;x; = b with k € I and by, ¢ Z. We can apply Proposition 2.12
jer jeg
to the equation (this hides the application of Definition 3.3). So assume that x € P; and then

— i — + —
v+ > ([akg ) + L2 e + 2 S g < [b).
Jjer’ jeJO
apj <

We substitute for x; and simplify to obtain the following;:

(b= angwy — > ajwy) + Y (L] + L)+ 4 ™ ey < (0]

jer jeJ jer jeJ

ar; <0
(f 1 _
D (ang) —awy + LZ)e = Y age — (10— %) Y awe; < —b+ [b)
Jjer’ JjeJ jedJ
t_lkj>0 ak]‘<0
fi f —
DS+ U ) Juj = Y ey + % Y aww < —f
Jjer’ jedJ jedJ
ar; >0 ar;<0
1 —
IR DUIVEES LIRS ISR I DR
jer jer’ jeJ jeJ
< fj>f ay;>0 ar; <0
£( f +1) 1 pu 1 ~
POt ) R e D Ay - iy Y w21
jer jer jeJ jeJ
fi<f fj>f ax; 20 ar; <0
1 —
7O hmit iy 20 fw g D ey -ty Y aww > 1
jer’ jeI’ JjeJ jEJ
Fisf Fi>f ax; =0 ay;<0
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Hence, the mixed integer Gomory cut can be derived as an expanded mixed integer rounding inequality.
O

3.4 Intersection cuts

We next consider a type of cut introduced by Balas [3] based on a split disjunction. Suppose that we
have an optimal solution Z to the LP relaxation of (MIP). Assume that Z is fractional for some j € I and
also that z is basic with basis B. Given a non-basic variable j € N, define r? as follows:

—0kj ifkeB
=<1 ifk=j
0 otherwise

Intuitively, r7 is the direction we move in if x; enters on a simplex pivot. Let D(mw,m) be a split
disjunction. Define ¢(m,mp) = 7Z — 7y as the amount the basic solution Z violates the split disjunction.
Furthermore, for o € R let z;(a) = = + ard be the line following r7 for nonbasic, integer constrained
variable ;. We set o (7, 7o) to be the smallest value c such that z;(«) satisfies D(, mo) (so o (mw, 7o) =
min{o | .Ij(()é) ePn FD(m‘n’g)})-

Proposition 3.5. If j € N, then

—&x:m0) if mrd < 0
aj(m,m) = ¢ =TI i > 0
00 otherwise.

Proof.

e Case 1: 7 < 0. So we will approach 7tz = 1y as we follow 7/ toward P N Fp(r,mo)-

(o (m,mo)) = mo
m(Z + a;j(m, mo)r’) = mo
7% + o (m, mo)mr? = mo
o — T
a;(m,m) = —

~ €(m,mo)
rd

e Case 2: 7 > 0. So we will approach mz = 1y + 1 as we follow 7 toward P N Fp(rmo)-

mxj(oj(m,m)) = mo + 1
m(Z + aj(m, mo)r?) = mo + 1
T+ 1—7Z
aj(ﬂ',’lro) = T
1 —e(m,mo)
rd

e Case 3: mr/ = 0. Since there is no intersection, set a;(m, mp) = oo.

O

Now, we consider the hyperplane passing through each of the points (e (7, 7)), where o (m, m) is
finite.

> 1.

Definition 3.6. The intersection cut is defined as 3 a,(ﬁxj >
ek e 0)

14



Intersection Cut
. Py (m,mo)
r
(o)
T = T
T P
mr =7+ 1
z(a2)
r2 Py(m, mo)

Figure 1: An example of an intersection cut

Ezample. Let’s consider a polyhedron P in two dimensions. Let Py(m,m9) = P N{z | 7z < mp} and
Py(m,m9) = P N{x | mx > my + 1}, then we can visualize the intersection cut geometrically as shown in
Figure 1.

o (m,mo)

Theorem 3.7 ((Balas, [3]). All points in P N Fp(x ) satisfy the intersection cut —L 7 > 1,
JEN
where aj(m,mo) is defined as above.

Proof. Denote the intersection cut as yx > 1; since we can assume that Z ¢ {x | yo > 1} by our
construction of the cut, we want to show that P N {z | vz < 1} contains no integral points.

Let C be the closure of PN {z | vz < 1} (i.e. the set PN {x | v < 1} and all of its finite limit
points). This is the convex hull of Z and the points of intersection z;(a;(m, 7)) = Z + o (m, mo)r?; each
of these points x;(c;(m, 7)), however, lies on {z | y2 = 1}. Hence, {z | vz < 1} N Fp(x x,) = 0. So, the
intersection cut yx > 1 does not cut off any integral points. O

Intersection cuts are inequalities that are valid for PN {x | 7z < mo} and P N{z | mz > 7y + 1}.
We thus have that intersection cuts are split cuts; geometrically we note that intersection cuts appear to
be relatively strong inequalities for P N Fp(x x,) (Where Fp(r ro) = {2 | 72z < 1 or mx > 7o 4 1}). We
briefly examine this idea:

Definition 3.8.

e The set of all split disjunctions is denoted as II = {D(m, 7o) | (w,m) € ZPT" 1, 7; = 0 for all
jeJ}

e The split closure of P is defined as

SO(P) = ﬂ COHV(P n FD(Tr,m)))-
D(m,mp)€Il

In particular, if we denote by P(B) the polyhedral cone {Z+ Y A\;77 | A\; > 0}, we have the following:

jET
Theorem 3.9 (Anderson, Cornuéjols, and Li, [1]).
T
conv(P(B) N Fp(r.xy)) = {x € P(B) | ——>1}
(m,70) g\[ a; (71'770)

A deeper result along these lines is also possible. Let B be the set of all bases of (MIP), and let IT be
the set of all split disjunctions. Then we have the following:

15



Theorem 3.10 (Anderson, Cornuéjols, and Li, [1]).

SC = ﬂ ﬂ conv(P(B) N Fp(r,zy))

BeB D(w,mo)ell

Thus we need only the family of intersection cuts to fully describe the split closure of P.

3.5 The mixed integer Gomory and intersection cuts

We now show that the mixed integer Gomory cut is in fact an intersection cut with a particular choice
of m and 7.

Lemma 3.11 (Anderson, Cornuéjols, and Li, [2]). Let B be a basis of the LP relaxation of (MIP) and
let T be its associated basic solution. Assume that Ty ¢ 7 for some k € I. The mized integer Gomory cut

obtained from the row of the simplex tableau corresponding to xy, is given by > ﬁ%‘ > 1, where
jeEN T

o = L.’fkj, f=Zr— Li’kJ, and

lar;] ifj€ Nrand f; < f
[ary] if j € N; and f; > f
1 ifj=k

0 otherwise

’/Tj:

Proof. We need to compute o (m, m):

e First, compute e(m, mp):
e(m,mo) =T — w9 = T — |Tx) = f.

e We now compute 7/ (noting that wir{ =0ifi#k,j):
mrd = WkTi + wjrj: + Z mr{
i#k,j

= mgry, + ] 4+ 0

=ri+m
@ ifje Nyand f; < f
= —ay; + [dkﬂ if j€ Nyand f; > f
0 otherwise
@ if jeNrand f; < f
= —ag; + 4 |ar;] +1 ifje€ Nrand f; > f
0 otherwise
—f; ifjeNLfi<f

= l—fj iijN[,fj>f
7C_lkj 1fj¢N[
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e We compute a;(m, mp):

e(m,mo) . i
- if wr{ <0
a;(m, m) = { I=4mm0)if i >
(%) otherwise
fij if 77 <0, j € Ny, f; < f
% if mrJ < 0, otherwise
J
= 11:; if 77 >0, j € Ny, f; > f
J

,_.
|
™

if 777 > 0, otherwise

|
Ql
>
<,

otherwise

8

e Inserting o (m, mo) into the intersection cut formula, we obtain the mixed integer Gomory cut:

D w21

JEN
f] 1— fj ak] akg
E 7T + E = ¥j + E 7T + g 7L >1
JENT JENT JEN, JEN,
fg<f fi>f 7! <0 7r? >0
1 1 _
7 E fizj + 1= f § : — fi)zi + f E , akjTj — =5 E : apjr; 2 1
JENT JENI JEN, JENJ
fi<f fi>f ar; >0 ar; <0
1 1 — 1 —
$ O fwit iy Y (=t Y agey - iy Y Gy = L
JeI jel JjeJ 7j€J
fi<f fi>f ar; >0 ar;<0

We note that the change from Ny and N to I and J occurs because ax; = 0 for all j € B. We now
have the mixed integer Gomory cut, as desired.

O

4 Lift-and-project cuts

In the context of 0-1 programming problems, several authors have advocated the use of a lift-and-project
procedure for generating cuts. This idea is quite different from the approaches mentioned previously,
and there are several methods to generate such cutting planes. Among the main approaches are those of
Lovasz and Schrijver [11], Sherali and Adams [14], and Balas, Ceria, and Cornuéjols [6]. In this paper,
we will consider the approach taken in [6] to establish such cuts. We hold off on defining what we will
consider to be a lift-and-project cut and first present the theory that leads to the family of cutting planes.

For the remainder of this section, let K = {x ¢ R" | Az > b,z >0, z; <lforall j € I} :={z € R"|
Az > b}. We then define K; = {x € K | 2; € {0,1} for all j € I}.

4.1 Sequential convexification procedure
4.1.1 One iteration of the procedure

1. Select j € {1,...,p}.

2. Multiply Az > b by (1 —x;) and z;:

(1- xj)(/ix —b)
zj(Az —b)

%

0
0

%

3. Linearize the convex body obtained in the previous step by setting x; = x? and y; = x;x; for ¢ # j.
Let M;(K) be the polyhedron defined by the resulting set of inequalities.
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4. Let Pj(K) ={z| (z,y) € M;(K)}.
Remark 4.1.

1. K; C Pj(K) since if x € Kj then z; = 0 or ; = 1. Thus, we have z; = 0 = 0% = w? or
xj:1:12::c§ and hence z € P;(K).

2. Pj(K) C K since if € Pj(K) then there exists y such that (z,y) € M;(K). Hence, we have that
z € K.

3. We recall from polyhedral theory that the set formed by the projection of a polyhedron into a lower-
dimensional space is itself a polyhedron. Hence, P;(K) is a polyhedron since it is the projection of
the polyhedron M;(K) onto the space of the x variables.

4. If x € K then z satisfies
(1 —x;)(Az —b) >0
zj(Az —b) > 0.
Hence, points from K satisfy the constraints for the convex body created by step 2.
5. Replacing z;x; with y; does not tighten the constraints of K, either.

6. If 2; € (0,1), then the point  is not in P;(K). Hence, the assignment x; = x7 accounts for the
tightening of constraints in the convexification procedure.

4.1.2 TIterated procedure

To iterate the procedure from the previous section, we use the following procedure:

1. Initialize K’ = {x € R™ | Az > b}.

2. Set j' = 1.
3. Run the procedure of the previous section, selecting variable j’ in step 1.
4. Set K' = P/(K') at the termination of each iteration.

5. If j/ = p then STOP (we have K’ = conv(K7)).

6. Otherwise, set j' = 5/ + 1 and go to step 3.

4.2 Correctness of convexification procedure

We now demonstrate that this algorithm does in fact find conv(K7) as claimed in step 5. To do so, we
present two theorems and two corollaries that together show that iterating the sequential convexification
procedure for j/ = 1 to p is a valid means of obtaining the convex hull of K;.

Theorem 4.2 (Balas, Ceria, and Cornuéjols, [6]).
P;(K) = conv(K N{z € R" | z; € {0,1}})

Proof.  First, we show that conv(K N{x | z; € {0,1}} C P;(K). Let z € conv(K N{z | z; € {0,1}}),
let y; = 7;Z; for i # j. Now (Z,y) € M;(K) as 22 = z;, so T € Pj(K).

Next, we show that P;(K) C conv(K N{z | z; € {0,1}}). Let (c,co) € RPT"F! and assume that for
all z € conv(K N{z | z; € {0,1}}), cx > ¢o. We want to show that cz > ¢ is valid for P;(K), so we first

deal with the exceptional cases when conv(K U {z | z; = 0}) =0 and conv(K U {z | z; = 1}) = 0:
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o If conv(K U{z | z; = 0}) =0, then there exists € > 0 such that for all x € conv(K N {z | z; = 0}),
x; > €. Since x; — € > 0 can be written in the form uAz > ub for some non-negative 1 X m matrix
u, any = which satisfies

(1—=z;)(Az—b) >0
0

must also satisfy (1 —x;)(xz; —€) > 0. Thus, if z € conv(K N {z | z; = 0}),
(1—zj)(z; —€) :LEj*G*I?+CCj€20.
Substituting % = x;, we obtain €(z; — 1) > 0 so z; > 1 and thus z; = 1.

o If conv(K U{x | z; = 1}) = 0, then there exists ¢ > 0 such that for all z € conv(K N {z | z; = 1}),
zj; <1—e. Thus, (1 —z;)— ¢ > 0 and since this can be written in the form uAx > ub for some
non-negative 1 X m matrix u, any = which satisfies

must also satisfy x;((1 —x;) —€) > 0. So, if x € conv(K N {z | z; = 0}, we have z; — x? —z;€>0
and thus z; < 0. So z; = 0.

In both cases, we see that Pj(K) C conv(K N{x | z; € {0,1}}). We now proceed to the general case.
Let « € conv(K N{z | z; = 0}. We notice that conv(K N{z | z; =0} = conv(K N{xz; | z; < 0}). Since
cr 2> Co,
cx > ¢ is valid for {z | Az > b, zj < 0}
& min{cz | Az > b, z; <0} > ¢

& Jy, A > 0 such that yA — Aej = ¢ and yb > ¢y, *)
where the last line follows from the duality theorem. Now, for any z € {z | Az > b, z; < 0},
(c+ Aej)x = yAz > yb > co. (1)

So, A > 0 such that cx + Ax; > ¢o for all z € K.
Similarly, let « € conv(K N{z | ; = 1}) and notice again that conv(KN{xz | z; = 1}) = conv(K N{z |
xj > 1}). Since cz > ¢y, we have
cx > ¢ is valid for {z | Az > B, x; > 1}
& min{cx | Az > b, z; > 1} > ¢

& Jy, p> 0 such that yA + pe; = ¢ and yb+ p > cp. (**)
Now, for any x € {z | Az > b, 2; > 1},
(¢ — pej)z = yAxr > yb > co — p. (2)

So, 3y > 0 such that cx + p(1 — ;) > ¢ for all x € K (We note that (x) and (*x) follow only if the
dual problem is bounded - the two exceptional cases listed earlier account for situations where either (x)
or (**) do not hold). Now, since we can write both cx + Az; > ¢y and cx + p(1 — ;) > ¢o in the form
wAz > ub for some row vector u (one for each inequality), any = which satisfies



must also satisfy (using (1) and (2))
(1 —zj)(cz+ Azj —co)
zj(ex + p(l — ;) — o)

>0
> 0.

Adding these two inequalities together we get cx + (X + p)(z; — 23) — co > 0. Setting z; = 273, we see

that cx > ¢ is thus valid for P;(K). O
Theorem 4.3 (Balas, Ceria, and Cornuéjols, [6]). Fort e {1,...,p},

P; (K) =conv(KN{x eR" | z; € {0,1} for all j € {i1,...,10t}}).

100t

Proof. Without loss of generality, let {i1,...,4,} = {1,...,t} and define F, = {z | z; € {0,1}, j =
1,...,q}. Proceed by induction on t:

e Base case: t = 1. Apply Theorem 4.2 to get the result.
e Suppose that for t = ¢—1, we have that Py +(K) = conv(KN{z € R" | z; € {0,1},j € {1,...,t}}.
o Lett=y¢q,2<q<p. So,

Py q(K) = Fy(Pr,.q-1(K))
= P;(conv(K N F,_1)) (by the induction hypothesis)
= conv (conv(K NF,_1)N{x |z, € {0,1}}) (by Theorem 4.2)
= conv( (conv(K N Fy_q) N{z | zg = 0}) U (conv(K N Fy_1) N{z | 24 = 1})).

Claim. Let S CR™ and H = {& € R" | cx = ¢p} be such that Vo € S, cx > ¢o. Then H N conv(S) =
conv(SNH).

Proof. * € HN conv(S) = cx = cp and & = >_ \is', So N\ = 1, \; > 0, s* € conv(S), and cs® > co.
i i

co =cx = aZ)\isi = Z)\Z-csi > Z)\ico = ¢p.

Hence, cs® = cg for each s° and we have x € conv(S).

Now,

Suppose now that 2 € conv(S N H). Then x satisfies cx = ¢y, and hence x € H N conv(S). O
Applying the claim with S = conv(K N F,_1), and H as each of {z | z, =0} and {z | z, = 1} in
succession, we have:
Py, 4(k) = conv(conv(K NFy_1 N{z |z, =0}) Uconv(K NEF;_1 N{z |z =1}))
=conv(KNEF,_1N{z |z, €{0,1}})
= conv(K N Fy)

where the second last equality follows from the fact that for two sets A and B,

conv( conv(A) U conv(B)) = conv(A U B).

O
Corollary 4.4 (Balas, Ceria, and Cornuéjols, [6]).
Py, (K) = conv(K)
Proof. Set t = p in Theorem 4.3 and the result follows. O
Corollary 4.5 (Balas, Ceria, and Cornuéjols, [6]).
Pi(Pj(K)) = P;(Pi(K)) fori, jeI,i#j
Proof. Apply Theorem 4.3 for {7,j} and {j,7} and the result follows. O

20



4.3 Generating cutting planes using sequential convexification

To use the results from this convexification procedure in a cutting plane algorithm, we need to define a
way to create cuts for K using the polyhedron P;(K). A result of Balas [4] aids in this procedure.

Theorem 4.6 (Balas, [4]).
Pj(K) ={z € R" | az > B for all (o, B) € P} (K)},

where P%(K) is the set of all («,3) such that there exists u,v € R™T™ P ug vy € R that satisfy the
following equations:

o - uA + Ue; =0

« — A - voe; =10
- B + ub =
- B8 + + wb + wy =0

U, v > 0.

Definition 4.7. A lift-and-project cut ax > 8 is a cut such that (a, 8) € P} (K).

Remark 4.8. A lift-and-project cut is a cut for P;(K). We can select a cut which maximizes the
Euclidean distance from Z to the cutting plane by taking («, 3) as follows:

min ar —
subject to  « — ud 4+ uge >0
« - vA — we; >0
— 0 + ub =0
- 8 + + v + v =0
Uu, v > 0.
with the additional normalization constraint
m-+p m-+p

Zui+u0+2vi+vozl.
i=1 1=1

We thus obtain a lift-and-project cut that would be valid for P;(K) without needing to compute

P;(K). We now introduce the general cutting plane procedure using lift-and-project cuts.

4.3.1 General procedure

L Let § = {(a, ) [ ey <1}
. Set K'= K = {z ¢ R" | Az > b}.

[\

3. fort=1,2,...{
4

Find cz' = min{cz | z € K*}

5. If 2% € {0,1} for all j € I then STOP.
6. For all j such that 0 <z} <1
7. Find —z'a? + 37 = min{az’ — 3| (o, B) € P;(K') NS}
8. K* =K'n (x| oz > 7))
j
9. }
Remark 4.9.
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1. In line 8, we could replace the coefficient —x! of o and 1 of 3 with any value of our choice. The

selection of —z* and 1 was made to obtain what “deepest cut” [6], namely to maximize the Euclidean
distance from Z to the hyperplane axz = (.

2. § is a normalization to truncate the cone P(K). Other suggested choices from [6] for S include:

(a) {(e,0) | 8= +1}
(b) {(a,8) | llaflo <1}

3. It can be shown that with the specification of some implementation details, a slight modification
to line 6, and one of these normalizations that this cutting plane algorithm will obtain an optimal
solution in a finite number of steps.

5 Improving mixed integer Gomory cuts

The use of mixed integer Gomory cuts appears to have a large impact on the speed of solving of real-
world mixed integer programming problems [8]. Bixby has argued in the same paper [8] that their
implementation is the most important innovation in recent years for obtaining solutions to ever-larger
MIP problems. As a result of their practical importance, the idea of somehow improving mixed integer
Gomory cuts appears capable of yielding results that translate into faster codes. In this section, we
examine approaches made to generate cuts which are stronger than mixed integer Gomory cuts.

5.1 Reduce-and-split cuts

We recall from Section 3.5 that the mixed integer Gomory cut is an intersection cut with a specific choice
of split disjunction. The first idea in obtaining a cut that improves on a mixed integer Gomory cut lies in
strengthening a split disjunction of the form D(m, ) in order to produce a new disjunction that remains
valid for P; but such that the intersection cut resulting from this strengthened disjunction cuts off more
of P from an extreme point Z. Following the approach of Anderson, Cornuéjols, and Li [2], we assume
that D(m,mp) is violated at Z € P, set mo = |7Z], and attempt to replace D(, m) with D(77(8), 7} (5)),
where j € I, § € Z, 79 (6) = 7 + de;, and 7}(8) = |n7(8)Z]. We note that for j € N, n/(§)Z = 7z and
7 (8) = mo. Hence, e(m,mo) = (I (6), 7 ().

Lemma 5.1 (Anderson, Cornuéjols, and Li, [2]). Let B be a basis of the LP relaxzation of (MIP) and T its
associated basic solution, let D(w,m) be a split disjunction violated by Z, let k € Ny, and let D(7*(5), o)
be defined as above. Let §* be as follows:

5 = —[wr*]if [k — 7wk > e(m,mo)
—[mr*] if [7rk] — 7r® < e(m, o)

Then the intersection cut derived from D(w*(6%),m9) and B has the largest coefficient of xy of all the
intersection cuts derived from D(m*(0), 7o) and B with § € Z.

Proof. If Kk € N and j € N\{k}, 7*(8)r? = 7 for all § € Z. Recall that the cut derived from
D(m*(6%),m) differs from the cut derived from D(m,mg) only in the coefficient of z;. So we need to
show that §* maximizes ay(7*(0),m0). Since r¥ = 1, we have 7*(8)r* = (m + dey)r* = mrk 4+ 6. Since
e(m*(8), 7E (8)) = e(m, m), we have

~dmme) itk 45 <0

nrk+6
ap(th(6), ) = % if mrk 46 >0
0 otherwise.

Since ay(7*(8), m) attains its maximum as 7%(5) = 77k 4+ § — 0; there are two potential values for § in
Z, 8 = —|mr¥] and §. = —[7r*] (the values when the denominator is as close to 0 as possible). O
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Remark 5.2. We note that we can decide which of 64 or d. is the actual value to choose through the
following sequence of equivalences:

& & B e(m,mo) 1 — e(m,mo)
ak(w ((56),71'0) < Oék(’]'(' ((Sf)ﬂ'l’o) < " T 5C ok T 5f
e(m, mo) 1 —¢e(m,mo)

<:>_

ark — [ark] " owrk — |wrk]

e(m, mo) 1 —e(m,mo)
[rrk] —ark ~ qrk — ([7rk] — 1)
[7rk] — ek 1 — ([7rk] — mr¥)

e(m, mo) 1 —e(m,m)

We now consider the cases where [7r*] — 7r% > e(mr, m0) and [7r*] — 7% < e(mr, m0):

e Suppose [7r¥] — 7k > €(m, 7). Then

[nrk] — % e(m, mo)
=1
e(m, mo) e(m, mo)
and
1— ([rr*] —7rk) 1 —e(m, mo) _1
1—e(m,mo) 1—e(mm)
So, we see the following:
[rrk] — mrk o1 1 — ([7rk] — 7rk)
e(m, mo) 1 — e(m,mo)
e Suppose [77F] — 7k < €(m, my). Then
[7r*] —7rk e(m,m0)
< =1
e(m,mo) e(m,mo)
and
1— ([rr*] — 7rk) < 1 —e(m,m) 1
1—e(mm) — 1—e(mm)
So, we see the following:
k1 _ k _ k7 _ k
[mr®] — 7 §1S1 ([7r®] — mr®)
e(m,mo) 1 — e(m,mo)

We thus see that §* = d; if and only if [7r¥] — 7% > e(mr, o).

The previous lemma can be applied repeatedly to a particular intersection cut to derive the mixed
integer Gomory cut:

Lemma 5.3 (Anderson, Cornuéjols, and Li, [2]). Let T be a basic feasible solution to the LP relazation of
(MIP). The mized integer Gomory cut for T, can be obtained from the disjunction D(e;, |Z;]) by applying
the strengthening procedure of Lemma 5.1 successively for each j € Ny.

We are thus able to construct mixed integer Gomory cuts via the strengthening procedure. This leads
us to consider the idea of [2] on a family of cuts called reduce-and-split cuts: we start with a split cut
and attempt to make it stronger. In a similar manner to lift-and-project cuts, we attempt to improve
the Euclidean distance between the hyperplane of the cut and the current basic feasible solution Z.

Definition 5.4. Let d(B,m, mg) be the shortest distance from Z to the hyperplane {x | > ﬁ =1}
JEN '
Lemma 5.5 (Anderson, Cornuéjols, and Li, [2]).
d(B,m,m)? L
s, To) =
2 (047’(71 7T0))2



Proof. Let vz > 1 be the intersection cut derived from B and D(w, ). So,

0 ifjeB
Yi = P
J aj(;m) if j € N.

We note that + is normal to the hyperplane {z | Z m =1}. So, d(B, ,m) satisfies:
J

vy
7' (@ +d(B, 7 mo) o) =
7 i, 4B, ™) =
7]l d(B,m,m) =1 SIHCG.TJ—OfOI‘aHjENé’y z=0
1
d(B,m,m) =
[l P
1
d(Bv,’Taﬂ—O) = 1
2
j;v(aj(ﬂ‘,ﬂ'o))
(B, m,m0) :
y T, To)" = 1 2
j%]:v(aj(ﬂ'vﬂ—o))

O

From this formula, we see that a decrease in the magnitude of the coefficient ﬁ of z; in the
intersection cut will increase d(B, 7, mg). We explore further how this may be of use to improve intersection
cuts (and hence mixed integer Gomory cuts due to the results of Section 3.5).

Proposition 5.6. If D(w,m) is a strengthened disjunction, then for all j € Ny, m € [0,1].
J

Proof. Since D(m,m) is a strengthened disjunction, then D(w,mg) = D(m(6*),

7o). Again we note that
e(m,my) = e(m7 (), 7 (0)) and determine av; (77 (4), mo):

4 — 675:}1%) if 777“]: +6<0
a;(m(8),mo) = § =IO i d 45> 0
00 otherwise.

Taking §* as in Lemma 5.1, we get

5 — —[7rd] ifmrd +5<0
C\ =lar?] ifard 46> 0.
So we have 3 cases for (77 (6), mo):

1. a;(m9(8),m) = oo. Then 7%“]%6)7#0) =

2. §* = —[nr7]. Then

1 w46 [wrd] =l e(m,m) 1
a;j(mi(6),m)  —e(m, mo) e(m,m0) ~ e(m, mo) '
3. 0* = —|nr?|. Then
1 w46 mrd — w1 —([ard] — 7)1 —e(m,m) )
a;(mi(8),m) 1—e(m,m) 1—e(m,m) ~ 1—¢(m, m) 1—e(mm)
Since by definition a(m7(3),m) > 0, m > 0. Hence, m € [0,1]. O

The same argument does not apply for j € N, so to strengthen the cut (and create a reduce-and-split
cut) we look to reduce the size of |7r?| for each j € Nj.

Remark 5.7. The quantity e(m, 7o) could also be used to improve the cut but the authors of [2] indicate
that this parameter is hard to control for the purposes of modifying «a;(m, o).
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5.1.1 Reduce-and-split algorithm

We now specify the reduce-and-split algorithm of [2], whose goal is to produce disjunctions that will give
deeper intersection cuts. Let II° = {D(e;, |Z;|) | © € By} be the starting set of disjunctions, and we note
D(e;, |Z;]) is violated for all k € I such that Ty, is fractional.

1. Set IT = II°.

2. Modify II repeatedly to obtain better disjunctions in the following manner:

Let D(m,m) and D(n,7}) € II; set ©(8) = 7 + dn’ and 7(8) = [(7 + 67')Z]. Now consider
D(w(8),m(0)) for § € Z.

As a way to indicate when D(m(5),mo(d)) is better than D(m,mo), we introduce a quadratic
merit function, f(0) = > (w(8)r?)? = &%g(n’) + 26h(m, ") + g(m) where g(7) = > (wr?)?
JEN, JEN,
and h(m,7') = > (wr?)(x'r7). This function is always non-negative and hence is minimized at
JENs
f(o) = O Restricting ourselves to integer solutions &, we need only to consider the two values

o e (=125 =185
We now replace D(7,mo) by D(7(6%),mo(6*)) in IT if f(6*) < £(0).

3. Strengthen the resulting set of disjunctions II via the technique of Lemma 5.1.

A final set of disjunctions can be converted into a set of intersection cuts that are valid for P;. We
use these cuts with the hope that they are deeper than the mixed integer Gomory cuts. Experimental
evidence ([2]) indicates that on average this procedure produces cuts which are stronger than mixed
integer Gomory cuts; however, there are examples where the cuts produced through this procedure are
not as strong as the corresponding mixed integer Gomory cuts. This looks promising as a technique for
solving some problems, though it would be more satisfying to have a systematic way of generating cuts
that are stronger than mixed integer Gomory cuts. We focus on a technique to do exactly this in the
next section.

5.2 Strengthening lift-and-project cuts

We recall that we obtain a lift-and-project cut ax > 3 via a solution to the following linear program:

min ar — S
subject to « - uA + Uge; >0
« - vA - voe; >0
- B 4+ wub =0
- B + + wb + vy =0
U, v >0

Lift-and-project cutting planes as generated from the above LP are relatively expensive to compute
though they do show experimental evidence of generating solutions that are better than solutions found
using mixed integer Gomory cutting planes [6]. As a result, we consider the idea of strengthening such a
cut via the technique of Balas and Jeroslow [5] to obtain a cut that will be stronger than a mixed integer
Gomory cut. To do this, let A be ‘the constraint matrix of the constraints of the original problem that
are not of the form x > 0, and let b represent the correspondlng set, of entries of b.

Fork=1,...,p, k# j,let a = Ay, ai —vAk, a = uA +uo, a = UA —|—v0, and 8 = @b = db—+vy.
Oé2

Set oy, = max{al,al} and define my = m

We strengthen ax > 3 to yx > 181 5\ where v, is defined
as follows:
_ min{ﬁ ap +uo[mg], ﬁ(ai —vo|lmi])} for kel
7 min{ 4ot %‘ai} for ke J
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Theorem 5.8 (Balas, Ceria, and Cornuéjols, [6]). Let x + Y. ay;x; + Y. arjz; = by be a row from a

i€l je€J
simplex tableau with k € I and assume by, ¢ Z. The mized integer Gomory cut for the row is yr > %
where w, =v, =0 fori eI, up = %, vg = ﬁ, where f = by, — |bx].
Proof. Since b, € (0,1), [by] = 0, and so f = by. We compute a} = %, ap = Ia_’“f], 8 =1,
akj _aﬂ
=7
min {(a% + Fl—ans], (T2 - %L—@kﬁ)} for keI
Ve = G —dns
max{a'%, 11’}7} for ke J
Consider now the cut vyx > %:
kg + [—aki]  —aky — | k] rj  —0k;
1§7x:2 mm{ , xk+z max 4 —, T
kel f 1 - f keJ f 1 - f
. Jag; — [—ar;] —Or; + |Gk _ _
= (mln{ : ]Lc JJ, i_; ﬂ})xk+}zakj$j—1ifz:aijk
kel keJ keJ
@ijO flkj<0
i 1= _ _
:Z mm{;,l_; xk"—%zaijj_ﬁzaijk
kel keJ keJ
6.)”-20 ﬁkj<0
1 1 1 - 1 -
=3 Gty D (0= f)w+ i D awe -ty D ama
kel kel keJ keJ
fisf fi>f k20 ar; <0
This is the mixed integer Gomory cut. U

While Balas, Ceria, and Cornuéjols [6] give a method to compute their lift-and-project cuts, Balas and
Perregaard [7] provide a method to compute cuts that, though slightly different from the cuts presented
here, are more efficient to compute. They also characterize the exact relationships between their lift-and-
project cuts, split cuts, and mixed integer Gomory cuts. This relationship ensures that these strengthened
cuts (if they exist) are in fact stronger than mixed integer Gomory cuts at the cost of being more expensive
to compute. Experimental evidence ([7]) indicates that the use of these strengthened cuts does seem to
reduce the total computation time for solving many problems in MIPLIB 3.0 [9], a standard library of
mixed integer programming problems.

6 Conclusion

This report presented an outline of many families of cutting planes, namely disjunctive cuts, split cuts,
mixed integer rounding cuts, intersection cuts, mixed integer Gomory cuts, lift-and-project cuts, and
reduce-and-split cuts. The theme of this report was the generation of cutting planes for mixed integer
programming problems. In particular, we focused on the mixed integer Gomory cut and families of
cuts which may improve upon this family. Two such families, lift-and-project cuts and reduce-and-split
cuts, aim to systematically improve on the distance between a fractional solution and the mixed integer
Gomory cutting plane at an iteration of a cut procedure. Lift-and-project cuts, in their strengthened
form, will yield an improvement if such a cutting plane exists, whereas there is not yet a criterion for
determining if or when reduce-and-split cutting planes can guarantee an improvement; however, the
techniques presented in section 5 show promise against the MIPLIB 3.0 ([9]) test library of mixed integer
programming problems, as indicated in [2], [6], and [7].

Research into cut generation algorithms for mixed integer programming is very active at this time,
with many results appearing in the past 15 years. Families of cutting planes such as those presented in
this paper will no doubt improve the quality of mixed integer programming solver codes in the years to
come.
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