Lecture 15



Performer, Variational
Autoencoders



Rethinking Attention with Performers

Krzysztof Choromanski, Valerii Likhosherstov, David Dohan, Xingyou Song, Andreea
Gane, Tamas Sarlos, Peter Hawkins, Jared Davis, Afroz Mohiuddin, Lukasz Kaiser, David
Belanger, Lucy Colwell, Adrian Weller

* “We introduce the first Transformer architectures, Performers,
capable of provably accurate and practical estimations of regular
(softmax) full rank attention, but of only linear space and time
complexity and not relying on any priors such as sparsity or low-
rankness. Performers use the Fast Attention Via positive Orthogonal
Random features (FAVOR+) mechanism”



Generalized definition

 Define three different vectors corresponding to each word.
e Input  x € R? X = [xX1 — —Xn]axn

* Key
* Query

e Value
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 Define three different vectors corresponding to each word.
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Generalized definition
 Define three different vectors corresponding to each word.

* Input x € R X = [x1 — —xp]axn
_ T
+Key  keR K= e Xaxn K =[x = ~Knlpxn
pXd —
° Query q € RP Q= WqT Xaxn Q=1q1— _Qn]pxn
pXd

e Value
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Generalized definition
 Define three different vectors corresponding to each word.

* Input x € R X = [x1 — —xp]axn
_ T
+Key  keR K= e Xaxn K =[x = ~Knlpxn
pXd —
e Query ¢q € RP Q =Wy Xaxn Q = [q1 — —qnlpxn
pXd
* Value ve R™ V= % Xaxn V= [ﬁ — —Unlmxn

mxd
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Generalized definition

 Define three different vectors corresponding to each word.
* Input x € R X = [x1 — —xp]axn

K =KVJ£Xd><n K

° Key k € RP =[x, — _kn]pxn

pXd

e Query ¢q € RP Q =Wy Xaxn Q = [q1 — —qnlpxn
pXd

e Value veR™ V= % Xdaxn V =1v1 — —Vnlmxn

mxd

T
L= Vsoftmax(\/ﬁ)

mXn mxXn S
nxn
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Generalized definition

 Define three different vectors corresponding to each word.
* Input x € R X = [x1 — —xp]axn

K =KVJ£Xd><n K

° Key k € RP =[x, — _kn]pxn

pXd

e Query ¢q € RP Q =Wy Xaxn Q = [q1 — —qnlpxn
pXd

e Value ve R™ V= % Xaxn V =[v1 — —Vnlmxn

mxd

Q'K
L=V softmax ) 0(n*m
- (w*m)
mXn nxn

nxp
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Generalized definition

 Define three different vectors corresponding to each word.
* Input x € R X = [x1 — —xp]axn

K =KVJ£Xd><n K

° Key k € RP =[x, — _kn]pxn

pXd

e Query ¢q € RP Q =Wy Xaxn Q = [q1 — —qnlpxn
pXd
e Value ve R™ V= % Xaxn V =[v1 — —Vnlmxn

mxd

Tk

L =V softmax ¢ )\ 0(n*m)
VP pxn T
mAmmxn T X" W, W, X

nxp
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K(x,y) = ¢(x)" o) $ x = o)

742



K(x,y) = ¢(x)" o) $ x = o)

- most kernels can be approximated by random features
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K(x,y) = ¢(x)" o) $ x = o)

- most kernels can be approximated by random features
- Random features has this form:
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K(x,y) = ¢(x) o) ¢ x = dx)

- most kernels can be approximated by random features
- Random features has this form:

h(x)

d(x) = & (i (w_{x), fi (a)_gx) . fi (a)_TTx) o f (w_{x) o f (a)_,Tx))
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K(x,y) = ¢(x) o) ¢ x = dx)

- most kernels can be approximated by random features
- Random features has this form:

600 == 2 (i (o). fi (@) o f (@Fx) o (0F5) o fo ()

- -

[Xr elements in vector ¢

d(y)
K(x,y)= ¢"(x)p)
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For example:
h(x)=1 f;=sin f, =cos [ =2 w~N(0,I)
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For example:
h(x)=1 f;=sin f, =cos =2 w~N(0,I)

d(x) = \/i? (sin (w_{x) sin (a)_gx) ..sin (w{x) cos (a){x) ... COS (a),Tx))

748



For example:
h(x)=1 f;=sin f, =cos =2 w~N(0,I)

d(x) = \/i? (sin (w_{x) sin (a)_gx) ..sin (w{x) cos (a){x) ... COS (a),Tx))

—|x—y|?

Kx,y)=¢"d(y)=e 7

Gaussian
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For example:
h(x)=1 f;=sin f, =cos =2 w~N(0,I)

d(x) = \/i? (sin (w_{x) sin (a)_gx) ..sin (w{x) cos (a){x) ... COS (a),Tx))

—|x—y|?

Kx,y)=¢"d(y)=e 7

Gaussian

Jx
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For example:
h(x)=1 f;=sin f, =cos =2 w~N(0,I)

d(x) = \/i? (sin (w_{x) sin (a)_gx) ..sin (w{x) cos (a){x) ... COS (a),Tx))

—|x—y|?

Kx,y)=¢"d(y)=e 7

Gaussian
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For example:
h(x)=1 f;=sin f, =cos =2 w~N(0,I)

d(x) = \/i? (sin (w_{x) sin (a)_gx) ..sin (w{x) cos (a){x) ... COS (a),Tx))

—|x—y|?

Kx,y)=¢"d(y)=e 7

Gaussian
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For example:
h(x)=1 f;=sin f, =cos =2 w~N(0,I)

d(x) = \/i? (sin (w_{x) sin (a)_gx) ..sin (w{x) cos (a){x) ... COS (a),Tx))

—|x—y|?

Kx,y)=¢"d(y)=e 7

Gaussian

T

VP

softmax (
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o(s); =a; =

sJ
Zje

A = exp(—=)

VP

T
QixpKpxn
IXn

! nx1
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o(s); =a; =

sJ
Zje

A = exp(—=)

VP

T
QixpKpxn
IXn

1

|

nxn 1
diag (A1) =

* nXx1

(x 00 0—]
O0x00 —

00x0 —
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o(s); =a; =

sJ
Zje

A = exp(—=)

VP

T
QixpKpxn
IXn

T
softmax (Q\/Ff() = AD1

1
|
nxn 1
diag (A1) =
D

- nx1

(x 00 0—]
O0x00 —

00x0 —
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o(s); =a; =

sJ
Zje

A = exp(—=)

VP

T
QixpKpxn
IXn

T
softmax (Q\/Ff() = AD1

- nx1

(x 00 0—]
O0x00 —

1
0-00 —

1
00-0 —
X

1 ]
— 000-—

00x0 —
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T T T

o= 1x=VI? — o=(x-0T(x-y) = p-[x"x+yTy-2xTy] — —x"x  -v"y . 2x"y
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, (=T (x-y) —[xTx+yTy—2xTy] - -
e_lx_yl = e 2 = e 2 —_ e_x x.e_y y.ezx y

Y
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2 —(=y) (=) —[x"x+y"y—2x"y]
e_|x_3’| — e 5 — . .
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2 _{X—QOTCx—y) _{xTx+yTy_2xTy]
e_|x_3’| — e

—xTx  —yTy 2xTy
N v - w
xTx yTy
Kgauss e 2 -e 2
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2 _{X—QOTCx—y) _{xTx+yTy_2xTy]
e_|x_3’| — e

-x"x  -yly 2xly
— — 2 . 2 e 2
Z = e 2 0 o
xTx yTy
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2 _{X—QOTCx—y) _{xTx+yTy_2xTy]
e_|x_3’| — e

-x"x  -yly 2xly
— — 2 . 2 e 2
Z = e 2 0 o
xTx yTy
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, (=T (x-y) —[xTx+yTy—2xTy]
e_lx_yl = e 2 = e 2

h
p(x) = 2

7 (f1 (w_{x), fi (a)_gx) . fi (a)_,Tx) o f (w_{x) o f (a)_,Tx) )
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, (=T (x-y) —[xTx+yTy—2xTy]

—xTx —yTy 2xTy
2 = e 2 = e 2 e 2 e 2
e <

xTx yTy

Kgauss°e 2 e 2

) -

-

Ksm <—€xTy

xTx

h(X) — T

0= "0 (1, (). 1 (65) () 1 (6F) i 22)

T

P(x) = % (sin (w_{x) sin (ng) ..sin (w{x) cos (a){x) ... COS (a),Tx))
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Tk

VP

V softmax (

)
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Tk

V softmax ( NG )

N -
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— n X
TK P

V softmax ( NG

N -

)\> pXn
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- nXp

T
K)\> pxn 0 (mn?)

V softmax ( NG

N -
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- nXp

TK 2
Vsoftmax (—)  P*" 0(mn?)
. VP
v (Q'TKr)
mxn nxr' r'xXn
— 0 (mr'n?)

r''xXn
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> nXp

TK 2
Vsoftmax (—)  P*" 0(mn?)
_ VP
v (Q'TKr)
mxn nxr' r'xXn
— 0 (mr'n?)

r''xXn
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Variational Auto encoder (VEA)



Variational Inference

e Problem Definition

— Observable Data: = {z1,z2,...,z,}

— Hidden Variable: z = {21, 22, ..., 2n }

776



Variational Inference

e Problem Definition
— Observable Data: = {z1,z2,...,z,}

— Hidden Variable: z = {21, 22, ..., 2n }

p(z,z) _ pz|z)p(z)
p(z) [ p(z|2)p(2)dz

p(zlz) =
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Variational Inference

e Solutions

e Monte Carlo Sampling

- Metropolis Hasting
- Gibbs Sampling

e Variational Inference
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Variational Inference

e Approximate p(z|zr) by q(z) a@

e Minimize the KL Divergence:

D [a(a)lptele)] = - [ attog” 75 a:
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Variational Lower Bound

D [a(e)lptele)] = - [ atog” 75 a
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Variational Lower Bound

Drc[a(e)lptele)] = - [ attog” 75 a

— —/q(z)log Pz, 2) dz

q(z)p(x)
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Variational Lower Bound

Dice [a@lIp(ele)] = - [ a(tog o) dz

q(z)
— —/q(z)log Pz, 2) dz

q(z)p(x)

= —/Q(z)logpgz:;)dz—l—/Q(z)lag(p(m))dz
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Variational Lower Bound

Dice [a@lIp(ele)] = - [ a(tog o) dz

q(z)
— —/q(z)log p(z,2) dz

q(z)p(x)

— —/Q(z)logp;?:;)dz—l—/Q(Z)ZOQ(P(Q?))dz

= —/q(z) (log(p(z,a:)) — log(q(z)))dz + log(p(:l?))
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Variational Lower Bound

Dice [a@lIp(ele)] = - [ a(tog o) dz

q(z)
— —/q(z)log Pz, 2) dz

q(z)p(x)

= —/Q(z)logpé?;)dz—l—/Q(z)log(p(x))dz

— —/q(z) (log(p(z, $)) — log(q(Z)))dz + log(p(a?))

= — (g [log(p(Z, :c))] — B, [log(Q(Z))] ) +log(p(z))

L -
T

Evidence Lower Bound (ELBO)
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Variational Lower Bound

Dgr [q(Z)IIP(ZI:E)} = — EEq(z) [log(p(zfm))] — Ey [log(Q(Z))hHog(p(:r))

=

Evidence Lower Bound (ELBO)
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Variational Lower Bound

Dict[a()lp(e1a)] = = (Byge[to9 (o2, 2)) | ~ By [109(a(2) |) +log (p())

S

Evidence Lower Bound (ELBQO)

Dy |a(2)llp(zl2)| = —L[a(=)| +tog (p(=))
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Variational Lower Bound

Dicr[a(2)lIp(ela)| = = (B |log(p(=9)) | = By [log(a(2)) ) +leg (p(2))

S

Evidence Lower Bound (ELBOQO)

Dkr, [Q(Z)IIP(ZI$)] = —L[(I(Z)] + log(p(m))

log(p()) = Dz |a(2)llp(=]2)| + L |a(2)]
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Variational Lower Bound

Dice[a(e)lp(e1a)] = = (Byge[tog (o2, 2)) | ~ By [109(a(2) |) +log (p())

S

Evidence Lower Bound (ELBOQO)

Dkr, [Q(ZJIIP(Zlm)] = —L[Q(Z)] + log(p(&?))

log(p(2)) = Dz |a(2)llp(=]2)| + L |a(2)]

Minimizing Dy, [q(z)||p(z|$)}
is equal to Maximizing L [q(z)]
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