
Lecture 15



Performer, Variational 
Autoencoders 



Rethinking Attention with Performers
Krzysztof Choromanski, Valerii Likhosherstov, David Dohan, Xingyou Song, Andreea
Gane, Tamas Sarlos, Peter Hawkins, Jared Davis, Afroz Mohiuddin, Lukasz Kaiser, David 
Belanger, Lucy Colwell, Adrian Weller

• “We introduce the first Transformer architectures, Performers, 
capable of provably accurate and practical estimations of regular 
(softmax) full rank attention, but of only linear space and time 
complexity and not relying on any priors such as sparsity or low-
rankness. Performers use the Fast Attention Via positive Orthogonal 
Random features (FAVOR+) mechanism”

734



Generalized definition 
• Define three different vectors corresponding to each word. 

• Input

• Key

• Query

• Value

𝑥𝑥 ∈  ℝ𝑑𝑑 𝑥𝑥 = [𝑥𝑥1 − −𝑥𝑥𝑛𝑛]𝑑𝑑×𝑛𝑛

735



Generalized definition 
• Define three different vectors corresponding to each word. 

• Input

• Key

• Query

• Value

𝑥𝑥 ∈  ℝ𝑑𝑑 𝑋𝑋 = [𝑥𝑥1 − −𝑥𝑥𝑛𝑛]𝑑𝑑×𝑛𝑛

𝑘𝑘 ∈  ℝ𝑝𝑝 𝐾𝐾 = [𝑥𝑥1 − −𝑘𝑘𝑛𝑛]𝑝𝑝×𝑛𝑛
𝐾𝐾 = �𝑊𝑊𝑘𝑘

𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

736



Generalized definition 
• Define three different vectors corresponding to each word. 

• Input

• Key

• Query

• Value

𝑥𝑥 ∈  ℝ𝑑𝑑 𝑋𝑋 = [𝑥𝑥1 − −𝑥𝑥𝑛𝑛]𝑑𝑑×𝑛𝑛

𝑘𝑘 ∈  ℝ𝑝𝑝 𝐾𝐾 = [𝑥𝑥1 − −𝑘𝑘𝑛𝑛]𝑝𝑝×𝑛𝑛
𝐾𝐾 = �𝑊𝑊𝑘𝑘

𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑞𝑞 ∈  ℝ𝑝𝑝 𝑄𝑄 = [𝑞𝑞1 − −𝑞𝑞𝑛𝑛]𝑝𝑝×𝑛𝑛𝑄𝑄 = �𝑊𝑊𝑞𝑞
𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

737



Generalized definition 
• Define three different vectors corresponding to each word. 

• Input

• Key

• Query

• Value

𝑥𝑥 ∈  ℝ𝑑𝑑 𝑋𝑋 = [𝑥𝑥1 − −𝑥𝑥𝑛𝑛]𝑑𝑑×𝑛𝑛

𝑘𝑘 ∈  ℝ𝑝𝑝 𝐾𝐾 = [𝑥𝑥1 − −𝑘𝑘𝑛𝑛]𝑝𝑝×𝑛𝑛
𝐾𝐾 = �𝑊𝑊𝑘𝑘

𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑞𝑞 ∈  ℝ𝑝𝑝 𝑄𝑄 = [𝑞𝑞1 − −𝑞𝑞𝑛𝑛]𝑝𝑝×𝑛𝑛𝑄𝑄 = �𝑊𝑊𝑞𝑞
𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑎𝑎 ∈  ℝ𝑚𝑚 𝑉𝑉 = [𝑎𝑎1 − −𝑎𝑎𝑛𝑛]𝑚𝑚×𝑛𝑛𝑉𝑉 = �𝑊𝑊𝑣𝑣
𝑇𝑇

𝑚𝑚×𝑑𝑑
𝑋𝑋𝑑𝑑×𝑛𝑛

738



Generalized definition 
• Define three different vectors corresponding to each word. 

• Input

• Key

• Query

• Value

𝑥𝑥 ∈  ℝ𝑑𝑑 𝑋𝑋 = [𝑥𝑥1 − −𝑥𝑥𝑛𝑛]𝑑𝑑×𝑛𝑛

𝑘𝑘 ∈  ℝ𝑝𝑝 𝐾𝐾 = [𝑥𝑥1 − −𝑘𝑘𝑛𝑛]𝑝𝑝×𝑛𝑛
𝐾𝐾 = �𝑊𝑊𝑘𝑘

𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑞𝑞 ∈  ℝ𝑝𝑝 𝑄𝑄 = [𝑞𝑞1 − −𝑞𝑞𝑛𝑛]𝑝𝑝×𝑛𝑛𝑄𝑄 = �𝑊𝑊𝑞𝑞
𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑎𝑎 ∈  ℝ𝑚𝑚 𝑉𝑉 = [𝑎𝑎1 − −𝑎𝑎𝑛𝑛]𝑚𝑚×𝑛𝑛𝑉𝑉 = �𝑊𝑊𝑣𝑣
𝑇𝑇

𝑚𝑚×𝑑𝑑
𝑋𝑋𝑑𝑑×𝑛𝑛

ℒ = 𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)

𝑛𝑛×𝑛𝑛
𝑠𝑠 × 𝑛𝑛𝑠𝑠 × 𝑛𝑛

739



Generalized definition 
• Define three different vectors corresponding to each word. 

• Input

• Key

• Query

• Value

𝑥𝑥 ∈  ℝ𝑑𝑑 𝑋𝑋 = [𝑥𝑥1 − −𝑥𝑥𝑛𝑛]𝑑𝑑×𝑛𝑛

𝑘𝑘 ∈  ℝ𝑝𝑝 𝐾𝐾 = [𝑥𝑥1 − −𝑘𝑘𝑛𝑛]𝑝𝑝×𝑛𝑛
𝐾𝐾 = �𝑊𝑊𝑘𝑘

𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑞𝑞 ∈  ℝ𝑝𝑝 𝑄𝑄 = [𝑞𝑞1 − −𝑞𝑞𝑛𝑛]𝑝𝑝×𝑛𝑛𝑄𝑄 = �𝑊𝑊𝑞𝑞
𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑎𝑎 ∈  ℝ𝑚𝑚 𝑉𝑉 = [𝑎𝑎1 − −𝑎𝑎𝑛𝑛]𝑚𝑚×𝑛𝑛𝑉𝑉 = �𝑊𝑊𝑣𝑣
𝑇𝑇

𝑚𝑚×𝑑𝑑
𝑋𝑋𝑑𝑑×𝑛𝑛

ℒ = 𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)

𝑛𝑛×𝑛𝑛
𝑠𝑠 × 𝑛𝑛𝑠𝑠 × 𝑛𝑛

𝑛𝑛 × 𝑝𝑝

𝑝𝑝 × 𝑛𝑛
𝑂𝑂(𝑛𝑛2𝑠𝑠)

740



Generalized definition 
• Define three different vectors corresponding to each word. 

• Input

• Key

• Query

• Value

𝑥𝑥 ∈  ℝ𝑑𝑑 𝑋𝑋 = [𝑥𝑥1 − −𝑥𝑥𝑛𝑛]𝑑𝑑×𝑛𝑛

𝑘𝑘 ∈  ℝ𝑝𝑝 𝐾𝐾 = [𝑥𝑥1 − −𝑘𝑘𝑛𝑛]𝑝𝑝×𝑛𝑛
𝐾𝐾 = �𝑊𝑊𝑘𝑘

𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑞𝑞 ∈  ℝ𝑝𝑝 𝑄𝑄 = [𝑞𝑞1 − −𝑞𝑞𝑛𝑛]𝑝𝑝×𝑛𝑛𝑄𝑄 = �𝑊𝑊𝑞𝑞
𝑇𝑇

𝑝𝑝×𝑑𝑑

𝑋𝑋𝑑𝑑×𝑛𝑛

𝑎𝑎 ∈  ℝ𝑚𝑚 𝑉𝑉 = [𝑎𝑎1 − −𝑎𝑎𝑛𝑛]𝑚𝑚×𝑛𝑛𝑉𝑉 = �𝑊𝑊𝑣𝑣
𝑇𝑇

𝑚𝑚×𝑑𝑑
𝑋𝑋𝑑𝑑×𝑛𝑛

ℒ = 𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)

𝑛𝑛×𝑛𝑛
𝑠𝑠 × 𝑛𝑛𝑠𝑠 × 𝑛𝑛

𝑛𝑛 × 𝑝𝑝

𝑝𝑝 × 𝑛𝑛
𝑂𝑂(𝑛𝑛2𝑠𝑠)

𝑋𝑋𝑇𝑇𝑊𝑊𝑞𝑞𝑊𝑊𝑘𝑘
|

𝑋𝑋

741



𝐾𝐾 𝑥𝑥,𝑦𝑦 =  𝜙𝜙(𝑥𝑥)𝑇𝑇𝜙𝜙(𝑦𝑦) 𝜙𝜙 𝑥𝑥 →  𝜙𝜙(𝑥𝑥)

742



𝐾𝐾 𝑥𝑥,𝑦𝑦 =  𝜙𝜙(𝑥𝑥)𝑇𝑇𝜙𝜙(𝑦𝑦) 𝜙𝜙 𝑥𝑥 →  𝜙𝜙(𝑥𝑥)

- most kernels can be approximated by random features

743



𝐾𝐾 𝑥𝑥,𝑦𝑦 =  𝜙𝜙(𝑥𝑥)𝑇𝑇𝜙𝜙(𝑦𝑦) 𝜙𝜙 𝑥𝑥 →  𝜙𝜙(𝑥𝑥)

- most kernels can be approximated by random features
- Random features has this form: 

744



𝐾𝐾 𝑥𝑥,𝑦𝑦 =  𝜙𝜙(𝑥𝑥)𝑇𝑇𝜙𝜙(𝑦𝑦) 𝜙𝜙 𝑥𝑥 →  𝜙𝜙(𝑥𝑥)

- most kernels can be approximated by random features
- Random features has this form: 

𝜙𝜙 𝑥𝑥 = ℎ(𝑥𝑥)
𝜕𝜕

 (𝑓𝑓1 𝜔𝜔1𝑇𝑇𝑥𝑥 ,  𝑓𝑓1 𝜔𝜔2
𝑇𝑇𝑥𝑥 … 𝑓𝑓1 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔1𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

745



𝐾𝐾 𝑥𝑥,𝑦𝑦 =  𝜙𝜙(𝑥𝑥)𝑇𝑇𝜙𝜙(𝑦𝑦) 𝜙𝜙 𝑥𝑥 →  𝜙𝜙(𝑥𝑥)

- most kernels can be approximated by random features
- Random features has this form: 

𝜙𝜙 𝑥𝑥 =
ℎ(𝑥𝑥)
𝑓𝑓

 (𝑓𝑓1 𝜔𝜔1𝑇𝑇𝑥𝑥 ,  𝑓𝑓1 𝜔𝜔2
𝑇𝑇𝑥𝑥 … 𝑓𝑓1 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔1𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥  

𝑖𝑖×𝜕𝜕 elements in vector 𝜙𝜙

𝜙𝜙(𝑦𝑦)

𝐾𝐾(𝑥𝑥,𝑦𝑦) =  𝜙𝜙𝑇𝑇(𝑥𝑥)𝜙𝜙(𝑦𝑦)

746



ℎ 𝑥𝑥 = 1 𝑓𝑓1 = sin  𝑓𝑓2 = cos  𝑙𝑙 = 2
For example: 

𝜔𝜔 ~ 𝐵𝐵(𝑂𝑂, 𝐼𝐼𝑖𝑖)

747



ℎ 𝑥𝑥 = 1 𝑓𝑓1 = sin  𝑓𝑓2 = cos  𝑙𝑙 = 2
For example: 

𝜔𝜔 ~ 𝐵𝐵(𝑂𝑂, 𝐼𝐼𝑖𝑖)

𝜙𝜙 𝑥𝑥 =
1
𝑓𝑓

(sin 𝜔𝜔1𝑇𝑇𝑥𝑥 sin 𝜔𝜔2
𝑇𝑇𝑥𝑥 … sin 𝜔𝜔1𝑇𝑇𝑥𝑥 cos 𝜔𝜔1𝑇𝑇𝑥𝑥 … cos 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

748



ℎ 𝑥𝑥 = 1 𝑓𝑓1 = sin  𝑓𝑓2 = cos  𝑙𝑙 = 2
For example: 

𝜔𝜔 ~ 𝐵𝐵(𝑂𝑂, 𝐼𝐼𝑖𝑖)

𝜙𝜙 𝑥𝑥 =
1
𝑓𝑓

(sin 𝜔𝜔1𝑇𝑇𝑥𝑥 sin 𝜔𝜔2
𝑇𝑇𝑥𝑥 … sin 𝜔𝜔1𝑇𝑇𝑥𝑥 cos 𝜔𝜔1𝑇𝑇𝑥𝑥 … cos 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

𝐾𝐾 𝑥𝑥,𝑦𝑦 = 𝜙𝜙𝑇𝑇𝜙𝜙 𝑦𝑦 =  𝑒𝑒
−|𝑥𝑥−𝑦𝑦|2

𝛾𝛾
               Gaussian 

749



ℎ 𝑥𝑥 = 1 𝑓𝑓1 = sin  𝑓𝑓2 = cos  𝑙𝑙 = 2
For example: 

𝜔𝜔 ~ 𝐵𝐵(𝑂𝑂, 𝐼𝐼𝑖𝑖)

𝜙𝜙 𝑥𝑥 =
1
𝑓𝑓

(sin 𝜔𝜔1𝑇𝑇𝑥𝑥 sin 𝜔𝜔2
𝑇𝑇𝑥𝑥 … sin 𝜔𝜔1𝑇𝑇𝑥𝑥 cos 𝜔𝜔1𝑇𝑇𝑥𝑥 … cos 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

𝐾𝐾 𝑥𝑥,𝑦𝑦 = 𝜙𝜙𝑇𝑇𝜙𝜙 𝑦𝑦 =  𝑒𝑒
−|𝑥𝑥−𝑦𝑦|2

𝛾𝛾
               Gaussian 

𝑥𝑥

750



ℎ 𝑥𝑥 = 1 𝑓𝑓1 = sin  𝑓𝑓2 = cos  𝑙𝑙 = 2
For example: 

𝜔𝜔 ~ 𝐵𝐵(𝑂𝑂, 𝐼𝐼𝑖𝑖)

𝜙𝜙 𝑥𝑥 =
1
𝑓𝑓

(sin 𝜔𝜔1𝑇𝑇𝑥𝑥 sin 𝜔𝜔2
𝑇𝑇𝑥𝑥 … sin 𝜔𝜔1𝑇𝑇𝑥𝑥 cos 𝜔𝜔1𝑇𝑇𝑥𝑥 … cos 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

𝐾𝐾 𝑥𝑥,𝑦𝑦 = 𝜙𝜙𝑇𝑇𝜙𝜙 𝑦𝑦 =  𝑒𝑒
−|𝑥𝑥−𝑦𝑦|2

𝛾𝛾
               Gaussian 

𝑥𝑥
𝜔𝜔1

751



ℎ 𝑥𝑥 = 1 𝑓𝑓1 = sin  𝑓𝑓2 = cos  𝑙𝑙 = 2
For example: 

𝜔𝜔 ~ 𝐵𝐵(𝑂𝑂, 𝐼𝐼𝑖𝑖)

𝜙𝜙 𝑥𝑥 =
1
𝑓𝑓

(sin 𝜔𝜔1𝑇𝑇𝑥𝑥 sin 𝜔𝜔2
𝑇𝑇𝑥𝑥 … sin 𝜔𝜔1𝑇𝑇𝑥𝑥 cos 𝜔𝜔1𝑇𝑇𝑥𝑥 … cos 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

𝐾𝐾 𝑥𝑥,𝑦𝑦 = 𝜙𝜙𝑇𝑇𝜙𝜙 𝑦𝑦 =  𝑒𝑒
−|𝑥𝑥−𝑦𝑦|2

𝛾𝛾
               Gaussian 

𝑥𝑥
𝜔𝜔1

752



ℎ 𝑥𝑥 = 1 𝑓𝑓1 = sin  𝑓𝑓2 = cos  𝑙𝑙 = 2
For example: 

𝜔𝜔 ~ 𝐵𝐵(𝑂𝑂, 𝐼𝐼𝑖𝑖)

𝜙𝜙 𝑥𝑥 =
1
𝑓𝑓

(sin 𝜔𝜔1𝑇𝑇𝑥𝑥 sin 𝜔𝜔2
𝑇𝑇𝑥𝑥 … sin 𝜔𝜔1𝑇𝑇𝑥𝑥 cos 𝜔𝜔1𝑇𝑇𝑥𝑥 … cos 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

𝐾𝐾 𝑥𝑥,𝑦𝑦 = 𝜙𝜙𝑇𝑇𝜙𝜙 𝑦𝑦 =  𝑒𝑒
−|𝑥𝑥−𝑦𝑦|2

𝛾𝛾
               Gaussian 

𝑥𝑥
𝜔𝜔1

𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)

753



𝜎𝜎(𝑠𝑠)𝑖𝑖 = 𝑎𝑎𝑖𝑖 =
𝑒𝑒𝑠𝑠𝑖𝑖

.

∑𝑗𝑗 𝑒𝑒𝑠𝑠
𝑗𝑗

754



𝜎𝜎(𝑠𝑠)𝑖𝑖 = 𝑎𝑎𝑖𝑖 =
𝑒𝑒𝑠𝑠𝑖𝑖

.

∑𝑗𝑗 𝑒𝑒𝑠𝑠
𝑗𝑗

𝐴𝐴 = exp(
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)
⋯

⋮ ⋱ ⋮
⋯ 𝑛𝑛×𝑛𝑛

𝐴𝐴

755



𝜎𝜎(𝑠𝑠)𝑖𝑖 = 𝑎𝑎𝑖𝑖 =
𝑒𝑒𝑠𝑠𝑖𝑖

.

∑𝑗𝑗 𝑒𝑒𝑠𝑠
𝑗𝑗

𝐴𝐴 = exp(
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)

𝑞𝑞𝑖𝑖×𝑝𝑝𝑇𝑇 𝐾𝐾𝑝𝑝×𝑛𝑛
𝑖𝑖×𝑛𝑛

⋯
⋮ ⋱ ⋮

⋯ 𝑛𝑛×𝑛𝑛
𝐴𝐴
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𝜎𝜎(𝑠𝑠)𝑖𝑖 = 𝑎𝑎𝑖𝑖 =
𝑒𝑒𝑠𝑠𝑖𝑖

.

∑𝑗𝑗 𝑒𝑒𝑠𝑠
𝑗𝑗

𝐴𝐴 = exp(
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)
⋯

⋮ ⋱ ⋮
⋯ 𝑛𝑛×𝑛𝑛

𝐴𝐴
𝑞𝑞𝑖𝑖×𝑝𝑝𝑇𝑇 𝐾𝐾𝑝𝑝×𝑛𝑛

𝑖𝑖×𝑛𝑛

1
⋮
1

 𝑛𝑛×1

0
⋮
0

 𝑛𝑛×1

757



𝜎𝜎(𝑠𝑠)𝑖𝑖 = 𝑎𝑎𝑖𝑖 =
𝑒𝑒𝑠𝑠𝑖𝑖

.

∑𝑗𝑗 𝑒𝑒𝑠𝑠
𝑗𝑗

𝐴𝐴 = exp(
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)
⋯

⋮ ⋱ ⋮
⋯ 𝑛𝑛×𝑛𝑛

𝐴𝐴
𝑞𝑞𝑖𝑖×𝑝𝑝𝑇𝑇 𝐾𝐾𝑝𝑝×𝑛𝑛

𝑖𝑖×𝑛𝑛

1
⋮
1

 𝑛𝑛×1

𝑥𝑥
⋮
𝑥𝑥

 𝑛𝑛×1

𝑑𝑑𝑖𝑖𝑎𝑎𝑎𝑎 �𝐴𝐴1
𝐷𝐷

=

𝑥𝑥 0 0 0 −
0 𝑥𝑥 0 0 −
0 0 𝑥𝑥 0 −
⋯⋯⋯⋯
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𝜎𝜎(𝑠𝑠)𝑖𝑖 = 𝑎𝑎𝑖𝑖 =
𝑒𝑒𝑠𝑠𝑖𝑖

.

∑𝑗𝑗 𝑒𝑒𝑠𝑠
𝑗𝑗

𝐴𝐴 = exp(
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)
⋯

⋮ ⋱ ⋮
⋯ 𝑛𝑛×𝑛𝑛

𝐴𝐴
𝑞𝑞𝑖𝑖×𝑝𝑝𝑇𝑇 𝐾𝐾𝑝𝑝×𝑛𝑛

𝑖𝑖×𝑛𝑛

1
⋮
1

 𝑛𝑛×1

0
⋮
0

 𝑛𝑛×1

𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

= 𝐴𝐴𝐷𝐷−1

𝑑𝑑𝑖𝑖𝑎𝑎𝑎𝑎 �𝐴𝐴1
𝐷𝐷

=

𝑥𝑥 0 0 0 −
0 𝑥𝑥 0 0 −
0 0 𝑥𝑥 0 −
⋯⋯⋯⋯
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𝜎𝜎(𝑠𝑠)𝑖𝑖 = 𝑎𝑎𝑖𝑖 =
𝑒𝑒𝑠𝑠𝑖𝑖

.

∑𝑗𝑗 𝑒𝑒𝑠𝑠
𝑗𝑗

𝐴𝐴 = exp(
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)
⋯

⋮ ⋱ ⋮
⋯ 𝑛𝑛×𝑛𝑛

𝐴𝐴
𝑞𝑞𝑖𝑖×𝑝𝑝𝑇𝑇 𝐾𝐾𝑝𝑝×𝑛𝑛

𝑖𝑖×𝑛𝑛

1
⋮
1

 𝑛𝑛×1

0
⋮
0

 𝑛𝑛×1

𝑑𝑑𝑖𝑖𝑎𝑎𝑎𝑎 �𝐴𝐴1
𝐷𝐷

=

𝑥𝑥 0 0 0 −
0 𝑥𝑥 0 0 −
0 0 𝑥𝑥 0 −
⋯⋯⋯⋯

𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

= 𝐴𝐴𝐷𝐷−1

1
𝑥𝑥  0 0 0 −

0
1
𝑥𝑥 0 0 −

0 0
1
𝑥𝑥 0 −

⋯⋯⋯⋯
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𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦) =  𝑒𝑒−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦] =  𝑒𝑒−𝑥𝑥𝑇𝑇𝑥𝑥 � 𝑒𝑒−𝑦𝑦𝑇𝑇𝑦𝑦 � 𝑒𝑒2𝑥𝑥𝑇𝑇𝑦𝑦

761



𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒
−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦)

2 =  𝑒𝑒
−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦]

2 =  𝑒𝑒−𝑥𝑥𝑇𝑇𝑥𝑥 � 𝑒𝑒−𝑦𝑦𝑇𝑇𝑦𝑦 � 𝑒𝑒2𝑥𝑥𝑇𝑇𝑦𝑦

762



𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒
−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦)

2 =  𝑒𝑒
−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦]

2 = 𝑒𝑒
−𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

−𝑦𝑦𝑇𝑇𝑦𝑦
2 � 𝑒𝑒

2𝑥𝑥𝑇𝑇𝑦𝑦
2

763



𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒
−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦)

2 =  𝑒𝑒
−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦]

2 = 𝑒𝑒
−𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

−𝑦𝑦𝑇𝑇𝑦𝑦
2 � 𝑒𝑒

2𝑥𝑥𝑇𝑇𝑦𝑦
2

𝐾𝐾𝑔𝑔𝑎𝑎𝑔𝑔𝑠𝑠𝑠𝑠 � 𝑒𝑒
𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

𝑦𝑦𝑇𝑇𝑦𝑦
2

764



𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒
−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦)

2 =  𝑒𝑒
−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦]

2 = 𝑒𝑒
−𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

−𝑦𝑦𝑇𝑇𝑦𝑦
2 � 𝑒𝑒

2𝑥𝑥𝑇𝑇𝑦𝑦
2

𝐾𝐾𝑔𝑔𝑎𝑎𝑔𝑔𝑠𝑠𝑠𝑠 � 𝑒𝑒
𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

𝑦𝑦𝑇𝑇𝑦𝑦
2  

𝐾𝐾𝑆𝑆𝑆𝑆 ←𝑒𝑒𝑥𝑥𝑇𝑇𝑦𝑦

765



𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒
−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦)

2 =  𝑒𝑒
−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦]

2 = 𝑒𝑒
−𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

−𝑦𝑦𝑇𝑇𝑦𝑦
2 � 𝑒𝑒

2𝑥𝑥𝑇𝑇𝑦𝑦
2

𝐾𝐾𝑔𝑔𝑎𝑎𝑔𝑔𝑠𝑠𝑠𝑠 � 𝑒𝑒
𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

𝑦𝑦𝑇𝑇𝑦𝑦
2  

𝐾𝐾𝑆𝑆𝑆𝑆 ←𝑒𝑒𝑥𝑥𝑇𝑇𝑦𝑦

ℎ 𝑥𝑥 =
𝑥𝑥𝑇𝑇𝑥𝑥

2

766



𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒
−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦)

2 =  𝑒𝑒
−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦]

2 = 𝑒𝑒
−𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

−𝑦𝑦𝑇𝑇𝑦𝑦
2 � 𝑒𝑒

2𝑥𝑥𝑇𝑇𝑦𝑦
2

𝐾𝐾𝑔𝑔𝑎𝑎𝑔𝑔𝑠𝑠𝑠𝑠 � 𝑒𝑒
𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

𝑦𝑦𝑇𝑇𝑦𝑦
2  

𝐾𝐾𝑆𝑆𝑆𝑆 ←𝑒𝑒𝑥𝑥𝑇𝑇𝑦𝑦

ℎ 𝑥𝑥 =
𝑥𝑥𝑇𝑇𝑥𝑥

2

𝜙𝜙 𝑥𝑥 =
ℎ(𝑥𝑥)
𝑓𝑓

 (𝑓𝑓1 𝜔𝜔1𝑇𝑇𝑥𝑥 ,  𝑓𝑓1 𝜔𝜔2
𝑇𝑇𝑥𝑥 … 𝑓𝑓1 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔1𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )
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𝑒𝑒−|𝑥𝑥−𝑦𝑦|2 =  𝑒𝑒
−(𝑥𝑥−𝑦𝑦)𝑇𝑇(𝑥𝑥−𝑦𝑦)

2 =  𝑒𝑒
−[𝑥𝑥𝑇𝑇𝑥𝑥+𝑦𝑦𝑇𝑇𝑦𝑦−2𝑥𝑥𝑇𝑇𝑦𝑦]

2 = 𝑒𝑒
−𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

−𝑦𝑦𝑇𝑇𝑦𝑦
2 � 𝑒𝑒

2𝑥𝑥𝑇𝑇𝑦𝑦
2

𝐾𝐾𝑔𝑔𝑎𝑎𝑔𝑔𝑠𝑠𝑠𝑠 � 𝑒𝑒
𝑥𝑥𝑇𝑇𝑥𝑥
2 � 𝑒𝑒

𝑦𝑦𝑇𝑇𝑦𝑦
2  

𝐾𝐾𝑆𝑆𝑆𝑆 ←𝑒𝑒𝑥𝑥𝑇𝑇𝑦𝑦

ℎ 𝑥𝑥 =
𝑥𝑥𝑇𝑇𝑥𝑥

2

𝜙𝜙 𝑥𝑥 =
ℎ(𝑥𝑥)
𝑓𝑓

 (𝑓𝑓1 𝜔𝜔1𝑇𝑇𝑥𝑥 ,  𝑓𝑓1 𝜔𝜔2
𝑇𝑇𝑥𝑥 … 𝑓𝑓1 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔1𝑇𝑇𝑥𝑥 … 𝑓𝑓𝑖𝑖 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

𝜙𝜙 𝑥𝑥 =
𝑥𝑥𝑇𝑇𝑥𝑥
2 𝑓𝑓

(sin 𝜔𝜔1𝑇𝑇𝑥𝑥 sin 𝜔𝜔2
𝑇𝑇𝑥𝑥 … sin 𝜔𝜔1𝑇𝑇𝑥𝑥 cos 𝜔𝜔1𝑇𝑇𝑥𝑥 … cos 𝜔𝜔𝜕𝜕𝑇𝑇𝑥𝑥 )

768



𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

)

769



𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

) 

𝑉𝑉 𝑄𝑄′𝑇𝑇𝐾𝐾′

770



𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

) 

𝑉𝑉 𝑄𝑄′𝑇𝑇𝐾𝐾′

𝑛𝑛 × 𝑝𝑝

𝑝𝑝 × 𝑛𝑛

771



𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

) 

𝑉𝑉 𝑄𝑄′𝑇𝑇𝐾𝐾′

𝑛𝑛 × 𝑝𝑝

𝑝𝑝 × 𝑛𝑛 𝑂𝑂(𝑠𝑠𝑛𝑛2)

772



𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

) 

𝑉𝑉 (𝑄𝑄′𝑇𝑇𝐾𝐾′)

𝑛𝑛 × 𝑝𝑝

𝑝𝑝 × 𝑛𝑛 𝑂𝑂(𝑠𝑠𝑛𝑛2)

𝑠𝑠 × 𝑛𝑛 𝑛𝑛 × 𝑓𝑓′
𝑚𝑚×𝜕𝜕′

𝑓𝑓′ × 𝑛𝑛
𝑓𝑓′ × 𝑛𝑛

𝑂𝑂(𝑠𝑠𝑓𝑓′𝑛𝑛2)

773



𝑉𝑉 𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑠𝑠𝑎𝑎𝑥𝑥 (
𝑄𝑄𝑇𝑇𝐾𝐾
𝑃𝑃

) 

𝑉𝑉 (𝑄𝑄′𝑇𝑇𝐾𝐾′)

𝑛𝑛 × 𝑝𝑝

𝑝𝑝 × 𝑛𝑛 𝑂𝑂(𝑠𝑠𝑛𝑛2)

𝑠𝑠 × 𝑛𝑛 𝑛𝑛 × 𝑓𝑓′
𝑚𝑚×𝜕𝜕′

𝑓𝑓′ × 𝑛𝑛
𝑓𝑓′ × 𝑛𝑛

𝑂𝑂(𝑠𝑠𝑓𝑓′𝑛𝑛2)

⋯
⋮ ⋱ ⋮

⋯
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Variational Auto encoder (VEA)



Variational Inference
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Variational Inference
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Variational Inference
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Variational Inference
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Variational Lower Bound
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Variational Lower Bound
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Variational Lower Bound
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Variational Lower Bound
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Variational Lower Bound
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Variational Lower Bound
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Variational Lower Bound

786



Variational Lower Bound
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Variational Lower Bound
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