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Abstract—New designs for families of sequences over GF( )
with low cross correlation, balance property, and large linear span
are presented. The key idea of the new designs is to use short-ary
sequences of period with the two-level autocorrelation function
together with the interleaved structure to construct a set of long
sequences with the desired properties. The resulting sequences are
interleaved sequences of period2. There are cyclically shift dis-
tinct sequences in each family. The maximal correlation value is
2 +3 which is optimal with respect to the Welch bound. Each se-
quence in the family is balanced and has large linear span. In par-
ticular, for binary case, cross/out-of-phase autocorrelation values
belong to the set 1 + 2 2 + 3 2 1 , any se-
quence where the short sequences are quadratic residue sequences
achieves the maximal linear span. It is shown that some families of
these sequences can be implemented efficiently in both hardware
and software.

Index Terms—Finite field, interleaved sequences, linear span,
low cross correlation, nonbinary sequences, two-level autocorrela-
tion.

I. INTRODUCTION AND PRELIMINARIES

A FAMILY of pseudorandom sequences with low cross cor-
relation, good randomness, and large linear span has im-

portant applications in code-division multiple-access (CDMA)
communications and cryptology. The pseudorandom sequences
with low cross correlation employed in CDMA communications
can successfully combat interference from the other users who
share a common channel. On the other hand, the sequences with
low cross correlation employed in either stream cipher cryp-
tosystems as key stream generators or in digital signature algo-
rithms as pseudorandom number generators can resist cross-cor-
relation attacks. It is well known that the pseudorandom se-
quences employed in the above types of applications must have
large linear spans (also called linear complexity) in order to re-
sist attacks from the application of the Berlekamp–Massey al-
gorithm. (The Berlekamp–Massey algorithm can reconstruct a
sequence by knowing a portion of the sequence.) During the
past two decades, extensive research has been done on how to
generate sequences with these desired properties, see [49], [36],
[46], [4], [3], [17], [32].

Manuscript received April 5, 2000; revised July 8, 2002. This work was sup-
ported by NSERC under Grants RGPIN 227700-00.

The author is with the Electrical and Computer Engineering Department, Uni-
versity of Waterloo, Waterloo, ON N2L 3G1, Canada (e-mail: ggong@ece.uwa-
terloo.ca).

Communicated by A. M. Klapper, Associate Editor for Sequences.
Digital Object Identifier 10.1109/TIT.2002.804044.

In this paper, we will present a new design for families of
-ary sequences with low cross correlation, balance property,

and large linear span. The key idea of this new design is to use
short -ary periodic sequences with two-level autocorrelation
function and an interleaved structure to construct a set of long
-ary sequences with the desired properties. This property also

has significant meaning with the application in signal detection
of high-speed broad-band communication systems. The original
idea of this design was proposed by the author in 1995 [17], but
was not emphasized in the original paper. The original design
given in [17] uses -sequences as short sequences. In recent
years, the status for constructing binary or nonbinary sequences
with the two-level autocorrelation function has been dramati-
cally changed. A lot of new binary sequences with two-level au-
tocorrelation that can be applied to practical applications were
discovered. In the new designs that we will proposed in this
paper, we are allowed to utilize all types of two-level auto-
correlation sequences as “building blocks” except for a class
of two-level autocorrelation sequences of periodwhere is
a product of twin primes. Some families of the resulting se-
quences can be efficiently implemented in both hardware and
software.

In the following, we introduce some notations and prelimi-
naries for sequence designs which will be used throughout the
paper. The reader is referred to [13] for shift-register sequences,
[37] for the theory of finite field, and [27] for sequences with
low cross correlation.

Notations:

, a prime; ;
, an integer residue ring of modulo;

GF , a finite field with elements, and , the
multiplication group of ;

, a vector space
over of dimension ;

, a sequence over , i.e., , is called a
-ary sequence. If is a periodic sequence with period,

then we also denote , an element
in .

A. Left Shift Operator and Shift Equivalent Relation

Let be a sequence over . The left shift operator
on is defined as . For any ,

. is said to be aphase shiftof . We denote
for convention. Two periodic sequences,
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and , are called(cyclically) shift equivalentif there
exists an integer such that

(1)

and in such a case we write , or simply .
Otherwise, they are called(cyclically) shift distinct.

B. Balance Property

Let be a -ary sequence with period. We say that is
balancedif in every period the numbers of all elements in
are nearly equal. (More precisely, the disparity is not to exceed
.) In particular, when , we say that is balanced

if each nonzero element in occurs times and each zero
element occurs times.

C. Correlation

Let and
be two -ary sequences with period, their (periodic)cross-
correlation function is defined as

where , a th primitive root of unity. Here is a
phase shift of the sequence and the indexes are computed
by modulo . If , then is called anautocorrelation
function of , denoted by or simply by . If

if
otherwise

then we say that the sequencehas an(ideal) two-level auto-
correlation function. For a fixed , let

(2)

then represents the number of occurrences of the element
in a period of the sequence. Ifis a two-level autocorrelation
sequence over , then

if
if .

(3)

In other words, any two-level autocorrelation sequence satisfies
the balance property.

Let be shift-dis-
tinct -ary sequences of period. Let
and

for any

where if . We call the maximal correlation of and
, a signal set. (A sequence in is also called asignal

from the point of view of engineering [50].) We say that the set
haslow cross correlationif where is a constant.

When we consider the cross correlation of two sequences,
in , we simply write for .

D. Interleaved Sequences

Gong introduced the following concept of interleaved se-
quences over in 1995 [17]. Let be
a -ary sequence of period where both and are not equal
to . We can arrange the elements of the sequenceinto a by

matrix as follows:

...

If each column vector of the above matrix is either a phase shift
of a -ary sequence, say, of period , or a zero sequence,
then we say that is an interleaved sequence over .
We also say that is the matrix form of . Let be the th
column vector of , then . We call

column sequences of (or component sequences ofin
[17]). According to the definition, is a transpose of
or . In this paper, we omit the transpose symbol
because we consider it as a sequence. Thus, we write

where we denote if .
is called a shift sequenceof . For a

given and , the interleaved sequenceis uniquely deter-
mined. So we also say is an interleaved sequence
associated with .

Note. For a general discussion of periods and linear spans
of interleaved sequences with-sequences as the column se-
quences, see [17], [28].

Example 1: Let

and

be a binary -sequence of period. Then a by matrix can
be given as follows:

We read it out row by row, from left to right within a row be-
ginning with the top row. Then we have the following
interleaved sequence of period:
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E. Trace Representation

We denote a trace function from to for by

where and . Any sequence over of period
has a trace representation, i.e., there exists a function

from to

such that

where is a primitive element of , a coset leader of a
cyclotomic coset modulo , and the size of the cy-
clotomic coset containing . ( is also referred to as an-term
sequence.) Since there is a one-to-one correspondence between
the function and the sequence, we use both and
in this paper. Note that in the language of algebraic-geometry
codes, is called anevaluationof at [54]. Sometimes,
we will also use this term for convenience.

F. Linear Span

Linear span of the sequenceis the length of the shortest
linear feedback shift register (LFSR) that generates. Precisely,
let

and satisfy the following recursive relation:

so that is called acharacteristic polynomialof (over ).
The polynomial with the smallest degree among all character-
istic polynomials of is called theminimal polynomialof
(over ). The linear span of is equal to thedegreeof min-
imal polynomial of . For example, is a binary
sequence of period and has as minimal
polynomial. Hence, the linear span ofis

This paper is organized as follows. Since we will utilize all
but one two-level autocorrelation sequences to construct signal
sets with low cross correlation, we will start by a brief review for
known constructions of two-level autocorrelation or low cross-
correlation sequences and some extensions for these results as
well. These are the contents of Section II. In Section III, we pro-
vide a procedure to construct a signal set consisting of
interleaved sequences and discuss a representation of these se-
quences, the balance property, and some basic properties on
cross correlation when the matrix forms of the interleaved se-
quences are applied. In Section IV, we present constructions for

signal sets over for both and .
In Section V, we show the linear span of sequences in the signal
sets by developing some relation between interleaved sequences
over the finite field and its extension field. In Section VI, we
provide an architecture for implementing signal

sets, show that some families of the resulting sequences can be
efficiently implemented in both hardware and software, and dis-
cuss some aspects in comparison with the known constructions.

Note. The result on decomposition of interleaved sequences
obtained in Section V is a general result, and several other
methods developed in this section for determining the linear
span of interleaved sequences are also general. Thus, they can
be applied to other areas of sequence design.

II. K NOWN CONSTRUCTIONS OFGOOD CORRELATION AND

TWO EXTENSIONS

In this section, we will first give a brief summary for all
known constructions for two-level autocorrelation sequences
and previous known designs for signal sets with low cross
correlation in the Galois field configuration. Then we will show
two extensions for these known results in order to clear up
some confusion in the literature.

A. Known Constructions for-ary Sequences of PeriodWith
Two-Level Autocorrelation

The first three classic constructions:

A. For , all and , we have -sequences
[53], [13], [57].

B. For and all , if , composite, we
have GMW [51], generalized GMW sequences [12],
[42], [4], [30], [14], [43]. Note that a general construc-
tion for the generalized GMW sequences has not been
explicitly stated in the literature. We will present it later
in Section II-C.

C. Number theory based constructions: .

C.1. For all prime or prime
, we have the Quadratic Residue

Sequences (Legendre Sequences) [13]. If
, we also have Hall’s Sextic

Residue Sequences [20].
C.2. If is a product of twin primes, that is,is of the

form where both and are prime,
then we have the Jacobi symbol construction [2].

After 1997, we have the following new constructions
D, E, and F for :

D. Conjectured trace sequences [45] (Noet al., 1998):
three-term sequences (also Gong–Gaal–Golomb [16],
1997), five-term sequences and Welch–Gong transfor
mation sequences.

E. Hyper-oval construction: Segre case and Glynn types I
and II (Maschietti [39], 1998).

F. Kasami power function construction: the special case
was conjectured by No, Chung, Yun [47] in 1998, and
the general case was conjectured by Dobbertin [9] in
1999.

G. Miscellaneous constructions: for the case of , be-
fore 1999 we only had two constructions for two-level
autocorrelation sequences of period over .
One is the m-sequences over GF, and the other
is the Gordon–Mills–Welch (GMW) or generalized
GMW sequences over . During the past two years,
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several new constructions have appeared, see [26],
[38], [1], [44], [7], [21].

Remark 1:
a) The three- and five-term sequences obtained by D are special

classes of sequences obtained by F. We list them separately
due to their special properties [45] and for the point of view
of implementation in Section VI as well.

b) All conjectured sequences with two-level autocorrelation
have been proved by Dillon and Dobbertin in their latest
draft [8] in August 1999.

B. Previous Known Designs for Signal Sets With Low
Correlation in the Galois Field Configuration

Binary Case.
Odd Case:

A. Gold-pair construction and the generalization:

signal set

(4)

A.1. where only allows a few dif-
ferent values to be taken, see [24]. This construc-
tion was first published by Gold in 1969 [11] for
the case of odd.

A.2. can be selected as some special GMW func-
tions [10], [31], or cascaded GMW functions [32],
or some decimation of two-level autocorrelation se-
quences constructed from D and F in Section II-B
(Dillon and Dobbertin, in their milestone work [8],
showed that the conjectured sequences have two-
level autocorrelation in terms to show that they
have the same correlation as the Gold sequences).
This is considered a generalization of the Gold-pair
construction, since such a signal set can be ob-
tained from the results on cross correlation between
an -sequence and a two-level autocorrelation se-
quence or its certain decimation.

A.3.

where , discussed by Boztas and Kumar in [3].
Even Case:

B. Kasami construction and the generalized Kasami con-
struction: signal set

(5)

B.1. , which represents the Kasami orig-
inal construction [29].

B.2. , , or is an
arbitrary function whose evaluation is a two-level
autocorrelation sequence of period . These

are called thegeneralized Kasami constructions.
The former was generalized by No and Kumar [46]
in 1989, called No sequences, and the latter was
partially generalized by Noet al. [48] in 1998. We
will present it in the next subsection.

C. Bent function construction:
signal set, proposed by Olsenet al. [49] in 1982.

D. D. Kerdock code construction: ,
see [41], [27].

Interleaved Case:
E. Interleaved construction: signal

set, the column sequences are chosen as-se quences,
constructed in 1995 by the author [17].

Nonbinary Case:
For , only constructions A.1. and C. among the con-

structions of the binary case have been generalized to construct
-ary signal sets with low cross correlation in the literature.

A.1. Gold pair construction (as it is defined for the binary
case):
— signal sets [55], [22]
where if odd and if even.
— signal sets (Kumaret al.
[35]).

C. Bent construction: signal sets,
even [35], [34].

Helleseth has a good survey paper [22] on construction A.1.
for both cases of and . Note that there are only few
choices for in A.1..

Remark 2: The correlation of the signal sets produced by all
of the above constructions is optimal with respect to the Welch
bound. We would like to point out that this bound is not sen-
sitive to family size. For example, the Kasami signal set, from
Construction B, and the Kerdock code set, from Construction
D, have the same maximal correlation. But the Kerdock code
set has a much larger size than the Kasami signal set. For more
discussion along this line see [27].

In this paper, we will generalize Construction E for both bi-
nary and nonbinary cases by employing short sequences with
two-level autocorrelation. The resulting signal sets have the fol-
lowing types of parameters:

signal sets

for any or and

signal sets is prime and

Moreover, each sequence in such new set is balanced, and the
linear span is increased exponentially in.

C. Two Extensions

Proposition 1: Let be a proper factor of . Let be
a function from to whose evaluation is a two-level au-
tocorrelation sequence of period . Let be a GMW
function of length [30], [14] related to a field chain
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where is a positive integer, i.e.,

where is a function composition operator and satisfies
. Let , a composition

of and , which is a function from to . Then,
an evaluation of is a two-level autocorrelation sequence of
period . (Such sequences are called generalized GMW
sequences over .)

A proof of this result can be derived from the work of Gordon,
Mill, and Welch in [12] as early as 1962, and it also explicitly
follows from repeatedly using the result of Klapper, Chan, and
Goresky in [31] of 1993.

For an easy reference in Sections IV and VI, we will use
to represent the set of two-level autocorrelation sequences con-
structed from Construction

in Section II-A. In particular, we will set to represent the set
of evaluations of GMW functions of length. Then .

Proposition 2: Let be a set consisting of sequences ob-
tained by the functions in (5) where is an arbitrary func-
tion whose evaluation is a two-level autocorrelation sequence
over . Then the cross correlation of any two sequences in
and out-of-phase autocorrelation values of any sequence in
are three-valued and belong to the set .

is called ageneralized Kasami signal set.

A proof of Proposition 2 can be obtained by applying a similar
method that Noet al.used for proving [48, Theorem 2], so we
omit it.

Remark 3: According to Proposition 1, all other results in
[48] by Noet al.can be written into the form of (5). By applying
Proposition 2, these results follows directly.

III. I NTERLEAVED CONSTRUCTIONS ANDTHEIR BASIC

PROPERTIES

In this section, we will give a procedure to construct a signal
set consisting of interleaved sequences and discuss
a representation of these sequences, the balance property, and
some basic properties on cross correlation.

A. A Procedure

Procedure 1
1) Choose

and

two sequence over of period with two-level autocorre-
lation.

2) Choose , an integer sequence whose
elements are taken from .

3) Construct , a inter-
leaved sequence whoseth column sequence is given by

4) Set

whose elements are defined by

or, equivalently,

5) A signal set is defined as

We call and base sequences ofand a shift sequence
of .

For convenience of notation, we will write because
we can consider that of Step 4) in Procedure 1. As
a convention, we define and where
is an nonnegative integer. From Steps 1)–4) in Procedure 1, for

, has a matrix form where

...

and

...

If we write , then column of
is given by

(6)

Here for and ,
means that where . In other words,
the th column sequence of is the sum of the th column of

and the constant .

Example 2: Let and .
1) Choose and , -sequences

of period .
2) Choose .
3) Construct the interleaved sequencewhich is the same as

in Example 1 and has the matrix form.
4) Construct : . We have
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The top row of is the sequence , a phase shift of ,
the top row of is the sequence , and so on. In this
fashion, we obtain that seven sequences inare

5) Set .

Example 3: Let and .
1) Choose

and

which are two shift distinct -sequences over of degree
with period .

2) Choose a shift sequence .
3) Construct an interleaved sequencewhich is given

in the matrix form as follows:

4) Construct , . The th column sequence
of is equal to the sum of theth column sequence of

and , the th column sequence of is equal to the sum
of the th column sequence ofand , and so on. In the
following, we only list the matrix form of two sequences

and in . We have and
. Thus,

B. The Balance Property of

We will show that any sequence in satisfies
the balance property.

Theorem 1: Let be constructed by Procedure 1.

1) . Each sequence in has zeros and
ones. Consequently, it is balanced. In partic-

ular, for , there are ’s and
’s in each signal in .

2) . For each sequence in, each nonzero element ap-
pears times in one period of the sequence
and zero element appears times. Thus,
it is balanced.

Proof: For , according to (6), the column se-
quences of can be represented by

(7)
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Binary Case: .
Note that both and are two-level autocorrelation se-

quences. Thus, they are balanced. So, there are ’s and
’s in each of them. For , there are ’s

such that the

and ’s such that

Thus, the Hamming weight of is given by

Therefore, zero occurs in . So
the result is true.

Nonbinary Case:
In this case, we have from Section II-A. Since

is balanced, for each , we have

if

if
(8)

where is defined by (2) in Section I. From (7), if ,
then

(9)

If , then there are nonzeros ’s in for which
and there is one nonzero in

for which . Therefore, for and
, we have

for s in

for

for .

(10)

First applying (6), then applying (8)–(10), for each , we
obtain that

Hence,

which completes the proof.

Procedure 1 provides a general method to construct balanced
sequences. In other words, from the proof of Theorem 1, we
have established the following assertion.

Corollary 1: Let and be balanced sequences of period
where or is prime and . Let be constructed
by Procedure 1; then each sequence inis balanced and has the
distribution stated in Theorem 1.

C. Cross Correlation of Interleaved Sequences

In the rest of this section, we will investigate a formula for
computing correlation functions of interleaved sequences when
their matrix forms are applied. Let and

be two vectors of . We define

(11)

which is an inner product of two complex vectors

and

Proposition 3: Let and be two sequences over of pe-
riod . For
a) ;
b) ;
c) where

;
d) For

Proof: Assertions a)–d) are immediate from the definition
of the correlation function and (11).

For a interleaved sequence associated with ,
in order to conveniently study a cyclic shift of, we extend its
shift sequence

to

by defining

(12)

We still use the symbol for that.

Proposition 4: Let be a -interleaved sequence asso-
ciated with . For , let be
the matrix form of . If we write , ,
then

Proof: Let be the
matrix form of . From the definition, , .
Note that the first element in the sequence is the entry

. From the definition of the interleaved sequences, we have
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for each with . So has the
following matrix form:

...

...

Therefore, for , we have

(13)

For , we have

(14)

Applying (12)

for . Substituting it into (14), we get that
with . Together with (13),

the result follows.

From Proposition 4 and (6), the following result is immediate.

Lemma 1: For and with and
, the th column sequence of is given by

Remark 4: Let and be two interleaved sequences
over . Let

and

be the matrix forms of and , respectively, where .
From Proposition 3 b) and Proposition 4, the cross correlation
between and can be computed by

(15)

Lemma 2: Let and be two sequences in. Let be an
nonnegative integer. We write with and

. Then , the cross correlation between and ,
can be computed by

where

(16)

(17)

Proof: Let

and

be the matrix forms of and , respectively. According
to (15)

From (6) and Lemma 1, for , we have

Applying Proposition 3 d), then c), we get

where and are defined by (16) and (17). Thus, the assertion
follows.

This lemma will be used in the next section for determining
cross correlation of sequences in.

IV. CONSTRUCTIONS FOR SIGNAL SETS

In this section, first we will give a criterion for the shift
sequence such that , constructed by Procedure 1, is a

signal set. Then we will provide two methods to
construct the shift sequence , satisfying
the criterion.

Theorem 2: Let be constructed by Procedure 1. If the shift
sequence satisfies the following condi-
tion:

for all
(18)

Then is a signal set. In particular, for ,
the cross correlation of any two sequences inand out-of-phase
autocorrelation values of any sequence inbelong to the set

.

In order to prove Theorem 2, we need to show that any pair of
sequences in are shift distinct, any sequence inhas period

, and the maximal correlation of is . In this following,
we will separate the first two results as two lemmas.

Lemma 3: Let be constructed by Procedure 1. If the shift
sequence satisfies (18), any pair of se-
quences in are shift distinct.

Proof: Let and be two different sequences in. If
they are shift equivalent, then there exists an nonnegative integer

such that

(19)
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Let and
be the matrix forms of and , respectively. We write

with , . Applying (6) and Lemma 2, we
have

From (19), we have

(20)

Next we will show that (20) implies that . If
not, then there exists somefor which and

. Since and are two-level autocorrelation sequences,
then two sequencesand together with their all phase shifts
are balanced. Consequently

and

Therefore, for such a would be a contradiction with
(20). Thus, from (20), we derive that

(21)

Therefore, since . Again using (20), we get

(22)

The above identities are true if and only if

(23)

Since satisfies the condition (18), then there
are at most two’s with such that the above identities
are true, which is a contradiction. Therefore,and are shift
distinct if .

Lemma 4: Let be constructed by Procedure 1. If the shift
sequence satisfies (18), then each se-
quence in has period .

Proof: Let and let represent the period
of . Then divides . From Procedure 1,

where has period . Therefore we only need to prove
that . Let . Thus we have

(24)

Applying a similar argument used in the proof of Lemma 3, we
can get (23). If , then satisfies
(18). Therefore, there are at most two’s with satis-
fying (23), which is a contradiction. Hence, .
From (22) with , it follows that each column sequence of

has period . Note that and all column sequences
of are phase shifts of. So, all column sequences ofhave
period . Thus, ,
which completes the proof.

The following result comes from the property ofth primitive
roots of unity.

Property 1: Let be a sequence over of period
where for and or for

. If is balanced, then

Proof of Theorem 2:According to Lemma 4, each se-
quence in has period . From Lemma 3, each pair of se-
quences in are shift distinct. Thus, there areshift distinct
sequences in . So we only need to show the cross correlation
of . We write , , . For two different
sequences in , according to Lemma 2, we have

(25)

where the and are defined in Lemma 2. Sinceis a two-
level autocorrelation sequence, then

for
for .

Let . Then

(26)

Notice that is also a two-level autocorrelation sequence. There-
fore, is a balanced sequence if . Thus,

if
if .

(27)

Case 1. .
In this case, from (17). Since , from (25) and

Property 1, we have

which gives that

Case 2. .
Let be the number of with such that

. Then

(28)

Note that is a constant. Since the shift sequencesatisfies (18),
then . Thus, we have the following three cases.

c1) . Thus, for all with and
for all with .

c2) . In this case, there exists exactly onewith
such that . Hence, there is one

such that and for all the other, .
We can suppose without loss of generality.

c3) . In this case, there are two’s with
such that and for all the other, .
We can assume that and without loss of
generality.

Next we will determine the value of according to the
following two subcases.
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Case 2.1. . In this case, we have
for all . From (25), we have

(29)

Consequently, takes values and corre-
sponding to and .

Case 2.2. . In this case, . So

(30)

For , using (25) and (30), we have

(31)

For , (25) gives that

(32)
Thus,

In particular, if , from (32), we get that
if and if .

For

Thus,

In particular, if , then takes values, , and
for , , and ,

respectively.
Case either belongs to Case 1 where , which

gives that , or belongs to Case 2.2. The proof is
now completed.

Example 4: We can verify that the shift sequences in Exam-
ples 2 and 3 satisfy (18). Applying Theorem 2, we have

— Example 2 is a binary signal set;

— Example 3 is a -ary signal set.

Corollary 2: Let be an interleaved sequence asso-
ciated with . If the shift sequence of satisfies (18), then
the out-of-phase autocorrelation ofis three-valued. Precisely,
let be defined by (28), then

if or
if
if

where with and .
Proof: Note that , in this case. From

Lemma 2

(33)

If , then where since . Thus,
for all with . Therefore, .

If , (33) is Case 2.1 in the proof of Theorem 2. Thus, the
result is true.

Remark 5: The author ([17], 1995) introduced the idea of
Procedure 1 for constructing
binary signal sets where , is a binary -sequence
of period , and is a binary GMW sequence of period

; proved Theorem 2 for such construction; and discovered
the following two constructions of shift sequences with (18).

(Note. For , , if
is a difference triangle set (for its definition, see [6]), then
satisfies (18). Thus, theoretically, if there exists a difference tri-
angle set for or a prime, then we
can construct a signal set.)

Construction A: signal set.

1) Choose and , two sequences over of period with
two-level autocorrelation (may not be different) constructed
in Section II-A.

2) Choose and , primitive elements of and , re-
spectively.

3) Compute ’s satisfying

(34)

where is the trace function from to and
with .

Construction B: binary signal set whereis
prime.

1) Choose and , two two-level autocorrelation sequences
over with a prime period constructed in Section II-A.

2) Choose , a primitive element of .

3) Set

(35)

Lemma 5: The shift sequence , con-
structed from Construction A for or Construction B
for a prime, satisfies the condition (18) in Theorem 2.

A proof of this Lemma can be found in [17].

Remark 6: Recall that represents the set of two-level au-
tocorrelation sequences over constructed by Construction

in Section II-A.

1) When , we have Construction A for constructing a
shift sequence of and as a domain for choosing
two base sequences.

2) When and is not prime, we have
Construction A for constructing a shift sequence ofand

as a domain for choosing two base
sequences.

3) When and is a prime number butcannot be written
as , we have Construction B for constructing a
shift sequence of and as a domain for choosing
two base sequences.
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4) When and is a prime number, then we
have both Constructions A and B for constructing a shift
sequence of and as a domain
for choosing two base sequences.

Example 5: In the following, we will explain how to obtain
the shift sequences given in Examples 2 and 3 by using Con-
struction A.

1) Computation of the shift sequence in Example 2. Here
, , and . Let be a primi-

tive element of whose minimal polynomial over is
. (Thus, and is the polyno-

mial over with a smallest degree among the set consisting
of polynomials over having as one of their roots.) Let

. Then is a primitive element of whose min-
imal polynomial over is . Choose

and as the defining polynomials of and ,
respectively. We compute in the following
way:

where is the trace function from to . Then
we get the shift sequence in Example 2 as follows:

According to Lemma 5, satisfies (18), applying The-
orem 2, , given by Example 2, is a signal set
over .

2) Computation of the shift sequence in Example 3. Here
, , and . Let be a primitive element

of whose minimal polynomial over is
. Let . Then is a primitive element of

whose minimal polynomial over is .
Choose and as the defining polynomials of
and , respectively. We compute in the
following way:

where is the trace function from to . Then
we get the shift sequence in Example 2 as follows:

According to Lemma 5, satisfies (18). Applying The-
orem 2, given by Example 3 is a signal set
over .

In the following, we will give an example for the case of Re-
mark 6, item 3).

Example 6: Let and , a prime. Choose

and

which are shift-distinct quadratic sequences of period. We
now use Construction B to construct a shift sequence. Since
is a primitive element of , we compute ,

. Thus,

From and we can construct the interleaved sequencewhose
th column sequence is Ł . The following is the matrix form

of :

The top row of the matrix is and the remaining rows are
identical to the top row. According to Procedure 1, we have the
matrix form of

The remaining ten sequences are where
the top row of is . According to Lemma 5 and Theorem
2, is a signal set over .

V. LINEAR SPAN OF SEQUENCES IN

SIGNAL SETS

In this section, we will derive the linear span of sequences
in a signal set. Precisely, we will establish the
following result.

Theorem 3: Let be a signal
set constructed by Procedure 1 whereis given by Construction
A or Construction B in Section IV.

1) Let be a primitive element in ,
the minimal polynomial of the base se-

quence over where the ’s are irreducible over ,
and a root of in , where for which

is the smallest integer in the set
modulo and for all . If
is given by Construction A (here , we suppose
that ), then the linear span of any sequencein

, , is lower-bounded by

and
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2) Let be the minimal polynomial of
the base sequenceover where the are irreducible
over . If has period for each , then
the linear span of any sequence inis determined by

and

(36)

3) If is given by Construction B, in this case we have
and is prime, then the linear span of any sequence

in is given by (2). In particular, if both and are
quadratic sequences, then each sequence inhas linear
span , which is the maximal value.

In order to prove Theorem 3, we need to develop several re-
sults on linear span of the interleaved sequenceassociated
with where the minimal polynomial of is reducible.

In the following, we first investigate some basic properties
of the minimal polynomial of and the linear span of the sum
of and an arbitrary sequence of period. Then, by using the
Berlekamp–Massey algorithm, we derive a lower bound of the
linear span of the interleaved sequencewhen the shift se-
quence is given by Construction A. Then we give a proof for
Theorem 3.

Note. All results developed in the following are general and
can be applied to other areas in sequence design.

A. Decomposition of Interleaved Sequences

In this subsection, we first list some results on the minimal
polynomials and periods of compositions of periodic sequences,
and then discuss a decomposition of the interleaved sequences.
We denote as a period of a sequencewhich means that

is the smallest integer such that , ,
for or a period of a polynomial. This means
that is the smallest integer such that for

.

Fact 1: Let be a sequence over of period . Then the
minimal polynomial of has no multiple roots if and only if

. In particular, if is a prime, then the minimal
polynomial of has no multiple roots.

Fact 2: Let where and are two nonzero
periodic sequences over of period and , respec-
tively. Let and be the minimal polynomials of

and over , respectively. Let . If
, then

1) is the minimal polynomial over of ;
2) .

Moreover, if are irreducible then
3) ;
4) ;
5) .

Fact 2 can be generalized to the case thatis a sum of any
sequences over . (For a proof, see [23], [18].)

Fact 3: Let be any nonzero sequence over of period
. Let be the minimal polynomial

of over where the is irreducible over . Then can be
decomposed into

where is a periodic sequence over and the minimal
polynomial of is .

This result directly follows the trace representation in Sec-
tion I-E. The following result comes from [37, Theorem 3.35].

Fact 4: Let be all the distinct monic ir-
reducible polynomial over of degree and period ; let

be an integer of prime factors that dividebut not
. Assume that if . Then,

are all the distinct monics irreducible over
of degree and period .

We are now ready to discuss a decomposition of in-
terleaved sequences. Note that here prime or .
If is prime, from Fact 1, there exists some positive integer
such that . Let be the minimal polynomial of .
If is primitive, then , and the minimal poly-
nomial of is equal to , which is still irreducible over
from Fact 4. If , where the ’s are
distinct irreducible polynomials over of degree , then
if and if is prime. From Fact 3, can be
decomposed as

where is the minimal polynomial of . We write
as the matrix form of where ’s are

columns of . By noticing that for each the shift operator
is a linear transformation of the linear space consisting of

all sequences over , we then have

(37)

So can be decomposed as

(38)

where is a interleaved sequence associated with
. Thus, the minimal polynomial of , say ,

divides , . Together with Fact 4 and Fact 2,
item 1), the following result is immediate.

Lemma 6: With the above notation, if for each ,
has the same period, then which is ir-

reducible over . In other words, the minimal polynomial of
is . Thus, the minimal polynomial of is

. In particular, if is prime, then the minimal
polynomial of is .

From Lemma 6, if for each , , then
’s are pairwise relatively prime and . In
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the following, we will prove this result for without the im-
posed condition for . In other words, we want to establish
the following assertion.

Theorem 4: We keep the above notation

for

In other words, the minimal polynomials, , ,
of the ’s are pairwise relatively prime. Therefore,

.

From Lemma 6, if is prime, then the result is true. Thus,
it suffices to consider the case that there is somesuch that

(note that ) where . We need
several lemmas for this purpose. Henceforth, we will sometimes
use the notation .

Let and be a root of . Then ,
so that [37]. Let have the following trace
representation (see Section I):

(39)

From (38), the elements of can be represented as

(40)

Let

(41)

and , . Note that is a sequence over
. We then have

(42)

Let be the minimal polynomial over . Before we
give the relation between and , we introduce the fol-
lowing notation. Let

Define

is said to be theconjugateof with respect to .
We have the following result the proof of which can be found in
[28].

Proposition 5: With the above notation. Then

Property 2: Let . Then

for

Proof: If

with , let be a root of in the extension
field. Then we get

and

Thus, . Therefore, and are roots of the same
irreducible polynomial over , which is a contradiction. So the
result is true.

Proof of Theorem 4:For , note that is
a characteristic polynomial of over . Thus, .
Since restricted on is an automorphism of , applying
Property 2, we have for and

. From Proposition 5, is the product of
, . Consequently

for

Together with Lemma 6, the proof is completed.

Corollary 3: With the same and as
above, let represent the linear span of. Then

Proof: Since , the result follows from
Theorem 4 and Proposition 5.

Lemma 7: With the above notation, assume that , the
minimal polynomial of , is an irreducible polynomial over
of degree and period . Let , .
Then the period of each irreducible factor of , the minimal
polynomial of , is not a divisor of .

Proof: Let be the matrix form
of . By the definition of the interleaved sequences, we have

(43)

where the minimal polynomial of each column sequence of
is which is irreducible. On the other hand, if there is

one irreducible factor of whose period divides, then we
can suppose that where is irreducible,

, and . Therefore, can be
decomposed as

(44)

where the minimal polynomials ofand are and ,
respectively. From Fact 2 item 3), the period ofis equal to
the period of , which is a factor of . Thus, the th column
sequence of can be written as . Since

, there exists somesuch that which contradicts
(43). Therefore, there are no irreducible factors of whose
period is a divisor of .

Note that Lemma 7 has established the following result. As-
sume that is an irreducible polynomial over of degree

with period . Then the period of any irreducible
factor of , where , is not a divisor of .

Theorem 5: Let be a interleaved sequence over of
period associated with where is prime or
and , a sequence over of period and
. Let , , and be the minimal polynomials of ,
, and , respectively. If each irreducible factor of the minimal

polynomial of has degree greater than, then

1) , so that ;

2) the linear span of is given by .
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Proof: With the same , as in Theorem 4. Ac-
cording to Theorem 4, ’s, the minimal polynomials of ,
are pairwise relatively prime and . So it
suffices to show that for each .

Case 1. is prime.
According to Lemma 6, which is irreducible

and

with . Thus, each irreducible factor of has
greater degree than. Since has period , then .
Therefore, any irreducible factor of has degree less than.
So which gives the first assertion. From
Fact 2, item1), . Therefore,

Case 2. .
If is primitive, from Lemma 6, , which

is irreducible. By using similar argument to that used in Case 1,
we get that is coprime with . So, we only need to
consider the case that is irreducible but not primitive. In this
case, applying Lemma 7, any irreducible factor of has pe-
riod which is not a factor of . On the other hand,is a sequence
over of period . Thus, any irreducible factor of
has period which divides. Hence,

Therefore, . From Fact 2, item 1), the min-
imal polynomial of is . The last assertion follows im-
mediately from the definition of the linear span.

We have now established Assertion 2 and the first part of
Assertion 3 in Theorem 3.

B. A Lower Bound for the Linear Span of

According to Corollary 3, the computation of linear span of
a interleaved sequence, where its base sequence has re-
ducible minimal polynomial, can be reduced to computation
of linear span of a interleaved sequence where its base
sequence has an irreducible minimal polynomial. The latter is
called anirreducible interleaved sequencein [17] by the author.
In [17], the author studied some properties on linear span of

irreducible interleaved sequences for special choices of
and . In general, this problem is difficult. However, here we will
utilize a structure of shift sequence to establish a lower bound for
linear span of irreducible interleaved sequences when the
shift sequences are obtained by Construction A in Section IV.

We now suppose that and is a interleaved
sequence associated with , where the minimal polynomial

of is irreducible and is obtained from Construction A.
From the discussion in Section V-A, for as an irreducible

polynomial over of degree and a root of in , we
have

(45)

where

(46)

and , a sequence over .
Let be the minimal polynomial of over . Note that

. From Corollary 3, we have

(47)

Therefore, in order to establish a lower bound for the linear span
of the irreducible interleaved sequence, it suffices to find a
lower bound for the linear span of the sequenceover , de-
fined by (46). In the following, we will assume that the shift
sequence of is given by Construction A. Under this assump-
tion, we have the following relation:

(48)

where and are primitive elements of and , respec-
tively, and is the trace function from to . Note
that . Thus, some positive integerexists such that

(49)

Substituting (49) into (46), we get

(50)

Let

(51)

where is the same as in (48). Let . Then is an
-sequence over of degree . Together with (48)–(50), we

have

(52)

If , then is primitive. Thus, .
Therefore, . So we only need to consider the case

. We will establish a lower bound of the linear
span of in terms of an upper bound of the linear span of the
power function sequence of the -sequence
of degree . Fortunately, the linear spans of function sequences
of linear feedback shift sequences have already been discussed
by Herlestam in the mid 1980s [23]. From his work, we have
the following result.

Proposition 6: With the above notation, let

Then , the linear span of , is given by
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Lemma 8: With the same as above, let .
Then , the linear span of , is bounded by

Proof: Note that

(53)

We write

If we take , then

which is a contradiction to (53). So, . Applying
Proposition 6, the maximal value of can only be
achieved for such’s where , ,
and . Thus, we have

(54)

for , . If , then

which is a contradiction to (53). Therefore, .
Substituting this into (54), we get

which establishes the assertion.

We list the following properties on linear span profiles the
proofs of which can be found in [40].

Proposition 7: Let be a periodic sequence over
, and let be its minimal polynomial over with

. Let be a polynomial computed by applying the
Berlekamp–Massey algorithm which generates
for where . Then

1) and , for all ;

2) .

In the following, we will use the Berlekamp–Massey algo-
rithm (see [40] or [18, Ch. 6]) to establish a lower bound of the
linear span of .

Lemma 9: With , let be an irreducible polyno-
mial over of degree and let be a root of in the ex-
tension . Let be an -sequence over of degree
. Let be a positive integer with . Let be

a sequence over whose elements are given by

where

Then , the linear span of , is bounded by

Proof: From the assumption, we have

(55)

Let be the minimal polynomial of , and let
. Assume that is the polynomial computed

by the Berlekamp–Massey algorithm which generates the
sequence and , . From
(55), we get that is the same polynomial computed by the
Berlekamp–Massey algorithm, which generates the sequence

for . Note that from
Lemma 8, we have . So .
Applying Proposition 7, item 1)

and for all

Note that from (51) that . But from
(50), . So cannot generate

. There are two cases that may happen.

1) can generate but not
.

2) can not generate .
From Lemma 8, we have

(56)

where in the first case and in case 2. According
to the Berlekamp–Massey algorithm, is given by

where , , and . Whenever
or , we have

Therefore, , which completes the proof.

Lemma 10: Let be a primitive element in ,
where the ’s are irreducible over , and

is a root of in where , for which is the
smallest integer in the set modulo
and for all . Let be
a two-level autocorrelation sequence overof period where
the minimal polynomial of is . Let be a in-
terleaved sequence associated with , where the shift se-
quence is constructed by Construction A. Let

be the corresponding decomposition whereis a in-
terleaved sequence associated with . Then

and

Proof: We use the same notation as in Section V-A. Since
is a two-level autocorrelation sequence, without loss of gener-

ality, we can set , in (39), the trace representa-
tion of . Consequently, for each , the elements of
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have a representation of (52) where and is replaced
by , which is a root of . Thus, satisfies the condition of
Lemma 9. Therefore, we have

(57)

Applying Proposition 5, we get

which establishes the first assertion. Applying Corollary 3 and
the above the first assertion, we have

where the last identity comes from

Corollary 4: Let . Let be a interleaved
sequence associated with , where is a sequence over
of period whose minimal polynomial satisfies the condition
of Lemma 10, and is given by Construction A. Let be a
sequence over of period . Let . Then ,
the linear span of, is bounded by

Proof: This follows directly from Theorem 5 and Lem-
ma 10.

In the next subsection, we will use Corollary 4 for proof of
Assertion 1 in Theorem 3, and Lemma 6 and Theorem 5 for
Assertions 2 and 3 in Theorem 3.

C. Proof of Theorem 3

For any , we have

1) Since all shifts of have the minimal polynomial, then the
result directly follows from Corollary 4.

2) If , according to Lemma 6, the minimal poly-
nomial of is . Applying Theorem 5, the minimal
polynomial of is equal to where is the
minimal polynomial of . Thus, the result follows.

3) The first assertion follows from Lemma 6 and Theorem 5
immediately.

For the second assertion, ifand are both quadratic
sequences, according to [19], we have

Applying Theorem 5

Note that the result on linear spans of two-level autocor-
relation sequences of period which were developed
by the author and Golomb in [19] can be easily general-
ized to the sequences with periodwhere is a prime.
Thus, a quadratic residue sequence of periodachieves
maximal linear span among the sequences of period
with the two-level autocorrelation function. Therefore, if

is prime, then each sequence in a signal
set achieves the maximal linear span.

Before we move to the next section, we would like to point out
the representation of the interleaved sequenceassociated with

that we frequently used in this section for the purpose of
implementation. Let be the trace representation ofand ,
constructed by Construction A. According to the discussions of
(45)–(52) in Section V-B, any element of is given by

(58)

Here, we set . Since , the above identity becomes

Then

Let and . Ac-
cording to Proposition 1, is a generalized GMW sequence.
Thus, it has two-level autocorrelation. Under this assumption,

is shrunk from in the following way:

(59)

In other words, the matrix form of is made from the first
columns of the matrix form of when it is considered as a

interleaved sequence.

VI. A N ARCHITECTURE FORIMPLEMENTATION AND

COMPARISONSWITH THE KNOWN DESIGNS

In this section, first we provide an architecture for implemen-
tation of the new design. Then we discuss the new design in
comparison with the known designs for signal sets with low
cross correlation. Finally, we illustrate a complete process for
designing a signal set by using the new design.

A. Implementation

1) For Small Fields: : In this case, for both Con-
structions A and B, we have efficient implementation for all in-
terleaved signal sets by means of either pre-storage of the shift
sequence or the two-level autocorrelation sequencesand .
If , from (58) at the end of Section V-C, we can also
efficiently implement it in finite field circuits.

2) For Large Fields: : For Construction A, from (59),
the interleaved signal sets, which are constructed from shrunk
generalized GMW, can be implemented by an LFSR overof
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Fig. 1. Galois configuration of((p � 1) ; p ; 1 + 2p ) signal sets.

TABLE I
PROFILE OF(v ; v; 2v + 3) SIGNAL SET S

order and two two-level autocorrelation sequence generators
together with ashrinking counterwhich deletes two consecutive
outputs of the LFSR at eachinterval clock cycles. See Fig. 1.

In Fig. 1, represents the multiplication of and
a specific initial state of LFSR 1. Thus, the complexity of

implementation of a signal set
depends only on the complexity of these two two-level autocor-
relation sequence generators. If we take two base sequences
and from in Section II-A, then the resulting signal
sets can be efficiently implemented in both hardware and soft-
ware. In general, the cost of implementation of the new signal
sets is roughly the same as that of generalized Kasami sets or
the bent function sequence sets, since both these signal sets also
utilize finite field computations.

For Construction B, which generates signal
sets where is prime, it can be implemented by employing a
division circuit, see [17].

Up to now, we have shown all properties of families of the
sequences constructed by the interleaved design. We summa-
rize these features in the Table I in order to provide guidance of
applications of these sequences in practice. (Note: In code-di-
vision multiple access (CDMA) applications, the code length is
much shorter than .)

B. Comparisons

In the Tables II and III, we give profiles for the new designs
in comparison with the known designs in the Galois field con-
figuration.

If is taken from either Construction D or F in Sec-
tion II-A, then it may have large linear span for some particular

.
In [36], Kumar presented an example of the bent sequence

family with period and linear span on the order of . In
general, they can be made similarly to have large linear span.

We have the following advantages of the new design.

Case 1: Binary Signal Sets with Period

For the binary case, among the previously known construc-
tions, only the generalized Kasami designs can utilize all two-
level sequences of period (see Section II-B). According to
the Welch bound [56], the correlation of signal sets constructed
from both the generalized Kasami design and the new design are
optimal. However, from Table I, the new design has the following
betteraspects incomparisonwith thegeneralizedKasamidesign.

1) Linear Span
For the new design, the two-level autocorrelation sequence

having linear span can only happen when is chosen
as an -sequence. For other cases, the linear span ofis
greater than . So the linear span ofis at least . Therefore,
the lower bound of the linear span of any sequences in a

signal set constructed from
Procedure 1 is . On the other hand, the upper bound
of a sequence in signal sets from
generalized Kasami designs is which is less than
the lower bound of the linear span of the sequences in the
new signal sets.
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TABLE II
COMPARISONWITH THE KNOWN DESIGNS: BINARY CASE

TABLE III
COMPARISONWITH THE KNOWN DESIGNS: NONBINARY CASE

TABLE IV
n = 5

2) The Number of Different Signal Sets
Let be the number of different two-level autocorrelation
functions from to . According to Proposition 2 in Sec-
tionI, thenumberofdifferent signalsets,
constructed from the generalized Kasami design, is equal to

where is the number of -sequences
over of degree and is the Euler function. In the
new design, the two-level autocorrelation sequencesand
can be selected independently. On the other hand, the shift
sequence of a new set can be constructed from Construction
A if is not a prime and from Construction A or B if

is prime. Therefore, the number of different
signal sets is

where if is not a prime and
if is prime. Thus, the number of different

signal sets is times
as many as the number of signal sets
from the generalized Kasami design.

3) The Balance Property
Each sequence in a signal set of
the generalized Kasami design is unbalanced. But each se-

quence in a signal set of the
new design is balanced.

Remark 7: The maximal correlation of the binary interleaved
signal set is not as good as the Kasami or the generalized Kasami
set. This is a tradeoff between correlation and the other random-
ness properties. For the interleaved design, we sacrifice corre-
lation to trade for the balance property and a much larger linear
span. This is not the first example for doing so.code [33] is
such an example. The maximal correlation ofcodes is not as
good as the Gold sequences, but they have tremendously huge
family sizes compared with those of Gold families. In practice,
the type of performance required determines the appropriate de-
sign to be used.

In the following, we will give an example for and
to explain the above discussion.

Example 7: Let (see Table IV).
Since is a prime, then we have two constructions

to construct shift sequence in a signal set. Thus,
the number of different binary signal sets with the parameter

is where , which is
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TABLE V
SIGNAL SETS WITH THE BALANCE PROPERTY

(aaa AND bbb ARE QUADRATIC RESIDUESEQUENCES)

TABLE VI
SIGNAL SETS FORp = 3 AND n = 4

the number of shift-distinct shift sequences by Constructions A,
, the number of shift-distinct shift sequences by

Constructions B, and , the number of shift-distinct bi-
nary two-level autocorrelation sequences of period.

Case 2. Binary Signal Sets With Period Where is
prime

The new design for signal sets where
and is prime are completely new sets. In this case, the shift
sequences are obtained from Construction B, and two base se-
quences can be chosen from the set consisting of quadratic se-
quences and the Hall sextic sequences. (Note that whenis
prime, according to Section II-A-C), there are only three con-
structions to construct a binary sequence with two-level auto-
correlation. Here we can utilize two of them.) In the following
example, we list a profile of signal sets for primes
less than which are completely new.

Case 3. Nonbinary Signal Sets

For nonbinary cases, the new design provides a variety of

signal sets whose cross correlations are optimal with respect
to the Welch bound. Note that for the Gold-pair construction,
there are only few choices forin defined by
Construction A.1 in Section II-B. Also all signal sets obtained
from the Gold-pair construction are unbalanced and have low
linear span as well. (Here we mean that a signal set isbalanced
(see Table V) if each sequence in the set is balanced. Otherwise,
it is said to beunbalanced.) Table VI lists a profile of the new
design for and in comparison with the signal sets
with the closest length.

Note that is the number of primitive polynomials over
of degree .

C. A Complete Design Process

In the following we will give an example to show a complete
process for the design of a signal
set.

Example 8: Design a balanced signal set
over where each sequence has linear span. (Note that
from Table V, there are 256 320 81 920 different such signal
sets.) Let and . Then

. We will give a design which is shrunk from the GMW
sequences with length.

1) Select two base sequencesand : Since and can
be taken from the set, say, consisting of all two-level
autocorrelation sequences of period over

. From Section II-A, we know that consists of -se-
quences of period of degree , the GMW sequences,
and some sequences from the miscellaneous construction

. We choose and as two GMW se-
quences whose elements are given by

and

where is a primitive element of . According to
Fig. 1, we need to compute an LFSR over the finite field

for implementing the shift sequence. Since is a
GMW sequence, it can be implemented by an LFSR over
the finite field together with a finite field circuit for
computing .

2) Implementation of by an LFSR over : We need a
two-stage LFSR over to implement . Let be
defined by a primitive polynomial
and let be a root of in the extension. Thus, is a
primitive element of . Choose ,
which is a primitive polynomial over of degree .
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Fig. 2. Galois configuration of a(6400; 80; 163) signal set.

Therefore, we have an LFSR over with as its
characteristic polynomial. Set an initial state
for this LFSR.

3) Implementation of by the LFSR over together with
a finite field circuit: Let be defined by

where is primitive. Let be a root of in
the extension. So is a primitive element of . Choose

which is a primitive polynomial
over of degree . Then we have an LFSR over
with as its characteristic polynomial. Fig. 2 presents
an implementation in terms of the finite field circuit. We
obtain all sequences inby varying different initial states
of the LFSR2 in Fig. 2.

In Fig. 2, and in LFSR1 and LFSR2, res-
pectively.

According to Lemma 5 and Theorem 2, the signal set
, implemented by Fig. 2, is a signal

set. From Theorems 1 and 3, we get that each sequence in
is balanced and has linear span . The architecture provided
by Fig. 2 can be efficiently implemented in both hardware and
software.

VII. CONCLUSION

We have presented a new design for constructions of families
of -ary sequences with low cross correlation, balance prop-
erty, and large linear span. The construction uses short-ary
two-level autocorrelation sequences of periodtogether with
the interleaved structure to construct a set of long sequences of
period . More precisely, each sequence can be arranged into a

by matrix, which is a sum of two matrices and , where
columns of are shifts of , a -ary two-level autocorrelation
sequence of period, and the top row of is a shift of , a -ary
two-level autocorrelation sequence of period; the remaining
rows of are identical to the top row. The parameteris of the
form or a prime. There are shift distinct sequences in
one family. Each sequence is balanced. The maximal correla-
tion is which is optimal with respect to the Welch bound.
The linear span is exponentially increased infor
and the linear span is maximal whenis prime and the short

sequences are quadratic sequences. The construction allows for
utilization of all two-level autocorrelation sequences in a free
mode. Some families of the sequences can be efficiently imple-
mented in both hardware and software.
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