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Abstract

Data-driven modeling approaches, such as deep learning methods, excel at capturing
complex relationships but remain opaque, limiting their use in domains that require in-
terpretability. This work introduces PDF-SR, a novel framework for symbolic regression
of probability density functions, which recovers closed-form expressions for multivariate
probability density functions directly from a dataset of samples drawn from an unknown
underlying distribution. PDF-SR proceeds in three stages: (i) techniques to decompose
the problem into simpler subproblems, such as clustering and structure learning with prob-
abilistic graphical models; (ii) support estimation and nonparametric density estimation
to produce a smooth, bounded black-box model of the distribution; (iii) decomposition
into marginal and conditional distributions to bias the search for expressions describing
the joint distribution; and (iv) symbolic regression, warm started using results from the
lower-dimensional marginal ad conditional expression search to recover parsimonious ex-
pressions that describe the joint distribution.

We demonstrate PDF-SR on both synthetic and real world examples, including mixtures
of Gaussian distributions, multivariate normal distributions, a muon-decay process from
particle physics, and a variant of the Rastrigin function as a toy distribution. In each case,
PDF-SR is applied to recover the underlying distributions (or close approximations) with
low residual error, while producing a Pareto front of expressions that trade off complexity
and fidelity.

PDF-SR is an attempt to bridge non-parametric and parametric density estimation,
offering interpretable analytic models of probability densities that could accelerate scientific
discovery and offer insight into otherwise inscrutable processes.
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Chapter 1

Introduction

Data-driven approaches, particularly neural networks, are widely used in modeling com-
plex relationships between predictor and target variables. Despite their success across
various domains, their black-box nature often obscures the underlying patterns in the
data, limiting interpretability. This lack of transparency restricts their use in contexts
where accountability and interpretability are essential. Symbolic Regression (SR) offers
a promising alternative — a family of techniques that search the space of mathematical
expressions and parameters to produce interpretable models that reveal structure intrinsic
in the data. SR techniques yield parsimonious symbolic expressions that generalize effec-
tively, provide indicators of prediction reliability, and demonstrate strong noise tolerance.
These qualities make them especially valuable in scientific fields such as physics, where
interpretable expressions can drive theoretical advances and enable the discovery of new
phenomena from data.

Symbolic regression is an NP-hard problem [52]. Notable work in SR includes Al Feyn-
man [19], which rediscovered known physics equations from the Feynman Lectures, and
Symbolic Metamodels [2], which transform black-box models into interpretable ”white-
box” representations. Our work focuses on a specialized problem: symbolic regression for
probability density functions (PDF-SR). Techniques applied to this problem can leverage
the common structure shared by all probability distributions. More specifically, the rela-
tionships between joint, marginal, and conditional distributions, alongside normalization
and non-negativity constraints required by valid distributions.

The objective of PDF-SR is to determine a closed-form mathematical expression of
the probability density function fx(x), where x is a vector in R? The data consist of
n independent and identically distributed observations, § = {X;}¥,, with each random



vector X; ~ fx. This problem appears in domains such as physics, where probability
distributions may describe particle behavior and interactions. In quantum mechanics, for
example, the squared wavefunction represents the probability of detecting a particle at a
specific location and time. Similarly, distributions of particle properties, such as momentum
and energy, help model high-energy collisions and interpret experimental data.

PDF-SR faces three key challenges: (i) the curse of dimensionality, since high-dimensional
settings require exponentially larger datasets for adequate model fitting; (ii) the difficulty of
identifying complex symbolic expressions, though many phenomena of interest are expected
to obey parsimonious expressions; and (iii) the requirement that generated expressions sat-
isfy normalization and non-negativity constraints over the distribution’s domain. These
constraints are typically not enforced by symbolic regression techniques.

Our proposed approach attempts to address the first two challenges, while the third is
handled by filtering out non-realizable candidate functions at the end of the SR pipeline.
Our contributions are summarized as follows:

e We first propose a framework to discover the Probability Distribution Function us-
ing a four-step method: additive and multiplicative decomposition, nonparametric
density estimation, symbolic regression to determine the expressions of the marginals
and conditionals, and finally warm-starting an expression search with the marginal
and conditional expressions to obtain the expression of the joint probability density
functions.

e We explore various techniques to decompose the original problem into simpler sub-
problems and provide an empirical study of how the method scales with the number
of covariates.



Chapter 2

Background

2.1 Preliminaries

2.1.1 Symbolic Regression

Symbolic Regression (SR) is a type of regression analysis that aims to discover mathemat-
ical expressions that describe relationships between variables in a dataset while balancing
accuracy and simplicity. Unlike traditional regression methods, which assume a pre-defined
functional form (e.g. linear or polynomial regression), symbolic regression explores a vast
space of potential mathematical expressions to find the most suitable representation of the
target variable in terms of the predictor variables.

More formally, given a dataset D = {(x;,3;)}Y.,, where x; represents a vector of pre-
dictor variables, and y; denotes the corresponding target, the goal of symbolic regression
is to identify a function f such that,

v~ f(x;) Vie{l,2,.,N}

Syntactically valid candidate functions f are typically constructed as expression trees from
binary operators (e.g., addition, multiplication), unary operators (e.g. sine, cosine, loga-
rithm), and predictor variables. These expression trees adhere to a context-free grammar
(CFG): a formal system used to define the syntax of languages. A CFG consists of (i) a
set of non-terminal symbols - abstract variables that denote sub-expression structures (ii)
a set of terminal symbols, the operators or predictor variables, (iii) a set of production



rules that state how each non-terminal can be replaced by a string of terminals and non-
terminals, and (iv) a start symbol that serves as the root or seed for the construction of
the expression tree.

Symbolic regression is classically approached with genetic programming (GP) [30], with
PySR [17] among the state-of-the-art tools. Genetic algorithms allow for flexible search
space exploration with few prior assumptions. The algorithm starts with a random pop-
ulation of expression trees and employ genetic operations such as crossover (swapping
sub-trees between individuals) and mutation (random alterations to parts of an expression
tree) to generate new candidate expressions, with occasional optimization of the constant
parameters appearing in the expressions. Each expression is evaluated using a fitness func-
tion that measures how well it models the target data. Over successive generations, fitter
functions are selected and combined, gradually evolving toward models that capture the
underlying relationships in the data.

Symbolic regression is NP-hard [52] and the number of possible mathematical expres-
sions grows exponentially with the number of allowed operations and predictor variables.

2.1.2 Probability Distributions

Probability distributions describe how probabilities are assigned to different outcomes in a
sample space. In general, they may be either discrete (modeled by a probability mass func-
tion (PMF)) or continuous (modeled by a probability density function (PDF)). Datasets
of samples from some unknown random generative process do not conform to the standard
setting for symbolic regression as the target variable — the probability density or prob-
ability mass — is not included explicitly with each sample. Instead, the target variable
must be estimated using density estimation techniques. The absence of the explicit value
of the target variable makes density estimation especially challenging in high-dimensional
settings.

A continuous probability distribution deals with a random variable X that can take
an infinite number of values within a range. The univariate probability density function
fx(z), satisfies

b
Pla< X <B)= / fx(z)dz
where fy(z) > 0 (non-negativity constraint) and [~ fx(z)dz =1 (unit volume con-

straint) which are also required in the multivariate case. In addition to this, the rela-
tionships between random variables are described using joint, marginal, and conditional
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distributions for multivariate probability density functions. Formally, for a continuous ran-
dom vector X = (X1, Xo, ..., X;,)) the joint PDF is denoted as fx(x). The proabability of
X falling with a region R € R" is,

P(X€eR)= /fo(x)dx

For any subset of the variables Xg = (X;,, Xi,, ..., X;,) where S = {i1,49,...,0} C

sy ey gy € margina 1S obtalne Yy 1ntegrating ou € remalining variables,
1,2 th inal PDF is obtained by int ti t th ini iabl
sz (XS) = . fX(X)dX§
R~k

where x5 are the variables not indexed in the subset S. For disjoint subsets A and B of
variables, the conditional PDF of X 4 given Xp = xp is defined as,

fXAUB<XA7 Xp)

fXB (XB)

fXAle (XA|XB) =

provided that fx,(xp) > 0.

Probabilistic Graphical Models (PGM) & Structure Learning

Probability theory relies on two simple equations known as the sum rule and the prod-
uct rule. Most probabilistic manipulations are the result of repeated application of these
equations [6]. Any probability distribution can be represented as a directed acyclic graph
(DAG) called a probabilistic graphical model (PGM): each node represents a random vari-
able, and the links represent probabilistic relationships (or lack of independence) between
these variables. In typical convention, the sense of the edge is from the conditioning variable
to the dependent variable. General joint distributions may be factorized into a product
of conditionals and marginals using the product rule. For the joint distribution over n
variables, we have,

(1, s Tn) = p(Tn|T1, oy X)) p(w2] 1) p(21)

The PGM representing this distribution is said to be fully connected since there is a link
between every node (or random variable) in the graph. A more general PGM where certain
variables are independent of others is shown in Figure 2.1. Methods that uncover the PGM
from a dataset are known as structure learning.

5
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Figure 2.1: An example of a probabilistic graphical model for the distribution p(z1, ..., x7) =
p(x1)p(z2)p(3)p(za|z1, T2, 23) (25|21, 23)p(26|24)P(27| T4, T5) [0]).

A python toolkit for probabilistic graphical models and structure learning is pgmpy [1].
For structure learning on continuous data, pygmpy uses the PC algorithm: a constraint-
based algorithm that utilizes conditional independence tests to construct the model.

2.1.3 Density Estimation

Density estimation is the process of approximating the probability distribution of a dataset.
Given a set of independent and identically distributed (i.i.d.) samples X7, X5, ..., X,, drawn
from an unknown distribution with probability density function f(z), the goal is to estimate
f(z) using the observed data. In general, this is an ill-posed problem, since there exist
multiple distributions that fit a given dataset of samples. There are two main types of
density estimation methods, parametric density estimation, and non-parametric density
estimation.

Parametric Density Estimation

Parametric density estimation assumes that data follow a specific distribution (e.g. Gaus-
sian, Exponential, or Mixture Models) with unknown parameters. The parameters are es-
timated using methods like Maximum Likelihood Estimation (MLE) or Bayesian Inference.
As the functional form is assumed a priori, parametric density estimation is data-efficient,



requiring fewer samples for accurate estimation than nonparametric density estimation.
However, these approaches may suffer from bias when the underlying distribution is mis-
specified.

Non-parametric Density Estimation

Non-parametric density estimation makes fewer assumptions about the functional form of
the underlying distribution and infers the density directly from the data. Kernel Density
Estimation (KDE) is a widely used nonparametric density estimation technique. Other
techniques may also be considered based on trade-offs between computational efficiency,
smoothness of the density estimate, and robustness to data sparsity (curse of dimension-
ality).

The computational complexity of naive KDE is O(nm) where n is the number of samples
and m is the number of evaluation points. This complexity may be reduced by KDE
variants such as FFTKDE [51] which make use of a binning routine and convolutions
of the kernels using the Fast Fourier Transform (FFT), resulting in an overall runtime
of O(N2¢ + nlogn), where d is the number of dimensions. Additionally, selecting the
appropriate bandwidth hyperparameter can be challenging for high dimensions. Adaptive
KDE can use varying bandwidths for each data point improving local feature detection,
though this increases variance in low-density regions and the number of hyperparameters.

Alternative techniques for non-parametric density estimation include the less sophis-
ticated Histogram density estimation and Nearest Neighbour (k-NN) density estimation.
Tree-based density estimation techniques partition the input space into hyper-rectangles
and can be sparse, mitigating issues with the curse of dimensionality [3], though their
density estimates may not be as smooth as KDE. Projection pursuit density estimation
(PPDE) projects high-dimensional data onto ”interesting” low-dimensional subspaces, po-
tentially bypassing the curse of dimensionality [20]. However, finding optimal projections
may be computationally expensive. Finally, recent advances in deep learning have seen the
development of several novel neural density estimation techniques using auto-regressive
models [50], normalizing flows [19], and generative models such as GANs [33].

2.2 Related Work

In this section, we review notable works relevant to symbolic regression and the less studied
problem of symbolic expression recovery for probability density functions. Several of the



methods discussed here are applicable to the standard symbolic regression problem, with
the exception of MESSY density estimation, which is another work that directly addresses
the problem of recovering symbolic expressions of probability density functions.

2.2.1 PySR

PySR [17] is an open-source Python library for practical symbolic regression. It is built
with a high-performance Julia backend for efficient computation, and its core algorithm
uses a multi-population evolutionary algorithm featuring an evolve-simplify-optimize loop
designed to effectively search for symbolic expressions.

PySR offers several features tailored for scientific equation discovery such as allowing
custom mathematical operators and loss functions for specific domains, handling of noisy
data through denoising pre-processing and data weights, providing adaptive parsimony
metrics to balance accuracy and complexity, permitting the specification of constraints on
the form and size of expressions, as well as providing a scikit-learn-like Python interface.
When evaluated on EmpiricalBench [17], PySR has shown strong performance, sometimes
outperforming deep learning-based symbolic regression methods. It has been successfully
applied in various scientific fields including astrophysics, climate science, materials sci-
ence, economics, and gravitational wave research. This open source tool helps researchers
uncover mathematical laws that govern their data.

PySR represents symbolic expressions as expression trees, and evolves several separate
populations through successive generations to explore the search space. Candidate expres-
sions asynchronously migrate between these isolated population enabling them to share
information while allowing massive parallelization. Like other evolutionary algorithms,
PySR uses mutation and crossover operations. The mutation step may change constants,
add nodes to the expression tree, or delete or simplify or intialize subtrees. Crossover op-
erations involve swapping random subtrees between expressions. PySR by default defines
the complexity of the expression to be the number of nodes in an expression tree, however,
the definition of complexity itself is configurable by the user.

To support the selection of appropriate models, PySR provides a pareto front of the
discovered expressions, scoring each in terms of its predictive accuracy against the dataset
and the expression complexity, offering researchers a set of models that represent trade-offs
between these two criteria.



2.2.2 Symbolic Regression using Control Variables

Symbolic Regression using Control Variables ([27] and [15]) addresses the exponential
growth of the search space with the number of variables by leveraging control variables to
enhance accuracy and scalability. The multi-variable symbolic regression is decomposed
into a set of single-variable SR problems which are subsequently combined.

The general procedure is begins by learning a surrogate model to approximate the
observed data. This surrogate model is used to generate data by holding a subset of the
variables fixed (controlled variables). Univariate symbolic regression is used to determine
the mathematical expression based on the generated data, avoiding expontential blow-up
of the search space. Once an expression for the independent variable is obtained, another
variable is selected as the independent variable and the procedure is repeated to incorporate
the additional variable into the symbolic expression. This is repeated until there are no
control variables left.

These methods directly inspire the technique used in this work. Rather than simply
decomposing the original function into univariate sub-problems, we decompose the problem
of discovering a high-dimensional pdf into its marginals and conditional distribution before
attempting to recombine them and discover the full joint probability density function.

2.2.3 AI Feynman

AT Feynman [19] is another symbolic regression algorithm that integrates neural networks
with physics-inspired techniques to discover closed-form mathematical expressions from
data. AI Feynman systematically decomposes complex equations using symmetry detec-
tion, separability analysis, and modular transformations to exploit hidden structure in the
data while employing brute-force search and polynomial fitting as base case solvers. The
algorithm makes use of feed-forward neural networks to approximate and interpolate the
unknown function and subsequently test for symmetry and separability of the independent
variables. Al Feynman demonstrated superior performance in recovering physics equa-
tions, solving all 100 benchmark problems in the Feynman Symbolic Regression Database,
whereas traditional methods like Eureqa solved only 71.

Building on this foundation, AI Feynman 2.0 [18] introduced several key improve-
ments to enhance robustness and extend its capabilities. The updated version incorporates
Pareto-optimal symbolic regression, which balances equation accuracy against complexity,
discarding overly intricate solutions that do not significantly improve predictive power. Al



Feynman 2.0 also generalizes its modular decomposition approach, moving beyond pre-
defined symmetry types to discover arbitrary modularity in a function’s computational
graph by analyzing neural network gradients. This enables it to recognize more complex
functional dependencies that the original version could not detect.

Additionally, AT Feynman 2.0 integrates normalizing flows, allowing it to perform sym-
bolic regression on probability distributions using only sample data, making it applicable to
density estimation problems. To improve robustness against noise and data inconsistencies,
the algorithm employs statistical hypothesis testing to refine its brute-force search process,
ensuring that only reliable candidate solutions are retained. These advancements make Al
Feynman 2.0 significantly more effective at handling high-dimensional, noisy, or structured
datasets, extending its utility in physics, machine learning, and scientific discovery.

2.2.4 Deep Learning-Based SR

With advances in deep learning, neural sequence models have been applied to the prob-
lem of symbolic regression. Deep Symbolic Regression (DSR) [39] applies reinforcement
learning for symbolic regression, while Neural-Guided Genetic Programming (NGGP) [30]
is a hybrid approach that combines reinforcement learning with genetic programming.
Symbolic Physics Learner (SPL) [16] formulates symbolic regression as Monte Carlo tree
search.

Transformer-based approaches have also shown strong performance in SR tasks. Neural
Symbolic Regression that Scales (NeSymReS) [5] utilizes transformers to identify expres-
sions from input data. SymbolicGPT [51] employs a T-Net to first embed input data, then
uses a GPT model to generate expressions, after which it optimizes the expression con-
stants. End-to-End Symbolic Regression (E2ESR) [28] eliminates the two-stage process by
directly predicting complete symbolic expressions, including constants, using a transformer-
based architecture. Transformer-Based Planning for Symbolic Regression Planning [15]
integrates transformers with Monte Carlo tree search to improve expression discovery.

2.2.5 LaSR

LASR [23] is a novel symbolic regression (SR) method best viewed as an extension to PySR.
It enhances the genetic programming component of symbolic regression by integrating a
learned concept library guided by a large language model (LLM). LASR uses zero-shot
queries to the LLM to discover and evolve abstract concepts occurring in high-performing
candidate expressions allowing the method to leverage empirical patterns and intuitions
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derived from previously observed data. This places the technique closer to the process of
human scientific discovery than traditional SR approaches which typically do not assume
any prior knowledge. LASR consists of three primary innovations:

e Concept-Guided Hypothesis Evolution: LASR applies standard genetic operations
(mutation, crossover, and selection) but interleaves them with LLM-guided transfor-
mations, where new expressions are synthesized based on abstractions recorded as
textual context in a concept library. This guides the LLM to initialize candidate
expressions, recombine them, or mutate them based on context provided via the con-
cept library. A hyperparameter controls how frequently the LLM-based mutation,
and crossover operations substitute the standard genetic operations guiding the can-
didate expressions towards the hypotheses while still permitting local exploration of
the search space.

o LLM-Based Concept Abstraction: The concept library is updated during symbolic re-
gression. The highly scoring candidate expressions are contrasted against the poorly
scoring ones and provided to the LLM in an attempt to glean abstract concepts in
the form of textual context that may inform the search over successive generations
of candidate expressions.

e Concept Evolution Mechanism: The learned concepts are themselves subject to con-
cept evolution to include new ideas that logically follow from existing ones. Concepts
are also refined to more succinct and general forms.

These three steps form an open-ended alternating optimization loop that combines
evolutionary exploration with an LLLM’s domain-specific knowledge and in-context learning
ability. LASR was shown to outperform several competing approaches on the standard
Feynman equation task and was used to discover a novel scaling law for LLMs.

2.2.6 MESSY Estimation

Most of the works surveyed here address the standard symbolic regression problem of
identifying analytical expressions that describe relationships between predictor variables
and target variables. Maximum-Entropy based Stochastic and Symbolic density Estimation
(MESSY) [17] is among the few works that directly tackle symbolic regression of probability
density functions.

The MESSY approach combines several key ideas. It uses a Gradient-based drift-
diffusion process that connects samples to a “guess” symbolic expression for the unknown

11



density function. It leverages the principle of maximum entropy to formulate the guess dis-
tribution, motivated by the Maximum Entropy Distribution (MED) being the least biased
density estimate given a number of moments of an unknown distribution [29]. It introduces
a method to efficiently compute the parameters of the maximum entropy distribution by
solving a linear system of equations, avoiding complex optimization. Finally, it employs
symbolic regression alongside an acceptance/rejection procedure to find optimal and well-
conditioned basis functions for the exponent of the MED. While using the basis functions
only in the exponent ensures that the non-negativity and unit area constraints of a valid
probability distribution are satisfied, this assumption restricts the family of expressions
that can be discovered by this technique.

MESSY supports a multi-level process that improves predictions as the distribution be-
comes more detailed. By successively finding an MED estimate and removing the samples
covered by each estimate, MESSY is able to estimate multi-modal distributions. Addition-
ally, MESSY is able to improve predictions by incorporating known constraints about the
support of boundaries of the unknown distribution. This technique can also be used for
high-dimensional distributions, however, more empirical evidence is needed to determine
the trade-offs between accuracy and cost as the number of dimensions are scaled.

MESSY’s computational cost grows linearly with the number of samples for each set
of selected basis functions and quadratically with the number of basis functions. This
technique outperforms several other existing density estimation techniques for a small to
moderate number of samples by providing a low-bias symbolic description of the unknown
density.
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Chapter 3

Methods

3.1 PDF-SR Workflow

The proposed algorithm is illustrated in Figure 3.1. To discover the underlying probability
density function, we first employ non-parameteric density estimation techniques to obtain
a black-box model of the PDF, followed by symbolic regression to ”whiten” the model and
obtain candidate symbolic expressions for the underlying probability density function.

> Clustering D)
|
v |
b R Structure I
Learning \ o Support \
| Estimation ! Symbolic Regression
———_J
-

Yes

I
N I
I ! I . Marginal & Conditional
| | | ( Decomposition SR \
{

/ N
= )
- - psé';?“ﬂgr?ensny ) : - Ham SRSt >-

T ) T

hyper-parameter selection &

expert guidance
Expert pert g

Figure 3.1: The overall PDF-SR framework.

Symbolic regression for probability density functions can be framed as a sequence of
sub-problems: (i) Support Estimation, (ii) Clustering, (iii) Structure learning, (iv) Non-
parametric density estimation, and (v) Symbolic Regression.
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3.1.1 Support Estimation

Support estimation is a critical preliminary step in the PDF-SR pipeline. The support of
a probability distribution refers to the subset of the input space X C R¢ where the density
function fx(x) is strictly positive.

supp(fx) = {x € R?| fx(x) > 0}

Accurately identifying the support of bounded or constrained distributions is crucial to
improve the performance and interpretability of the symbolic regression stage of PDF-SR.
Relying solely on non-parametric methods for density estimation may overspill the support
of the distribution near hard boundaries. With KDE; this occurs as a consequence of kernel
smoothing, where the influence of sample points may extend beyond the boundary of the
density function, biasing expressions returned by symbolic regression. This may result in
expressions that attempt to fit sharp discontinuities or flat tails that do not provide insight
into the true mathematical structure of the distribution.

Estimating the support allows for the domain of symbolic regression to be restricted
so that it can learn meaningful patterns in the interior of the distribution free from the
influence of spurious artifacts at the boundary. For instances where the true support of
the distribution is in fact unbounded (e.g. for a normal distribution) treating the problem
as having bounded support does not pose an issue since the returned expressions may still
extrapolate beyond the estimated support.

A simple technique to estimate the support is level-set thresholding on the KDE density
estimate f,(x). The approximate support set is defined as,

Sr = {x e RY|f(x) > 7}

where 7 > 0 is a small threshold, chosen heuristically or with user-guidance. This
identifies regions where the estimated density is non-negligible and the approximate support
can be used to restrict the domain for symbolic regression [9].

If the support is known to be convex, the convex hull, i.e. the smallest convex set
containing all samples can be used to estimate the support. The advantage of this technique
over level-set thresholding is a better estimation near sharp discontinuities in the density
function. A small offset from the convex hull may be used to ensure that sharp drop-offs
are excluded from the estimated support. This method suffers when the real distribution
is multi-modal or concave since it will include irrelevant empty regions in the domain. A
significant limitation for this technique is that it does not scale well to higher dimensions.
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More advanced density support estimation techniques include regularized kernel algo-
rithms [12] and support vector machines [10], however, for the examples in this paper we
use only level-set thresholding and convex hull support estimation.

Figure 3.2: Convex hull type support estimates for a simulated dataset. (Left) True
support. (Right) Convex hull estimate [18].

3.1.2 Clustering

When dealing with multi-modal data where the modes are well separated in the domain, it
can be useful to segment the data into unimodal clusters before symbolic regression. This
reduces the expression complexity that would need to be recovered by symbolic regression
on each of the clusters as opposed to that which would need to be discovered by a single
symbolic regression call on the data from all clusters. Individual component distributions
can be combined additively to obtain the symbolic form of the joint distribution. The
clustering technique used must (i) automatically infer the number of clusters from the
data, (ii) make no parametric assumptions on the cluster shape, and (iii) assign each
sample to a cluster (or mark it as noise).

Several variants of model clustering are based on the mean-shift algorithm [21] [12].
Each data point iteratively moves in input space following the gradient of a non-parametric
density estimate (such as KDE), converging onto a nearby density mode. A cluster is de-
fined as the basin of attraction of points that land on the same mode. These techniques
meet the requirements listed above; however, they are sensitive to the selected KDE band-
width.

The algorithm used for examples in this work is DBSCAN [55], a density-based clus-
tering method that identifies clusters as contiguous regions of high point density separated
by regions of low density. DBSCAN is nonparametric and does not require the number
of clusters to be specified in advance. However, care must be taken to ensure that the
detected clusters are well separated in the input space, as modes of the distribution may
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arise from overlapping component distributions and may not be informative as a separate
cluster for symbolic regression.

Figure 3.3: Clustering with DBSCAN. Each point marked with a triangle represents a
core-point from a mixture of 2D Gaussians. The shaded area its e-neighborhood (€ is a
hyperparameter, also called the bandwidth). A core point is a sample point that has at
least minPts (another hyperparameter) sample points in its e-neighbourhood. [25].

3.1.3 Structure Learning

If the structure of the PGM can be learned and we detect independent subsets of the vari-
ables, the problem can be decomposed into several smaller subproblems and subsequently
combined with the product rule in accordance with the definition of independence.

For example, consider a 4-dimensional joint distribution p(z1, za, x3, z4), if two subsets
of the variables are independent (e.g. {z1,23} and {z5,x4}) are independent, then the
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joint distribution may be factorized as,

P($1,$2,$3, 3?4) = p($1,$4)p(933, 352)

We see that the original 4-dimensional density estimation problem has been reduced to the
product of the density estimates of two 2-dimensional sub-problems, making computation
significantly more efficient. Consequently, identifying connected components in the PGM
can significantly reduce the computational requirements for discovering high dimensional

probability density functions.

Figure 3.4: A PGM of the 4 dimensional Gaussian obtained using pgmpy.

Discovering a PGM is an NP-hard combinatorial problem [13]. Traditional score-based
and constraint-based methods for this task leverage approximate search and additional
structural assumptions to make the problem tractable in higher-dimensional settings [37].
More recent advances reformulate the task as a continuous optimization problem [59], per-
mitting the use of mature continuous optimization solvers, and also leverage deep learning
and generative models to learn the underlying DAG [55].

3.1.4 Nonparametric Density Estimation
Nonparametric density estimation produces a black-box model of the unknown distribution

and casts the problem into standard form for symbolic regression, since we have a target
variable (the density) for each sample. The accuracy of the estimate is crucial; noisy
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estimates may bias the resulting symbolic expressions to be overly complex as it attempts
to fit spurious artifacts in the black-box model.

With Kernel Density Estimation (KDE), each data point contributes a localized ” bump”
— a kernel function centered at that point — and the overall estimate is obtained by sum-
ming these contributions as illustrated in Figure 3.5. The Kernel Function K : R? — R
quantifies the influence of a data point at a given location. One of the most commonly
used kernels is the Gaussian kernel

2
— 2
ey = Pl
J exp(=|lz|*/2)dx
and with the definition of the Kernel function, the Kernel Density Estimation of a set of

independent, identically distributed random samples { X;}?; from an unknown distribution
D with density function f, is given by

R R - X;
)= o ()
=1

where h is the smoothing bandwidth, a hyperparameter that determines the smoothness
of the estimated distribution.
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Figure 3.5: Kernel Density Estimation in 1D[11]

The KDE density estimate can be used to inform support estimation via level-set thresh-
olding. Once the density boundary is estimated, the reflection trick augments samples by
reflecting them across the boundary to improve the KDE density estimate by reducing bias

at the boundary as illustrated in Figure 3.6.

Original KDE and Reflections Reflection-corrected KDE (Truncated + Normalized)
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Figure 3.6: Kernel Density reflection trick on a uniform distribution. The KDE estimate
is reflected across boundaries, summed together, truncated, and finally normalized.
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3.1.5 Symbolic Regression

Since symbolic regression is NP-hard [52], exploiting problem structure can reduce the
search space and be crucial to solving the problem. The structure of a joint distribution
can be decomposed into a product of marginals and conditionals and may allow high-
dimensional density estimation tasks to be decomposed into simpler univariate symbolic
regression problems.

Marginals and Conditional SR

Let fx, x,...x,(%1, %2, ...,x4) denote the joint distribution of d-continuous variables. From
the product rule in probability, we know this distribution can be factorized as,

d
fX17X2,---7Xd(‘T17 L2y ey xd) = le (‘Tl) H in‘Xlzi—l(xi|x17 ey xi—l)
=2

The marginals are univariate functions and the conditionals can be considered uni-
variate if the conditioning variables are fixed. By considering several conditional ”slices”
in each dimension, we may obtain useful information about the expression describing the
conditional distribution across the domain. Each slice informs the overall structure of the
target distribution similarly to symbolic regression using control variables [15].

Warm-Start Joint SR

The per-slice conditional distribution symbolic expressions are multiplied with the marginal
distributions in the remaining variables to produce a candidate expression to warm-start
the joint expression search. This is akin to an independence assumption in the remaining
variables,
le,XQ,...,Xd(ﬂﬂl, Ly wnny 3€d) = gXi\Xs (%’955) Hflxj (l’g)
j€S

where f is the candidate expression, and § are univariate expressions of the marginals
and conditionals ¢ indexes the variable over which the conditional expression is defined,
and S refers to the set of remaining variables over which the marginal expressions are
defined. During the symbolic regression search for the joint distribution, the crossover
and mutation operations recombine marginals and various conditional expressions from
different slices and across different independent variables in an attempt to reconstruct the
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joint distribution. This warm-start biases the search towards expressions consistent with
the marginals and conditionals obtained in the previous stage.
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Chapter 4

Results

We evaluate PDF-SR to demonstrate its merits and weaknesses on various examples. For
the examples that follow, PDF-SR fits symbolic expressions to nonnormalized probability
density estimates, always scaled to have a peak density value of 10. This permits consistent
comparison across examples, regardless of the underlying distribution’s scale or complexity.
It also facilitates optimization of the symbolic regression objective by avoiding very small
or large numerical targets, which can introduce instability in the search and evaluation of
symbolic expressions.

Suggested default settings from the PySR package were used for the PDF-SR pipeline,
and the number of iterations were selected to allow the method a reasonable amount of
time to converge on the solution (an 18 hour time budget on 2nd and 3rd generation AMD
EPYC CPU cores).

4.1 Additive and Multiplicative Decomposition

Clustering (section 3.1.2) and structure learning section 3.1.3) are two techniques to de-
compose the problem into simpler sub-problems. Clustering assumes that the problem can
be decomposed additively thereby reducing the complexity of the expressions during the
expression search, while structure learning assumes that the problem can be decomposed
multiplicatively, reducing both the complexity of expressions as well as the dimensionality
of the component distributions during symbolic regression.

As a toy problem for clustering with random vectors X € R? we consider a mixture of
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two 2D normal distributions,

() = SN |, 3) + N x| oz, )

_[-40 (40 s_(1 08
M=\ 40 ) 2= \_40)" ~\os 1

This joint distribution may be clustered into two component 2D normal distributions

as shown in Figure 4.1. The ground truth expressions for each component distribution are
listed in Table 4.1.

Table 4.1: Ground truth expressions for the two component 2D Gaussians

Cluster | Ground Truth Expression
Cluster 1 | f(zq,22) = % exp (—% (%x% + %x% — %Oxle + 402 — 4029 + 160))

Cluster 2 | f(zq,x2) = % exp (—% (%x% + %x% — %Oxlarg — 40x1 + 40z + 160))

DBSCAN Clustering

Cluster ID
o Cluster1
o  Cluster 2

x2
[=]
I

Figure 4.1: Clustering samples from the mixture of two 2D Gaussians (additive composi-
tion).
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Alternatively, we demonstrate structure learning by considering independent random
vectors X1, Xy € R2, and their concatenation X € R*. The joint distribution is given by,

fx(x) = N (x| a1, B) - N(x2 | pa, )

This is a 4D normal distribution with two connected components in its probabilistic graph-
ical model as shown in Figure 4.2. For economy, the parameters of the component dis-
tributions in both the mixture model and PGM are the same so that the results can be
consolidated for both toy problems.

Figure 4.2: A PGM of the 4 dimensional Gaussian obtained using pgmpy (multiplicative
composition).
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Heat map of cluster 1
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Figure 4.3: The KDE density estimate as a heat map (left). The 3D plot of the same KDE
density estimate (right).

The KDE density estimate of cluster 1 is shown in Figure 4.3. The pareto front of
expressions for cluster 1 recovered by PDF-SR are shown in Figure 4.4 and Table 4.5.
Results for cluster 2 are similar to cluster 1 and are not shown since the functional form
of cluster 2 is identical to cluster 1 except for the mean.

25



Pareto Frontier: Expression Complexity vs Loss

o--
------ 0.94(4.6 — X3}y —3.3)
b e 0.03 + e(x,+27](!q+5.6]
\ 0.84e +0.039
‘\
0.14 v
Ay
\
\
A}
AY
A}
\
\
0.12 v
Ay
\
A}
\Y
\
\
A}
Ay
0.10 v
\
A
\Y
\
\\
2 \
A
Soos \
A}
Ay
\
A
\\

16— 0.48x; — 2.4,

0.06 xpelt 80 A8 - 2 Q\ (X1 + 1.2)e054 = X046, = 21)
—3100.0e*~*: — 0.00013e2%% | .
Y —77000.0e* ~21%: _72.10 5201
\ (X1 — Xy + 5.4)@!0 626~ 3110395 — x.+ 28)
\
\ —11000.0e*1~ 1-%: — 0.00014e~2 1%
0.04 \\‘
\ 10— x:10.47x; — 2.0
Xge! 078 = x:)(0.493, ~ 22) v (1 + 1.2)gf1-0~XaH0.47% - 2.0)
3 10-—5p-20% _ 1500
ST = T T \ 0.56(—0.36) 5.0 10 e 20 - 100 __
0.02 \
A}
> ___
00080 -G = ®-a . —_a
20 25 30 35 40 45 50
Complexity

Figure 4.4: Pareto frontier associated with cluster 1 (simplified expressions shown). Ex-
pression that simplify to constants are not shown.
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Table 4.2: Expressions simplified with sympy alongside their raw complexity score from
PySR. Expressions that simplify to constants are not shown.

Raw Complexity | Simplified Expression
o—(23—4.6)(z3—3.3)

21 0.84e(*1+2.7)(*1+5.6) 1 0.039
(0036(1274.6)(1273.3)_’_1 e—(z2—4.6)(x3—3.3)
23 0.84e(®1+2.7)(x1+5.6) 4 9.039
—0.94(z3 —4.6) (x5 —3.3)
e
25 0.03 + 0.84e(®1+2.7)(#1+5.6) 1.0.039
29 zleQ.Oml—(0.483:2—2.4)(312—1.6)
~ 3100.0e3-9%1-2240.00013
a1 1162 2x1 —(0.4925 —2.2) (x5 —0. 78)
170000.0e3-2%1—2.222 4 4 9
33 (—z1—1.2)e% Ox1—(0.4625 —2. 1)(;2 0.94)
77000.0e3-071—2.1x3 4 7.9.10—
34 <7Z171'2>62.O.r1—(0.46.12—2.1)(.7:2—0.94)
77000.0e3-0%1-2-173 4 7.2.10=5
35 (—xl—12)92‘0*1’(0'4712’2"))(12*1'1)
73000.0e3-01—-2.1x2 15 1.10—5
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77000.0e3-071—2-122 1. 7.2.10—5
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A plot of the recovered density and the residual error between the densities predicted
by the recovered symbolic expression and the ground truth are shown in Figure 4.5. We
observe the residuals to be fairly low though still significantly higher than machine preci-
sion.

Residual
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Figure 4.5: A heat map of the residual error between the estimated symbolic density
(predicted by the expression at complexity 46) and the ground truth density (left). The
maximum residual error is 0.06. A 3D plot of the recovered probability density function
(right).

Auwsuad

The results appear as a product of exponentials. This is a consequence of warm-starting
the search with a product of marginals and conditionals, which are themselves normal
distributions. Inspecting the simpler expressions, we observe that the results suggest a
gaussian bump with means in the vicinity of the true mean for cluster 1 i.e. [—4,4].
Expressions with the lowest loss (e.g. at complexities 46 and 48) capture interaction terms
between x; and x5 suggesting non-zero covariance. Symbolic regression may not recover the
exact parameters of the distribution due to noise introduced by the non-parameteric density
estimate, yet it nevertheless offers insight into the functional form of the distribution. These
insights can subsequently be used to identify an acceptable model class so that data efficient
parametric density estimation techniques can be employed to recover the parameters that
best fit the data.

With similar results for cluster 2, the expressions for both clusters 1 and 2 can then be
combined additively or multiplicatively to recover the original denisty function according to
whether clustering or structure learning had been initially used to decompose the problem.
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Hyper-parameters used to obtain these results are listed in Table A.1. The hyper-
parameters for DBSCAN clustering and pygmpy structure learning were chosen based on
visual inspection and data exploration.

4.2 Scaling Dimensionality

We attempt to characterize the performance of the technique as the number of covariates
increases. We test PDF-SR on multivariate normal distributions with zero mean, unit
variance, and covariances of 0.8 in dimensions two to six. The mean square loss (MSE)
does not serve as a good metric for evaluating PDF-SR due to the unit volume constraint
for valid probability density functions as the number of dimensions increases. The unit
volume constraint pulls down the value of the density everywhere due to the exponential
increase of the volume of the space. This results in a very low MSE loss in high dimensions,
since some small constant € is able to achieve low loss with respect to the density estimated
on the support of the distribution.

To avoid this issue, we calculate the Spearman (rank) correlation between the true
density and estimated density on a test set of samples not seen during the expression
search. The Spearman correlation varies between -1 and 1 (higher is better), measuring
the monotonicity of the relationship between the true density and the estimated density,
and enables a fair evaluation of PDF-SR as dimensionality increases. Since the expressions
returned by PDF-SR may evaluate as negative over a sample point, we take the maximum
between the density predicted by the expression or 0 before calculating the score. This is
done for each expression returned by PDF-SR, and the maximum Spearman correlation
over all the expressions is taken as the final score.

For all experiments, we use the true density values as a target for PDF-SR rather than
a KDE estimate. In the first set of experiments we restrict the set of operators to a limited
set containing the operators necessary to recover the ground truth expression. We compute
the Spearman correlation coefficient for dimensions 2 to 6, and repeat the experiment for
PDF-SR run for 20 iterations, 200 iterations, and 2000 iterations. The results are shown in
Figure 4.6. Box plots of the raw expression complexities are shown in Figure 4.7. A second
set of experiments was repeated where we allow for all standard operators supported by
PySR in addition to a few custom operator definitions to assess how PDF-SR performs
with few prior assumptions. The results are shown in Figure 4.8. Box plots of the raw
expression complexities are shown in Figure 4.9.
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Figure 4.6: The Spearman correlation coefficient for PDF-SR with the restricted set of
operators as the number of dimensions increases from 2 to 6 at 20 iterations (left), 200
iterations (center), and 2000 iterations (right).
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Figure 4.7: Box plots of the raw complexity scores of expressions returned by PDF-SR
with the restricted set of operators for dimensions 2 (lowest row) to 6 (highest row) after
20 iterations (left column), 200 iterations (center column), and 2000 iterations (right).

Figure 4.6 does not appear to provide evidence in favor of warm-starting the joint
expression search. While the warm started joint expression search consistently won out
in 6 dimensions, it is only by a small margin, and sometimes under-performs at lower
dimensions.

The box plots in Figure 4.7 seem to show that a larger range of complexity corresponds
to worse Spearman correlation coefficients in Figure 4.6. When comparing warm start
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expression searches to expression search without the warm start, a squashed box plot with
lower average complexity often predicts better Spearman correlation. The stretched box
plots with larger average complexity scores are indicative of over-fitting and predict poor

performance on the test set.
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Figure 4.8: The Spearman correlation coefficient for PDF-SR with the extended set of
operators as the number of dimensions increases from 2 to 6 at 20 iterations (left), 200

iterations (center), and 2000 iterations (right).
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Figure 4.9: Box plots of the raw complexity scores of expressions returned by PDF-SR
with the extended set of operators for dimensions 2 (lowest row) to 6 (highest row) after
20 iterations (left column), 200 iterations (center column), and 2000 iterations (right).

Figure 4.8 also does not provide evidence in favor of warm starts when PDF-SR is
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used with an extended set of operators. The observation made concerning how the box
plots in Figure 4.9 relate to the Spearman correlation appear here as well. Although the
results do not justify the use of warm starts quantitatively, there may be some qualitative
benefit since it biases the search towards certain families of expressions over others. This
is particularly useful for probability density functions with a compact support which may
not have unique symbolic descriptions.

The results are sensitive to the choice of PDF-SR’s hyperparameters and extensive
empirical study is necessary to determine the regime where warm starts are useful. For
instance, in the case of independence between all covariates, warm starting the joint ex-
pression search immediately recovers the correct expression provided that all marginals
and conditionals are recovered exactly. The hyperparameters used in these experiments

are listed in Tables A.2 and A.3.

4.3 Muon Decay

The data for the following example describe a process in particle physics and is an example
of a scenario where tools such as PDF-SR may be useful for scientific advancement. The
dataset describes muon decay, where a muon decays into an electron-antineutrino and a
muon-neutrino. The dataset features, m?; and m3;, are combinations of the momentum
and energy of the outgoing particles. The ground truth expression is of the form,

(m%3 - mi)(m%:’) - mﬁ)
(ms + m3s — mg — mj, + miy)?

Normalization x

This expression is a rational function with a quadratic in m32, as the numerator and a
quadratic in both m?; and m3; in the denominator. For consistency with other examples,
the variables m?; and m3; will hereafter be referred to as x; and x,. Since the range of
values of the raw variables is quite large, we apply min-max scaling to normalize the range
of the variables to [0,1]. This has the benefit of preserving the overall functional form
of the distribution, albeit with a new parameterization and additional polynomial terms
of the same order or lower. Figure 4.10 shows the distribution after min-max scaling is
applied.
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Heat map of Probability Density Function of x1 and x2
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Figure 4.10: KDE estimate (left) and 3D plot associated with the Muon decay process
(probability density function).

X2

Since the expression does not describe the distribution over the entire input space, we
first estimate the support of the distribution. Figure 4.11, shows the support estimated via
the convex hull of the samples, with a small offset applied to trim any boundary artifacts
resulting from the KDE estimate.
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Figure 4.11: Convex hull estimate of the support of the probability density function.

Figure 4.12 and Table 4.3 display the expressions recovered by PDF-SR. We see that
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the expressions achieve very low loss, though the original rational function is not recovered

support arbitrarily well.

This result illustrates the non-uniqueness of symbolic density estimation as several expres-
sive families of expressions exist which are able to approximate functions over a compact

Pareto Frontier: Expression Complexity vs Loss
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Figure 4.12: (Pareto frontier associated with the Muon decay process (simplified expres-
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Table 4.3: New expressions simplified with sympy alongside their raw complexity score
from PySR.

Raw Complexity | Simplified Expression
1 35
2 3.7
6 —x1 —x2 +5.0
8 (w2 — 3.7) (€2 — 2.8)
10 2.1 (z1 — 3.3) (23 — 0.76)
281
12 —S0 — 14.0zp + 140
78
Neli
17 — 228 14.0a9 + 0.06 log (1) + 14.0
T2
18 (3.721 — 15.0@2) (z2 + 0.015e3%1 — 0.95)
Z2
20 (3521 — 16.0x2 + 0.18) (w2 + 0.016 €31 — 0.95)
T2
2.7x1 7.6 (—0.48 z2 log (z2) + x2 + 0.32)2
21 —— — 7529 + 5
T2 (x2 + 0.32)
3.1z 0.96 log (z2)\ 2
23 —— 4.2 4.5 (1 - =22
22 +0.039 22 + 45 0.8+ 35 )
2
4.2 13.0 (—x2 1 +0.41 33 4 0.18
24 7% — 1929 + ( Z2 Og(xQ) 2552 )
(2 +0.37) (w2 +0.45)
o5 422, 5, 130 (=22 log (z2) + 0.36 22 + 0.14)”
—_——— - x
(z2 +0.37)° § (2 +04)°
o6 422, L3 o 130 (=22 log (z2) + 0.36 x5 + 0.14)7
——— — lbz
(z2 +0.37)° § (w2 +0.4)°
12 : 0.97 1 2
27 - — ~ 162§ + 17(1- %)
(z2 +0.37)" —8.9 x 10~5 0.35+ ==
2
4.2 3 14.0 (—x2 log (x2) + 0.34z2 + 0.13
28 24 (e —013)% 4 (=2 log (z2) 2 )
(z2 4 0.37) (x2 +0.38)
30 421 L8ad 4 M0 (—z122 log (z2) + 0.4z122 + 0.1421 + 0.0013)°
- — 18z
(z2 +0.36)* ° (z122 + 0.36 21 + 0.0033)°
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Finally, Figure 4.13 displays the residual error between the recovered density and the
kernel density estimate from the samples. We see that recovered expression provides an
excellent fit to the data within the estimated support.

Residual
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Figure 4.13: A heat map of the residual error between the estimated symbolic density
(predicted by the expression at complexity 27) and the kernel density estimate. The
estimated support is enclosed in the red curve (left).A 3D plot of the recovered probability
density function (right).

X2

4.4 Rastrigin Toy PDF

We use a variant of the Rastrigin function as a toy probability density function. The Rastri-
gin function is a non-convex, multimodal function commonly used for testing optimization
algorithms but not typically studied in the context of probability density functions.

To adapt the Rastrigin function into a pseudo-probability density, we constrain its
support, normalize it, and apply a bias to ensure non-negativity over the support to satisfy
the requirements of a valid probability distribution. The ground truth expression is given
in Table 4.4 and consists of quadratic terms, and cosine terms in both variables.

36



Table 4.4: Variant of Rastrigin function used as a probability density function

Ground Truth Expression

f(@1,22) = =55 (10 4+ 102% + 1023 — 5 cos(3mzy — 6.1) — 5 cos(3mas — 6.1))

The KDE density estimate of the Rastrigin variant is shown in 4.14. We observe
the characteristic bowl shape due to the quadratic terms and peaks and valleys due to
the sinusoidal terms. The pareto front of expressions recovered by PDF-SR are shown in
Figure 4.15 and Table 4.16. Note that the recovered expressions describe the nonnormalized
density, and consequently the parameters do not match the ground truth exactly although
the function form is recovered perfectly.
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Figure 4.14: The KDE density estimate as a heat map (left). The 3D plot of the same
KDE density estimate (right).
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Table 4.5: Expressions simplified with sympy alongside their raw complexity score from
PySR. Expressions that simplify to constants are not shown.

Raw Complexity | Simplified Expression
4 z7+3.0
6 1.30% +2.6
7 z? + 23 +1.9
9 1.327 + 1.322 + 1.2
10 1.322 + 1323 + 1.2
11 1.323 + 1.3 (1 + 0.0042)7 + 1.2
12 1.8z% 4 1.3z3 + 1.3 cos (z1)
13 1.5¢% + 1.5a3 + 1.5sin” (4.731)
15 1.32% + 1.3z3 — 0.5cos (9.4z1) + 1.2
16 1.3z + 1.3z5 — 0.5cos (9.4x1) + 1.2
17 1.3z% + 1.3z3 + sin? (4.7z1 — 6.2) + 0.73
18 1.3z% + 1.3z3 + sin® (4.7z1 — 6.2) + 0.74
19 1.329 + 1.3w5 + 1.3sin? (4.7z1) + 1.3sin? (4.7z2)
20 1.3z% 4 1.3z3 + 1.3sin? (4.7z1) + 1.3sin? (4.7z2)
21 1.3z% + 1.3w35 — 0.5 cos (9.4z1) — 0.5 cos (9.4z2) + 1.3
22 1.327 + 1.3z3 — 0.5 cos (9.4z1) — 0.5 cos (9.4z2) + 1.3
23 1.32% + 1.323 + sin? (4.7z1) + sin? (4.7z2 — 3.0) + 0.27
24 1.32% + 1.3w5 + sin? (4.7z1) + sin? (4.7z2 + 3.2) + 0.27
25 1.3¢7 + 1.323 + sin? (4.721 + 3.2) + sin? (4.7w2 + 0.1) + 0.27
26 1.3z% 4 1.3z3 + sin? (4.7z1 + 0.083) + sin? (4.7z2 + 3.2) + 0.27
27 1.322 4 1.3 (2 + 0.0019)? + sin? (4.7 + 3.2) 4 sin? (4.7z2 + 0.1) + 0.27
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The density predicted by the recovered symbolic expression exhibits a low residual error
after rescaling the prediction. Moreover, the correct functional form of the probability
density function is clearly identified in expressions of complexity 19 and higher. The
hyper-parameters used in PDF-SR for this example are listed in Table A.5.
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Figure 4.16: A heat map of the residual error between the estimated symbolic density
(predicted by the expression at complexity 26) and the ground truth density (left). The
peak residual error is 0.004. A 3D plot of the recovered probability density function (right).

4.5 Conclusion

The results presented demonstrate the viability of symbolic regression as a method for
recovering interpretable expressions of probability density functions from samples drawn
from the distributions. The proposed PDF-SR workflow incorporates clustering, struc-
ture learning, non-parametric density estimation, in addition to an attempt to reduce the
complexity of the symbolic regression task via warm-starting the expression search with
informative marginal and conditional expressions. Empirical evaluations on synthetic and
real-world datasets, including the muon decay distribution, indicate that the method is
capable of capturing structural features of the true density. It should be noted, however,
that certain distributions may not have unique descriptions or may not even have analytic
descriptions.
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The decomposition of high-dimensional density estimation problems into tractable sub-
problems may provide qualitative benefits by biasing the search towards certain families
of expressions, though preliminary results suggest that this offers little utility in scaling
the technique to high dimensions. Additional empirical study is required to evaluate the
robustness of the technique in higher-dimensional regimes.

The pipeline also provides qualitative insight into the trade-offs between complexity
and fidelity, as shown by the pareto frontiers of symbolic expressions. These insights can
be valuable in scientific domains where model interpretability is paramount. Future work
may extend this framework by incorporating domain-specific priors more directly into the
symbolic search process, refining the use of large language models for expression generation,
and improving support estimation in high-dimensional settings. The loss function used for
all PDF-SR examples presented in this paper was the mean squared error loss. Further
improvement may be gained by using a custom loss function to enforce non-negativity and
unit volume constraints.

Finally, hyper-parameter selection for PDF-SR is significant challenge, in particular
due to the large number of hyperparameters that govern PDF-SR’s behavior. For the
various examples here, the hyper-parameters were chosen based on human judgment, data
exploration, and recommended defaults. It is possible to incorporate cross-validation and
other standard methods for hyperparameter selection, though further empirical study is
necessary to determine which hyperparameters are important and which aren’t in various
problem settings.

An interesting extension to this work would be to consider probability density func-
tions that are defined on manifolds within the input space rather than directly over the
input space. Discovering symbolic expressions (if they exist) in such cases would require
determining the data manifold and obtaining a symbolic expression for the manifold, for
example a sphere in R3; determining an appropriate coordinate transform, such as Carte-
sian to spherical for the example of a sphere; and finally using symbolic regression on the
transformed data.

Although the symbolic expressions recovered do not always precisely match the ground
truth due to limitations introduced by nonparametric estimation and the non-uniqueness of
symbolic representations, they nevertheless provide useful approximations that can guide
further model selection and parametric fitting. PDF-SR and similar techniques may offer
interpretable insights into otherwise inscrutable data-generating processes.
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A.1 Mixture of two 2D Normal Distributions

Table A.1: Hyper-parameters for symbolic regression on each cluster

Hyper-parameter

‘ Value

‘ Notes

DBSCAN Clustering

eps

b}

Maximum Neighborhood radius.

min samples

10

Neighborhood minimum size.

pgmpy Structure Learning

CI test Pearson correlation \ Conditional independence test.
Kernel Density Estimation

bandwidth 0.356 KDE bandwidth selected using

scotts factor.
PySR

binary operators [+, -, *, /, pow_int] | pow_int raises a base to an integer
exponent.

unary operators [exp, log] Allowed unary operators.

maxsize 50 Maximum size of an expression tree.

ncycles per iteration 380 Cycles per iteration of the genetic
algorithm.

niterations for marginal sr 4000 Iterations for marginal SR.

niterations for conditional sr 4000 Iterations for conditional SR.

niterations for joint sr 8000 Iterations for joint SR.

num populations for marginal sr 15 Number of populations for marginal
SR.

num populations for conditional sr | 15 Number of populations for condi-
tional SR.

num populations for joint sr 15 Number of populations for joint SR.

population size for marginal sr 30 Number of expressions per popula-
tion in marginal SR.

population size for conditional sr | 30 Number of expressions per popula-
tion in conditional SR.

population size for joint sr 30 Number of expressions per popula-
tion in joint SR

elementwise loss MSE Loss function used for SR.
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A.2 Dimensionality Scaling Experiments

Table A.2: Hyper-parameters for the dimensionality study with restricted operators

Hyper-parameter

‘ Value

‘ Notes

Kernel Density Estimation

None ‘ — True density values used
PySR
binary operators [+, -, *, /] Allowed binary operators.
unary operators [pow2, pow3, exp, | Allowed unary operators.
log]

maxsize 100 Maximum size of an expression tree.

ncycles per iteration 100 Cycles per iteration of the genetic
algorithm.

niterations for marginal sr 2000 Iterations for marginal SR.

niterations for conditional sr 2000 Iterations for conditional SR.

niterations for joint sr [20, 200, 2000] Iterations for joint SR.

num populations for marginal sr 15 Number of populations for marginal
SR.

num populations for conditional sr | 15 Number of populations for condi-
tional SR.

num populations for joint sr 15 Number of populations for joint SR.

population size for marginal sr 30 Number of expressions per popula-
tion in marginal SR.

population size for conditional sr | 30 Number of expressions per popula-
tion in conditional SR.

population size for joint sr 30 Number of expressions per popula-
tion in joint SR

elementwise loss MSE Loss function used for SR.
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Table A.3: Hyper-parameters for the dimensionality study with extended operators

Hyper-parameter

‘ Value

‘ Notes

Kernel Density Estimation

None ‘ — ‘ True density values used
PySR
binary operators [+, - % /, 7] Allowed binary operators.
unary operators [exp, log, pow2, | Allowed unary operators.
pow3, pow4, powb,
sin, cos, sqrt, abs,
inv, asin, acos,
atan, tan, acosh]
maxsize 100 Maximum size of an expression tree.
ncycles per iteration 100 Cycles per iteration of the genetic
algorithm.
niterations for marginal sr 2000 Iterations for marginal SR.
niterations for conditional sr 2000 Iterations for conditional SR.
niterations for joint sr [20, 200, 2000] Iterations for joint SR.
num populations for marginal sr 15 Number of populations for marginal
SR.
num populations for conditional sr | 15 Number of populations for condi-
tional SR.
num populations for joint sr 15 Number of populations for joint SR.
population size for marginal sr 30 Number of expressions per popula-
tion in marginal SR.
population size for conditional sr | 30 Number of expressions per popula-
tion in conditional SR.
population size for joint sr 30 Number of expressions per popula-
tion in joint SR
elementwise loss MSE Loss function used for SR.
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A.3 Rastrigin Toy PDF

Table A.4: Hyper-parameters for symbolic regression on the Rastrigin PDF

Hyper-parameter ‘ Value ‘ Notes
Kernel Density Estimation
bandwidth ‘ 0.12 ‘ Selected by visual inspection.
PySR
binary operators [+, -, *, /] Allowed binary operators.
unary operators [pow2, cos, sin, | Allowed unary operators.
exp, log]

maxsize 50 Maximum size of an expression tree.

ncycles per iteration 380 Cycles per iteration of the genetic
algorithm.

niterations for marginal sr 4000 Iterations for marginal SR.

niterations for conditional sr 4000 Iterations for conditional SR.

niterations for joint sr 8000 Iterations for joint SR.

num populations for marginal sr 15 Number of populations for marginal
SR.

num populations for conditional sr | 15 Number of populations for condi-
tional SR.

num populations for joint sr 15 Number of populations for joint SR.

population size for marginal sr 30 Number of expressions per popula-
tion in marginal SR.

population size for conditional sr | 30 Number of expressions per popula-
tion in conditional SR.

population size for joint sr 30 Number of expressions per popula-
tion in joint SR

elementwise loss MSE Loss function used for SR.
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A.4 Muon Decay

Table A.5: Hyper-parameters for symbolic regression on the Muon Decay PDF

Hyper-parameter ‘ Value ‘ Notes
Kernel Density Estimation
bandwidth ‘ 0.3 ‘ Selected by visual inspection.
PySR
binary operators [+, -, *, /] Allowed binary operators.
unary operators [pow2, pow3, exp, | Allowed unary operators.
log]

maxsize 30 Maximum size of an expression tree.

ncycles per iteration 380 Cycles per iteration of the genetic
algorithm.

niterations for marginal sr 4000 Iterations for marginal SR.

niterations for conditional sr 4000 Iterations for conditional SR.

niterations for joint sr 8000 Iterations for joint SR.

num populations for marginal sr 15 Number of populations for marginal
SR.

num populations for conditional sr | 15 Number of populations for condi-
tional SR.

num populations for joint sr 15 Number of populations for joint SR.

population size for marginal sr 30 Number of expressions per popula-
tion in marginal SR.

population size for conditional sr | 30 Number of expressions per popula-
tion in conditional SR.

population size for joint sr 30 Number of expressions per popula-
tion in joint SR

elementwise loss MSE Loss function used for SR.
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