Lecture 1/



Diffusion Models

This presentation draws upon insights and information from various sources, including
Kevin P. Mur#ohy's 'Probabilistic Machine Learning: Advanced Topics,' Lilian Weng's
'What are Diffusion Models?', 'Denoising Diffusion Probabilistic Models' by Jonathan
Ho, Ajay Jain, and Pieter Abbeel, and the tutorial on Denoising Diffusion Probabilistic
Models by Jiaming Song, Chenlin Meng, and Arash Vahdat. The content presented is a
synthesis of these resources, integrated and interpreted through my own
understanding and analysis.



Diffusion Models

* Diffusion models take their inspiration from the principles of non-
equilibrium thermodynamics

 Diffusion models use a Markov chain to gradually introduce noise into
data, then learn to reverse this process to recreate the desired data
from the noise.
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https://medium.com/@eugenia-anello?source=post_page-----2d359cbf027b--------------------------------

Diffusion Models

XrXro ——X1——=>° "~ —7> T

Data Noise

Image: Arash Vahdat 928



Image: Arash Vahdat

Diffusion Models

XrXro ——X1——=>° "~ —7> T

Data Noise

L

To < L1+ «— X

929



Diffusion Models vs VAE
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Diffusion Models vs VAE

Q(Xt|xr—1) = N(Xt; 1 — BiX¢-1, 5t1)
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Diffusion Models vs VAE

q(x¢|x4-1) = N(x¢; V1 — Bixe—1, B)
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Denoising Diffusion Probabilistic Models
(DDPMs)

q(x¢|x4-1) = N(x¢; V1 — Bixie—1, Bel)

Data Noise

po(xt—1]xt) = N (x¢—1; pg(xt, 1), 071)

P9(33t—1|33t)
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The Forwards Encoder Process in DDPMs
Q(Xf|xt—1) = N(Xt; vV 1 — Bix¢-1, /Btl)\

Data Noise
The forward process is define te euatlo:
(Xt|Xt 1 Xt”\/ 1— BtXt 1, 6:?
Where:
» [3; is a noise level parameter, part of a predetermined noise schedule.
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Joint Distribution over Latent States in
DDPMs

The joint distribution iIs expressed as:

T

q(x1.7|x0) = H q(Xe|Xe—1)

t=1

Where:
» xi.7 represents all latent states from time 1 to T.

» X is the initial state.
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Joint Distribution over Latent States in
DDPMs

The joint distribution is expressed as:
J P L1,L2,...,LT

T

a7 %) = [ alxelxes) NG

t=1

Where:

» x;.7 represents all latent states from time 1 to T.
» X is the initial state.

Diffusion model
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XTo < L1+ <— T

The generator is modeled to reverse the diffusion process.

Po(Xe—1]xt) = N (Xe—1|po(xt; t), To(xe: t))

where the variance Y 4(x;; t) is often set to o2/,
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The joint distribution is given by

P@(XO:T) — P(XT) H pH(Xt—l‘Xt)

t=1

with p(x7) being NV (0; /).
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DDPM vs VAE

* In VAE
* Observed variable x
 Hidden Variable z @
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VAE
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* |[n VAE
* Observed variable x
 Hidden Variable z
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* In DDPM
* Observed variable x

* Hidden variable x4, x5, ...
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Objective Functions in VAEs vs. DDPMs

VAEs:
Maximize the likelihood of the data:

Po(x) Z/pe(X,Z) dz
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Objective Functions in VAEs vs. DDPMs

VAEs:
Maximize the likelihood of the data:

Po(x) :/PG(XaZ) dz

Diffusion Models:

Pe(Xo) = /Pe(Xo,Xl:T) dxi. T
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Variational Lower Bounds in VAEs vs. DDPMs

VAEs:

Po(x) = Eq(zx)llog po(x|z)] — Dke(a(z|x) || pe(2))



Variational Lower Bounds in VAEs vs. DDPMs
VAEs:
po(x) = Eq(z1x[log po(x|2)] — Dre(a(z[x) || po(2))
Diffusion Models:

P@(Xo) > Eq(x1:7-|xo)[|og Pe(Xo|X1:T)] — DKL(q(XlzT|XO) || Pe(XlzT))



Variational Lower Bound

Eq (. rx0) [108 Po (X0 x1:7)] — Dre(q(x1:7(x0)||po(x1:7))
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Variational Lower Bound

Eq(a.r1x0) 108 pa(xolx1:7)] — Dre(q(x1.71x0)||pa(x1:7))

Q(X1:T|Xo)
po(x1.7)

— IIE{:q(xl:7-|xo)[|0g p@(XO’XLT)] — /q(Xl:T|X0) IOg Xm:T
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Variational Lower Bound

Eq(a.r1x0) 108 pa(xo|x1:7)] — Dre(q(x.7]x0)||pa(x1:7))

a\X1.71Xo
— IIE1““C7(X1:T|X0)[|Og p@(XOIXl:T)] o / q(Xl:T|X0) IOg [E@(X1-|T)) Xm:T
L q(Xl:T|XO)
= Eq(a.r10)[108 Po(x0[x1:7)] = Eq(a. 1) | 108
pO(XlzT)
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Variational Lower Bound

Eq(a.r1x0) 108 pa(xo|x1:7)] — Dre(q(x.7]x0)||pa(x1:7))

a\X1:7|Xo
— IIE1:"(7(X1:T|X0)[|Og p@(XOIXl:T)] o / q(Xl:T|X0) IOg [59(X1-|T)) Xm:T
_ C7(X1:T|Xo)
= Eq(a.r10)[108 Po(x0[x1:7)] = Eq(a. 1) | 108
pH(XlzT)
— IE’CI(><1-T|X0) [Iog pg(XO|X11T) — log q(Xl:TIXO)]
. pQ(Xl:T)
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Variational Lower Bound

Eq(a.r1x0) 108 pa(xo|x1:7)] — Dre(q(x.7]x0)||pa(x1:7))

a\X1:7|Xo
— IIE{"‘7(X1:T|X0)[|Og p@(XO‘Xl:T)] o /q(Xl:T|X0) IOg [59(X1-|T)) Xm:T
= Eq(a.r1%)[108 Po(x01x1:7)] — Eq(x.71%) |08
pH(XlzT)
— IEf’q(xl.ﬂxo) —IOg p@(XOIXl:T) — |Og q(Xl:TIXO)_
. | pQ(Xl:T) ]
= Eq(xl.ﬂxo) -Iog Pe(Xo’XLT) + log pe(XLT) -
. i q(X1:T|X0)_
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Variational Lower Bound

Eq(a.r1x0) 108 pa(xo|x1:7)] — Dre(q(x.7]x0)||pa(x1:7))

g\X1:7|Xo
— Eq(x1:T|xo)[|Og p@(XO‘Xl:T)] — / q(Xl:T|X0) |0g [SO(XJT)) dX1:T
— Q(X1:T|Xo)[ og p9(XO|X11T)] — Lqg(x.1|%0) |08
pO(XlzT)
— IEf’q(xl.-rlxo) —IOg p@(XO‘XlzT) — |Og q(Xl:T|XO)_
. | pQ(Xl:T) i
= Eq(q.71%0) -|0gP0(X01X1:T)+ log Pola.r)
' i CI(X1:T|X0)_

Pe(Xo |X1:T)P9(X1: T)
— IE:{’CJ(X1:T|X0) Iog

CI(XlzT\Xo)

po(xo:7) ]

= Eqi 215 |
CI( 1.7 O) [Og q(Xl:T‘XO)
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po(x0.7) ]

K, [lo
q[ gC7(><1:T|X0)
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po(x0.7) ]

Q(X1:T|X0)

p(xr) 11, pe<xt1\xt>}

Q(Xl:T|Xo)

E, [Iog

= E,

log
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Po(xo:T) ]

q(x1:7|x0)

p(xr) TIL, Pe(th\Xt)}

q(x1:7|x0)

E, [Iog

:Eq

log

T

= E,[log p(x7)] + Z Eq[log po(xi—1|x:)] — Eqllog g(x1:7]x0)]
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E, [Iog

Po(xo:T) ]

q(x1:7|x0)

p(xr) TIL, Pe(th\Xt)}

—
q(x1:7]X0)

g |log
= E,[log p(x7)] + Z Eq[log po(xi—1|x:)] — Eqllog g(x1:7]x0)]

t=1
Ioqu Xe| Xz — 1}

= E,[log p(x7)] + ZEq[IOg po(Xe—1|x¢)] —

t=1
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E, [Iog

Po(xo:T) ]

q(x1:7|x0)

p(xr) TIL, Pe(th\Xt)}

—
q(x1:7]X0)

g |log
= E,[log p(x7)] + Z Eq[log po(xi—1|x:)] — Eqllog g(x1:7]x0)]

t=1
Ioqu Xe| Xz — 1}

= Eq[log p(x7)] + Y Eqllog pa(xi—1x:)] - Z Eqllog q(x|xe—1)]

= E,[log p(x7)] + ZEq[IOg po(Xe—1|x¢)] —

t=1
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E, [Iog

Po(xo:T) ]

q(x1:7|x0)

p(xr) TIL, Pe(th\Xt)}

—
q(x1:7]X0)

g |log
= E,[log p(x7)] + Z Eq[log po(xi—1|x:)] — Eqllog g(x1:7]x0)]

t=1
Ioqu Xe| Xz — 1}

= Eq[log p(x7)] + Y Eqllog pa(xi—1x:)] - Z Eqllog q(x|xe—1)]

= E,[log p(x7)] + ZEq[IOg po(Xe—1|x¢)] —

t=1

lzf((:@ )T))]

= Eq[log p(x7)] + Z q [log
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Decomposing the ELBO

» [ [log p(x7)]|: Validates the model's calibration to the true noise at
the last diffusion step, ensuring the reverse process starts accurately.

> Z;l E, [Iog ’f&t';i’it))}: Acts as a regularizer by comparing the

model’s backward predictions to the known forward diffusion,
guiding the model to correct any discrepancies.
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Po(®i_ \ ;)
Q‘(-’Bt | ?17.&—1)

T
1:(:1:0) - Eq(:ﬂl;'_rlmu) logp('T"T) + Z log

=1
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T

1:(:1:0) — ]Eq(ml;ﬂmu) log p(‘{'r"T) + Z log

=1

Pﬂ(ﬂi"t—l ‘ -’Bf)
q(x; | x4q)

By the Markov property:

Q(ﬂ?t ‘ mt—l) = Q(ﬂ?t | mt—l:mﬂ)u
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T

L(x0) = Eqa,.11z0) |logp(xr) + ) _log

=1

pﬂ(:rt—l ‘ -'Iff)
q(x; | x4q)

By the Markov property:

Q(ﬂ?t ‘ mt—l) = Q(ﬂ?t | mt—l:mﬂ)u

and by Bayes' rule:

q(xi—1 | @y, o) gy | 20)

q(@: | @e-1, @o) = q(xi_1 | 20)
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T

1:(1130) - EQ(ml;ﬂiﬂu) lOgIJ(:BT) + Z 1Og

=1

Pﬂ(xt—l ‘ -'Ift)
gz | 1)

By the Markov property:

Q(ﬂ?t ‘ mt—l) = Q(mt | mt—l:mﬂ)u

and by Bayes' rule:

q(xi—1 | @y, o) gy | 20)

q(@: | @e-1, @o) = q(xi_1 | 20)

Plugging this equation into the ELBO, we get

pﬁ(mt—l ‘ $t)

T
(.’En) q(x1.7|x0) [G@;P@ﬂ + Z %8 Q(ﬂzt—l | iﬂt,iﬂn)

t=2

T
Q(mt—l | mﬂ) (zo|x1)
218 )+ o8 el

&

S
#*

962



-

Zl Xt 1 ‘ XO)
og

q (x: | xo)

J

Ve
X

The term marked * is a telescoping sum, and can be simplified as
follows:

* =logq(xT_1| X))+ +logq(xe | x0) + logq (x| x0)
—log q(x7 | x0) —log q(x7-1 | X0) — -+ —log q(x2 | xo)
—log g (x7 | x0) + log g (x1 | o)
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po(xTi—1|zt)

T
Eq(ﬂ?l T|m0)[logp(m:p) T Zt:2 log q(z¢—1|Tt,20) T

xt 1 | :L‘O) po (zo|z1)
Zl %8 4 (s | o) +1og e o)

N
*

% = —10gQ($T | xo) +10gQ(5U1 ’ 350)
Hence the negative ELBO (variational upper bound) becomes

vy

—IE, |log

peo (2 T
+Zlog 0 (@11 | t))+10gp9(330|331)

q$T|ﬂ30 iUt 1|33‘t,33'0

=Dk (¢ (zr | o) |[p (21))
LT@O)
T
+Zt:2 Eq(mﬂmg) pKL (q (mt—l ‘ Lt, :UO) Hpé’ (:Ut—l ’ :Et))j

Li—1(xo0)

_qu(a:ﬂmo) 10gp9 (:EO | xlz

Lo(20)
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Revers Process

We need to learn a neural network to approximate the conditioned proba-
bility distributions in the reverse diffusion process,

Po (xt—l ’ Xt) — N(xt—l; Mo (Xt7 t) ) 29 (xt7 t)) .
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q(x: | Xo)

Recall that the forward process is defined by the equation:
(Xt ‘ Xt — 1 Xt ‘ V1 — Bexe— 1751“

We can sample x; at any arbitrary time step t in a closed form.
I_et th — 1 — Bt and C_Yt — Hf:]_ CV,':

g(x: | Xo) = N (x¢ | Varxo, (1 — a;)l)
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Mean of ¢ (xt—1 | x¢,xo)

[The reverse conditional probability is tractable when conditioned on x :

401 | X0 %0) = N (xi-1ft (x4, %0) , BT

Using Bayes’ rule, we have:

q(x¢—1 | X¢,%x0) = q (x4 | X¢—1,%0) q(x¢i—1 | xo)
Q(Xt |X0)
X exp _1 /(Xt - \/Q_tXt—l)Q N (o1 — \/_EEXO)Q B (2 — @XO)Q
2 \ Bt 1 — a1 I —

_ _ _ 2
~ oxp ( 1 /x? — 2/ XXy 1 + aux? N X7 | — 2/ _1XoX¢_1 + Gy 1 X3 B (x; — /ayXg)

2\ ;Bt

_ Lo 1 2 [ 2y
_exp( 2((ﬁt+1—ﬁt—l)xt_l ( Bt

where C (x;,x) is some function not involving x; ;.

Xt

1— Q1 1— (a1
2/
+ #XQ) Xi—1 T+ C(XhXQ)))
— k-1

)
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Mean og q (xt—1 | x¢,X0)

- ————— — =~ - — o ——— -

TTTTTTOoOTTT TToT T R

We can express the mean and variance in the following manner: (recall that

ar =1— 3, and a; = Hg;l ai) :

_ 1 _ o=+ 0\ 1—u
ﬂt 1/( 1 —ay 1) 1/(5t(1—at 1))— 1—ay Bt

s = () 1 ()
(\/— Va1 )ﬁ

By 1—0@ 1 1— oy B
_ \/_t(l_at—l) \/Oft 15)&

1—ay 1 —ay

Recall Xp = \/%_t (Xt — 1/ 11— dtet)

Q= Vo (1—C_lft—1)x Vo106 1
t 1—C_Et 1-@;5 \/C_lft

1 1 — oy
e Xy — ———€
Ja T Vi—a

(Xt — 1-— @tﬁg)
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Dxr(qllp) =

for q

for p

KL for two Guassian

Dk, (q (wt—l | ﬂftaxo) HPG (fﬂt—l | ﬂft))

q(z) = N(z; g, 5q) and  p(z) = N(z; 1p, 5p),

_ _ det X
(tr(zp 1261) + (pp — Nq)TEp 1(#29 — Ig) —k+1In (det EZ))

N | —
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Loss fnction

I 1 - 2
Lt = Ex € Hl-l't (Xt7X0) — Mg (Xt7t)H
712012 (xe, 1)

E I 1 1 ( 1 — Ot ) 1 ( 1= 't ( t)) .
= Lixg,e Xt — —€t | — —(— | Xt — — €9 (X¢,
" 211Zll3 I vor V1= Ve vi-o

- (1 — oy)? 2
= 0. € Het — €9 (Xtat)H
7 200 (1 — @) 1215
(- - - 2
B[O (e + T )
| 20 (1 — o) [|320][5
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Loss function

* Ho et al. (2020) discovered empirically that the diffusion model
produces higher-quality images when using a simplified objective,
omiting the weighting term

I 2
Lsimple = Etw[l,T],x(],et €t — €9 (Xta t)“ ]

— Etw[l,T],Xg,et : €t — €p (\/@_tXO + V1 — o€, t) Hz]
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Training a DDPM model with Lgimple-

e W -

while not converged do
Lo ~ 9'0(113{:))
t ~ Unif({1,...,T})
e ~N(0,1I)

 Take gradient descent step on Vg||e — €g (\/Et:no + /1 — e, f-) I




Training a DDPM model with Lgimple-

1 while not converged do
2 Ty ~ qo(To)

3 t ~ Unif({1,...,T})
4 e ~N(0,1I)

5

Take gradient descent step on Vgl|e — €g (\/Et:no + V1 — e, f-) I

Sampling from a DDPM model.

1 T NN(O,I)
2 foreacht=7T,....1 do

3 €t NN(O,I)
4 T = \/fth ( t— %ﬁa(l‘rﬂ) + Ot€¢

5 Return x






