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Duffy, Lidbetter, Messinger, Nowakowski (2016)
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areal c(v) € R at each vertex v e V
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n a
s A 2 1 if e points in to v,

Dye = ¢ —1 if e points out of v,
f c 0 otherwise.

»)

Il
QOO - -
O = OO -
— - O O O
- O O = O
—_ O OO -
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mc={c(v):
vertices V.

v € V} are (integer) chip counts of the

m sign function sgn : RE — {—1,0, 1}¥ coordinatewise

1 ifr>0,
sgn(r) = 0 ifr=0,
-1 ifr<o.
m ¢® = —sgnD'c is the activity of c.

m h={h(v): ve V}isa column vector of external
supplies and demands.
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%
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D.G. Wagner m Initial chip counts ¢g at time ¢t = 0.
m ForallteN,

¢ 1 =¢t+ Def +h.
m Forall t € N,
Ciy] —Ct = —DsgnDTct + h.

m Compare: the heat equation forc: Q xR - R

% c(x,t) = V2e(x,t) + h.
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m L = DD' is the Laplacian matrix.
m ForL:ZV — 7V,

ker(L)=Z1
coker(L) ~ Z & K(G)

for some finite abelian critical group K(G).

m The size of K(G) is the number of spanning trees
of G.
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m L = DD' is the Laplacian matrix.
m ForL:ZV — 7V,

ker(L)=Z1
coker(L) ~ Z & K(G)

for some finite abelian critical group K(G).

m The size of K(G) is the number of spanning trees
of G.

m Well-studied since the 1980s.
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m potentials ¢ = {p(v) : v € V} on vertices.

m conductances Y = diag(y. : e € E) on edges.
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m Kirchhoff's Current Law: Dj + h = 0.
m Ohm’s Law: j = —YD'.
m Together these yield DYD'y = h.

m Given D, Y, and h,
j is the solution to KCL minimizing j'Y ~j.
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m Letc: V x[0,00) — R satisfy:
c(-,0) : V — R are initial conditions, and

forallt > O,
0

Y T

3 tc DYD'c.
m (No external heat source h = 0.)
m Relaxes exponentially quickly to

a constant function on V as t — oo.
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m Standard orthonormal basis 4§, ...,6, of V = R™,
m A finite set of nonzero vectors £ = {€;,....,£5,} in V.
Real m Hyperplanes H; = ker(f}) forj=1,..,m.

hyperplane
arrange-

ments. m Let D be the n-by-m matrix with ¢; as the j-th
column, forj=1,...,m.
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m Initial state ¢g € V at time t = 0.
m ForallteN,

Ct+1 = €t + DctA + h.
Real
hyperplane

arrange- m (exactly the same equation as the graph case)

ments.

m The external supply h € V need not be in the span
of £,

but the general case reduces to that case.



Waterloo

Discrete
Diffusion

equilibrium steady state



the Long-Narayanan potential

Discrete
Diffusion




a°° the Long-Narayanan potential

%

et m Long and Narayanan (2017) showed that for

graphs and when h = 0, the sequence (c! 4+1Ct) is
weakly decreasing and bounded below, proving
the following theorem in that case.

D.G. Wagner




Waterloo

the Long-Narayanan potential

et m Long and Narayanan (2017) showed that for
D.G. Wagner graphs and when h = 0, the sequence (c] 4+1Ct) is
weakly decreasing and bounded below, proving
the following theorem in that case.

m Define Pot; : V — R by
Pot;(v) = viv — |[D'v|;

for allv e V.




Waterloo

the Long-Narayanan potential

et m Long and Narayanan (2017) showed that for
D.G. Wagner graphs and when h = 0, the sequence (c] 4+1Ct) is
weakly decreasing and bounded below, proving
the following theorem in that case.

m Define Pot; : V — R by
Pot;(v) = viv — |[D'v|;

forallveV.
Note that |D'v|; = PO £}V
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et m Long and Narayanan (2017) showed that for
D.G. Wagner graphs and when h = 0, the sequence (c] 4+1Ct) is
weakly decreasing and bounded below, proving
the following theorem in that case.

m Define Pot; : V — R by
Pot;(v) = viv — |[D'v|;

for allv e V.

Lemma

Assume h = 0. Then for all t € N,

chlct = Pot;(ct).
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m ForallveV,

1
Pot.(v) > — max{|D'u|; : u'u=1}2

m Forallt e N, Potg(c;) > Potg(etyr).

m If the sequence (Pot;(c¢)) attains its limit, then the
sequence (c¢;) is eventually periodic, of period one or
two.
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Theorem (at present)

Assume h = 0.
m ForallveV,

1
Pot.(v) > — max{|D'u|; : u'u=1}2

m Forallt e N, Potg(c;) > Potg(etyr).

m If the sequence (Pot;(c¢)) attains its limit, then the
sequence (c¢;) is eventually periodic, of period one or
two.

m (If all of ¢g, £1, ..., ¢, are in a lattice in V, then the
sequence (Pot;(c;)) attains its limit.)
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mLetA = —sgnD'V C {—1,0,1}™ be the set of
attainable activities. (it’s finite, centrally
symmetric,... )

m Forac A, theset A, = {veV: v®=aqa}isa
relatively open cone pointed at O.

\7:|_|Aa

aeA

m So

is a polyhedral fan decomposition of V.
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Let A = —sgnD'V C {—1,0,1}™ be the set of
attainable activities. (it’s finite, centrally
symmetric,... )

m Forac A, theset A, = {veV: v®=aqa}isa
relatively open cone pointed at O.

\7:|_|Aa

aeA

m So

is a polyhedral fan decomposition of V.

m For a € A, let s, = (—1/2)Da be the site of A,.
(Note: it is possible that s, ¢ A,.)
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—convDA and s, for a € A
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Proposition

Forv e A,,

Pot; (V) = (V—8,) (V—8,) — s|s,.

(67

On A,, that is the squared distance to s, minus the
squared length of s,.
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Equilibrium steady
state.
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m Assume that this is eventually periodic
in the following sense:
therearebe Vand T > 0 and p > 1 such that
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m Consider the diffusion ¢g, ¢, co, ...

m Assume that this is eventually periodic
in the following sense:
therearebe Vand T > 0 and p > 1 such that
forall t > T, ¢t1p = ¢t + pb

m (So b is the average “buildup/backlog” per time
step.)

m (Conjecture: this happens for input confined to a
lattice.)
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m Note that

T+p-—-1
pb = Cr4p —CT = 2:: O)cf4—h).
i=T
m So b = h + Dj, where
T+p-1

1 A
i=5 ; c.

m Notice that —1 < j < 1 coordinatewise in R™.
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m Let P = —convDA.

m In the graph case, these are the vectors in RV that
result from flows that are bounded by 1 on each
edge.
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m In the limit of continuous time, the induced
currents j are determined by minimizing b'b and
j'j (and...?) subject toh —b € P.

m In the case of discrete time, what is c{ 1€t when
h # 0?

m Generalize Pot; accordingly.

m Eventual periodicity is not required.
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m When h = 0, are there examples in which the
sequence

POtL(CO), Potg(cl), POtL(Cg), POtL(C3),

does not attain its limit?

m Can one say something quantitative about the
lengths of the periods in (special) eventually
periodic cases?

m Issues regarding irrationality and non-periodic
steady states.
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