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Abstract. In an e�ort to search for a new binary two-level autocorre-
lation sequence, the decimation-Hadamard transform (DHT) based on
special classes of known binary sequences with two-level autocorrela-
tion is investigated. In the second order DHT of a binary generalized
Gordon-Mills-Welch (GMW) sequence, we show that there exist realiza-
tions which can be theoretically determined by the second order DHT
in its sub�eld. Furthermore, we show that complete realizations of any
binary two-level autocorrelation sequence with respect to a quadratic
residue (QR) sequence by the second order DHT are theoretically deter-
mined.

1 Introduction

Recently, Gong and Golomb developed a new method to study and search for
two-level autocorrelation sequences for both binary and non-binary cases [6].
This method is iteratively to apply two operations: decimation and the Hadamard
transform based on general orthogonal functions, referred to as the decimation-
Hadamard transform (DHT). Basically, it was inspired from Dillon and Dob-
bertin's work [2] where the Hadamard transform was used for the analysis of a
new two-level autocorrelation sequence. The r-th order iterative DHT can trans-
form one class of two-level autocorrelation sequences into another inequivalent
class of such sequences, a process called realization [6]. Using the second order
iterative DHT and starting with a single binary m-sequence, Gong and Golomb
veri�ed that one can obtain all the known two-level autocorrelation sequences
of period 2n � 1 which have no sub�eld factorization for odd n � 17 [6].

In this paper, the DHT based on binary generalized GMW sequences and
quadratic residue sequences are investigated. The binary generalized GMW se-
quence has the trace representation of an orthogonal function from F2n to F2
which is a composition of a component orthogonal function from F2m to F2 and
a trace function, where F2m is a sub�eld of F2n [7] [12]. In the DHT of the
sequence, we show that there exist the realizations which can be theoretically
determined by the realizations of a sequence corresponding to the component
orthogonal function in the sub�eld. In the realizations, we note that the DHT



of a binary generalized GMW sequence in the �nite �eld is inherited from the
DHT of its binary component sequence in the sub�eld.

In addition, using special properties of QR sequences, the realizations of any
binary two-level autocorrelation sequence with respect to a QR sequence by
the second order DHT are discussed. We show that the complete realizations
can be theoretically determined and a valid realization of any binary two-level
autocorrelation sequence with respect to a QR sequence is either a self-realization
or a QR sequence.

This paper is organized as follows. In Section 2, we give some preliminary
reviews of concepts and notations on sequences that we will use in this paper. In
Section 3, the realizations of the binary generalized GMW sequences by the sec-
ond order DHT are investigated. Mathematical proofs and experimental results
are provided. In Section 4, the realizations of any binary two-level autocorrela-
tion sequence based on a QR sequence are investigated. In Section 5, concluding
remarks are given.

2 Preliminaries

In this section, we present some preliminary reviews on concepts and notations
about sequences that we will frequently use in this paper. The following notation
will be used throughout this paper.

- Zis the integer ring, Zm the ring of integers modulo m, and Z�m = fr 2
Zmjr 6= 0g.

- FQ = GF (Q) is the �nite �eld with Q elements and F�Q the multiplicative
group of FQ .

- For positive integers n and m, let mjn. The trace function from F2n to F2m
is denoted by Trnm(x), i.e.,

Trnm(x) = x+ x2
m

+ � � �+ x2
m( n

m
�1)

; x 2 F2n ;

or simply as Tr(x) if m = 1 and the context is clear.

2.1 Correspondence between Periodic Sequences and Functions
from F2n to F2 .

Let S be the set of all binary sequences with period tj(2n � 1) and F be the
set of all functions from F2n to F2. For any function f(x) 2 F , f(x) can be
represented as

f(x) =
rX
i=1

Trni1 (Aix
ti); Ai 2 F(2

ni )

where ti is a coset leader of a cyclotomic coset modulo 2ni�1, and nijn is the size
of the cyclotomic coset containing ti. For any sequence a = faig 2 S, there exists
f(x) 2 F such that ai = f(�i); i = 0; 1; � � � ; where � is a primitive element of
F2n . Then, f(x) is called a trace representation of a. (a is also referred to as an
r-term sequence.)

2



2.2 Autocorrelation

The autocorrelation of a is de�ned by

Ca(� ) =
t�1X
i=0

(�1)ai+�+ai ; 0 � � � t� 1 (1)

where � is a phase shift of the sequence a and the indices are computed modulo
t, the period of a. If a has period 2n � 1 and

Ca(� ) =

�
�1; if � 6� 0 mod 2n � 1
2n � 1; if � � 0 mod 2n � 1;

then we say that the sequence a has an (ideal) 2-level autocorrelation function.

2.3 Hadamard Transform and the Inverse Transform

Let f(x) be a polynomial function from F2n to F2. With a trace function Tr(x)
from F2n to F2, the Hadamard transform of f(x) is de�ned by

bf(�) = X
x2F2n

(�1)Tr(�x)+f(x); � 2 F2n :

The inverse formula is given by

�(f(�)) =
1

2n

X
x2F2n

(�1)Tr(�x) bf(x); � 2 F2n :

2.4 Orthogonal Function

Let f(x) be a function from F2n to F2 with f(0) = 0. If

Cf (�) =
X
x2F2n

(�1)f(�x)+f(x) =

�
0; if � 6= 1
2n; if � = 1

for � 2 F2n , then we say that f(x) is orthogonal over F. Orthogonal function
is a trace representation of a two-level autocorrelation sequence [6]. If f(x) is a
trace representation of a and autocorrelation function of a de�ned in (1) is Ca,
then

Ca(� ) = �1 +Cf (�)

where � = �� 2 F�2n .
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2.5 Decimation-Hadamard Transform (DHT)

Let u(x) be orthogonal over F2 and f(x) be a function from F2n to F2. For an
integer v 2Z�2n�1, we de�ne

bfu(v)(�) = X
x2F2n

(�1)u(�x)+f(x
v); � 2 F2n :

Then, bfu(v)(�) is called the �rst-order decimation-Hadamard transform (DHT)
of f(x) with respect to u(x), the �rst order DHT for short. With this notation,
let t 2Z�2n�1. Then,

bfu(v; t)(�) = X
y2F2n

(�1)u(�y) bfu(v)(yt) = X
x;y2F2n

(�1)u(�y)+u(y
tx)+f(xv) (2)

is called the second order decimation-Hadamard transform of f(x) (with respect
to u(x)), the second order DHT for short. In DHT, the Hadamard transform is
generalized by the use of the orthogonal function u(x) instead of Tr(x).

If bfu(v; t)(�) 2 f�2ng for all � in F2n , the function c(x) from F2n to F2
determined by

(�1)c(�) =
1

2n
bfu(v; t)(�);

is called a realization of f(x) with respect to u(x), and (v; t) is called a realizable
pair [6].

3 Realizations on Binary Generalized GMW Sequences

In this section, the decimation-Hadamard transform based on the binary gener-
alized Gordon-Mills-Welch (GMW) sequences is investigated.

Let n be a composite integer, m a proper factor of n, and h(x) an orthogonal
function from F2m to F2. For k with gcd(k; 2n � 1) = 1, a binary generalized
GMW sequence a = faig is de�ned by an evaluation of f(x) at �i [4], where �
is a primitive element in F2n and f(x) is given by

f(x) = h(x) Æ Trnm(x
k) = h

�
Trnm(x

k)
�
:

Here, f(x) is an orthogonal function from F2n to F2. In particular, if h(x) =
Trm1 (x

v) for v with gcd(v; 2m � 1) = 1 and v 6= 1, then the evaluation of f(x) is
a GMW sequence [7] [12]. For more details of GMW sequences, see [10] and [5].

For orthogonal functions h(x); e(x) and g(x) from F2m to F2, let g(x) be a
realization of h(x) with respect to e(x) by the second order DHT in F2m , i.e.,

(�1)g(�
c) =

1

2m
� bhe(a; b)(�) = 1

2m

X
x;y2F2m

(�1)e(�y)+e(y
bx)+h(xa)

or equivalently, X
x2F2m

(�1)e(�
bx)+h(xa) =

X
x2F2m

(�1)e(�x)+g(x
c) (3)
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for � 2 F2m . In this realization, (a; b) is called a realizable pair of h(x) with
respect to e(x) [6]. In this paper, we also use a triple (a; b; c) to indicate the
realization including the decimation value of g(x). From now on, the triple is
called a realizable triple.

In Gong and Golomb's work [6], it is determined that if (v; t) is a realizable
pair of h(x) with respect to e(x), there are at most six realizable pairs related
to this pair for the case of e(x) = h(x). In the following, we consider the result
in case of e(x) 6= h(x), i.e., asymmetric case.

Lemma 1. Let (v; t; 1) be a realizable triple of h(x) with respect to e(x) which
realizes g(x) by the second order DHT in F2m , where e(x) 6= h(x). Then, there
exists another realizable triple (�vt; t�1;�t�1) of h(x) with respect to e(x) which
realizes g(x).

Proof. If (v; t; 1) and (a; b; c) are realizable triples of h(x), then

2m � (�1)g(�) =
X

x;y2F2m

(�1)e(�y)+e(y
tx)+h(xv )

=
X

z;w2F2m

(�1)e(�
c�1

z)+e(zbw)+h(wa):

Here, (a; b; c) can be a realizable triple if and only if there exists a variable change
from (x; y) to (w; z) in the function e(x) such that the above equality is true. In
this case, only two kinds of variable changes are possible for e(x) 6= h(x), i.e.,

i) xv = wa; ytx = �c
�1

z; �y = zbw and ii) xv = wa; ytx = zbw; �y = �c
�1

z:

A nontrivial realizable triple (a; b; c) can be obtained only from i), and we can
easily check (a; b; c) = (�vt; t�1;�t�1). Thus, (�vt; t�1;�t�1) is a realizable
triple related to (v; t; 1) realizable triple. ut

In the following, we show the main theorem on the second order DHT of the
binary generalized GMW sequences.

Theorem 1. Let n be a composite integer and m a proper factor of n. Let
(v; t; 1) be a realizable triple of h(x) with respect to e(x) which realizes g(x) in
F2m . In other words,

1

2m
bhe(v; t)(�) = (�1)g(�); � 2 F2m

where h(x), g(x) and e(x) are orthogonal functions from F2m to F2, respectively.
Let f(x); u(x) and c(x) be orthogonal functions from F2n to F2 de�ned by

f(x) = h(xv) Æ Trnm(x); u(x) = e(x) Æ Trnm(x); c(x) = g(x) Æ Trnm(x)

where v is a decimation factor in Z�2m�1 with gcd(v; 2m � 1) = 1. Then, there
exists a realizable triple (s�1;�s; s) of f(x) with respect to u(x) which realizes
c(x) by the second order DHT in F2n , where s � �t�1 (mod 2m� 1). Precisely,

bfu(s�1)(��s) = bcu(s)(�); � 2 F2n
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or equivalently,

1

2n
bfu(s�1;�s)(�) = (�1)c(�

s); � 2 F2n :

Proof. Let's consider a decimation of the �rst order DHT of f(x) with respect
to u(x) by the decimation pair (s�1, �s). Then,

bfu(s�1)(��s) = X
x2F2n

(�1)u(�
�sx)+f(xs

�1
)

=
X
x2F2n

(�1)e(Tr
n
m(��sx))+h((Trnm(xs

�1
))v)

=
X
�2F2n

(�1)e(Tr
n
m(�s))+h((Trnm (��))v)

where ��sx = �s. By decomposition of � = �� with � 2 F2m , we have

bfu(s�1)(��s) =X
�2	

X
�2F�2m

(�1)e(�
aTrnm(�s))+h(�v (Trnm(��))v) + 1

=
X
�2	

X
�2F2m

(�1)e(�
aTrnm(�s))+h(�v (Trnm(��))v) � d+ 1

where d = (2n� 1)=(2m� 1), s � a (mod 2m� 1), and 	 = f1; �; �2; � � � ; �d�1g
where � is a primitive element in F2n . Let

Æ� =
X

�2F2m

(�1)e(�
aTrnm(�s))+h(�v (Trnm(��))v):

With (�; �) = (Trnm(�
s); T rnm(��)) and the orthogonality of h(x) and e(x), we

obtain

Æ� =

8<
:
0; if (�; �) = (0; �) or (�0; 0)
2m; if (�; �) = (0; 0)
Æ0�; otherwise

where both � and �0 are nonzero elements in F2m and Æ0� is de�ned for � in
� = f� 2 	 j� 6= 0 and � 6= 0)g. Furthermore, we can express Æ0� as follows.

Æ0� =
X

�2F2m

(�1)
e
�
�a

Trnm(�s)

(Trnm(��))a

�
+h(�v)

=
X

w2F2m

(�1)
e
�
w

Trnm(�s)

(Trnm(��))a

�
+h(wva�1

)

where � = �Trnm(��) and w = �a. With � = Trnm(��)

(Trnm (�s))a
�1 , we get

Æ0� =
X

w2F2m

(�1)e(�
�aw)+h(wva�1

):
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(s � �t�1 (mod 2m � 1))
(s�1;�s; s)

2nd order DHT in F2n

2nd order DHT in F2m

h(x)

f(x)

e(x)
g(x)

(v; t;1)

extension extension

u(x)
c(x)

and extension
decimation of v

Fig. 1. Relation of orthogonal functions in Theorem 1

If (v; t; 1) is a realizable triple of h(x) with respect to e(x) which realizes g(x),
then (�vt; t�1;�t�1) is also a realizable triple from Lemma1. Thus, (va�1;�a; a)
is a realizable triple for a � �t�1 (mod 2m � 1) if (v; t; 1) is a realizable triple.
From (3),

Æ0� =
X

w2F2m

(�1)e(�
�aw)+h(wva�1

) =
X

w2F2m

(�1)e(�w)+g(w
a)

=
X

w2F2m

(�1)
e

 
w

Trnm(��)

(Trnm(�s))a
�1

!
+g(wa)

=
X

y2F2m

(�1)e(yTr
n
m(��))+g(yaTrnm(�s))

where y = w

(Trnm(�s))a
�1 . Finally,

bfu(s�1)(��s) =X
�2	

Æ� � d+ 1 =
X
�2�

Æ0� + N � 2m � d+ 1

=
X
�2�

X
y2F2m

(�1)e(yTr
n
m(��))+g(yaTrnm(�s)) +N � 2m � d+ 1

=
X
�2	

X
y2F2m

(�1)e(yTr
n
m(��))+g(yaTrnm(�s)) � d+ 1

=
X
�2	

X
y2F2m

(�1)e(Tr
n
m(�y�))+g(Trnm((y�)s)) � d+ 1

=
X
z2F2n

(�1)e(Tr
n
m(�z))+g(Trnm(zs)); (z = y�)

=
X
z2F2n

(�1)u(�z)+c(z
s) = bcu(s)(�)

where N is the number of elements for (�; �) = (0; 0) in 	 , and c(x) = g(x) Æ
Trnm(x). ut

Fig. 1 describes the relation of the orthogonal functions in Theorem 1 by the
second order DHT. In Fig. 1, c(x), a realization of f(x) in F2n is determined by
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Table 1. Complete theoretical determination of realizations of GMW sequences for
n = 10 (h(x) = Tr51(x))

v f(x) t g(x) (s�1;�s; s) c(x)

3 3, 17 1 3 (23,221,89), (29,35,247), (61,109,151), (85,343,85), 3, 17
(89,125,23), (91,101,215), (151,47,61), (215,157,91),
(247,95,29), (511,1,511)

3 1, 5, 7 (7,73,439), (19,53,175), (25,367,41), (59,13,191), 1, 5, 7, 9,
(107,239,49), (149,115,103), (205,383,5), (245,119,71), 19, 25, 69
(379,83,235), (479,181,173)

5 11 (13,59,79), (53,19,251), (73,7,127), (83,379,37), 11, 13, 21, 73
(115,149,347), (119,245,43), (181,479,17),
(239,107,167), (367,25,223), (383,205,179)

5 5, 9 1 5 (23,221,89), (29,35,247), (61,109,151), (85,343,85), 5, 9
(89,125,23), (91,101,215), (151,47,61), (215,157,91),
(247,95,29), (511,1,511)

3 7 (7,73,439), (19,53,175), (25,367,41), (59,13,191), 7, 19, 25, 69
(107,239,49), (149,115,103), (205,383,5), (245,119,71),
(379,83,235), (479,181,173)

7 7, 19, 1 7 (23,221,89), (29,35,247), (61,109,151), (85,343,85), 7, 19, 25, 69

25, 69 (89,125,23), (91,101,215), (151,47,61), (215,157,91),
(247,95,29), (511,1,511)

11 5 (5,179,205), (41,223,25), (49,167,107), (71,43,245), 5, 9

(103,347,149), (173,17,479), (175,251,19), (191,79,59),
(235,37,379), (439,127,7)

11 11, 13, 1 11 (23,221,89), (29,35,247), (61,109,151), (85,343,85), 11, 13, 21, 73

21, 73 (89,125,23), (91,101,215), (151,47,61), (215,157,91),
(247,95,29), (511,1,511)

7 3 (17,173,181), (37,235,83), (43,71,119), (79,191,13), 3, 17

(127,439,73), (167,49,239), (179,5,383), (223,41,367),
(251,175,53), (347,103,115)

11 1, 5, 7 (5,179,205), (41,223,25), (49,167,107), (71,43,245), 1, 5, 7, 9,

(103,347,149), (173,17,479), (175,251,19), (191,79,59), 19, 25, 69
(235,37,379), (439,127,7)

15 15, 23, 27, 1 15 (23,221,89), (29,35,247), (61,109,151), (85,343,85), 15, 23, 27, 29,
29, 77, 85, (89,125,23), (91,101,215), (151,47,61), (215,157,91), 77, 85, 89, 147

89, 147 (247,95,29), (511,1,511)

the extension of g(x), a realization of h(x) in F2m , where f(x) = h(xv) ÆTrnm(x)
represents a binary generalized GMW sequence with period 2n�1. Furthermore,
the corresponding realizable triples (s�1;�s; s) are determined by the realizable
triple (v; t; 1) in the sub�eld. In the DHT of a binary generalized GMW sequence
in a �nite �eld, we see that there exist the realizations and realizable triples
which are theoretically determined by the realizations and realizable triples of
a binary component sequence in its sub�eld. In the realizations, therefore, the
DHT in a �nite �eld is inherited from the DHT in its sub�eld in terms of a
binary generalized GMW sequence.

Tables 1 and 2 show complete lists of realizations and realizable triples deter-
mined from Theorem 1 for the binary GMW and generalized GMW sequences
for n = 10, respectively. In each case, both e(x) and u(x) represent m-sequences
with period 31. Note that u(x) can be any function whose sub�eld factorization
is possible. The value of s in each realizable triple is a coset leader satisfying
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Table 2. Complete theoretical determination of realizations of generalized GMW se-
quences for n = 10 (h(x) = Tr51(x+ x5 + x7))

v f(x) t g(x) (s�1;�s; s) c(x)

1, 5, 7 1, 5, 7, 9, 1 1, 5, 7 (23,221,89), (29,35,247), (61,109,151), (85,343,85), 1, 5, 7,

19, 25, 69 (89,125,23), (91,101,215), (151,47,61), (215,157,91), 9, 19, 25
(247,95,29), (511,1,511) 69

3 11 (7,73,439), (19,53,175), (25,367,41), (59,13,191), 11, 13, 21,
(107,239,49), (149,115,103), (205,383,5), (245,119,71), 73
(379,83,235), (479,181,173)

11 3 (5,179,205), (41,223,25), (49,167,107), (71,43,245), 3, 17
(103,347,149), (173,17,479), (175,251,19), (191,79,59),
(235,37,379), (439,127,7)

3, 11, 15 3, 17, 11, 1 3, 11, 15 (23,221,89), (29,35,247), (61,109,151), (85,343,85), 3, 17, 11,
13, 21, 73, (89,125,23), (91,101,215), (151,47,61), (215,157,91), 13, 21, 73,
15, 23, 27, (247,95,29), (511,1,511) 15, 23, 27,

29, 77, 85, 29, 77, 85,
89, 47 89, 47

s � �t�1 (mod 2m � 1) and gcd(s; 2n � 1) = 1. The numbers in each function
column under the label of a function represent trace exponents of the function.

In Table 1, h(x) = Tr51(x). Thus, f(x) = Tr51(x
v) Æ Tr105 (x) represents a

binary GMW sequence with period 1023 for each v with gcd(v; 31) = 1 and
v 6= 1. Table 1 shows that 10 realizable triples in each realization are determined
in F210 . Those exactly match the experimental results of the second order DHT
of f(x) with respect to u(x) in F210 . From Table 1, we note that all binary
GMW sequences and one binary generalized GMW sequence can be realized
by the second order DHT of the binary GMW sequences and those realizations
are theoretically determined by the realizations in the sub�eld F25 . In Table 2,
h(x) = Tr51(x + x5 + x7). Thus, f(x) = h(xv) Æ Tr105 (x) represents a binary
generalized GMW sequence with period 1023 for each v with gcd(v; 31) = 1.
It is shown that 10 realizable triples in each realization are determined and all
binary generalized GMW sequences can be realized by the second order DHT of
the binary generalized GMW sequences, which matches the experimental results.

In the experiments of the second order DHT of the binary GMW and gener-
alized GMW sequences for n = 10, we interestingly observed that there are no
other realizations than the ones from Table 1 and 2.

4 Realizations on Quadratic Residue (QR) Sequences

In this section, we study the realization of binary two-level autocorrelation se-
quences with respect to QR sequences by the second order DHT.

4.1 Basic properties of QR sequences

A QR sequence q = fqig with period p � 3 (mod 4) is de�ned by

qi =

8<
:
1; if i = 0 (mod p)
0; if i = QR (mod p)
1; if i = QNR (mod p).

(4)
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where `QR' and `QNR' represent quadratic residue and non-residue, respectively.
For more details of quadratic residues, see [9]. Similarly, we can consider another
distinct class of a QR sequence q0 = fq0ig with the same period.

q0i =

8<
:
1; if i = 0 (mod p)
1; if i = QR (mod p)
0; if i = QNR (mod p).

(5)

The QR sequences with period p have two-level autocorrelation if and only if
p � 3 (mod 4) [3]. Also, it has been known that there are only two cyclically
distinct QR sequences with the same period, i.e., one is q = fqig in (4) and the

other is q(d) = fqdig where d is QNR and q(d) = q0 in (5).
Any QR sequence has its own trace representation [11] [1]. Let p = 2n � 1.

If the trace representation of the QR sequence q is u(x), then the trace repre-

sentation of q0 is u0(x) = u(xd) for any QNR d in Z�p. As the QR sequence is a
two-level autocorrelation sequence for p � 3 (mod 4), both trace representations
u(x) and u0(x) are orthogonal functions, respectively. In this paper, the trace
representation of a QR sequence is called a quadratic residue (QR) function.

The cross-correlation of two distinct QR sequences with period 2n � 1 can
be derived by using a similar way in [8]. This is stated as follows.

Proposition 1. Let a = faig and b = fbig be two shift distinct QR sequences
with period 2n � 1 and their trace representations u(x) and u0(x) (or u0(x) and
u(x)), respectively. The cross-correlation of these two QR sequences has three
values as shown below,

Ca;b(� ) =
2n�2X
i=0

(�1)ai+bi+� =

8<
:
�2n + 3; if � = 0
3; if � = QR (or QNR)
�1; if � = QNR (or QR).

From the auto- and cross-correlation property of QR sequences, the Hadamard
transform of a QR function with respect to itself or its distinct QR function is
easily derived.

Lemma 2. The Hadamard transform of u(x) with respect to g(x) = u(xd) is
de�ned by

bug(y) = X
x2F2n

(�1)u(x)+g(yx) =
X
x2F2n

(�1)u(x)+u(y
dxd):

If d is QR, then

bug(y) = buu(y) = �2n; if y = 1
0; otherwise.

Otherwise,

bug(y) = buu0(y) =
8<
:
�2n + 4; if y = 1
4; if y = �i for QR (or QNR) i
0; if y = 0 or �i for QNR (or QR) i

where � is a primitive element in F2n .
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Proof. If d is QR, then g(x) = u(xd) = u(x). Thus, the result follows from the
fact that u(x) is orthogonal. If d is QNR, on the other hand, then g(x) = u(xd) =
u0(x). Since buu0(y) = Ca;b(� ) + 1, where y = �� for y 6= 0, the result follows
from Proposition 1. ut

4.2 Realizations of binary two-level autocorrelation sequences with
respect to QR sequences

Let f(x) be an orthogonal function and u(x) a QR function from F2n to F2. In
the second order DHT of f(x) with respect to u(x) de�ned by (2), if � = 0,

cfu(v; t)(0) = 2n (6)

from [6]. For � in F�2n , we have

cfu(v; t)(�) = X
x;z2F2n

(�1)u(z)+u(�
�tztx)+f(xv ) (�y = z)

=
X

y;z2F2n

(�1)u(z)+u(y
tzt)+f((�y)vt) (��tx = yt)

=
X
y2F2n

(�1)f((�y)
vt)

X
z2F2n

(�1)u(z)+u(y
tzt)

=
X
y2F2n

(�1)f((�y)
vt) bug(y)

(7)

where (v; t) is a decimation pair and g(x) = u(xt). First of all, we consider the
second order DHT in (7) when t is QR.

Lemma 3. Let f(x) be an orthogonal function and u(x) a QR function from F2n
to F2, respectively. With a decimation pair of (v; t), if t is QR, the realization of
f(x) with respect to u(x) by the second order DHT is a self-realization. Precisely,

cfu(v; t)(�) = 2n � (�1)f(�
vt)

for � in F2n .

Proof. In (7), g(x) = u(xt) = u(x) if t is QR. From Lemma 2, bug(y) has nonzero
value 2n only at y = 1, and zero at all other y's in F2n . Therefore, the result
follows from (6) and (7). ut

When t is QNR, on the other hand, bug(y) becomes the Hadamard transform
of u(x) with respect to u0(x). In this case, we �rstly consider the case where f(x)
is not a QR function.

Lemma 4. Let f(x) be an orthogonal function which is not a QR function and
u(x) a QR function from F2n to F2, respectively. If t is QNR, then the second
order DHT of f(x) with respect to u(x) with a decimation pair (v; t) does not
produce any realization for any v.

11



In order to prove Lemma 4, we need the following property of the orthogonal
function f(x).

Lemma 5. If f(x) is an orthogonal function from F2n to F2 where 2n � 1 is
prime, then f(1) = 1.

Proof. Let faig be a sequence represented by f(x). Since f(x) is orthogonal,
faig is balanced with 2n�1 1's and 2n�1�1 0's in one period. Furthermore, faig
satis�es the coset-constant property [4], i.e., a2i = ai. For a prime p = 2n � 1,
all nonzero cosets modulo p have the same size n, and faig is constant with 0
or 1 on a coset. This gives p�1

2 = 2n�1� 1 1's and p�1
2 0's. Thus, a0 = f(1) = 1

in order to obtain 2n�1 1's. ut

Proof (Proof of Lemma 4). In the second order DHT given in (7), cfu(v; t)(�)
should be �2n for any � in F�2n if it is a valid realization [6]. To prove Lemma 4,

therefore, it is suÆcient to show thatcfu(v; t)(1) can be neither 2n nor �2n when
t is QNR.

On the contrary, assume cfu(v; t)(1) = �2n when f(x) is not a QR function
and t is QNR. Let Æ and � be the numbers of QR and QNR indices satisfying
f(�ivt) = 0 in a period of the sequence corresponding to f(x), i.e.,

Æ = jfij f(�ivt) = 0 and i is QR inZ�2n�1gj;

� = jfij f(�ivt) = 0 and i is QNR inZ�2n�1gj:

From the balance property of f(x),

Æ + � = 2n�1 � 1: (8)

From Lemma 2 and Lemma 5,

cfu(v; t)(1) = X
y2F2n

(�1)f(y
vt) buu0(y)

= (�1)f(1)(�2n + 4) + 4Æ � 4(2n�1 � 1� Æ)

(9)

where we assume buu0(y) = 4 at y = �i for QR i. If we assume that buu0(y) = 4
at y = �i for QNR i, then we have � instead of Æ in the above, which does not
change the �nal result.

Meanwhile, f(�ivt) should be constant on each coset from the coset-constant
property of its corresponding sequence. Since each coset has the same size n and
corresponds to either QR or QNR, the di�erence between numbers of QR and
QNR indices of i satisfying f(�ivt) = 0 should be divisible by n, i.e., jÆ��j = kn

for some integer k. From (9), Æ = 2n�2 or 0 ifcfu(v; t)(1) = �2n. In case of Æ = 0,
� = 2n�1 � 1 from (8). Then, jÆ � �j = 2n�1 � 1 is divisible by n if n is odd
prime. It means that f(�ivt) is just a QR sequence and f(x) is a QR function.
In case of Æ = 2n�2 and � = 2n�2 � 1, on the other hand, jÆ � �j = 1 cannot be
divided by n. With such values of Æ and �, f(�ivt) might have di�erent values

12



on the same coset, which violates the coset-constant property. Thus, the case of
Æ = 2n�2 and � = 2n�2 � 1 is impossible.

For a QNR t, therefore, bfu(v; t)(1) can be �2n only if f(x) is a QR function,

which contradicts our assumption. Hence, if f(x) is not a QR function,cfu(v; t)(�)
cannot have a valid realization when t is QNR. ut

From Lemma 4, there exist no realizations of a non-QR function f(x) with
respect to a QR function u(x) when a decimation factor t is QNR. In the proof of
Lemma 4, however, the realization of a QR function f(x) may exist even though
t is QNR. In this case, the realization depends on another decimation factor v.

Lemma 6. Let f(x) and u(x) be the same QR functions from F2n to F2, i.e.,
f(x) = u(x). If t is QNR, then the second order DHT of f(x) with respect to
u(x) with a decimation pair (v; t) produces u(x) or no realization depending on
whether v is QR or QNR. In other words,

cfu(v; t)(�) =
�
2n � (�1)u(�); if v is QR
no realization; if v is QNR

for � in F2n .

Proof. If f(x) = u(x), then (7) becomes

cfu(v; t)(�) = X
z2F2n

(�1)u(z)
X
y2F2n

(�1)u((�y)
vt)+u(ztyt):

If v is QR, then u((�y)vt) = u((�tyt)v) = u(�tyt). Thus,

cfu(v; t)(�) = X
z2F�2n

(�1)u(z)
X
x2F2n

(�1)u(x)+u(�
tz�tx) =

X
z2F�2n

(�1)u(z) buu(�tz�t)
where x = ztyt. Since u(x) is orthogonal, buu(�tz�t) has nonzero value 2n only
at �z�1 = 1. Combined with (6), therefore,

cfu(v; t)(�) = 2n � (�1)u(�):

If v is QNR, on the other hand, then u(xv) and u(x) correspond to two distinct
QR sequences. Thus,

cfu(v; t)(�) = X
z2F�2n

(�1)u(z)
X
x2F2n

(�1)u(x)+u(�
vtz�vtxv)

=
X
z2F�2n

(�1)u(z) buu0((�z�1)t) (10)

where x = ztyt. If cfu(v; t)(�) in (10) is evaluated at � = 1, then

cfu(v; t)(1) =(�1)u(1)buu0(1) +X
j2�

(�1)u(�
j) � buu0(��jt)

+
X
j2�c

(�1)u(�
j) � buu0(��jt) = 3 � 2n � 8
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Table 3. Realizations of f(x) with respect to a QR function u(x)

(v, t) (QR, QR) (QR, QNR) (QNR, QR) (QNR, QNR)

f(x) = u(x) u(x) u(x) u0(x) None

f(x) = u0(x) u0(x) None u(x) u(x)

Other f(x) f(xvt) None f(xvt) None

where � = fj 2 Z
�
2n�1jj is QRg and �c = fj 2 Z

�
2n�1jj is QNRg. Sincecfu(v; t)(1) 6= �2n, it is enough to show that there exists no realization of

f(x) = u(x) when both v and t are QNR. ut

Lemma 7. Let f(x) and u(x) be distinct QR functions from F2n to F2, i.e.,
f(x) = u0(x). If t is QNR, then the second order DHT of f(x) with respect to
u(x) with a decimation pair (v; t) is given by

cfu(v; t)(�) = �2n � (�1)u(�); if v is QNR
no realization; if v is QR

for � in F2n .

Proof. This result follows by applying the similar procedure of the proof of
Lemma 6. ut

From Lemma 3, 4, 6, and 7, we have the main theorem on the realizations of
any binary two-level autocorrelation sequence with respect to a QR sequence.

Theorem 2. Let u(x) and u0(x) be QR functions representing distinct QR se-
quences with period 2n�1 and f(x) be an orthogonal function from F2n to F2. In
the second order DHT of f(x) with respect to u(x), the realizations of f(x) are
completely determined by f(x) and its decimation pair (v; t) as listed in Table 3.

In Table 3, each entry under (QR, QR) or the other three columns is the
realization of f(x) by the corresponding pair. For example, if (v; t) = (QR, QR)
and f(x) is not a QR function, then (v; t) realizes f(xvt), a self-realization. If
(v; t) = (QR, QNR) and f(x) = u0(x), then the entry `None' represents that
(v; t) does not produce any realization.

From Theorem 2 and Table 3, we note that the complete realizations of any
binary two-level autocorrelation sequence with respect to a QR sequence are
theoretically determined, and a valid realization is either a self-realization or a
QR sequence.

5 Conclusion

The second order DHT of special classes of binary two-level autocorrelation
sequences has been investigated. Firstly, we showed that in the second order DHT
of a binary generalized GMW sequence in a �nite �eld, there exist realizations
and corresponding realizable triples which can be theoretically determined by
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the realizations and realizable triples of its component sequence in the sub�eld.
In the realizations, the DHT in a �nite �eld is inherited from the DHT in its
sub�eld in terms of a binary generalized GMW sequence. Secondly, we showed
that the complete realizations of any binary two-level autocorrelation sequence
with respect to a QR sequence can be theoretically determined, and a valid
realization is either a self-realization or a QR sequence.
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