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Abstract

This thesis investigates the use of large language models (LLMs) for solving mathemat-
ical and optimization problems expressed in natural language, with a particular focus on
applications in urban planning. While recent reasoning methods such as Chain-of-Thought
(CoT), Tree-of-Thought (ToT), and Program-of-Thought (PoT) have improved multi-step
reasoning, these approaches remain limited in their ability to enforce constraints, ensure
solution validity, and handle structured optimization tasks.

To address these challenges, this work proposes a unified reasoning framework that in-
tegrates structured reasoning, execution-based computation, and verification mechanisms.
The framework combines multiple reasoning strategies, including CoT and PoT, with ex-
ternal validation through a verifier-in-the-loop design, where constraint satisfaction and
solution consistency are explicitly checked. In addition, a reasoning vector engineering
approach is introduced to analyze and influence internal model representations, enabling
improved control over the reasoning process.

The proposed methods are evaluated on two benchmark datasets, NLAOPT and Live-
MathBench, which include optimization and mathematical reasoning problems in natural
language form. Furthermore, the framework is applied to a real-world case study of high
school site selection in the Waterloo Region, formulated as a constrained spatial optimiza-
tion problem based on planning criteria such as accessibility, zoning, and land availability.

The results demonstrate that combining structured reasoning with verification signifi-
cantly improves the reliability and feasibility of solutions compared to baseline methods.
The proposed approach provides a practical pathway for bridging natural language under-
standing and formal optimization, enabling the use of LLMs in complex decision-making
tasks.
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Chapter 1

Introduction

1.1 Motivation and Chapter Overview

Urban planning is a complex decision-making process that requires balancing economic,
social, and environmental objectives under multiple constraints. Many real-world planning
problems, such as facility location, land-use allocation, and infrastructure development, can
be formulated as optimization problems [3]. However, these problems are rarely presented
in a formal mathematical structure[!]. Instead, they are typically expressed in natural
language through policy documents, regulations, and stakeholder requirements. This gap
between natural language descriptions and formal optimization models presents a signifi-
cant challenge. While optimization techniques require structured inputs such as variables,
constraints, and objective functions, planners must manually translate textual information
into mathematical formulations. This process is time-consuming, error-prone, and difficult
to scale.

Recent advances in Large Language Models (LLMs) offer a promising direction to bridge
this gap. LLMs have demonstrated strong capabilities in understanding and generating
human language, as well as performing reasoning tasks. However, despite these capabilities,
their application to optimization and mathematical problem solving remains problematic
due to issues such as weak constraint handling, hallucination, and lack of verification.

This thesis is motivated by the need to develop a framework that enables LLMs to
transform natural language problems into reliable optimization solutions. In particular,
this work investigates how structured reasoning, external verification, and internal rep-
resentation steering can improve the performance of LLMs in optimization and decision-
making tasks, with a specific application to urban planning. In the rest of this chapter, we



introduce the fundamental context of the thesis. It begins by reviewing the development
of LLMs and their reasoning capabilities, followed by a discussion of challenges in urban
planning and the role of LLMs in decision-making processes. The chapter then examines
the limitations of current LLM-based approaches for optimization and mathematical rea-
soning and formally defines the problem addressed in this work. Finally, the proposed
approach is outlined and the overall structure of the thesis is presented to guide the reader
through the subsequent chapters.

1.2 Large Language Models

LLMs have fundamentally transformed the field of Artificial Intelligence (AI), evolving
from text generation systems into models capable of reasoning, planning, and decision-
making [5]. This transition reflects a broader shift from generative Al systems to agentic
AT systems, where models are expected to perform multi-step reasoning and interact with
external tools [0, 7]. Recent developments in LLM reasoning include structured prompt-
ing techniques such as Chain-of-Thought (CoT), Tree-of-Thought (ToT), and Program-
of-Thought (PoT), which guide the model to generate intermediate reasoning steps [7].
These approaches aim to improve reasoning by decomposing complex problems into sim-
pler subproblems. Despite these advances, LLMs still face challenges in logical consistency
and reasoning alignment [3, 9]. Mathematical reasoning, in particular, remains one of the
most difficult tasks for these models, requiring precise logical structure and correctness
guarantees [10]. Recent work has also highlighted the importance of combining reason-
ing generation with verification mechanisms and structured feedback to improve reliability

[11].

In addition to output-level improvements, recent research has explored reasoning from
the perspective of internal representations. Representation engineering studies how hidden
activations encode reasoning patterns and how they can be manipulated to guide model be-
havior [12]. This has led to the development of reasoning vectors, which capture directions
in latent space associated with correct reasoning. These techniques have been extended to
multilingual reasoning and robustness analysis [13, 14], and further studies suggest that
reasoning improvements correspond to localized transformations in representation space
rather than global changes [15].



1.3 Urban Planning Challenges

Urban planning is inherently a multi-objective optimization problem involving diverse and
often conflicting criteria such as accessibility, sustainability, cost, and equity [16]. Modern
cities introduce additional complexity through increasing population density, infrastructure
demands, and regulatory constraints [17]. Planning problems are typically weakly struc-
tured, meaning that they involve heterogeneous data sources and multiple stakeholders
[3]. Decisions are often based on textual descriptions rather than structured data, mak-
ing it difficult to directly apply traditional optimization techniques. Furthermore, urban
planning requires integrating spatial reasoning, policy constraints, and long-term forecast-
ing. This complexity makes it challenging to design automated systems that can reliably
support decision-making. Traditional approaches rely heavily on expert knowledge and
manual modeling, which limits scalability and reproducibility.

1.4 LLMs in Urban Planning and Decision-Making

LLMs have recently been explored as tools for supporting urban planning and decision-
making processes. Studies have shown that LLMs can assist in tasks such as policy inter-
pretation, scenario analysis, and stakeholder simulation 1%, 19]. Multi-agent LLM systems
have been proposed to simulate interactions between stakeholders and generate planning
strategies.

Recent benchmark studies demonstrate that LLMs can perform a wide range of urban
planning tasks, including documentation, analysis, and coding, although they still struggle
with spatial reasoning and high-level decision-making [20]. Other work has focused on
prompt engineering frameworks to improve LLM performance in planning applications,
emphasizing structured prompt design for complex decision environments [3].

LLM-based planning agents have also been developed to evaluate urban development
proposals, showing potential for automated planning support while highlighting limitations
such as lack of spatial awareness and over-conservative decision behavior [21]. Hybrid
systems such as City-LEO demonstrate how LLMs can be integrated with optimization
frameworks to translate natural language queries into mathematical models [22]. More
broadly, LLMs are increasingly viewed as general-purpose intelligence systems capable of
reasoning, planning, and decision-making across domains [23]. However, their performance
in complex decision-making tasks remains limited due to challenges in constraint handling,
long-term planning, and causal reasoning [2].



1.5 LLMs for Optimization and Mathematical Rea-
soning

Optimization and mathematical reasoning represent critical challenges for LLMs. Unlike
natural language tasks, these problems require strict adherence to logical and numerical
constraints. Recent studies highlight that LLMs often fail to maintain consistency and
accuracy in mathematical reasoning tasks [25, 20].

Efforts to improve LLM performance in optimization include frameworks that decom-
pose problems into structured sub-tasks and integrate external solvers. The OR-LLM-
Agent framework demonstrates how LLMs can automate the modeling and solving of
operations research problems through structured reasoning pipelines [27]. Similarly, neuro-
symbolic approaches combine LLM reasoning with deterministic logic engines to improve
reliability in optimization tasks [25].

Despite these advances, challenges remain in translating natural language into formal
optimization models and ensuring solution correctness. Errors in problem formulation can
lead to infeasible or suboptimal solutions, highlighting the need for improved reasoning
and verification mechanisms.

1.6 Challenges in LLM-Based Optimization

Although LLMs provide a flexible interface for reasoning over textual data, they exhibit
several fundamental limitations when applied to optimization problems. One major limi-
tation is their inability to inherently enforce constraints, which can lead to solutions that
violate problem requirements. In addition, their mathematical reasoning capabilities re-
main limited, particularly for multi-step problems that require precise logical consistency
[1]. Another challenge is the presence of hallucinations, where the model may generate
incorrect or unsupported conclusions with high confidence [8]. Furthermore, LLMs do not
include built-in verification mechanisms, making it difficult to guarantee the correctness
and feasibility of their outputs. These limitations indicate that LLMs alone are insufficient
for solving optimization problems reliably. Instead, they must be combined with structured
reasoning methods and external verification mechanisms.



1.7 Problem Statement

This thesis investigates the use of LLMs for solving optimization and mathematical prob-
lems that are expressed in natural language. Many real-world decision-making problems,
particularly in domains such as urban planning, can be formulated as constrained optimiza-
tion problems. However, these problems are typically described in textual form, requiring a
transformation from natural language into structured mathematical representations before
they can be solved.

The primary objective of this work is to improve the capability of LLMs to reliably
solve such problems. Rather than directly applying LLMs to domain-specific applications,
this study first focuses on developing stable and effective reasoning mechanisms for solving
complex optimization and mathematical tasks. Urban planning challenges serve as a moti-
vating application domain, as many planning problems naturally involve multi-constraint
optimization under uncertainty. In particular, this research considers the problem of high
school site selection in the Waterloo Region as a representative case study. This problem
involves selecting suitable locations based on multiple criteria such as accessibility, land
availability, regulatory constraints, and environmental considerations. To enable system-
atic evaluation, the problem is defined and simplified using criteria derived from planning
documents provided by the Waterloo Region District School Board [29], while synthetic
data is used to construct candidate solutions and test scenarios.

To evaluate the effectiveness of the proposed methods, this work employs two bench-

mark datasets. The first dataset, NLAOPT [, 30], consists of optimization problems
described in natural language along with their corresponding structured formulations and
solutions. The second dataset, LiveMathBench [31], contains a diverse set of mathematical

problems across multiple topics, providing a testbed for evaluating reasoning capabilities
in symbolic and numerical tasks.

The central research question addressed in this thesis is:

How can structured reasoning methods, external verification, and representation-
level interventions improve the ability of LLMs to solve optimization and math-
ematical problems derived from natural language descriptions?

1.8 Proposed Approach

To address these challenges, this thesis proposes a unified framework for enhancing LLM
reasoning for optimization and mathematical problem solving. The approach is developed



progressively, beginning with baseline reasoning strategies and extending toward more
advanced architectures that improve reliability and performance.

The study begins by examining structured reasoning methods, including CoT and PoT,
as foundational approaches for guiding LLM reasoning. Initial experiments investigate
the effectiveness of these methods in solving optimization and mathematical problems.
Building on these baselines, the reasoning architectures are refined to improve solution
quality, robustness, and interpretability. In particular, PoT-based approaches are extended
to better integrate computation and reasoning, allowing the model to generate executable
solutions that can be validated externally.

A key component of the proposed framework is the integration of a verifier-in-the-loop
mechanism. In this setting, candidate solutions generated by the LLM are evaluated using
external verification processes that assess constraint satisfaction and solution quality. Feed-
back from the verifier is incorporated into subsequent reasoning steps, enabling iterative
refinement and reducing the likelihood of infeasible or incorrect outputs.

In addition to output-level improvements, this work investigates representation-level
reasoning enhancement through reasoning vector engineering. This method analyzes hidden-
state activations associated with correct and incorrect reasoning trajectories and constructs
vectors that capture meaningful directions in the model’s representation space. These vec-
tors are then used to steer the model during inference, with experiments conducted on
a LLaMA model with 3 billion parameters to evaluate the impact of this approach on
mathematical reasoning performance.

The proposed framework is evaluated across both benchmark datasets and the urban
planning case study. In the case study, the developed methods are applied to the high
school site selection problem, demonstrating how natural language descriptions of planning
criteria can be transformed into structured decision-making processes. This application
highlights the broader goal of the research, which is to enable LLMs to serve as reliable
tools for solving real-world optimization problems that originate from textual descriptions.

1.9 Thesis Structure

The remainder of this thesis is organized as follows.

Chapter 2 provides a review of existing reasoning methods in LLMs, with a focus on
structured approaches such as CoT, ToT, and PoT. Chapter 3 introduces the proposed
framework for enhancing LLM reasoning in optimization and mathematical tasks, includ-
ing the integration of a verifier-in-the-loop architecture and the development of reasoning



vector techniques. Chapter 4 presents the experimental evaluation of the proposed methods
on benchmark datasets, examining their performance, robustness, and limitations. Chap-
ter 5 applies the developed framework to a real-world urban planning case study on high
school site selection, illustrating its practical applicability. Finally, chapter 6 concludes the
thesis and discusses potential directions for future research.



Chapter 2

Reasoning Frameworks in Large
Language Models

2.1 Motivation and Chapter Overview

The development of LLMs has significantly advanced the ability of Al systems to process
and generate natural language. Beyond standard language tasks, recent work has explored
their use for reasoning in domains that require multi-step inference, structured decision-
making, and mathematical formulation. Despite these advances, LLMs remain limited
in solving structured problems reliably, particularly those involving optimization and for-

mal constraints[32]. These limitations stem from challenges such as error propagation in
sequential reasoning [15], lack of constraint enforcement, and the absence of verification
mechanisms[33].

To address these issues, a range of reasoning frameworks has been proposed to guide
the inference process of LLMs [12]. These approaches differ in how reasoning is structured,
how the solution space is explored, and how correctness is ensured. Some methods focus
on generating intermediate reasoning steps, while others incorporate stochastic sampling,
search-based exploration, executable representations, or external verification [12].

This chapter provides a structured review of these frameworks. Section 2.2 introduces
Chain-of-Thought (CoT) reasoning, which improves multi-step reasoning by generating
explicit intermediate steps. Section 2.3 presents self-consistency, which enhances robust-
ness by aggregating multiple reasoning trajectories. Section 2.4 describes Tree-of-Thought
(ToT) reasoning, which formulates reasoning as a search process over multiple candidate



paths. Section 2.5 introduces Program-of-Thought (PoT), where reasoning is expressed as
executable programs to improve computational accuracy.

The discussion then focuses on reliability. Section 2.6 reviews verifier-based frame-
works that evaluate reasoning steps and enforce logical consistency. Section 2.7 examines
execution-based and trace-grounded reasoning, where reasoning is tied to executable pro-
cesses. Finally, section 2.8 compares these approaches, and Section 2.9 summarizes the key
insights.

2.2 Chain-of-Thought Reasoning

CoT reasoning is a prompting-based framework that improves the ability of LLMs to
solve complex reasoning tasks by explicitly generating intermediate reasoning steps. This
approach was introduced by Wei et al. [31], who showed that providing examples of step-
by-step reasoning in the prompt enables large models to perform significantly better on
arithmetic, commonsense, and symbolic reasoning tasks. The key idea is to augment stan-
dard input-output examples with natural language explanations that reflect the reasoning
process leading to the final answer.

Let x € X denote an input problem, such as a mathematical word problem, and
let y € Y denote the corresponding output. In standard prompting, the model directly
generates the output as y ~ py(y | =), where py represents the conditional probability
distribution defined by the model with parameters 6. In contrast, CoT introduces an
intermediate sequence of reasoning steps z = (21, 22, ..., zr), where each z; corresponds
to a natural language statement describing a partial step in the reasoning process, and T'
denotes the total number of steps [31]. The generation process can then be expressed as:

Zth9<Zt ’$,Z<t>, tzla"'aTa and prg(y‘x,Z), (21)

where z.; = (z1,...,2_1) represents the previously generated reasoning steps [34].

In practice, CoT is implemented through few-shot prompting, where the model is pro-
vided with a set of examples of the form (z(, 2 ¢®)  Each example includes an input
problem (", a corresponding chain of reasoning steps 2z [34], and a final answer 3.
At inference time, given a new input z*, the model generates a reasoning sequence z* fol-
lowed by the final output y*. This mechanism leverages in-context learning, allowing the
model to imitate the structure of reasoning demonstrated in the prompt without requir-
ing additional training [34]. As illustrated in the original work, the inclusion of reasoning



steps enables the model to correctly solve problems that it fails to answer under standard
prompting [31].

The effectiveness of CoT stems from its ability to decompose complex problems into a
sequence of simpler steps [35]. Each intermediate step incrementally transforms the input
into a more structured representation, reducing the difficulty of the final prediction. In
addition, generating intermediate tokens effectively increases the computational budget
allocated to the problem, allowing the model to perform more extensive reasoning before
producing the final answer [30]. The resulting reasoning sequence also provides an inter-
pretable trace of the model’s decision-making process, which can be useful for analysis and
debugging [30].

Despite these advantages, CoT reasoning has several limitations. The reasoning process
is sequential and greedy, meaning that errors in early steps can propagate through the entire
chain and lead to incorrect final answers. Furthermore, there is no explicit mechanism to
verify the correctness of intermediate steps [35], and the model may generate reasoning that
appears plausible but is logically or mathematically incorrect. The original study also shows
that the benefits of CoT emerge primarily in sufficiently large models, while smaller models
often produce inconsistent or invalid reasoning chains [36]. These limitations highlight the
need for additional mechanisms, such as verification and structured control, to ensure
reliable reasoning in complex tasks.

2.3 Self-Consistency in Reasoning

Self-Consistency (SC) is a decoding strategy designed to improve the reliability of CoT
reasoning in LLMs. It was introduced by Wang et al. [37] as an extension of CoT that
replaces greedy decoding with a sampling-based aggregation mechanism. The core idea is
that complex reasoning problems often admit multiple valid reasoning paths that converge
to the same correct answer. By leveraging this diversity, SC aims to identify the most
reliable solution through agreement among independently generated reasoning trajectories.

Let x € X denote the input problem and let y € ) denote the final answer, consistent
with the notation introduced in Section 2.2. In the CoT framework, a single reasoning se-
quence z = (z1, ..., zr) is generated, followed by the output y. In contrast, self-consistency
introduces multiple reasoning trajectories by sampling from the model’s conditional distri-
bution. Specifically, the model generates M independent reasoning paths [37]:

2D ~pe(z|x), i=1,..., M, (2.2)

10



where each 2 represents a full chain of reasoning steps. Each reasoning path produces a
corresponding answer [37]:

v~ poly | @, 2Y). (2.3)

The final prediction is then obtained by aggregating these candidate answers through
a marginalization process over the reasoning paths. In practice, this is implemented as a

majority vote [37]:
M
g =argmax » I(y? =y), (2.4)
v i
where I(-) denotes the indicator function, which takes the value 1 if the argument is true
and 0 otherwise [37].

This procedure can be interpreted as approximating the marginal probability of an
answer by integrating over latent reasoning paths. Each sampled reasoning trajectory acts
as a latent variable that contributes to the final decision. This “sample-and-marginalize”
strategy replaces the deterministic greedy decoding used in standard CoT with a stochastic
exploration of the reasoning space.

The effectiveness of self-consistency arises from the observation that correct reasoning
paths, even if diverse in structure, tend to converge to the same final answer, whereas
incorrect reasoning paths are more likely to produce inconsistent outputs. By aggregating
across multiple samples, the method reduces the impact of individual reasoning errors and
mitigates the risk of selecting a suboptimal reasoning trajectory. This behavior is analogous
to a self-ensemble mechanism, where multiple reasoning attempts from a single model are
combined to improve robustness [37].

In practice, diversity in reasoning paths is achieved through stochastic decoding strate-
gies such as temperature sampling, top-k sampling, or nucleus sampling, which allow the
model to explore different plausible reasoning trajectories. Increasing the number of sam-
pled paths generally improves performance, as it provides a richer set of candidate solutions
and increases the likelihood of identifying the correct answer. However, this comes at the
cost of increased computational complexity, as multiple forward passes through the model
are required [37].

Despite its effectiveness, SC does not explicitly verify the correctness of reasoning steps.
The aggregation process operates only on the final answers, meaning that incorrect rea-
soning paths can still influence the result if they produce the same output. Additionally,
the method assumes that the correct answer is consistent across reasoning paths, which
may not hold in tasks with ambiguous or open-ended outputs. Nevertheless, SC provides a

11



simple and effective mechanism for improving CoT reasoning without requiring additional
training, supervision, or external modules [37].

2.4 Tree-of-Thought Reasoning

ToT is a generalization of CoT that formulates reasoning as a structured search process over
multiple intermediate reasoning paths [1]. Unlike CoT, which generates a single reasoning
trajectory in a left-to-right manner, ToT explicitly explores and evaluates multiple can-
didate reasoning paths, enabling deliberate decision-making through planning, lookahead,
and backtracking.

Figure 2.1 illustrates the difference between standard prompting, CoT, SC, and the ToT
framework. Each box represents a reasoning step, and ToT enables structured exploration
over multiple reasoning paths [1].

—D—|
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. I ) Ma jority vote L
y b AP 4 > - >
" Output p € Output ) ( Qutput ) Koutput/
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(a) Input-Output  (c) Chain of Thought  (c) Self Consistency
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Figure 2.1: Comparison of reasoning frameworks, including input-output prompting, CoT,
SC, and ToT (figure reproduced from [1]).

The key idea is to represent reasoning as a tree of thoughts, where each thought cor-
responds to a coherent intermediate reasoning step. Formally, given an input x € X, a
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reasoning state at step ¢ is defined as [1]
St = (ZE, Zl:t)7 (25)

where z1; = (21, ..., 2) denotes the sequence of thoughts generated up to step ¢ [1]. Each
node in the tree corresponds to such a state, representing a partial solution to the problem.

At each step, the language model generates multiple candidate thoughts conditioned
on the current state [1]: ‘
D pp(- | s), i=1,...,k, (2.6)

where k denotes the number of candidate thoughts. Each candidate extends the current
state, forming a new set of expanded states:

5%21 = (2,214 @ 29), (2.7)

where @ denotes sequence concatenation [1].

To guide the search process, a scoring function H(s) evaluates the quality of each state
based on its potential to reach a correct solution. This evaluation can be performed using
heuristic rules or by prompting the language model itself to assess intermediate reasoning
states [1]. The search procedure then selects a subset of promising states according to a
predefined strategy, such as beam search [1].

A common instantiation of ToT is the beam search variant, summarized in Algo-
rithm 1 [1]. Starting from the initial state Sy = {(z,0)}, the algorithm iteratively expands
candidate states and retains the top-b states at each step based on their scores. Here, b de-
notes the beam width, which controls the trade-off between exploration and computational
cost.

13



Algorithm 1 Tree-of-Thought (beam search)

Require: Input z, beam width b, number of proposals k£, depth T’
1: S() — {(5E7®)}
2: fort=1to T do
3: C<«+ 10

4 for all s € S;_; do

5 Sample k thoughts: {z(), ..., 2} ~ py(- | 5)
6: for:=1to k do

7 C <+ CU{(x, 2141 D zD)}

8 end for

9 end for

10: Score each u € C using H(u)

11: St < Top-b states in C' ranked by H
12: end for

13: return y = Decode(St)

In this formulation, k controls the branching factor (number of candidate thoughts per
state), b controls the number of states retained at each level, and 7" denotes the maximum
depth of the reasoning tree. The final prediction ¢ is obtained by decoding the best state
in the final set St.

Conceptually, ToT introduces two key capabilities absent in standard CoT. First, it
enables local exploration by generating multiple candidate thoughts at each step instead
of committing to a single trajectory [l]. Second, it enables global planning through the
use of search algorithms, which allow the model to evaluate intermediate states, perform
lookahead, and backtrack when necessary. This aligns with classical views of problem
solving as search over a combinatorial space of partial solutions.

The effectiveness of ToT stems from its ability to combine generation and evaluation
within a unified framework. The language model serves both as a generator of candi-
date thoughts and as a heuristic evaluator of intermediate states, enabling flexible and
task-adaptive reasoning strategies [1]. As demonstrated in [1], this approach significantly
improves performance on tasks that require structured reasoning and planning, such as
mathematical problem solving and combinatorial search.

However, these benefits come at the cost of increased computational complexity. Com-
pared to CoT, ToT requires multiple forward passes at each reasoning step and depends on
the quality of the scoring function H. Poor evaluation heuristics may lead to suboptimal
pruning decisions, limiting the effectiveness of the search. Despite these challenges, ToT
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provides a principled framework for extending LLM reasoning from sequential generation
to structured decision-making processes [1].

2.5 Program-of-Thought Reasoning

PoT reasoning introduces a fundamentally different paradigm for improving reasoning in
LLMs by explicitly separating reasoning from computation [2]. While CoT relies on natural
language to perform both reasoning and intermediate calculations, PoT delegates compu-
tational steps to an external execution environment, allowing the language model to focus
on structuring the solution process.

Figure 2.2 illustrates this paradigm. In contrast to CoT, where the model generates
textual reasoning and performs arithmetic implicitly, PoT generates a structured program
that encodes the reasoning process [2]. This program is then executed by an external
interpreter to produce the final result [2].

4

LLM
CoT - Answer

Question :—— PaT ———————— Progam

Figure 2.2: PoT combined with CoT for multi-stage reasoning (figure reproduced from [2]).

Formally, let x € X denote the input problem and let y € ) denote the final output.
Instead of generating a reasoning sequence z purely in natural language, PoT produces a
program 7 that represents the reasoning process [2]:

T~ py(m | ), (2.8)

where 7 consists of structured instructions written in a programming language, typically
Python. The final answer is obtained by executing this program using an external inter-
preter R [2]:

y = R(m), (2.9)
where R denotes a deterministic execution function that evaluates the program and returns
the computed result.
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The key mechanism of PoT lies in its ability to represent reasoning steps as executable
operations. Instead of expressing intermediate computations in natural language, the
model generates semantically meaningful variables and structured operations that reflect
the underlying problem. For example, variables such as interest_rate or total _cost
are used to encode domain-specific concepts [2], while symbolic libraries (e.g., for solving
equations) enable precise computation. This structured representation reduces ambiguity
and improves the correctness of multi-step calculations.

As discussed in [35], one of the primary limitations of CoT is that LLMs are required
to perform both reasoning and computation within the same generation process, which
often leads to arithmetic errors, especially for long or complex calculations. PoT addresses
this limitation by offloading computation to a reliable external system, thereby improving
numerical accuracy and enabling the handling of more complex mathematical expressions,
including iterative processes and symbolic equations [2].

In practice, PoT can be implemented using few-shot prompting, where the model is
provided with examples of input problems paired with corresponding programs. During
inference, the model generates a program for a new input, which is then executed to obtain
the answer [2]. In some cases, PoT can also be combined with CoT, where the execution
result serves as an intermediate input for further reasoning, as illustrated in Figure 2.2.
This hybrid approach is particularly useful for tasks that require both precise computation
and high-level reasoning [2].

The effectiveness of PoT arises from its ability to disentangle two fundamentally differ-
ent aspects of reasoning. The language model is responsible for understanding the problem
and generating a structured solution, while the execution engine ensures correctness in com-
putation. This division of responsibility leads to significant improvements in performance
on numerical reasoning tasks, with empirical studies reporting substantial gains over CoT
across multiple benchmarks [2].

Despite these advantages, PoT introduces additional practical considerations. The
approach requires access to a secure and reliable execution environment, as executing
generated code may pose safety risks if not properly controlled. Furthermore, PoT is
primarily designed for tasks involving symbolic or numerical reasoning, and its benefits may
be limited in domains where reasoning cannot be easily expressed as executable programs
[2]. Nevertheless, PoT represents an important step toward integrating LL.Ms with external
tools, enabling more robust and accurate reasoning systems.
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2.6 Verifier-Based Reasoning Frameworks

While structured reasoning methods improve the coherence of model outputs, they do not
inherently guarantee correctness. Errors introduced at intermediate steps may still propa-
gate through the reasoning process, leading to incorrect final conclusions. This limitation
has motivated the development of verifier-based reasoning frameworks, which explicitly
evaluate reasoning steps and provide corrective feedback to improve reliability [35].

A general step-level verification framework is introduced in [38], where each reasoning
step is assessed according to three core criteria: relevance, mathematical accuracy, and
logical consistency. These criteria are applied independently to each step, enabling early
detection of errors within a reasoning chain. By assigning scores to intermediate steps and
discouraging low-quality reasoning, the framework guides the generation process toward
more coherent and accurate solutions.

Beyond heuristic verification, recent work has explored the integration of symbolic rea-
soning into the verification process. The VERICOT framework [35] provides a represen-
tative example of this approach. It combines neural generation with symbolic validation
by translating natural language reasoning steps into formal logical representations and
checking their consistency using constraint solvers.

Algorithm 2 outlines the core procedure of the VERICOT framework. The method
maintains a growing set of logical facts and incrementally verifies each reasoning step. For a
given step, the framework first converts the natural language statement into a formal logical
expression. This expression is then evaluated against previously established knowledge. If
the new step contradicts existing facts, it is flagged as inconsistent. If it is not logically
entailed, the system attempts to generate additional supporting premises. This iterative
verification process ensures that each step is both locally valid and globally consistent with
the reasoning chain.

This class of methods improves trustworthiness by enforcing logical consistency at each
step of the reasoning process. However, it introduces additional computational overhead
and depends on accurate translation from natural language into formal logic. In prac-
tice, errors in this translation stage can limit the effectiveness of symbolic verification,
particularly for complex or ambiguous reasoning tasks [35].
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Algorithm 2 VERICOT Reasoning Verification Framework [35]

1: Initialize knowledge set Fy = ()

2: for each reasoning step C; do

Convert C; to logical form F;

4 if F; contradicts previous knowledge then
5 Mark as contradiction

6 else if F; is not entailed then

T: Generate supporting premises
8

9

@

end if
. end for

2.7 Execution-Based and Trace-Grounded Reasoning

An alternative direction focuses on grounding reasoning in executable processes [39]. In-
stead of relying solely on generated explanations, these approaches derive reasoning steps
directly from execution traces, ensuring correctness by construction. In this paradigm,
reasoning is tied to the actual behavior of a system, such as program execution. Execu-
tion traces capture dynamic information including variable states, control flow decisions,
and state transitions. By translating these traces into natural language explanations, each
reasoning step becomes verifiable against the underlying execution process.

This approach addresses a critical limitation of standard reasoning methods, namely
hallucinated intermediate steps. Since explanations are derived from concrete execution
data, they reflect true system behavior rather than plausible but incorrect reasoning. As
a result, the generated reasoning chains are both interpretable and reliable [39]. Despite
these advantages, execution-based reasoning is inherently domain-dependent. It requires
access to executable environments and is most effective in settings such as code reasoning
or structured problem solving. Consequently, its applicability to general reasoning tasks
remains limited.

2.8 Discussion and Comparison

The reasoning frameworks reviewed in this chapter can be grouped into three main cate-

gories: linear reasoning methods such as CoT [31], search-based approaches such as ToT
[1], and execution-based methods including PoT [2] and trace-grounded reasoning [39].
Verifier-based approaches, such as step-level verification [358] and neuro-symbolic frame-
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works like VERICOT [35], operate across these categories by introducing validation mech-
anisms at different stages of the reasoning process. This categorization highlights that
different frameworks address complementary aspects of reasoning, including structure, ex-
ploration, computation, and correctness.

Each framework reflects a different design trade-off between interpretability, robustness,
and reliability. CoT improves reasoning performance by decomposing complex problems
into intermediate natural language steps, providing interpretability and improved task
performance [31]. However, its sequential and greedy nature makes it vulnerable to error
propagation, as early mistakes can influence all subsequent steps [30]. Self-consistency par-
tially addresses this limitation by sampling multiple reasoning trajectories and aggregating
their outputs, thereby improving robustness through redundancy [37]. Nevertheless, this
approach operates at the level of final answers and does not enforce correctness within
individual reasoning paths.

Search-based reasoning methods extend this paradigm by explicitly exploring multiple
candidate solutions. ToT formulates reasoning as a structured search process over interme-
diate states, enabling lookahead, branching, and backtracking [1]. This allows the model
to recover from intermediate errors and consider alternative reasoning paths, leading to
improved performance on complex tasks. However, these benefits come at the cost of in-
creased computational complexity and a strong dependence on the quality of the evaluation
function used to guide the search.

Execution-based methods take a different approach by separating reasoning from com-
putation. PoT improves numerical accuracy by generating executable programs and dele-
gating computation to external interpreters [2]. This reduces arithmetic errors and enables
precise handling of symbolic and numerical operations. Similarly, trace-grounded reasoning
strengthens reliability by grounding intermediate steps in observable execution traces [39].
By linking reasoning to actual system behavior, these approaches reduce hallucinated steps
and provide stronger correctness guarantees. Their applicability, however, is constrained
to domains where computation can be explicitly represented and executed.

Verifier-based frameworks complement these methods by introducing explicit validation
mechanisms. Step-level verification evaluates intermediate reasoning steps based on cri-
teria such as logical consistency and mathematical correctness [33], while neuro-symbolic
approaches such as VERICOT enforce global consistency through formal logical represen-
tations and constraint checking [35]. These methods improve reliability across different
reasoning paradigms, but introduce additional computational overhead and depend on
accurate translation between natural language and formal representations.

Overall, these approaches demonstrate that improvements in LLM reasoning arise from
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multiple complementary mechanisms, including structured decomposition, search-based
exploration, external computation, and explicit verification. While each framework ad-
dresses specific limitations, none fully resolves the challenges of reliable reasoning on its
own, highlighting the need for integrated approaches that combine these capabilities.

2.9 Summary

This chapter reviewed key reasoning frameworks for LLMs, including CoT, self-consistency,
ToT, PoT, and verifier-based methods. Each approach addresses specific limitations of rea-
soning, such as error propagation, lack of exploration, or computational inaccuracies. The
analysis demonstrates that improving reasoning requires combining multiple components.
Structured reasoning improves interpretability, execution-based methods enhance correct-
ness, and verification mechanisms ensure logical consistency. However, none of these ap-
proaches alone fully resolves the challenges of reliability and constraint satisfaction. These
insights motivate the development of a more comprehensive framework that integrates rea-
soning, verification, and representation-level control, which will be introduced in the next
chapter.
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Chapter 3

Proposed Methods and Architecture

3.1 Motivation and Chapter Overview

This chapter establishes the methodological framework of the thesis by defining a set of
reasoning architectures that transform natural language problems into structured, verifi-
able, and computationally grounded solutions. The objective is not to propose a single
method, but to construct a design space of reasoning strategies that can be systematically
analyzed and compared in the subsequent empirical evaluation.

The need for this framework arises from the observation that reasoning in LLMs is
inherently multi-faceted. Language-based methods such as CoT and CoT+SC provide
interpretable reasoning traces, but lack mechanisms to enforce feasibility or correctness.
Execution-based approaches, including PoT, improve numerical reliability by delegating
computation to external programs, yet remain sensitive to errors in code generation.
Optimization-based methods offer exact solutions when a correct mathematical formu-
lation is obtained, but depend critically on accurate extraction of variables, constraints,
and objectives from natural language. These limitations motivate a structured perspective
in which reasoning is decomposed into complementary components rather than treated as
a single process.

To make this structure explicit, the chapter is organized around the main components
of the proposed architecture. Section 3.2 introduces the overall design and explains how
different reasoning pathways interact within a unified framework. Sections on language-
based, execution-based, and optimization-based reasoning then examine each component
in detail, focusing on how problems are represented, processed, and solved within each
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paradigm. The verification layer is integrated across these sections, reflecting its role in
validating intermediate outputs and ensuring consistency with problem constraints. This
organization allows each section to contribute a specific aspect of the reasoning pipeline,
while maintaining a coherent view of the overall system.

In addition to these output-level methods, the chapter includes a representation-level
analysis based on reasoning vector engineering. This component, developed using LLaMA-
3B, investigates whether internal hidden-state directions encode signals associated with
correct reasoning and whether these signals can be manipulated during inference. By
combining architectural design with representation-level analysis, the chapter provides two
complementary perspectives: one that structures reasoning externally through prompts,
execution, and verification, and another that probes how reasoning is internally represented
within the model.

3.2 Overview of the Proposed Architecture

The proposed framework is illustrated in Figure 3.1. The architecture begins with a natural
language problem x and processes it through multiple reasoning pathways. These pathways
are not designed as a single fixed pipeline; instead, they define a structured design space
from which different reasoning architectures can be instantiated and evaluated.

The architecture is organized into three primary reasoning pathways, followed by a
verification and integration layer. All method names introduced in this section (e.g., strong
PoT, LP-Semantic) correspond to architectures proposed and implemented in this thesis,
rather than existing methods from prior work.

The first pathway is language-based reasoning, in which the model generates interme-
diate reasoning steps and candidate answers directly in natural language. This includes
CoT and CoT with SC (CoT+SC), both of which produce interpretable reasoning traces
but do not enforce formal correctness.

The second pathway is execution-based reasoning. In this setting, the model generates
executable Python code, and the final answer is obtained by running the generated pro-
gram. This pathway includes the standard PoT approach [2], as well as a stronger variant,
referred to in this thesis as strong PoT. strong PoT extends the baseline PoT framework by
incorporating structured prompting, execution feedback, and iterative repair of generated
programs. These enhancements are designed to improve robustness when the initial code
generation is incomplete or incorrect.
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Figure 3.1: Proposed hybrid reasoning architecture (designed in this thesis).

The third pathway is optimization-based reasoning. Here, the model transforms the
natural language problem into a formal optimization problem, specifically a linear program
(LP), where LP stands for Linear Programming. In this formulation, decision variables,
constraints, and an objective function are extracted from the input and passed to a solver.
The resulting optimization problem is solved using Gurobi, a state-of-the-art commercial
optimization solver widely used for linear and mixed-integer programming.

Several variants of optimization-based reasoning are proposed in this work, including
LP-Gurobi, LP-Semantic, LP-VerifierLoop, LP-Semantic+ Verifier, LP-SelfCheck, and LP-
SelfCheck+Patch. These methods differ in how the LP formulation is extracted, validated,
and refined prior to solving. Unlike prior approaches, these variants are designed to sys-
tematically study the impact of semantic structure, verification, and iterative correction
on optimization reliability.
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The final component of the architecture is the verification and integration layer. This
layer evaluates candidate outputs produced by different reasoning pathways and checks
whether they are feasible, consistent, and aligned with the problem requirements. In the
optimization setting, this step is particularly important because small errors in extracted
variables or constraints can lead to incorrect solutions, even when the solver itself produces
an exact optimum. By incorporating verification, the architecture ensures that reasoning
outputs are not only plausible but also formally valid.

3.3 Language-Based Reasoning Architectures

Language-based reasoning methods operate directly in the output token space and do
not rely on external execution engines or optimization solvers. Their primary advantage
is interpretability, as the generated reasoning trace can be inspected and analyzed by a
human reader.

The basic language-based architecture is CoT. As previously discussed, given an input
problem z, the model generates a sequence of intermediate reasoning steps

z=(z1,22,...,27), (3.1)

followed by a final answer y. The process can be written as

z NpQ(Z ’ x)a Yy Np@(y | $72)7 (32)

where py denotes the conditional distribution of the model. CoT is particularly useful for
problems that require stepwise symbolic or mathematical reasoning. However, since the
reasoning chain is generated sequentially, errors introduced in early steps may propagate
and affect the final prediction.

CoT with SC (CoT+SC) extends this approach by generating multiple reasoning paths
instead of a single trajectory. If M reasoning paths are sampled, each produces a candidate
answer y*. The final prediction is obtained through aggregation [37]:

M
) = 1{y® =4}, 3.3
j argmgxiz; {9 =y} (3.3)

This aggregation improves robustness by reducing dependence on any single reasoning
trajectory and favoring answers that consistently appear across independent samples. The
method is particularly effective when multiple plausible reasoning paths exist. Neverthe-
less, CoT+SC does not explicitly verify whether the generated answers satisfy underlying
constraints [37].
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3.4 Execution-Based Reasoning Architectures

Execution-based reasoning converts the problem into executable code. This approach sep-
arates reasoning from computation: the model is responsible for generating the program,
while the execution engine performs the numerical computation.

The baseline execution architecture is PoT. As shown in Figure 3.2, the input problem
is passed to the model, the model generates Python code, and the code is executed to
obtain a numeric answer.

PoT Baseline

Input Problem

v

LLM Generates
Python

h 4

Execute Code

Y

Extract Numeric
Answer

Figure 3.2: PoT baseline architecture.

As previously discussed, the model generates a program 7 conditioned on the input x

[40]:

7w~ po(m | x). (3.4)
The answer is then produced by an execution engine £ [10]:

y = &(m). (3.5)

PoT is effective for numerical and algebraic problems because arithmetic is delegated
to Python rather than performed implicitly by the model. Its main limitation is that the
generated code may be syntactically invalid, incomplete, or logically inconsistent with the
problem [10].
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To address this limitation, strong PoT adds a structured code-generation prompt, an
execution retry loop, and error-based repair. The architecture is shown in Figure 3.3. At
iteration k, the model generates a program 7. If execution fails, the error message ey is
appended to the prompt and used to generate a revised program:

Tk4+1 = M(flf,@k), (36)

where M denotes the language model used for code generation. If the program executes
successfully, the output is checked by a feasibility verifier. If repeated code repair fails, the
method can fall back to LP extraction and solver-based optimization. This makes strong
PoT a hybrid method: it is primarily execution-based, but it can use optimization-based
recovery when program execution is unsuccessful.

1. PoT Baseline

Input - Numeric
Problem LLM Execution Engine P

2. Strong PoT

Input CMStr;cmracii EJ(ECI.:[!.II:II'I
Problen e-Generation Engine
Prompt (with Retry Loop)

Feasible

Verified
Result

W Gurobi
Solver

Error Message
for code repair after max retries

3. LP Gurobi

LLM
Input (Extracts LP; Gurobi Gurobi Objective

Dbjective,
Problem Variables, Solver Solver Value

Constraints)

4. LP Semantic + Verifier

Input Problem

Gurobi

LLM (Extracts LP) :
Solver

Figure 3.3: Execution and LP-based architectures.

3.5 Optimization-Based Reasoning Architectures

Optimization-based reasoning aims to convert a natural language problem into a formal
linear programming formulation. The model extracts decision variables, constraints, and
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the objective function. The extracted formulation is denoted by
F=(C0), (3.7)

where V is the set of decision variables, C is the set of constraints, and O is the objective
function.

Once the formulation is obtained, it is converted into a standard linear programming
(LP) form and solved using Gurobi. A general LP can be written as

min  O(x)

s.t. Ax <b, (3.8)
Aeq® = beg,
r € R",

where O(x) is the objective function, and the constraints define the feasible set. The
solution is then given by
y* = argmin O(z), (3.9)

zeC

where C = {z | Ax < b, Aeqx = beq} denotes the feasible region defined by the constraints.

The advantage of this approach is that the solver can produce exact solutions when
the formulation is correct. The main difficulty is that the LLM may extract incorrect vari-
ables, omit constraints, reverse inequalities, or misinterpret the objective, which directly
affects the definition of the feasible set and can lead to invalid solutions. The simplest
optimization-based method is LP-Gurobi. In this architecture, the model directly extracts
the LP formulation from the input problem, converts it to solver-compatible form, and
passes it to Gurobi. This method is efficient and strong when the LP extraction is correct,
but it has no correction mechanism.

LP-Semantic improves the extraction stage by adding a structured semantic template.
The template guides the model to identify the objective, variables, constraints, bounds,
and variable types more systematically. This improves formulation quality compared with
direct extraction, but the method can still fail if the extracted formulation is inconsistent.

LP-VerifierLoop adds a verifier after LP extraction. The verifier checks whether the
extracted formulation is consistent with the natural language problem and whether the
constraints are structurally valid. When an issue is detected, the formulation is refined:

Ft+1 = R(Fta ¢t)a (310)
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where F; is the formulation at iteration t, ¢; is the verifier feedback, and R is the refinement
operator. This method is designed to reduce formulation errors before solving.

LP-Semantic+ Verifier combines semantic extraction with verifier-based correction. It
uses the semantic template to improve the initial LP formulation and then applies a verifier
to check constraint consistency. As shown in Figure 3.3, this method cleans the LP before
passing it to Gurobi.

LP-SelfCheck is another validation-based variant. Instead of relying only on an exter-
nal verifier, it asks the model to review its own extracted formulation and identify possible
inconsistencies. LP-SelfCheck+Patch extends this process by applying an explicit cor-
rection step before solving. These two variants test whether model-based self-review can
improve formulation reliability, although they may still be less stable than verifier-guided
correction.

3.6 Representation Engineering and Reasoning Vec-
tors

The methods described above operate at the output level: they modify prompts, generate
programs, extract mathematical formulations, or verify candidate answers. In contrast,
this section investigates reasoning from a representation-level perspective, where control is
applied directly to the internal states of the model rather than its outputs.

This approach, referred to in this thesis as reasoning vector engineering (RVE), studies
whether directions in the hidden representation space of a language model encode meaning-
ful reasoning behavior and can be used to influence inference. Instead of guiding reasoning
through explicit intermediate steps or external tools, RVE operates by identifying and
manipulating latent features associated with correct and incorrect reasoning.

RVE complements the previously introduced reasoning architectures by providing an
internal view of reasoning. While output-level methods structure or verify the reasoning
process externally, RVE examines whether reasoning signals are already embedded within
the model’s hidden states and whether they can be amplified or suppressed during inference.

In this part of the study, LLaMA-3B is used as an analysis model, while the other
reasoning architectures are evaluated using GPT-based APIs. The objective is not to
replace the external reasoning pipeline, but to investigate whether reasoning behavior can
be influenced through controlled modifications of internal representations during inference.
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The LLaMA-3B architecture used in this analysis is shown in Figure 3.4. The model
consists of tokenization, an embedding layer, a stack of transformer layers, and a final
output layer. In this architecture, hidden states are produced at each transformer layer
and can be inspected during inference. Hidden-state capture is performed using forward
hooks, as shown in Figure 3.5. Let hy(z) denote the hidden representation of input = at
layer ¢. During inference, hidden states are recorded for examples that produce correct
and incorrect answer [12].
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Figure 3.4: LLaMA-3B architecture.

Let H; be the set of hidden states at layer ¢ associated with correct reasoning outputs,
and let H, be the corresponding set associated with incorrect outputs. The reasoning
vector at layer ¢ is defined as

ve = Bpegyr (0] — By [h]. (3.11)

where E denotes the empirical mean over the corresponding set of hidden represen-
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Figure 3.5: Hidden-state capture for reasoning vector analysis.

tations. This vector represents a direction in hidden-state space associated with correct
reasoning behavior. During inference, the hidden state can be modified by adding a scaled
version of this vecto[12]r:

hy = he + auy, (3.12)

where « is the steering strength. Positive or negative values of a change the hidden
representation in different directions. In this thesis, this method is applied to selected
mathematical reasoning problems to investigate whether hidden-state steering can influence
the model’s reasoning trajectory [12]. .

3.7 Summary

This chapter introduced the proposed reasoning architecture and the set of methods eval-
uated in this thesis. Table 3.1 summarizes the naming convention used throughout the
remainder of the thesis and groups the methods according to their primary reasoning
mechanism.
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Table 3.1: Summary of reasoning architectures evaluated in this thesis.

Method Abbreviation Reasoning Category

Chain-of-Thought CoT Language-based reasoning

CoT with SC CoT+SC Language-based reasoning with answer
aggregation

Tree-of-Thought ToT Search-based language reasoning

Program-of-Thought PoT Execution-based reasoning

Baseline

Strong Program-of- strong PoT Execution-based reasoning with repair

Thought and verification

Linear = Programming LP-Gurobi Solver-based optimization reasoning

with Gurobi

Semantic LP Extraction LP-Semantic Structured LP extraction

LP Verifier Loop LP-VerifierLoop LP extraction with iterative verifier feed-
back

Semantic LP with Veri- LP- Semantic LP extraction with constraint

fier Semantic+ Verifier verification

LP Self-Check LP-SelfCheck LP extraction with model-based valida-
tion

LP  Self-Check with LP- LP extraction with validation and repair

Patch SelfCheck+Patch

Reasoning Vector Engi- RVE Representation-level reasoning analysis

neering

Language-based methods, including CoT, CoT+SC, and ToT, operate directly in nat-
ural language and provide interpretable reasoning trajectories. Execution-based methods,
namely PoT and strong PoT, improve numerical reliability by generating and executing
Python programs, with strong PoT further incorporating structured prompting, repair, and
verification mechanisms. Optimization-based methods convert natural language problems
into formal linear programs and solve them using Gurobi, with different variants introduc-
ing semantic extraction, verifier feedback, and self-correction strategies. In contrast, the
representation-level approach, RVE, does not modify the external reasoning pipeline; in-
stead, it investigates whether hidden-state directions in LLaMA-3B can influence reasoning
behavior during inference.

Overall, the framework organizes reasoning into language-based, execution-based, optimization-
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based, verification-based, and representation-level components. Rather than proposing a
single universal method, this chapter defines a structured design space of reasoning archi-
tectures that can be systematically analyzed and compared.

These methods establish the methodological foundation for the empirical evaluation
presented in the next chapters, where their performance is assessed on NL4OPT, Live-
MathBench, and the UrbanMind-AlI case study.

32



Chapter 4

Experimental Results

4.1 Motivation and Chapter Overview

This chapter presents a comprehensive empirical evaluation of the reasoning architectures
introduced in Chapter 3. The objective is to analyze how different reasoning paradigms,
language-based, execution-based, and optimization-based, perform across heterogeneous
problem domains, and to identify the conditions under which each approach is effective.

The evaluation is conducted along three complementary dimensions. The first exam-
ines mathematical reasoning tasks to assess structured prompting and sampling strategies.
The second focuses on optimization problems expressed in natural language, emphasiz-
ing program synthesis and solver integration. The third investigates system-level and
representation-level mechanisms, including hybrid routing strategies and reasoning vector
steering, with the aim of understanding controllability and robustness. The results are
organized to reflect this progression, moving from task-level performance to architectural
comparisons and finally to system-level insights. All code and implementation results are
publicly available at GitHub repository [41].

4.2 Experimental Setup

4.2.1 Datasets

The empirical evaluation is conducted on two benchmark datasets that capture comple-
mentary aspects of reasoning: mathematical problem solving and natural language op-
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timization. The first dataset, LiveMathBench [31], is a collection of competition-level
mathematical problems designed to evaluate multi-step reasoning capabilities of LLMs.
It consists of several subsets, including the American Mathematics Competitions (AMC),
the Chinese College Entrance Examination (CCEE), the Chinese National Mathematical
Olympiad (CNMO), the William Lowell Putnam Mathematical Competition (WLPMC),
and a designated hard subset. Each subset reflects a different level of difficulty and rea-
soning style, ranging from structured algebraic manipulation to abstract problem solving.

Each instance in LiveMathBench is defined by a tuple (¢,a*), where ¢ denotes the
problem statement in natural language and a* denotes the ground-truth answer. The
evaluation requires the model to produce a final answer that matches a*, either numerically
or symbolically. An example from the dataset is shown below:

Let an infinite geometric sequence {a,} have a common ratio q¢ with 0 < |g| < 1.
If the sum of all terms equals the sum of the squares of all terms, determine
the range of values for as.

The second dataset, NL4AOPT (Natural Language for Optimization) [, 30], focuses on
structured reasoning tasks where optimization problems are described in natural language.
Each instance requires extracting decision variables, constraints, and objective functions,
followed by solving the resulting mathematical program. Formally, each NL4OPT instance
can be represented as a tuple (g, z*), where ¢ is a textual description of a LP problem and z*
is the optimal objective value. The dataset contains 245 problems, of which 231 have valid
numeric optimal solutions after filtering infeasible or non-numeric cases, as implemented
in the experimental pipeline. A representative example is given below:

A bakery produces bagels and croissants. Bagels require 2 hours of oven time
and 0.25 hours of labor, while croissants require 1 hour of oven time and 2
hours of labor. The bakery has 70 oven hours and 32 labor hours available.
If the profit per batch is $20 for bagels and $40 for croissants, what is the
maximum achievable profit?

This problem is translated into a linear program of the form

2r +y < 70,
max 20z + 40y subject to 0.25z + 2y < 32, (4.1)
x7y

z,y >0,

and the optimal solution z* = 1060.
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Together, these datasets enable a systematic comparison between unstructured reason-
ing (LiveMathBench) and structured optimization reasoning (NL4OPT).

4.2.2 Methods

All reasoning architectures introduced in Chapter 3 are evaluated within a unified experi-
mental framework. These methods differ in how they generate, verify, or execute reasoning.
Language-based methods, including CoT and Cot with CoT+SC, generate intermediate
reasoning steps in natural language. In CoT+SC, multiple reasoning trajectories are sam-
pled and aggregated through majority voting, improving robustness by reducing variance
in individual reasoning paths.

Execution-based methods, namely PoT and strong PoT, generate executable Python
programs that compute the final answer. The generated code is extracted and executed in
a sandboxed environment. Strong PoT extends this approach by incorporating structured
prompts, retry mechanisms, and error handling during execution, leading to improved
numerical stability.

Optimization-based methods convert natural language descriptions into formal LP rep-
resentations. The extracted models follow a standard formulation consisting of an objective
function, a set of linear constraints, and variable bounds, as implemented in the experi-
ment pipeline. These formulations are solved using the Gurobi optimizer. Variants differ in
the use of semantic templates, verifier loops, and self-checking mechanisms that iteratively
refine the extracted program.

In addition, representation-level methods based on RVE are evaluated. These meth-
ods do not modify the external reasoning process but instead manipulate hidden-state
representations during inference to influence reasoning behavior.

4.2.3 Evaluation Metrics

The primary evaluation metric is accuracy, which measures the proportion of correctly
solved instances. Let D = {(x;,y})}Y, denote a dataset of size N, where x; is the input
problem and y; is the ground-truth answer. Let ¢; denote the model prediction. Accuracy
is defined as

N
1
Accuracy = ¥ Z 1(g; = y)), (4.2)
i=1
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where 1(+) is the indicator function.

For numerical tasks, exact equality is replaced by a tolerance-based criterion. A pre-
diction is considered correct if the absolute error satisfies

9 — il <, (4.3)

where € = 1073 ( This value was determined empirically.) is the predefined tolerance
threshold used in the experiments.

In addition to accuracy, two error-based metrics are reported. The absolute error is
defined as
AbsError; = |§; — v, (4.4)

and the relative error is defined as

|gi_y:‘(|

RelError; = —— ,
lyi|+0

(4.5)

where § = 1079 is a small constant introduced to avoid division by zero.

Computational efficiency is measured using latency. For each instance i, latency is
defined as

Latency, = t5° — ¢5tart) (4.6)

where 5% and #"d denote the timestamps before and after inference, respectively. Aggre-
gate statistics such as mean and median latency are reported across the dataset.

4.2.4 Implementation Details

All experiments are implemented in a unified Python-based framework that integrates
data loading, model inference, execution, and evaluation. Language-based and execution-
based methods are implemented using the OpenAl API through a custom wrapper class,
which interfaces with the gpt-5.1 model. The API is accessed via the OpenAT client, with
deterministic decoding (temperature = 0.0) to ensure reproducibility across runs.

For execution-based methods, generated Python code is extracted from model outputs
and executed in a controlled environment. The execution pipeline includes parsing, runtime
evaluation, and exception handling. If execution fails or produces invalid output, fallback
mechanisms are applied, particularly in the Strong PoT variant.

Optimization-based methods rely on converting natural language descriptions into struc-
tured linear programs. The internal representation includes decision variables, linear con-
straints, and objective coefficients, as defined in the experimental schema. These programs
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are solved using the Gurobi optimizer, which guarantees optimal solutions for linear pro-
grams under standard assumptions.

Experiments are conducted on university computing servers equipped with GPU and
CPU resources. Local inference for open-source models, including LLaMA-3.2-3B and
Mistral-7B, is performed using standard deep learning frameworks. The combination of
API-based and local inference enables a comprehensive evaluation across different model
families. All experimental results, including intermediate outputs, latency measurements,
and evaluation metrics, are stored in structured CSV files and processed using dedicated
analysis scripts. The complete codebase, including experiment configurations and data
processing pipelines, is publicly available in the accompanying repository [41].

4.3 Results on NL4OPT

This section presents the evaluation of the proposed reasoning architectures on the NL4OPT
benchmark. Each NL4OPT instance describes a linear optimization problem in natural
language, paired with its ground-truth optimal objective value z*. For a given method, the
predicted objective value is denoted by Z, and a prediction is considered correct when 2
matches z* within a predefined tolerance. The goal of this evaluation is to assess not only
the accuracy of different reasoning strategies, but also their computational efficiency and
robustness under varying problem characteristics. All figures in this section are generated
from our implementation results.

4.3.1 Overall Performance

A central question in optimization-oriented reasoning is whether structured reasoning
mechanisms can outperform both direct code generation and classical solver-based pipelines.
Figure 4.1 provides a comparative view of all evaluated methods in terms of objective ac-
curacy.

The results indicate that strong PoT achieves the highest accuracy among all evalu-
ated approaches, reaching approximately 80%. This improvement over the PoT baseline
(approximately 64%) highlights the importance of incorporating structured reasoning, ex-
ecution feedback, and repair mechanisms. While the PoT paradigm enables executable
reasoning, it remains sensitive to errors in code generation. Strong PoT mitigates this
limitation by iteratively refining the generated program, thereby increasing the likelihood
of producing a semantically correct formulation.
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Figure 4.1: NL4OPT accuracy across methods.

Interestingly, LP-based methods such as LP-Gurobi and LP-Semantic variants achieve
comparable performance, with accuracies clustered around 77%-78%. This suggests that
once a correct mathematical formulation is extracted, deterministic solvers provide reli-
able optimization performance. However, the limited variation across LP-based methods
indicates that improvements in solver design alone are insufficient; the primary challenge
lies in accurately translating natural language into formal optimization constraints. This
observation reinforces the role of reasoning-based approaches, which explicitly address this
translation step.

4.3.2 Accuracy—Latency Trade-off

While accuracy is a primary metric, practical deployment also requires understanding
the computational cost of each reasoning strategy. Figure 4.2 examines the relationship
between accuracy and median latency across methods.

A clear trade-off emerges. Strong PoT achieves the highest accuracy (82.5%), but at
the cost of increased latency (approximately 7.97 seconds per instance). This reflects the
iterative nature of the method, which involves multiple reasoning and repair steps before
arriving at a final solution. In contrast, LP-Gurobi achieves nearly comparable accuracy
(81.2%) with significantly lower latency (approximately 3.18 seconds), as it relies on a
direct formulation-to-solver pipeline.
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NL4OPT: Accuracy-Latency Summary
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Figure 4.2: Accuracy—latency trade-off on NL4OPT.

The PoT baseline occupies an intermediate position, with moderate latency (3.49 sec-
onds) but lower accuracy. This suggests that execution alone is not sufficient to guarantee
correctness; rather, the effectiveness of execution depends on the quality of the generated
program. Overall, these results highlight that accuracy gains in reasoning-based methods
often come at the expense of computational efficiency, and selecting a method requires
balancing these competing objectives.

4.3.3 Scaling Behavior

Beyond aggregate performance, it is important to understand how reasoning methods
behave as the numerical magnitude of optimization problems increases. In this context, we
do not refer to scaling in the conventional machine learning sense (e.g., increasing dataset
size or model capacity), but rather to the magnitude of the objective value induced by the
problem formulation.

Figure 4.3 analyzes accuracy as a function of the absolute value of the optimal objective,
|z*|. This quantity is used as a proxy for problem magnitude, as larger objective values
typically arise from problems with larger coefficients, wider feasible regions, or greater
accumulation of numerical terms.

Strong PoT consistently outperforms the PoT baseline across most magnitude ranges,
with particularly large improvements observed in the 10-100 interval, where accuracy in-
creases from 69.7% to 93.9%. Similar gains are observed in the 100-1% and 1510k ranges,
indicating that structured reasoning and repair are especially beneficial for problems with
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NL4OPT: Accuracy vs Objective Magnitude
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Figure 4.3: Accuracy as a function of objective magnitude |z*|.

moderate numerical complexity.

However, this advantage diminishes at larger magnitudes. In the > 10k range, both
methods converge to the same accuracy (60.7%), suggesting that additional factors limit
performance. These may include numerical instability, accumulation of modeling errors, or
increased difficulty in identifying active constraints. This trend indicates that while Strong
PoT improves robustness, it does not fully resolve challenges associated with problems
involving large numerical scales.

4.3.4 Error Analysis

To better understand the limitations of current methods, we analyze the dominant sources
of error in NL4OPT. The results reveal that failures are primarily attributable to three
factors: incorrect problem formulation, numerical scaling issues, and incomplete constraint
representation.
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For LP-based methods, errors arise almost exclusively during the formulation stage.
Since the solver itself is deterministic, any mistake in defining variables, constraints, or
objective functions directly leads to incorrect solutions. This explains why improvements
in solver pipelines yield diminishing returns when formulation quality remains unchanged.

For PoT-based methods, the failure mode is different. Generated programs are often
syntactically valid but semantically incorrect. In such cases, the code executes success-
fully but solves a problem that differs from the intended one. Strong PoT reduces this
issue by introducing execution-based feedback and repair; however, it cannot guarantee
semantic correctness in all cases. The persistence of errors suggests that execution alone is
insufficient without deeper alignment between natural language understanding and formal
representation.

Overall, these findings highlight that optimization reasoning is fundamentally a trans-
lation problem. Success depends not only on solving the optimization problem, but on
correctly interpreting and encoding it. While strong PoT improves this process, the re-
maining errors indicate that further progress requires tighter integration between language
understanding, symbolic reasoning, and formal verification.

4.4 Results on LiveMathBench

This section evaluates reasoning performance on the LiveMathBench benchmark, which
focuses on mathematical problem solving across multiple difficulty levels and competition-
style datasets. Unlike NLAOPT, where the output is a numerical objective value derived
from an optimization problem, LiveMathBench requires generating a correct final answer
through multi-step mathematical reasoning.

For each instance, a prediction is considered correct if the generated answer exactly
matches the ground-truth solution. Let ¢ denote the predicted answer and y* the ground
truth. Accuracy is therefore defined as the fraction of instances for which § = y*. The
evaluation focuses on comparing reasoning strategies such as CoT and CoT with SC, as
well as analyzing performance across datasets of varying difficulty.

4.4.1 Overall Performance
A key question in mathematical reasoning is whether structured reasoning and sampling-

based strategies improve reliability over standard CoT prompting. Figure 4.4 summarizes
the overall accuracy across models and reasoning strategies.
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LiveMathBench: Overall Model Leaderboard
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Figure 4.4: Overall accuracy on LiveMathBench across models and reasoning strategies.

The results show a substantial gap between large and smaller models. GPT-5 with
CoT achieves 43.6% accuracy, while incorporating SC improves performance significantly
to 55.7%. This demonstrates that sampling multiple reasoning trajectories and selecting
the most consistent answer reduces variance and improves correctness.

In contrast, smaller models such as Mistral 7B and LLaMA perform poorly, achieving
5.0% and 0.7% accuracy, respectively. This indicates that mathematical reasoning on this
benchmark requires not only structured prompting but also strong underlying reasoning
capabilities. The large performance gap suggests that scaling model capacity plays a critical
role in solving complex mathematical problems.

4.4.2 Per-Split Analysis

While overall accuracy provides a high-level comparison, it does not reveal how reasoning
performance varies across problem types. LiveMathBench includes multiple subsets, each
corresponding to a different mathematical domain or difficulty level. Figure 4.5 presents
the per-split accuracy for GPT-5 under CoT and CoT with SC.

The results reveal that performance varies significantly across datasets. On the AMC
subset, which consists of relatively structured competition-style problems, CoT already
achieves a strong accuracy of approximately 0.67, which further improves to 0.74 with SC.
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LiveMathBench: Per-Split Accuracy (GPT-5)
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Figure 4.5: Per-split accuracy on LiveMathBench for GPT-5 under CoT and CoT + SC.

Similar improvements are observed on the CCEE subset, where accuracy increases from
approximately 0.48 to 0.64.

More challenging datasets exhibit a larger gap between reasoning strategies. On the
CNMO subset, accuracy improves from 0.22 to 0.50 when using SC, indicating that difficult
problems benefit more from multiple reasoning attempts. However, performance remains
low on the WLPMC and hard subsets, where both methods struggle, with accuracies less
than or equal to 0.2. This suggests that these subsets require deeper reasoning or more
advanced symbolic capabilities beyond current prompting strategies.

Overall, SC consistently improves performance across most subsets, but its impact is
more pronounced in moderately difficult problems than in extremely challenging ones.

4.4.3 Analysis of Reasoning Behavior
To further interpret these results, we examine execution traces and prediction logs to un-

derstand how different reasoning strategies behave in practice. In the context of CoT
prompting typically generates a single reasoning trajectory. While this trajectory often
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captures the correct high-level structure of the solution, it remains vulnerable to small log-
ical or arithmetic errors. Such local errors propagate through subsequent steps, ultimately
leading to incorrect final answers despite otherwise coherent reasoning.

In contrast, SC improves robustness by sampling multiple independent reasoning paths
and selecting the most frequent answer. This process reduces the impact of individual
faulty trajectories and increases the likelihood of recovering the correct solution when at
least some reasoning paths are valid. However, performance on more challenging subsets
reveals a different failure mode. Errors are frequently caused by incorrect problem inter-
pretation or incomplete reasoning rather than simple arithmetic mistakes. In these cases,
multiple sampled trajectories tend to exhibit similar flawed reasoning patterns, prevent-
ing convergence to the correct answer. This behavior is reflected in the persistently low
accuracy observed on the WLPMC and hard subsets.

Overall, SC acts primarily as a variance-reduction mechanism rather than a fundamen-
tal improvement in reasoning capability. It enhances reliability when correct reasoning
paths are present, but does not address deeper limitations in problem understanding or
reasoning depth.

4.4.4 Discussion

The LiveMathBench results highlight a different challenge compared to NLAOPT. In op-
timization tasks, errors are often due to incorrect problem formulation, whereas in math-
ematical reasoning tasks, errors arise from incomplete or inconsistent reasoning processes.
The effectiveness of SC demonstrates that reasoning reliability can be improved through
sampling and aggregation. However, the persistent gap on harder problems indicates
that further improvements require stronger reasoning representations, better decomposi-
tion strategies, or integration with symbolic solvers. Overall, these results emphasize that
structured reasoning alone is not sufficient; both model capacity and reasoning strategy
play critical roles in achieving robust mathematical problem solving.

4.5 Results on Reasoning Vector Engineering

This section investigates whether reasoning vectors provide a meaningful and controllable
representation of reasoning behavior in language models. We analyze both the structure of
these representations across layers and the effect of manipulating them through steering.
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4.5.1 Layer-wise Structure of Reasoning Representations

Figure 4.6 examines how reasoning-related information is distributed across transformer
layers. To quantify the distinction between correct and incorrect reasoning, two metrics
are used: the separation gap and the normalized separation ratio.
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Figure 4.6: Layer-wise analysis of reasoning representations. Top-left: separation gap
between correct and incorrect reasoning traces. Top-right: normalized separation ratio.
Bottom-left: distribution of positive (correct) and negative (incorrect) examples. Bottom-
right: steering effectiveness measured as accuracy improvement.

Let H,; and M, denote the sets of hidden representations at layer ¢ corresponding to
correct and incorrect reasoning traces. The mean representations are defined as [12]

wo= Epen [A], fy = Epe []. (4.7)
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The separation gap is defined as [12]

Ao =g = pg ll2, (4.8)

which measures the absolute distance between correct and incorrect reasoning representa-
tions. A larger value indicates stronger separability.

To account for intra-class variability, the normalized separation ratio is defined as [12]

R, = Mk~ pll2

4.9
UZ“—I—U[ ’ ( )

where o/ and o, denote the average dispersion within each group. This ratio captures
separation relative to variability.

The separation gap increases consistently with depth, growing from approximately 4.7
at layer 8 to over 8.5 at layer 16. This indicates that deeper layers encode more discrim-
inative signals related to reasoning correctness. In contrast, the normalized separation
ratio decreases with depth, suggesting that deeper layers exhibit greater variability de-
spite stronger absolute separation. Earlier layers produce more stable but less expressive
representations, while deeper layers capture more specialized reasoning features.

The distribution of positive and negative examples across layers (Figure 4.6, bottom-
left) confirms that these trends are not driven by data imbalance. Both classes remain
well represented, indicating that the observed separation reflects genuine representational
differences rather than sampling artifacts.

Despite the clear separation in representation space, the measured steering effectiveness
(bottom-right) remains close to zero across all layers. This shows that the presence of a
well-defined reasoning direction does not necessarily imply that it can be used to influence
model outputs during inference.

These results highlight a key limitation of representation-level control: reasoning sig-
nals can be encoded internally without being directly accessible for manipulation. While
deeper layers contain more discriminative information, this structure alone is insufficient
for reliable steering.

4.5.2 Effect of Reasoning Vector Steering
The effect of reasoning vector steering is shown in Figure 4.7, where o denotes the scaling

factor applied along the reasoning direction. The baseline accuracy at o = 0 is approxi-
mately 4.8%, and performance remains unchanged for a broad range of moderate values
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Reasoning Vector Steering: Accuracy vs Steering Strength
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Figure 4.7: Accuracy as a function of steering strength « for reasoning vector intervention.
The baseline corresponds to a = 0. All results are generated from our implementation.

(v € [-2.0,1.0]). This indicates that small perturbations along the reasoning vector do
not alter the model’s predictions.

When « exceeds this range, the model becomes unstable. Accuracy drops sharply to 0%
at @« = 1.5 and a = 3.0, showing that strong interventions disrupt the internal computation
rather than improving reasoning. Importantly, no value of a leads to an improvement over
the baseline.

These results demonstrate that although a meaningful reasoning direction can be iden-
tified, linear movement along this direction is not sufficient to correct errors. Instead,
model behavior is preserved within a narrow stability region and deteriorates outside it.

4.5.3 Adaptive Steering and Robustness

To mitigate the sensitivity observed with fixed steering, an adaptive strategy is applied in
which the steering strength « is selected based on an estimate of problem difficulty. In
this setting, difficulty is approximated using observable properties of the input, such as
the number of variables, constraints, or the length and structural complexity of the prob-
lem description. These features provide a coarse proxy for how challenging the reasoning
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process is expected to be.

Given a normalized difficulty score d € [0, 1], the steering parameter is chosen through
a linear mapping [12]
a(d) = amin + (Amax — Qmin) - d, (4.10)

where apin = 0.24 and ap,., = 0.42 define the empirically identified stable region of the
steering curve (Figure 4.7). This ensures that steering remains within a range where
model behavior is not disrupted, while still allowing moderate variation based on problem
complexity.

The resulting accuracy reaches 93.8% (15 out of 16 examples), matching the baseline
performance. This indicates that adaptive steering preserves model behavior but does
not introduce measurable improvements. Although the dependence of a on problem dif-
ficulty captures some structural variation across instances, the results suggest that this
information is insufficient to correct reasoning errors through linear intervention alone.

4.5.4 Discussion

The results highlight a clear distinction between representation and control. Reasoning
vectors successfully identify a direction that separates correct and incorrect reasoning,
particularly in deeper layers. However, manipulating this direction does not improve per-
formance.

This gap suggests that reasoning errors cannot be attributed to a simple misalignment
along a single linear direction. Instead, they arise from more complex, nonlinear interac-
tions within the model. As a result, reasoning vector engineering provides valuable insight
into internal representations, but it does not constitute an effective mechanism for directly
improving reasoning accuracy. These findings emphasize the need for more expressive and
structured approaches to reasoning control, beyond linear interventions in representation
space.

4.6 Discussion and Insights

This chapter presented empirical results across multiple benchmarks, including NL4OPT,
LiveMathBench, and controlled experiments on reasoning vector engineering. In this sec-
tion, we synthesize these findings to identify broader patterns in reasoning behavior and
to understand the strengths and limitations of different reasoning paradigms.
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4.6.1 The PoT Gap Across Problem Domains

The "PoT Gap": NL4AOPT vs CNMQO
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Figure 4.8: Performance comparison between CoT and strong PoT across optimization
(NL4OPT) and olympiad-level mathematics (CNMO). The results illustrate a domain-
dependent performance gap.

Figure 4.8 highlights a striking contrast in the behavior of reasoning methods across
domains. On NL4OPT, which involves structured optimization problems, Strong PoT
significantly outperforms CoT, improving accuracy from 0.50 to 0.83. This gain reflects the
advantage of programmatic reasoning, where intermediate computations can be explicitly
executed and verified.

In contrast, the same method underperforms on CNMO, a benchmark of olympiad-
level mathematics. Here, accuracy decreases from 0.22 under CoT to 0.17 with strong
PoT. This reversal indicates that the benefits of structured computation do not trans-
fer uniformly across tasks. Optimization problems tend to follow well-defined procedural
patterns, whereas olympiad problems require flexible symbolic reasoning, abstraction, and
creative problem decomposition.

This phenomenon, which we refer to as the PoT gap, demonstrates that improvements in
one domain can correspond to degradation in another. It suggests that reasoning strategies
must be aligned with the underlying structure of the task rather than applied uniformly.
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4.6.2 Method Suitability Across Domains
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Figure 4.9: Suitability scores of reasoning methods across problem domains. Scores are
normalized to a 0-100 scale to facilitate comparison across tasks.

The broader pattern of domain dependence is further illustrated in Figure 4.9, which
summarizes the suitability of different reasoning methods across three categories: formal
optimization, standard mathematical reasoning, and olympiad-level reasoning.

PoT methods show the highest suitability for formal optimization tasks, where explicit
computation and constraint handling are essential. Their performance decreases for stan-
dard mathematical reasoning and declines further for olympiad problems, where reasoning
becomes less procedural and more conceptual.

Conversely, CoT-based methods, particularly when combined with SC, demonstrate
more balanced performance across domains. While they do not achieve the highest scores
in optimization, they remain relatively robust in standard and olympiad-level reasoning.
This suggests that natural language reasoning provides greater flexibility when problem
structure is less rigid.

LP-based methods exhibit a complementary pattern. They achieve high suitability in
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optimization tasks but perform poorly in mathematical reasoning settings, highlighting
their reliance on structured, well-defined problem formulations.

Overall, these results indicate that no single reasoning paradigm dominates across all
domains. Instead, each method occupies a specific region of the problem space, defined by
the degree of structure and formality required.

4.6.3 Failure Modes of Reasoning Strategies

Suitability Scores of Reasoning Methods Across Problem Domains
100

80
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Formal Optimization Standard Math Reasoning Olympiad Reasoning
(NL4OPT) (AMC/CCEE) (CNMO/WLPMC/Hard)

CoT mCoT+SC  PoT = Strong PoT ®mLP-Gurobi mLP-Semantic

Suitability Score (0-100)

Figure 4.10: Illustration of common failure modes across reasoning strategies. Each method
fails for distinct reasons depending on the complexity and structure of the problem.

To better understand the limitations of each approach, Figure 4.10 summarizes the
dominant failure modes observed in our experiments. CoT methods often struggle with
multi-step logical dependencies and complex algebraic manipulations, where small errors
propagate through the reasoning chain. Although SC reduces variance by aggregating
multiple reasoning paths, it cannot compensate when all generated paths are incorrect.

PoT methods introduce a different class of failure. While they excel in structured
settings, they rely on the correctness of generated programs. Errors in code generation, such
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Method Capability Across Problem Categories
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Figure 4.11: Capability matrix of reasoning methods across problem categories. Perfor-
mance is categorized into five levels: Poor, Weak, Medium, Good, and Excellent.

as incorrect variable definitions or logical inconsistencies, can lead to brittle execution and
incorrect results. This brittleness becomes more pronounced in tasks requiring symbolic
or geometric reasoning, where formal program representations are harder to construct.

LP-based methods fail primarily due to their dependence on precise problem formula-
tion. When constraints are incomplete, nonlinear, or implicitly defined, these methods can-
not produce valid solutions. This limitation is particularly evident in olympiad problems,
where constraints are often implicit and reasoning must go beyond formal optimization.

These observations suggest that the limitations of each method are closely tied to their
underlying assumptions about problem structure. Methods that rely on explicit structure
fail when such structure is absent, while flexible reasoning methods struggle with precision
and consistency.
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4.6.4 Capability Landscape Across Problem Categories

Figure 4.11 provides a consolidated view of method capabilities across different problem
categories. The matrix reveals a clear specialization of reasoning methods. CoT-based
approaches perform well in algebra and number theory but struggle with geometry and op-
timization. Program-based methods extend these capabilities to more structured domains
but remain limited in highly abstract settings.

LP-based methods achieve strong performance in optimization tasks but fail to gener-
alize beyond them. Hybrid approaches, such as strong PoT and verifier-based methods,
partially bridge these gaps but do not fully resolve the trade-offs between flexibility and
structure.

The overall pattern suggests that reasoning in large language models is not governed
by a single unified mechanism. Instead, it emerges from the interaction between multiple
reasoning modes, each suited to a different class of problems.

4.6.5 Implications for Reasoning Systems

The findings of this chapter point toward several important implications for the design of
reasoning systems. First, the effectiveness of a reasoning strategy depends strongly on the
structure of the problem domain. Methods that explicitly encode structure, such as PoT
and LP-based approaches, perform well when such structure is available but degrade when
it is not.

Second, improvements in reasoning accuracy cannot be achieved solely by scaling a
single paradigm. The observed PoT gap demonstrates that gains in one domain may
come at the cost of performance in another. This highlights the need for adaptive or
hybrid systems that can dynamically select or combine reasoning strategies based on task
characteristics.

Third, the results on reasoning vector engineering suggest that internal representations
capture meaningful reasoning signals, but these signals are not easily controllable through
simple interventions. This reinforces the idea that reasoning behavior is governed by com-
plex, nonlinear dynamics rather than a single interpretable direction in representation
space.

Taken together, these insights suggest that future progress in reasoning with large lan-
guage models will require integrating multiple reasoning paradigms and developing mecha-
nisms for selecting the appropriate strategy for each task. Rather than seeking a universal
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reasoning method, it may be more effective to design systems that adapt their reasoning
approach to the structure and demands of the problem.

4.7 Summary

This chapter presented a comprehensive empirical evaluation of reasoning architectures
across diverse problem domains, including mathematical reasoning, natural language opti-
mization, and representation-level analysis. The results demonstrate that the effectiveness
of reasoning strategies is highly dependent on the structure and requirements of the task.

On NL4OPT, execution-based and optimization-aware methods, particularly strong
PoT, achieve strong performance by leveraging structured computation and solver integra-
tion. In contrast, results on LiveMathBench highlight the importance of model capacity
and sampling-based strategies, where SC improves robustness but does not fully address
limitations in deep reasoning.

The analysis of reasoning vector engineering reveals that meaningful reasoning signals
emerge within model representations, especially in deeper layers. However, these signals
are not easily exploitable for improving performance through direct intervention, indicating
a gap between representation and controllability.

Across all experiments, a consistent pattern emerges: no single reasoning paradigm per-
forms optimally across all domains. Instead, reasoning behavior reflects a combination of
structured computation, flexible language-based reasoning, and implicit internal represen-
tations. These findings suggest that future reasoning systems should move toward hybrid
and adaptive approaches that align reasoning strategies with the underlying structure of
each task.

Overall, the results of this chapter provide both empirical evidence and conceptual
insight into the strengths and limitations of current LLM-based reasoning methods, estab-
lishing a foundation for the application-driven framework developed in the next chapter.
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Chapter 5

Case Study: Urban School Site
Selection Using LLM-Based
Reasoning

5.1 Motivation and Chapter Overview

This chapter presents a real-world case study that demonstrates how LLMs reasoning
can be applied to a structured urban planning problem. In particular, we consider the
task of selecting an optimal location for a new high school in the Waterloo Region. This
problem is formulated as a multi-criteria optimization task and is addressed using LLM-
based reasoning methods, with a primary focus on CoT reasoning.

The proposed framework integrates domain-specific planning criteria derived from the
Waterloo District School Board (WDSB), formalizes them into a quantitative scoring
model, and combines this model with interpretable reasoning generated by LLMs. In ad-
dition, the full pipeline is implemented as a functional system, UrbanMind-Al, and made
publicly available.? The repository provides the complete implementation, including data
processing, reasoning modules, and visualization tools.

1https://github.com/zsarayloo/UrbanMind—AI
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5.2 Problem Formulation

The selection of a suitable site for a new high school is inherently a multi-criteria decision
problem involving regulatory, spatial, and socio-economic considerations. The objective is
to identify a location that satisfies mandatory constraints while maximizing accessibility,
safety, and long-term utility.

We formalize this task as a weighted optimization problem. For a candidate site s, the
overall score is defined as

S(s) = Z w; Sy(s), (5.1)

where S;(s) denotes the normalized score of site s under criterion i, and w; represents the
importance weight assigned to that criterion.

The criteria are derived from WDSB planning guidelines and Ontario Regulation 20/98,
and include area compliance, zoning suitability, population accessibility, transportation
access, environmental safety, infrastructure readiness, and proximity to community ameni-
ties. Each component score S;(s) is normalized to the interval [0, 1], ensuring comparability
across heterogeneous data sources [12].

This formulation enables a direct comparison between candidate sites and provides a
quantitative baseline for evaluating LLM-based reasoning.

5.3 LLM-Based Reasoning Framework

Rather than relying solely on numerical optimization, we employ LLM-based reasoning to
emulate expert decision-making. In particular, CoT reasoning is used to guide the model
through a structured evaluation process.

Given a set of candidate sites, the LLM generates a step-by-step analysis that first
applies hard constraints, such as zoning and environmental restrictions, and then evaluates
remaining candidates based on soft criteria. The reasoning process explicitly considers
each component of the scoring function, allowing the model to produce both qualitative
explanations and quantitative scores.

An example of this reasoning behavior is shown in the generated output, where in-
feasible sites are first eliminated based on zoning and environmental constraints, and the
remaining sites are compared in terms of accessibility, population coverage, and infrastruc-
ture. The final recommendation is obtained by aggregating these considerations into an
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overall score. This approach provides interpretability by exposing intermediate reasoning
steps, while maintaining alignment with the underlying optimization formulation.

5.4 System Implementation: UrbanMind-Al

The proposed framework is implemented as an interactive system, UrbanMind-AI, which
integrates data processing, LLM reasoning, and visualization into a unified platform. Fig-
ure 5.1 presents the user interface of the system. The interface allows the user to select
a reasoning method, provide problem requirements, and obtain optimized candidate loca-
tions for high school site selection. The results are displayed through an interactive map
along with detailed scoring and reasoning outputs, enabling direct comparison between
candidate sites.

Salerted Kites

WERY  ATOR WADM wHaRL AT

..........

& Selected Locatians

Figure 5.1: UrbanMind-Al interface for interactive site selection. The system combines
map-based visualization, reasoning outputs, and candidate comparison.

The system architecture consists of a backend implemented in Python using FastAPI,
which handles reasoning and scoring, and a frontend built with React and Next.js for inter-
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active visualization. The platform allows users to explore candidate sites, run reasoning-
based evaluations, and compare results across different methods.

The implementation supports multiple reasoning strategies, including CoT, ToT ;| and
hierarchical reasoning approaches, enabling comparative analysis of different LLM reason-
ing paradigms.

5.5 Empirical Results

5.5.1 Spatial Distribution of Candidate Sites

The evaluation considers a set of candidate sites across the Waterloo Region, including
locations in Waterloo, Kitchener, and Cambridge. Each site is characterized by its geo-
graphic coordinates and a set of planning-related attributes, including area, zoning type,
population accessibility, transportation access, environmental constraints, infrastructure
readiness, and proximity to amenities. These attributes are derived from publicly avail-
able planning data and reflect criteria commonly used in high school site selection by the
Waterloo Region District School Board.

To evaluate candidate locations, a weighted scoring function S(s) is defined for each
site s:

S(s) = Z w; Si(s), (5.2)

where S;(s) denotes the normalized score of site s with respect to criterion ¢, and w;
represents the corresponding weight. All criterion scores are normalized to the interval
[0, 1] to ensure comparability across heterogeneous attributes.

The relative importance of each criterion is determined through predefined weights,
summarized in Table 5.1. These weights reflect planning priorities, with greater emphasis
placed on population accessibility and zoning feasibility, as these factors directly influence
the long-term viability of a school location.

The results presented in this section are generated using the CoT-based reasoning
pipeline, where the model evaluates each site by reasoning over these criteria and producing
structured assessments that are aggregated into the final score.

Figure 5.2 illustrates the spatial distribution of candidate sites along with their corre-
sponding normalized scores. Higher-scoring locations are primarily concentrated in Cam-
bridge and parts of Waterloo, where favorable zoning conditions and strong population
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Table 5.1: Evaluation criteria and relative weights used in the scoring function.

Criterion Weight
Population accessibility 0.20
Zoning compliance 0.20
Area suitability 0.15
Transportation access 0.15
Environmental constraints  0.10
Infrastructure readiness 0.10
Proximity to amenities 0.10

accessibility contribute to overall performance. In contrast, several sites in Kitchener ex-
hibit lower scores, often due to environmental constraints, limited infrastructure capacity,
or less suitable zoning designations.

5.5.2 Baseline Ranking of Candidate Sites

Figure 5.3 presents the ranking of all candidate sites using the weighted scoring function
S(s) introduced earlier. This baseline evaluation is purely optimization-based and does not
involve LLM reasoning. Instead, it aggregates normalized criterion scores using predefined
weights.

The highest-scoring site is CM-009 with a score of 0.942, followed by WB-001 with a
score of 0.901. These sites satisfy all major constraints and achieve strong performance
across key criteria such as zoning feasibility and population accessibility. The inclusion of
all candidate sites in this figure provides a global view of the solution space and highlights
the relative differences in suitability across locations.

The clear separation between top-performing and lower-performing sites indicates that
the scoring framework provides sufficient discriminative power for decision-making. How-
ever, this ranking is based solely on fixed weights and does not incorporate higher-level
contextual reasoning.

5.5.3 CoT Evaluation

Figure 5.4 shows the results obtained using CoT-based reasoning. In contrast to the base-
line ranking, this evaluation is not performed on the full set of candidates. Instead, a subset
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UrbanMind-Al: Site Locations and Scores (2025)
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Figure 5.2: Geographical distribution of candidate sites across Waterloo, Kitchener, and
Cambridge, with color indicating normalized scores.

of high-ranking sites from Figure 5.3 is selected and re-evaluated using the CoT reasoning
pipeline. This two-stage design reduces computational cost while focusing reasoning on
the most promising candidates.

Within this subset, the CoT method identifies WB-005 as the optimal site, with an
overall score of approximately 0.974, outperforming the top-ranked baseline candidates.
This shift in ranking reflects the influence of structured reasoning, which reinterprets the
evaluation criteria beyond fixed weights.

The CoT-based evaluation places greater emphasis on factors such as accessibility,
population coverage, and spatial distribution relative to existing schools. The reasoning
traces indicate that WB-005 achieves strong balance across these dimensions, particularly
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UrbanMind-Al: Site Scores for 2025
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Figure 5.3: Normalized scores of all candidate sites based on the weighted optimization
model.
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Figure 5.4: Site evaluation scores for a selected subset of top candidate sites using CoT
reasoning.
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in transportation access and coverage of underserved populations.

This comparison highlights a key distinction between the two approaches. The baseline
model provides a consistent global ranking based on predefined weights, while the CoT-
based evaluation refines this ranking by incorporating contextual and spatial reasoning.
As a result, LLM-based reasoning can adjust decisions in cases where multiple candidates
have similar quantitative scores but differ in qualitative characteristics.

5.5.4 Criterion-Level Analysis

Stacked Criterion Scores Comparnson Radar Chart: Criterion Comparison
10 - o

Cumulaiive Score

Sites

Figure 5.5: Stacked criterion scores and radar chart comparing performance across evalu-
ation criteria.

Figure 5.5 provides a detailed breakdown of performance across individual criteria. The
stacked bar chart shows cumulative contributions to the overall score, while the radar chart
highlights relative strengths across dimensions.

The analysis reveals that CM-009 achieves high scores in population coverage and envi-
ronmental safety, whereas WB-001 provides more balanced performance across all criteria.
However, WB-005, identified by the CoT method, achieves consistently strong performance
across all dimensions, particularly in population accessibility and infrastructure.

This comparison highlights the importance of balanced performance in multi-criteria
decision problems.
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5.6 Discussion and Insights

The results of this case study highlight the effectiveness of combining structured optimiza-
tion with LLM-based reasoning for complex decision-making tasks in urban planning.

The weighted optimization model provides a reliable quantitative baseline by aggre-
gating multiple planning criteria into a unified score. This formulation captures essen-
tial regulatory and spatial constraints, enabling a consistent comparison across candidate
sites. The resulting ranking successfully identifies high-quality locations, demonstrating
that multi-criteria optimization remains a strong foundation for infrastructure planning
problems.

At the same time, the integration of CoT reasoning introduces an additional layer of
analysis that refines these outcomes. The difference between the baseline ranking, which
selects CM-009, and the CoT-based evaluation, which identifies WB-005 as the optimal site,
reflects the ability of the reasoning process to incorporate contextual and relational factors.
In particular, aspects such as spatial distribution, accessibility patterns, and proximity to
existing schools are considered more holistically within the reasoning framework, leading
to a more balanced evaluation.

A notable advantage of this approach lies in its interpretability. The reasoning pro-
cess produces explicit, step-by-step justifications for each decision, making the evaluation
transparent and traceable. This is particularly valuable in urban planning contexts, where
decisions must be communicated clearly to stakeholders and supported by understandable
evidence rather than opaque numerical outputs.

These observations suggest that optimization and reasoning play complementary roles.
The optimization model ensures consistency and quantitative rigor, while the LLM-based
reasoning enriches the decision process by incorporating contextual understanding and
explanatory depth. The resulting hybrid framework provides both analytical reliability
and interpretability, making it well-suited for real-world planning applications.

5.7 Summary

In this chapter, we formulated the problem of high school site selection in the Waterloo Re-
gion as a multi-criteria optimization problem and demonstrated how LLM-based reasoning
can be applied to solve it. The UrbanMind-AI system provides a practical implementation
of this framework, integrating data-driven scoring with interpretable reasoning.
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The results show that while the optimization model identifies strong candidate sites,
LLM-based reasoning can refine these decisions and provide additional insights. This
case study illustrates the potential of combining optimization and reasoning for real-world
decision-making tasks in urban planning.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

This thesis investigated the use of large language models for solving mathematical and op-
timization problems expressed in natural language, with a particular focus on structured
decision-making in urban planning. The central challenge addressed in this work is the
transformation of unstructured textual descriptions into reliable and verifiable computa-
tional solutions.

The results demonstrate that reasoning in LLMs cannot be understood as a single
unified process. Language-based reasoning methods provide interpretability and flexibility,
but they are prone to error propagation and lack formal guarantees. Execution-based
approaches improve numerical reliability by separating reasoning from computation, yet
they depend on the correctness of generated programs. Optimization-based methods offer
exact solutions when the problem formulation is accurate, although their effectiveness is
limited by the difficulty of extracting precise mathematical representations from natural
language.

The integration of these approaches within a unified framework leads to a more reli-
able reasoning pipeline. In particular, the incorporation of verifier-in-the-loop mechanisms
improves solution feasibility by explicitly checking constraint satisfaction and consistency.
Empirical results on NL4AOPT show that structured reasoning combined with verification
significantly improves accuracy, while experiments on LiveMathBench highlight the impor-
tance of reasoning robustness and model capacity in symbolic problem solving.

The analysis of reasoning vector engineering provides a complementary perspective.
Hidden-state representations capture meaningful distinctions between correct and incorrect
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reasoning trajectories, especially in deeper layers of the model. However, the inability to
translate these representations into effective control mechanisms suggests that reasoning
behavior is governed by complex interactions rather than simple linear structures.

The urban planning case study further demonstrates the practical relevance of the
proposed framework. The UrbanMind-Al system shows how natural language descrip-
tions of planning criteria can be translated into structured decision processes, combining
quantitative optimization with qualitative reasoning. The observed differences between
optimization-based rankings and reasoning-based evaluations highlight the importance of
integrating multiple perspectives in real-world decision-making tasks.

Taken together, these findings indicate that reliable reasoning requires the combination
of structured computation, flexible language understanding, and explicit verification. The
proposed framework provides a step toward bridging natural language and formal optimiza-
tion, enabling large language models to operate in more rigorous and application-driven
settings.

6.2 Future Work

The results of this thesis open several directions for further research, both at the method-
ological level and in practical applications. A key limitation observed throughout the
experiments is the difficulty of translating natural language into precise formal represen-
tations. Improving this translation process requires deeper integration between language
models and symbolic reasoning systems. Future work may explore hybrid neuro-symbolic
architectures that combine LLMs with constraint solvers, logic engines, or program syn-
thesis frameworks in a more tightly coupled manner.

Another important direction concerns adaptive reasoning systems. The empirical re-
sults show that different reasoning strategies perform well under different problem struc-
tures. Developing mechanisms that automatically select or combine reasoning paradigms
based on task characteristics could significantly improve performance and efficiency. This
may involve meta-reasoning models or controller architectures that dynamically route prob-
lems to appropriate reasoning pipelines.

The findings on reasoning vector engineering suggest that internal representations con-
tain useful information but are not easily controllable through simple interventions. Future
research may investigate nonlinear or structured approaches to representation manipula-
tion, as well as training-time methods that align internal representations with desired
reasoning behaviors.

66



Scalability and robustness remain open challenges, particularly for large-scale opti-
mization problems. Extending the proposed framework to handle more complex, non-
linear, or stochastic optimization settings would improve its applicability to real-world
scenarios. This includes incorporating uncertainty modeling, probabilistic reasoning, and
multi-objective optimization within the reasoning pipeline.

From an application perspective, the integration of LLM-based reasoning into decision-
support systems presents significant opportunities. In urban planning, this includes ex-
panding the system to incorporate real geospatial data, policy constraints, and stakeholder
interactions. More broadly, the framework can be applied to domains such as supply
chain optimization, energy systems, and infrastructure planning, where decisions are often
described in natural language but require formal analysis.

Finally, improving the interpretability and trustworthiness of reasoning systems is es-
sential for deployment in high-stakes settings. Future work may focus on developing more
transparent verification mechanisms, better explanation generation, and human-in-the-loop
systems that allow domain experts to interact with and validate model outputs. Advancing
these directions will contribute to the development of reasoning systems that are not only
more accurate, but also more reliable, interpretable, and aligned with real-world decision-
making processes.
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