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Abstract

We develop a rational inattention theory of echo chamber, whereby play-
ers gather information about an uncertain state by allocating limited attention
capacities across biased primary sources and the other players. The resulting
Poisson attention network transmits information from the primary source to
a player either directly or indirectly through the other players. Rational inat-
tention generates heterogeneous demands for information among players who
are initially biased towards different decisions. In an echo chamber equilibrium,
each player restricts attention to his own-biased source and like-minded friends,
as the latter attend to the same primary source as his, and so could serve as sec-
ondary sources in case the information transmission from the primary source to
him is disrupted. We provide sufficient conditions that give rise to echo cham-
ber equilibria, characterize the attention networks within echo chambers, and

use our results to inform the design and regulation of information platforms.
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1 Introduction

The Cambridge English Dictionary defines echo chambers as “environments in which
people encounter only beliefs or opinions that coincide with their own, so that their
existing views are reinforced and alternative ideas are not considered.” Examples
that fit this description have recently flourished on the Internet and social media, and
their economic and social consequences have been the subject of heated debate in the
academia and popular press (Bakshy, Messing, and Adamic, [2015; Del Vicario, Bessi,
Zollo, Petroni, Scala, Caldarelli, Stanley, and Quattrociocchil 2016; Barbera) 2020;
Cossard, Morales, Kalimeri, Mejova, Paolotti, and Starnini, 2020). Most ongoing
discussions of echo chambers focus on their behavioral roots (Levy and Razin, 2019)).
This paper develops a rational theory of echo chamber with clear testable predictions
and relevant normative implications.

Our premise is rational inattention (RI), i.e., the rational and flexible allocation
of limited attention capacities across information sources. Such a premise has become
increasingly relevant in today’s digital age, as people are inundated with information
on the one hand, but can selectively choose which information sources to visit using
personalization technologies on the other hand. Since Sunstein (2007) and [Pariser
(2011)), it has been long suspected that RI may engender a selective exposure to con-
tent and a formation of homogeneous opinion clusters. The current paper formalizes
this idea by prescribing conditions that are conducive to echo chamber formation
among rationally inattentive decision makers. We also characterize the attention net-
works within echo chambers, and use our results to inform the design and regulation
of information platforms.

To create a role for RI, we embed the analysis in a simple model of decision
making under uncertainty. To illustrate our framework, consider the problem faced
by new parents who are about to feed their babies with solid food. Each parent
must choose between a traditional approach denoted by A (e.g., spoon feeding), and
a new approach denoted by B (e.g, baby-led weaning). Which of the two approaches
is better for baby development is modeled as a random state that is either A or B
with equal probability. A parent earns the highest level of utility if he chooses the
best approach for baby development. Otherwise he incurs a loss, whose magnitude
depends on whether the adopted approach matches his own preference or not (e.g.,

baby-led weaning may be more preferred because it is easy to prepare). Given the



prior belief about the state, the default decision is to adopt the parent’s preferred
approach.

To gather information about the state, a parent must pay attention to information
sources. We distinguish primary sources from secondary sources. The former gen-
erate original data about the state, and they take the form of scientific experiments
published in pediatric journals in our leading example. As in |Che and Mierendortt
(2019), we model two biased primary sources called A-revealing and B-revealing. The
w-revealing source, w € {A, B}, is an experiment designed to reject the null hypoth-
esis that the state is W’ # w. It works by revealing that the state is w when it is
and keeping silent otherwise. Secondary sources are our innovation. In the leading
example, they constitute parents who consume and pass along primary source content
to the other parents via online support groups. A parent is endowed with a limited
attention capacity, or bandwidth, that can be allocated across information sources in
a flexible manner. A feasible attention strategy specifies a nonnegative amount of
attention that he pays to each source, subject to the constraint that the total amount
of paid attention must not exceed his bandwidth.

The subject of our study is the Poisson attention network generated by parents’
attention strategies. After these strategies are specified, the state w is realized, and
messages thereof are circulated in the society for two rounds. In the first round,
the w-revealing primary source disseminates a message “w” to parents. The message
reaches each parent independently with a Poisson probability that increases with the
amount of attention that the latter pays to the primary source. In the second round,
those parents who received a message in the previous round pass it along to the
other parents using Poisson technologies. The probability of a successful information
transmission between a parent pair increases with the sender’s visibility as a secondary
source (i.e., the rate of his Poisson technology), as well as the amount of attention
that the recipient pays to the sender. After that, parents update beliefs and make
final decisions. We study the attention networks that can arise in equilibrium.

Our notion of echo chamber has two defining features. The first feature is a
selective exposure to content and a formation of homogeneous clusters. Specifically,
we define a parent’s own-biased source as the primary source that favors his default
decision as its null hypothesis, and call two parents like-minded friends if they share
the same default decision. We say that echo chambers arise in an equilibrium if all

parents restrict attention to their own-biased sources and like-minded friends on the



equilibrium path. The second feature of echo chambers is a belief polarization coupled
with an occasional and yet drastic belief reversal. It is easy to see that after playing
an echo chamber equilibrium, each parent receives no message from any source most
of the time and updates the belief in favor of his default decision in that event. With a
small complementary probability, the opposite happens, and the parent feels strongly
about departing from his default approach. As discussed in Section [5, both features
of echo chambers have solid empirical supports.

Our main results exploit the trade-off between primary and secondary sources.
The first result prescribes sufficient conditions for the rise of echo chamber equilib-
ria. Since a parent can always make his default decision without paying attention,
paying attention is only useful if it sometimes convinces him to act differently. When
attention is limited, the parent should, intuitively, focus on his own-biased source,
as the latter generates the exact kind of the information that disapproves of his de-
fault decision. Likewise, he should attend only to his like-minded friends but no one
else, as the former share the same primary source with him, and so could serve as
secondary sources in case the information transmission from the primary source to
him is disrupted. A caveat to this argument is that in a strategic environment like
ours, a parent may gain strategically from switching sides, e.g., when many other
parents are gathering the opposite kind of information, he may want to follow suit
so as to gain access to many secondary sources in case he misses the primary source
message. Nevertheless, such a gain is shown to be limited when parents are suffi-
ciently biased towards their default decisions, when they can attend to many people,
and when attention is scarce. These conditions accurately describe the world we are
living in, whereby technology advances have turned the entire globe into a village and
inundated people with more information than what they can process in a lifetime.
These trends are conducive to echo chamber formation, especially when people are
sufficiently biased to begin with.

Our second result characterizes the attention networks within echo chambers. We
define a parent’s informedness as a secondary source as the amount of attention he
pays to the primary source, while capturing his influence on public opinion by the
amount of attention he attracts from his friends. We find that the game among
like-minded friends exhibits strategic substitutability, as raising one’s informedness
attracts more attention of his friends away from the primary source to him. Based

on this finding, together with other basic model properties, we develop a method for



investigating the comparative statics of the equilibrium attention network. Among
other things, we find that increasing a parent’s bandwidth promotes his informedness
and influence while diminishing that of any other parent. This equilibrium mechanism
is shown to magnify even a small difference between parents’ bandwidths into a very
uneven distribution of opinions, whereby some parents act as opinion leaders, while
others act as opinion followers. An important feature of today’s news landscape is that
while most Americans are interested in many topics such as science, economy, and
politics, only a minority of them are serious news consumers, due to the distractions
that stem from the overabundant entertainment opportunities (Funk, Gottfried, and
Mitchell,|2017). This attentional gap between the majority and minority may generate
patterns such as the law of the few and fat-tailed distributions of opinions,ﬂ whose
presences in the social media sphere have recently been detected by Lu, Zhang, Cao,
Hu, and Guo| (2014)) and Del Vicario, Bessi, Zollo, Petroni, Scala, Caldarelli, Stanley,
and Quattrociocchi (2016).

We use our results to inform the design and regulation of information platforms.
First and foremost, we find that interventions that target misinformation and fake
news through modulating source visibility may backfire if they are not well calibrated
according to the underlying environmentﬂ We also evaluate the usefulness of anti-
polarization platforms such as Allsides.com), which operate through exposing users to
balanced viewpoints from both sides. We model such platforms as a mega source that
obtains from merging the A-revealing source and B-revealing source of the baseline
model together. On the one hand, the use of a mega source does fulfill the purpose
of dissolving echo chambers, as it forces different types of parents to attend to each
other as secondary sources. Yet making more secondary sources available to parents
discourages information acquisition from primary sources. The resulting free-riding
problem can render the overall welfare impact ambiguous.

Even in arguably more controversial environments, our model still captures some
facets of reality and sheds cautioning light on several normative issues. In Section

b, we study a political economy application whereby partisan voters must choose

IThe law of the few refers to the phenomenon that information is disseminated by a few key
players to the rest of the society. It was originally discovered by [Katz and Lazarsfeld| (1955) in their
classical study of how personal contacts facilitate the dissemination of political news, and has since
then been rediscovered in numerous areas such as the organization of online communities.

2For example, Facebook caps the number of daily posts by an individual account to 25 articles,
beyond which the visibility of the account will be negatively affected.


https://www.allsides.com/about

between a Democratic candidate and Republican candidate based on their qualities.
Information about candidates’ qualities is generated by biased media outlets, and
is passed along from one voter to another through social media platforms. We use
our results to match additional empirical patterns, and to speak to media market
regulations such as the FCC’s viewpoint diversity objectives.

In the online appendix, we examine the (in)efficiency of echo chambers, demon-
strate the robustness of our model to more complex decisions problems and more
general information technologies, and address several technical points that are omit-

ted from the main text.

1.1 Related literature

The current paper contributes to three strands of the economic literature: rational

inattention, social network, and rational theories of echo chamber.

Rational inattention. A central question studied by the RI literature concerns the
flexible acquisition of information about a payoff relevant state by a single decision
maker (see [Mackowiak, Matéjka, and Wiederholt| 2023 for a literature survey). For
that purpose, it is useful to model information acquisition strategies as signal struc-
tures that map each fundamental state to a lottery over final decisions. This compact
representation, however, abstracts away from how decision makers can learn from
multiple information sources, especially when the latter are themselves the players
of a strategic game. In games with strategic complementarities, Hellwig and Veld-
kamp| (2009)), Denti| (forthcoming), |2017)), and Hébert and La’O| (2021)), demonstrate
the usefulness of acquiring information about the endogenous signals gleaned by the
other players, as the latter affect one’s payoff through the other players’ final actions.
This is not the case in our model, where a player’s utility depends on his own action
and a payoff-relevant state, but nothing else. In equilibrium, a player is attended by
the other players because he has a better information dissemination technology than
the primary sources. Evidence for this assumption is discussed in Sections and [5

The idea of filtering bias, namely even a rational decision maker can exhibit a
preference for biased information when constrained by information processing capac-
ities, dates back to|Calvert| (1985) and is later expanded on by Suen| (2004])), |(Che and
Mierendorff (2019), and Hu, Li, and Segal (forthcoming)) among others, in single-agent

decision making problems. We examine the validity of this idea in a strategic setting,



where one’s choice of attention strategy depends not only on his own preference, but
also on the attention strategies of the other players.

The closest work to ours: |Che and Mierendorff| (2019)), studies a dynamic infor-
mation acquisition problem where a decision maker repeatedly allocates a limited
attention capacity between biased primary sources that disseminate Poisson signals[]
We instead focus on the trade-off between allocating attention to primary sources and
to the other players in a static game. Our model becomes a special case of the stage
decision problem studied by |Che and Mierendorff (2019) if players are forbidden from
attending to each other.

We are not the first to study Poisson attention networks. Dessein, Galeotti, and
Santos| (2016) analyze the efficient attention network between nonstrategic members
of an organization with adaptation and coordination motives. We focus on the equi-
librium attention network between strategic players, although we also characterize
the efficient attention network as an extension. Our players’ objective functions also
differ from that of Dessein, Galeotti, and Santos| (2016).

Social network. Inside an echo chamber, our game combines (i) the strategic for-
mation of an information sharing network, with (ii) a network game in which players’
investments (in their informedness) exhibit negative externalities. Studies of non-
cooperative network formation games without endogenous investments were pioneered
by [Jackson and Wolinsky| (1996) and Bala and Goyal (2000), and have recently been
advanced by |Calvé-Armengol, de Marti, and Prat| (2015) and Herskovic and Ramos
(2020) among others. The last two papers bestow players with exogenous signals
and focus on the formation of information sharing networks, whereas signals are en-
dogenous in our model. Existing network formation models work mainly with discrete
links. Links are divisible in our model, as well as in|Bloch and Dutta (2009), Baumann
(2021)), and Elliott, Golub, and Leduc| (2022)), among others.

There is also a large literature studying how to play games with negative ex-
ternalities on a fixed network (see [Jackson and Zenou| 2015/ for a survey). Most
methodological contributions to this literature concern the uniqueness and stability
of equilibrium, with many early contributions assuming linear best response functions
or a symmetric influence matrix between players (see, e.g., Parise and Ozdaglar| 2019

and Bramoullé, Kranton, and D’Amours| 2014, respectively). We develop a toolkit

3Zhong| (2022) demonstrates the optimality of Poisson attention strategy in dynamic information
acquisition problems with continuous time and discrete terminal actions.



for investigating equilibrium comparative statics under different assumptions from
the aforementioned ones.

A few recent papers study hybrid games that are akin to ours (see |Sadler and
Golub| 2021 for a survey). The closest work to ours: (Galeotti and Goyal| (2010), also
combines endogenous information acquisition with strategic information sharing. Yet
these authors work with homogeneous players and quantitative information acquisi-
tion (i.e., how much information is acquired rather than what kind of information is
acquired), so their model cannot be immediately applied to the study of echo cham-
ber formation among heterogeneous players. Their main result: the law of the few,

is obtained under a different setting and using different arguments from ours/]]

Rational theories of echo chamber. A small but growing literature investigates
the rational origins of echo chambersf| The closest work to ours: Baccara and Yariv
(2013) (BY), studies a model of group formation, followed by the production and
sharing of information among group members. The main differences between BY and
the current work are threefold. First, BY models information as a local public good
that is automatically shared among group members. Here, the decision to acquire
secondhand information from other players is private and strategic. Second, BY codes
players’ preferences for information in their utility functions. Here, such a preference
arises endogenously from limited attention capacities. Third, BY’s reasoning exploits
the sorting of people with similar preferences into groups of limited sizes. We impose
no restriction on the sizes of echo chambers and do not invoke the sorting logic.
Other rational theories of echo chamber fall broadly into two categories: (i) strate-
gic communication or persuasion between players with conflicting objectives (Gale-
otti, Ghiglino, and Squintani, |2013; Jann and Schottmuller, [2021; Innocenti, 2021
Meng, 2021); (ii) learning from sources with unknown biases (Sethi and Yildiz, [2016;
Williams|, 2021)). Neither consideration is present in our model, where sources are

nonstrategic, and their biases are commonly known.

4The argument of Galeotti and Goyal (2010) exploits two properties of their environment: (i) the
total amount of acquired information in the society is independent of players’ population size; and
(ii) links for information sharing are discrete. Together, these properties imply that only a small
number of players can acquire information from the original source and disseminate it to the other
players in equilibrium. Our setup and reasoning are very different.

5Qther authors have used the term “echo chamber” to refer to: the excessive sharing of misinfor-
mation in a homophilous, exogenous, network (Acemoglu, Ozdaglar, and Siderius| [2022)), correlation
neglect (Levy and Razin, [2019), as well as one’s exogenous neighbors in network learning games
(Bowen, Dmitriev, and Galperti, 2023)).



2 Baseline model

In this section, we first describe the model setup and then present an illustrative

example. Discussions of model assumptions can be found in Footnotes [6}{0]

2.1 Setup

A finite set Z of players faces two equally likely states A and B. Each player i € 7
has a type t; € {A, B} (also called his default decision), and makes a final decision
d; € {A, B}. His utility equals zero if his decision matches the true state. If the two
objects differ, then the player incurs a loss of magnitude §; € (0,1) by making the
default decision. Otherwise the loss has magnitude 1. Formally[|[]

ui(dhw) = —61 if dz 7é w and dz =1,
-1 ifd; #w and d; # t;.

The assumption ; € (0,1) implies that the player most prefers his default decision
given the prior belief about the state distribution. The preference becomes stronger
as we decrease (3;, which is hereinafter referred to as the player’s horizontal preference
parameter. Let A and B denote the sets of type A players and type B players,
respectively. Assume throughout that |A|, |B| € N — {1}.

There are two primary sources called A-revealing and B-revealing. In state w €

” whereas the other

{A, B}, the w-revealing primary source announces a message “w,’
primary source is silent. The message “w” fully reveals that the state is w, since any
player would assign probability one to the state being w given this message. To gather
information about the state, a player can pay attention to the primary sources, i.e.,
spend valuable time on them. In addition, he can pay attention to the other players as
potential secondary sources. For each player i € Z, C; = {A-revealing, B-revealing} U

T — {i} denotes the set of the sources he can pay attention to. His attention strategy

6The following reparameterization of the model captures situations in which players differ in prior
beliefs about the state, while leaving the analysis unaffected: let w;(d;,w) = 0 if d; = w and —1
otherwise Vi € Z; let player ¢ assign probability ﬁ to w = t; and probability 3 —EZ/B to w # t;.

"We specify the utility function in a way that eases parameterization and interpretation. For
general utility functions, define the default decision as one’s most preferred decision ex ante, i.e.,

t; = argmax e 4 py Elui(d,w)], and all arguments below will go through.




x; = (xf)cec, specifies a nonnegative amount z{ > 0 of attention that he pays to

each source ¢ € C;. It is feasible if it satisfies the bandwidth constraint

¢ .
iGCi I’i S 7—7,7

which stipulates that the total amount of paid attention must not exceed the player’s

bandwidth 1; > 0. Let &; denote the set of feasible attention strategies for player i.

To capture the flexibility of attention allocation, we allow for the adoption of any

strategy in Aj.

After players specify their attention strategies, the state w € {A, B} is realized,

and information about w is circulated in the society for two rounds.

e In the first round, the w-revealing primary source disseminates “w” to players

using a Poisson technology with rate 1. The message reaches each player ¢ € Z

w-revealing
7

independently with probability 1 — exp(—x ), which increases with the

amount z7"“*"™ of attention that player i pays to the primary source and
is strictly bounded above by one. The last property captures the scarcity of

attention relative to the available information in the world.

In the second round, each player ¢ who received a message in the first round
passes it along to the other players using a Poisson technology with rate A; > 0.
The message reaches each player j € Z — {i} independently with probability
11— exp(—)\ix;), which increases with the amount :L’é of attention that player j
pays to player 2. The parameter \; captures player i’s visibility as a secondary

source, and is hereinafter referred to as his wvisibility parameter.

After two rounds of information transmission, players update beliefs about the state

and make final decisions. The game sequence is summarized as follows.

1.

4.

Players choose attention strategies.
The state w is realized.

(a) The w-revealing source disseminates message “w” to players.

(b) Those players who received messages in Stage 3(a) pass them along to the

other players.

Players update beliefs and make final decisions.

The solution concept is pure strateqy perfect Bayesian equilibrium (PSPBE), or

equilibrium for short.



2.2 Illustrative example

In this section, we illustrate our framework using an example of science news con-

sumption among new parents.

Example 1. A group of new parents is about to feed their babies with solid foods.
There are two approaches: A = traditional spoon-feeding, and B = new baby-led
weaning. Under the traditional approach, parents spoon-feed babies first with purée
food and then with different stages of baby food until babies are strong enough to
eat on their own. The new approach skips traditional baby food and puts babies in
charge of their mealtime. Babies are given chucks of suitable food such as banana
or bread, and they hold the food in their hands and feed themselves. Which of the
two approaches is better for baby development is an open question. For example, a
possible downside of baby-led weaning is that babies tend to eat less and choke more
in the first few months. Whether this issue has any long-term health consequence
and how it should be weighed against the upside of the new approach (e.g., practice
motor skills earlier and build healthy eating habits), are topics of active research.
The uncertainty surrounding the truth is captured by the random state w.

A parent’s preference has two dimensions. The vertical dimension concerns which
of the two approaches is better for baby development. The horizontal dimension—
which is parameterized by (;—captures the parent’s own preference: some parents
prefer the traditional approach because spoon-feeding is less messy, while others prefer
the new approach because it skips purée foods and so is easier to prepare. A parent
earns the highest level of utility when the best approach for baby development is being
used, and incurs a loss otherwise. The loss is smaller in case the adopted approach is
more preferred by the parent.

Information about the uncertain state is provided by two kinds of scientific ex-
periments: those designed to reject the traditional approach A, and those designed
to reject the new approach B. These experiments constitute the primary sources in
our model. Parents can directly read about the experiments published in scientific
journals. Alternatively, they can learn from the secondhand opinions shared by other
parents on online support groups—Academic Moms, BabyCenter, to name a few.

Parents may differ in the amount of available time 7;s for information gathering,
which depends on the nature of their work, the length of parental leave, etc. They

may also differ in their visibility A\;s as secondary sources. For example, parents who

10
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are well-educated and good at explaining science to layman attract many followers
on online platforms; the decision on whether to post a video on Youtube depends on

how enthusiastic a parent is about helping others and how tech savvy he or she is.

3 Analysis

This section conducts model analysis. We first formalize the problems faced by players
in Section [3.1 and introduce key concepts to the analysis in Section These
are followed by three main theorems regarding the formation of echo chambers, the

attention networks within echo chambers, and the comparative statics thereof, in

Sections [3.3] 3.4 and [3.5] respectively.

3.1 Player’s problem

Consider the problem faced by a typical player ¢« € Z, taking the strategy profile
T_; € X_j = Xjez_(;3&X; among the other players as given. In case player ¢ uses an
attention strategy x; € AX;, the information transmission from the w-revealing source

to him is disrupted with probability

6w-revealmg .
i

— eXp( w-reveal'mg) :

and the information transmission from any player ;7 € Z — {i} to him is disrupted
with probability
67 = exp(—\;x)).

Let U; denote the event in which player i receives no message at Stage 4 of the game
(hereinafter, the decision making stage), which happens if the information transmis-
sion from the w-revealing source to player +—either directly or indirectly through

another player—is completely disrupted. Its probability in state w is given by

]P)x (MZ | OJ) o 5;'4.J-revealmg H (5;.1—7’evealmg + (1 _ 5;.1—7’evealing)5zj)’

JET—{i}

where x = (z;,2_;) denotes the joint attention strategy profile across all players.
At the decision making stage, player i earns zero utility if he learns the state and

acts accordingly. Otherwise event U; happens, and he must choose between the two

11



available options. The optimal choice yields the following ex ante expected utility:

max{—%[@z U | w #£t;), _%]Pz U |w= tz)} )

where the first and second terms in the big bracket constitute the expected utilities
in case one makes his default decision and the other decision in event 4;, respectively.
At Stage 1 of the game (hereinafter the attention paying stage), the player chooses a
feasible attention strategy to maximize the above expression, taking the other players’

attention strategies x_; as given.lﬂ

3.2 Key concepts

We first define the biases of primary sources, as in (Che and Mierendorft (2019)).

Definition 1. A primary source is biased toward decision d € {A, B} (or simply
d-biased ) if attending to that source but receiving no message from it increases one’s
belief that the state favors decision d. A player’s own-biased source is the primary

source that is biased toward his default decision.

In the leading example, the A-revealing source is an experiment designed to reject
the null hypothesis that the state is B. It does so through generating A-revealing
evidence, absent of which state B becomes more likely, hence the name “B-biased.”
A player’s own-biased source favors his default decision as its null hypothesis. In case
the player attends to that source but receives no message from it, he reinforces the
belief that the state favors his default decision. For a more natural interpretation,
one can think of no message as a “babbling message” that favors the player’s default
decision. In what follows, we will denote the A-revealing (resp. B-revealing) source
by b (resp. a). Type A (resp. B) players’ own-biased source is a (resp. b).

Next is the notion of like-minded friends.

Definition 2. Two players are like-minded friends if they share the same default

decision (and hence the same own-biased source).

Next is our key notion of echo chamber equilibrium.

8The above formulation remains valid even if the player can first decide how much attention
to pay to the primary sources, and, in case he receives from no message from them, divides the
remaining attention capacity across the other players.

12



Definition 3. An equilibrium is an echo chamber equilibrium if each player attends

only to his own-biased source and like-minded friends on the equilibrium path.

An echo chamber equilibrium has two noteworthy features. The first feature is a
selective exposure to content and a formation of homogeneous clusters. Indeed, casual
inspections suggest that parents who prefer the traditional baby-feeding approach
focus on learning the upside of the new approach and share information among each
other. The second feature of echo chamber equilibrium is a belief polarization coupled
with an occasional yet drastic belief reversal. It is easy to see that after playing an
echo chamber equilibrium, each parent receives no message from any source most of
the time and updates the belief in favor of his default decision in that event. With a
small complementary probability, the opposite happens, and the parent feels strongly
about trying a different approach. As discussed in Section [5] both features of echo
chambers have solid empirical supports.

While our analysis is mainly conducted in a general environment, we sometimes

restrict attention to symmetric environments and symmetric equilibria.

Definition 4. A society is symmetric if the two types of players have the same
population size N, and all players have the same characteristic profile (B, A\, 7). An
equilibrium is symmetric if the equilibrium strategqy depends only on the amounts of
attention that a typical player pays to his own-biased source, the other primary source,

each like-minded friend of his, and any other player, respectively.

We conclude this section by defining two useful functions and stating their main

properties (a full list of properties can be found in Lemma [3| of Appendix |A)).

Definition 5. For each A > 0, define

log(ﬁ) if A>1,
+00 if A€ 0,1].

¢ (A) =

For each A\ > 1 and x € [¢ (N\),+00), define
h(x;\) = ilog [(A—1) (exp (z) — 1)].

Observation 1. ¢'(A\) < 0 on (1,400) and limy;; ¢(X) = +o0o0. For each A > 1,
h@(A),A) = 0 and hy (z;X) € (0,1) on (¢ (A),+00).

13



3.3 Echo chamber formation

Our first theorem provides sufficient conditions that give rise of echo chamber equilib-
ria. It shows that every equilibrium of the game must be an echo chamber equilibrium
when players have sufficiently strong horizontal preferences, holding everything else
constant. Alternatively, in a symmetric society, the unique symmetric equilibrium of
the game must be an echo chamber equilibrium when the population size is large, or

when attention is scarce.

Theorem 1. (i) Fiz any population sizes |Al, |B| and characteristic profiles (Xi, Ti);c a5
as in Section . There exists B € (0,1) such that when B; € (0, 3) Vi € I, every equi-
librium of the game must be an echo chamber equilibrium. (ii) Consider a symmetric

society parameterized by (N, 5, A, T).
(a) For any 5 € (0,1), A > 0, and 7 > 0, there exists N € N — {1} such that for

any N > N, the unique symmetric equilibrium of the game is an echo chamber

equiltbrium.

(b) For any B € (0,1), A > 0, and N € N — {1}, there exists = > 0 such that for
any T < T, the unique symmetric equilibrium of the game is an echo chamber

equiltbrium.

The conditions prescribed Theorem [1| accurately describe the world we are living
in. As more and more people turn to the Internet and social media where the amount
of available information is vastly greater than what an individual can process in a
lifetime, it is reasonable to model bandwidth 7;s as finite, if not small, numbers. Mean-
while, the use of automated systems has destroyed the physical boundaries between
people, enabling virtual connections between like-minded friends who have never met
before in reality. In terms of modeling, this means that we can look at the case of
a large N, and assume that the allocation of attention across information sources is
flexible. According to Theorem [I} these conditions are conducive to echo chamber
formation, especially when people are sufficiently biased to begin with.

The remainder of this section explains the ideas behind Theorem (1] in two steps.

Basic intuitions. Consider first a benchmark case in which players can only attend
to the primary sources but not to each other. The next lemma, also proven by |Che and
Mierendorfl] (2019) as part of their preliminary analysis, solves the optimal decision

problems that players face.
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Lemma 1. Let everything be as in Section@ except that Stage 3(b) is removed from
the game. Then each player attends only to his own-biased source but not the other

source at the attention paying stage.

The idea behind Lemma [I)is as follows: since a player can always make his default
decision without paying attention, paying attention is useful only if it sometimes con-
vince him to act differently. Achieving this goal requires that the player disapproves
of his default decision, using the very kind of the information generated by his own-
biased source. Moreover, since one can never be certain that the state is w even if
he focuses exclusively on the w-revealing source, it is optimal to attend only to his
own-biased source but not the other source. The takeaway from this exercise is that
rational inattention generates heterogeneous demands for information among people
who are initially biased towards different decisions.

We next allow players to attend to each other. Assuming that every player makes
his default decision in event U; (where he doesn’t hear from any source), the argument
articulated above remains valid, namely it is optimal to attend only to one’s own-
biased source but not the other source. Likewise, it is optimal to attend only to
one’s like-minded friends but no one else, as the former share the same own-biased
source with him, and so could serve as secondary sources in case the information
transmission from the primary source to him is disrupted. This is the basic intuition

for why echo chambers could arise in equilibrium.

Limit strategic gains from switching sides. Yet in a strategic environment like
ours, players may benefit strategically from switching sides, as illustrated by the next

example.

Example 2. There is one player of each type called Alice (A) and Bob (B). If
both players attend only to their own-biased sources, then Alice’s expected utility
is —faexp(—74)/2. Now suppose that Alice decides to switch sides, i.e., make de-
cision B in event Uy. To facilitate decision making, she pays « € [0,74] units of
attention to the other primary source and 74 — z units of attention to Bob. Her

problem becomes

max 5 exp () fexp(—75) + (1 — exp(~75)) exp(~Ap(ra )]

Solving the above problem shows that © = max{7r4 — h(7, Ag), 0}, and that Alice
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benefits from switching sides if Ag > 1, 75 > ¢(Ag), and h(7s, Ap) — 78 + ¢(Ap) <
log B4. The first two conditions guarantee that h(7z, Ag) > 0 (recall Observation |1),
and they are easy to understand: if A\g < 1, then Bob is less visible than the primary
source and so should be ignored by Alice in any equilibrium. If 75 < ¢(Ap), then Bob
lacks the capacity to absorb enough information and pass it along to Alice. In both
cases, Alice will attend only to source A if she decides to switch sides, i.e., v4 = 74.
Given her horizontal preference for decision A, switching sides is unprofitable.

The last condition is most likely to hold when (4 is large, and so Alice has only a
mild preference for her default decision; and when 75 is large (recall from Observation
[l that h, € (0,1) on the relevant domain), and so Bob can absorb a lot of information
and pass it along to Alice. These are the exact confounding forces we wish to rule

out in order to sustain echo chambers in equilibrium. &

The construction presented above is relatively straightforward because there is
only one player of each type. As a consequence, Bob’s strategy in an echo chamber
equilibrium is to attend to source B, and we used this fact to calculate Alice’s expected
utility gain from switching sides. The proof presented in the appendix handles the
multi-agent case, in which players’ equilibrium strategies are much harder, if not
impossible, to compute explicitly.

Part (i) of Theorem [I|is the most intuitive: when players’ horizontal preferences
are sufficiently strong, making the default decision in event ; becomes a dominant
strategy, regardless of the belief he holds. As a result, any equilibrium must be an
echo chamber equilibrium, for the same reason as given in the benchmark case. The
existence of an equilibrium will become clear in the next section[]

When players’ horizontal preferences are mild, we make progress by studying
symmetric societies, as in Part (ii) of Theorem [I] To gain insights into Part (ii-a) of
the theorem, notice that when all players except ¢ € A adopt equilibrium strategies,

player i faces two choices: attend to his own-biased source and N — 1 like-minded

9Part (i) of Theorem [1|is robust to several model variations. First and foremost, it is easy to see
that the result remains valid even if players can communicate for more than one round. While the
complete segregation between different types of players is an artifact of binary states and decisions,
as well as the assumption that messages fully reveal the true state, the idea that rational inattention
leads like-minded people to focus on similar information sources and on each other should and indeed
has a life of its own. In Online Appendix we extend the baseline model to arbitrarily finite
decisions and states. We establish a pattern called semi echo chamber, whereby players pay most,
but not all their attention to own-biased sources and like-minded friends. The same pattern can also
be established when primary source messages entail small false positive and false negative rates.
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friends and make the default decision in event U;; or attend to the B-biased source
and N type B players and make decision B in event i;. When N is small, switching
sides significantly increases the amount of information that player ¢ can glean from
secondary sources. Yet the resulting gain vanishes and eventually becomes a loss as
N grows to infinity.

Part (ii-b) of Theorem|[I]can be understood as follows: when attention is abundant,
as captured by a large 7, switching sides exposes player ¢ to one more highly informed
secondary source, and the resulting gain is shown to increase with 7. Interestingly
and importantly, this is true despite that raising 7 also makes player i’s like-minded
friends more informed as secondary sources. To sustain echo chambers in equilibrium,

7 mustn’t be too large.

3.4 Inside an echo chamber

Our second theorem gives a complete characterization of the equilibrium attention
network within an echo chamber. Without loss of generality (w.l.0.g.), consider the

echo chamber among type A players.
Theorem 2. The following are true for any i € A in any echo chamber equilibrium.

(i) If all type A players attend to their own-biased source, i.e., x7 > 0Vj € A, then
the following are equivalent: (a) x% > 0 for some j € A —{i}; (b) x{ > d(N);
(c) xé = h(zd; N) Vi e A—{i}.

(i1) x¢ = [r; — Z )\—logmax{ (Aj — 1) (exp(af 1}

jeA—{i}

-~

:xg if z¢>0

(iii) If all type A players attend to each other, i.e., ¥ > 0Vj e A and k € A—{j},

then player i’s ex ante expected utility equals

——exp Zx + Z d(Nj)).

jeA jeA—{i}

Part (i) of Theorem [2] shows that if player i wishes to be attended by a like-
minded friend, then he must first cross his threshold of being visible ¢()\;), i.e., pay

at least ¢ (\;) units of attention to the primary source. After that, he receives the
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same amount h (x$;\;) of attention from all his friends, which increases with the
amount of attention x¢ that he pays to the primary source. For this reason, we
shall hereinafter call z{ player i’s level of informedness as a secondary source. The

following observations are important.

Core-periphery architecture. Fix any equilibrium as in Theorem 2] Define
COR ={i e A:z? > ¢(\)} as the set of the players who are attended by their like-
minded friends, and PER = {i € A : z¢ < ¢(\;)} as the set of the players who are
ignored by their like-minded friends. When both sets are nonempty, a core-periphery
architecture emerges, whereby COR players acquire information from the primary
source and share results among each other, whereas PER players tap into COR for
secondhand information but are themselves ignored by any player. In order for player
1 to belong to COR, he must be, first of all, more visible than the primary source,
i.e., \; > 1. In addition, he must have a large enough bandwidth to satisfy 7, > ¢(\;).
This suggests that a core-periphery architecture is most likely to emerge when play-
ers are heterogeneous, so that those players with large bandwidths and high visibility
parameters form COR, and the remaining players form PSRH Finally, notice that
the horizontal preference parameter ;s do not affect the division between COR and
PER. Indeed, they have no impact on the equilibrium attention network within an

echo chamber.

Informedness as strategic substitutes. For any COR player, we define his in-
fluence on public opinion as the amount h(z$; \;) of attention he receives from any
other player. From h, > 0 (recall Observation , it follows that different players’
informedness levels are strategic substitutes: as a player becomes more informed,

his like-minded friends pay more attention to him and less attention to the primary

10 A sizable economic literature pioneered by [Bala and Goyal (2000)) examines when equilibrium so-
cial networks exhibit core-peripheral structures. In our case, numerical analysis suggests that a small
difference between players is often enough to sustain a core-periphery architecture in equilibrium;
see Figure [1| of Appendix [Bl The intuition behind this finding—which exploits the strategic substi-
tutability between players’ informedness levels—will be explained together with that of Theorem
in the next section.

Recently, Perego and Yuksel (2016) study a related trade-off between producing information and
searching for information in a dynamic learning model. In their setting, a player either produces
information or searches undirectedly for information, but not both, and he cannot learn directly
from other information producers in the first case. Here, the interactions between core players are
central to the comparative statics analysis in Section |3.5] Peripheral players may learn directly from
the primary source, and they actively decide how to allocate attention capacities among core players.
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source. In the next section, we examine the consequences of this observation for

equilibrium.

Parts (i) and (ii) of Theorem [2| prescribe a two-step algorithm for computing all
echo chamber equilibria. The first step is to pin down players’ informedness levels,
by solving the system of equations in as Part (ii) of the theorem. The second step
is to back out the attention network between players using Part (i) of the theorem.
Specifically, if player 7 pays a positive amount of attention to his own-biased source,

i.e., 2z > 0, then the amount of attention he pays to a different player j equals

h(zg; \;) if j € COR,
Logamas [y Dfexp(a?) — 1,1} = { T
v 0 if j € PER.

If, instead, ¢ = 0, then the above expression must be scaled by the Lagrange mul-
tiplier associated with the nonnegative constraint ¢ > 0. Regardless of which case
we end up with, the equilibrium attention network between players is always fully
determined by their informedness levels. Since the system of equations that gov-
erns the latter has a solution by the Brouwer fixed point theorem, an echo chamber

equilibrium must exist when ;s are small, which completes the proof of Theorem
(1)

Part (iii) of Theorem 2 shows that when all players belong to COR, their equi-
librium expected utilities depend positively on the total amount of attention that
the entire echo chamber pays to the primary source, and negatively on the visibility
thresholds of their like-minded friends. Intuitively, members of an echo chamber be-
come better off as they collectively acquire more information from the primary source,

and as they become more capable of disseminating information to each other.

3.5 Comparative statics

This section investigates the comparative statics of the equilibrium attention network
within an echo chamber, focusing again on the case among type A players. For ease
of notation, we write {1,---, N} for A, 6; for (\;,7;), and @ for [6y,--- ,0y] . The
next regularity condition is maintained throughout this section.

Assumption 1. The game among type A players has a unique equilibrium, and all

type A players attend to each other in that equilibrium.
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Assumption [I] has two parts. The first part will be elaborated upon in Online Ap-
pendix [O0.4] where we provide sufficient conditions for the uniqueness of equilibrium.
The second part requires that all players belong to COR, and its sole purpose is to
simplify the exposition: as demonstrated in Online Appendix [0.5] introducing PER
players into the analysis does not affect any qualitative prediction of ours.

We conduct two exercises. The first exercise fixes players’ population size and
varies their individual characteristics. The second exercise assumes that players are

homogeneous and varies their population size.

3.5.1 Individual characteristics

The next theorem examines the effects of perturbing a single player’s characteristics

on the equilibrium attention network.

Theorem 3. Fiz any N € N— {1}, and let © be any neighborhood in R such that
for any 0 € ©, the game among a set A of type A players with population size N and

characteristic profile 0 satisfies Assumption [l Then the following must hold for any
ieA jeA—{i}, and k€ A—{j} (i =k is allowed), at any 6° € int (©).

(i) 0xt/07i|g_go >0, Ot /OT; >0, 0z%/07; <0, and dx],/0r; < 0.

’0:00 ‘0:00 |0:9°

(i) One of the following situations happens:
(a) 93 [ONi|g_go > 0, 025 /ON|,_,. > 0, 022 /ONi|,_p. <0, and /0N ,_,. <
0;
(b) the inequalities in Part (a) are all reversed;
(c) the inequalities in Part (a) are all replaced with equalities.

(111) If0, = 0¥n € A, then 82neAx%/8n|9:00 > 0 and sgn (8Zn€Ax%/8)\i|0:00) =
sgi (— 0z¢/ONi|g_go)-

Part (i) of Theorem 3| shows that increasing a player’s bandwidth raises his in-
formedness and influence as a secondary source, and so promotes him to become an
opinion leader. More surprisingly, the change diminishes the informedness and influ-
ence of any other player, who thus becomes an opinion follower. As depicted in Figure
of Appendix [B] this equilibrium mechanism can magnify even a small difference be-

tween people’s bandwidths into a very uneven distribution of opinions, whereby some
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people occupy the center of attention, while others are barely visible. An important
feature of today’s news landscape is that while most Americans express curiosity in
many topics such as science and politics, only a minority of them are willing to spend
time on hard news consumption (Prior, 2007, [Funk, Gottfried, and Mitchell, 2017)).
According to Theorem [3[(i), this attentional gap between the majority and minority
may lead the former to consume most firsthand news, and the latter to rely mainly
on the secondhand opinions that are passed along to them from the former. Patterns
consistent with this prediction, such as the law of the few and fat-tailed distributions
of opinions, have recently been detected in the social media sphere (Lu, Zhang, Cao,
Hu, and Guol, 2014; Del Vicario, Bessi, Zollo, Petroni, Scala, Caldarelli, Stanley, and
Quattrociocchi, [2016; [Néda, Varga, and Biro, 2017)).

Part (ii) of Theorem 3| shows that increasing a player’s visibility parameter by a
small amount may promote his informedness and influence while diminishing that of
the other players. But the opposite can also happen. Alternatively, the effect can
be neutral. Two countervailing effects are at work here. On the one hand, raising
player i’s visibility parameter \; reduces the threshold ¢();) at which he starts to
exert influences on the other players (recall from Observation (1| that ¢’ < 0). We
refer to this effect as the intercept effect. On the other hand, now that player ¢ has
become a better information disseminator, the amount of attention that his friends
pay to him no longer varies as sensitively with his informedness as it used to. We refer
to this effect as the slope effect, and note that it goes in the opposite direction of the
intercept effect. In general, either effect can dominate the other (as depicted in Figure
of Appendix , which renders the comparative statics ambiguous. To counter the
rising threat from misinformation and fake news, many social media companies have
taken measures that operate through modulating account visibility. Among others,
Facebook imposes a daily posting limit of 25 articles, beyond which the reach of
the posts will be negatively affected. Theorem (ii) warns that such measures may
backfire and, as demonstrated in the next paragraph, undermine consumer welfare,
if they are not well calibrated according to the underlying environment.

Part (iii) of Theorem 3| concerns the total amount of attention that the entire
echo chamber pays to the primary source, which is a crucial determinant of play-
ers’ equilibrium expected utilities. In general, nothing clear-cut can be said, which
is unsurprising given how few assumptions we have made about the magnitudes of

the strategic substitution effects across people. This finding suggests that the afore-
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mentioned policy interventions could entail ambiguous welfare consequences, and so
should be implemented with caution and care. When players are homogeneous, our
predictions are clear, as increasing a player’s bandwidth makes everyone in the echo
chamber better offﬂ As for the consequences of increasing one’s visibility parameter,
our result depends on whether that player ends up being an opinion leader or an
opinion follower: the entire echo chamber pays less attention to the primary source

in the first case, and more attention to the primary source in the second case.

Proof sketch. Proving Theorem [3requires a new method that we now develop. Due
to space limitations, we only sketch the proof for 9x¢/07[y_g. > 0 and 9z¢/0m | oo <
0 Vj # 1, starting off from the case of two players. In that case, differentiating the

system of equations concerning players’ equilibrium informedness against 7 yields

11 ozs | | oy |t
Ozy 4 923 0|’
Ox§ or 1 |g=0°

captures how perturbing player j’s informedness affects

Vi a
where the term 0x; /0 ‘0:90

his influence on player 7. Write g; for hx(x;?; )\j)‘ 6—go’ and recall that

J
Ox]

oz

a
J

< Gy =y (071)7
0=0° Theorem ]  Observation[d

i.e., increasing player j’s informedness by one unit raises his influence on player ¢ by
less than one unit. From g; > 0, i.e., informedness levels are strategic substitutes, it
follows that in order for the perturbation to have zero effect on player 2’s bandwidth,
it must cause one and only one player to pay more attention to the primary source.
Now, since g; < 1, i.e., the strategic substitution effects are sufficiently mild, that
player must be player 1, as the direct effect stemming from increasing his bandwidth
dominates the indirect effects that he and player 2 could exert on each other.
Extending the above argument to more than two players is a nontrivial task, as

it requires that we trace out how the strategic substitution effects reverberate across

1To be precise, all we need is that core players be almost homogeneous. Online Appendix
incorporates (heterogeneous) peripheral players into the analysis.
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a large and endogenous attention network. Mathematically, we must solve

{IN—FGN] VTI [‘CC? x?\/]—r‘e_eo = [1707 70]T7

where Iy is the N x N diagonal matrix, and Gy is the marginal influence matriz

defined as

0 if 1 = j,
(Gnlij =g ou
o else.
Ti lo=0°

A seemingly innocuous fact proves its usefulness here, namely an individual attracts

the same amount of attention from all his friends, i.e., 27 = (z$; A;) Vi # j. Taking

derivatives yields ng /6x§“ g_go = Ui Vi # j, Le., the off-diagonal entries of Gy are

constant column by column:

0 ¢ - gn

g 0 - gn
Gy =

g g2 -+ 0

Based on this fact, as well as g; € (0,1) Vj € {1,--- , N}, we develop a method for
solving [Iy +Gy] ™! and determining the signs of its entries. Our findings are reported

in the next lemma, from which Theorem [3] follows.

Lemma 2. Fiz any N € N—{1} and g1,--- , gy € (0,1), and let [Gn]ij = g; Vi # j
in the marginal influence matriz. Then Ay = In + Gy is invertible and satisfies
Vie{l,-- N} (i) [A'],, > 05 (i) [AR],, <OV #i;(ii) 52, [AR'],, > 0.

To the best of our knowledge, Lemma [2| is to new to the literature on network
games with negative externalities, as it generates sharp comparative statics predic-
tions without invoking the usual assumptions made in the literature, such as linear
best response functions or a symmetric influence matrix. The lemma is useful for
other purposes, such as evaluating the consequences of a common shock to players’
characteristics; see online Appendix for such an exercise. While the assumption
that an individual must be equally visible to all his friends is certainly crucial, it can

be relaxed as long as the environment is sufficiently close to the one considered above
(as shown in Online Appendix .
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3.5.2 Population size

This section examines the comparative statics regarding the population size N. To
obtain the sharpest insights, we assume, unlike in the previous section, that players
are homogeneous. Under this assumption, it is easy to see that if the game has a
unique equilibrium (as required by Assumption , it must be symmetric. Let x (V)
denote the amount of attention that a typical player pays to the primary source in

that equilibrium. The next proposition investigates the comparative statics of x(N).

Proposition 1. Take any \,7 > 0, and N” > N’ > 2 such that the game among
N € {N',N"} type A players with visibility parameter X\ and bandwidth T satisfies
Assumption[]l As N increases from N’ to N”, z (N) decreases, whereas Nz (N) may

either increase or decrease.

As an echo chamber grows in size, each member of it has access to more secondary
sources and so pays less attention to the primary source. Depending on the severity
of this free-riding problem compared to the population size effect, the overall effect on
the amount of attention that the entire echo chamber pays to the primary source and,
hence, players’ equilibrium expected utilities, is in general ambiguous (as confirmed
by numerical analysis).

Recently, several information platforms, including Allsides.com, have been built
to combat the rising polarization through exposing users to diverse viewpoints from
both sides. In Online Appendix [0.2] we model such a platform as a mega source that
results from merging the A-revealing source and B-revealing source of the baseline
model together. We find that the use of a mega source does achieve the purpose
of dissolving echo chambers, as it forces different types of players to attend to each
other as secondary sources. Yet making more secondary sources available to players
discourages information acquisition from primary sources and so exacerbate the free-
riding problem. In a symmetric society, merging biased sources into a mega source is
mathematically equivalent to doubling the population of type A players in Proposition

[1] Its effect on players’ equilibrium expected utilities is in general ambiguous.

4 Extensions

This section reports main extensions of the baseline model, in addition to the ones

we have already discussed. Due to space constraints, we postpone the analysis to the
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online appendix, and focus here on results and takeaways.

(In)efficiency of echo chambers. In Online Appendix [O.1] we examine the effi-
cient attention network that maximizes the utilitarian welfare of a symmetric society.
We focus on the case where players are sufficiently biased, and so making one’s default
decision is efficient in event U;. The main qualitative difference between the efficient
attention network and an echo chamber equilibrium is, then, that the former can man-
date that all players attend to both primary sources. In this way, a lot more players
are qualified as secondary sources, despite that each individual cares only about the
information generated by one primary source. Such an allocation is efficient when
players have large bandwidths and high visibility parameters, and so are good at
absorbing information and disseminating it to the others as secondary sources. Yet
it cannot be sustained in any equilibrium, because a self-interested individual would

only gather information about state A or state B, but not both.

General primary sources. In Online Appendix[0.2] we extend the baseline model
to multiple primary sources with general visibility parameters. The framework pro-
posed there nests many interesting situations as special cases. For example, if a source
is visible to all players in both states, then it is the mega source discussed at the end
of Section [3.5.2] If it is only visible to a single player in a single state, then it is a
private experiment conducted by that player.

Two findings are noteworthy. First, introducing multiple identical and indepen-
dent primary sources into the model does not affect the total amount of attention
one pays to each kind of source. All it does is to dilute players’ attention across the
same kind of sources. In our leading example, this finding suggests that increasing
the number of independent experiments without improving their qualities may have
limited impacts on public opinion and consumer welfare.

Second, when the visibility parameter of primary sources differs from one, all we
need to do is to rescale things properly. As for comparative statics, we find that
increasing the visibility of primary sources effectively diminishes the visibility of all
secondary sources. Then using the toolkit developed in Lemma [2| we find the same
ambiguous effect as in Theorem (ii). Thus in practice, factors that affect primary
sources’ visibility—such as the increasing reliance of scientific journals on digital
technologies and Al to boost distribution and reach—could have ambiguous effects

on public opinion and consumer welfare.
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5 Further Application

This section studies a political economy application of our model. We use our results

to match additional empirical patterns, and to shed light on several policy issues.

Example 3. Each player ¢ € Z is now a voter who is affiliated with either the
Democratic Party or the Republican Party. His decision is to vote for either the
Democratic candidate or the Republican candidate, d; € {L, R}, and his utility is
the highest if the candidate he supports has the best quality. In case the voter
supports the lowest quality candidate, he incurs a loss of magnitude g; € (0,1) if
that candidate comes from his own party. If the candidate comes from the opposing
party, then the loss has magnitude 1. Expressive voting is an important motive for
consuming political news according to [Prat and Stromberg| (2013)).

Candidate quality is uncertain and is modeled as a random state w € {L, R}. News
about w is generated by an L-revealing source and an R-revealing source. The game
begins with voters specifying how much attention they wish to pay to each primary
source and to each other. After that, news transmits from the primary source to
voters, and then among voters themselves in a nonstrategic manner. While stylized,
the last assumption helps us focus on the optimal attention allocation problem while
still capturing important facets of reality: according to a recent study by [Dewey
(2016)), 6 out of 10 people share links after glancing quickly at the headlines.

Voters can differ in their bandwidth 7;s, depending on how much time they are
willing to spend on hard news consumption versus doing other things, such as con-
suming entertainment. They can also differ in their visibility parameter \;s, as public
figures like Oprah Winfrey are more capable of deciphering and disseminating the
complex messages of elite newspapers to the less educated audience than ordinary

people (Baum and Jamison, 2006)). &

We interpret primary sources as journalists or media outlets that produce original
reporting about the state. Following |Che and Mierendorff] (2019), we call the L-
revealing source R-biased, and the R-revealing source L-biased. This practice is
inspired by (Chiang and Knight (2011), who find that newspaper endorsements for
the presidential candidates in the United States are most effective in shaping voters’
beliefs and decisions if the endorsement goes against of the bias of the newspaper.

Additional evidence for this view is surveyed by DellaVigna and Gentzkow| (2010)).
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Our model predicts after playing an echo chamber equilibrium, a majority of the
voters will have more faith in their own-party candidates than before, while a minority
of them will become supportive of the opposing party candidate. The coexistence of
a belief polarization and an occasional yet drastic belief reversal is a hallmark of
Bayesian rationality. Its presence among voters after social media consumption has
recently been detected by [Flaxman, Goel, and Rao (2016]), Balsamo, Gelardi, Han,
Rama, Samantray, Zucca, and Starnini (2019), and |Allcott, Braghieri, Eichmeyer,
and Gentzkow| (2020), among others.

As for comparative statics, we note that today’s high-choice media environment
and the resulting separation of news junkies from the majority of people may generate
the fat-tailed distribution of opinions that Farrell and Drezner| (2008)) find among
political blogs. In the aftermath of the 2021 U.S. Capitol attack, there have been
calls to modify Section 230 of the Communications Decency Act of 1996 so as to allow
Internet companies to exercise more account control (Rommy, 2021). We caution that
account control via modulating source visibility may backfire if it is not well calibrated
according to underlying environment.

Our results speak to the effectiveness of the FCC’s viewpoint diversity objectives
and, more specifically, the eight voice rule. The latter mandates that at least eight
independent media outlets must be operating in the same digital media area (Ho
and Quinn, 2008)). As shown in Online Appendix increasing the number of
independent primary sources without improving their qualities has no real impact in

the setting we consider.

6 Concluding remarks

This paper develops a rational inattention theory of echo chamber. To single out the
economic forces of our interest, we abstract away from alternative considerations such
as strategic information sources, behavioral players, etc. To the extent that the latter
are believed to foster echo chambers, our model prescribes a lower bound for the degree
of opinion segregation that can arise and persist in reality. Its normative implications,
especially those that question the effectiveness of interventions that target the rising
misinformation and polarization, are relevant in more general, complex, environments.

Our analysis generates several new predictions, including conducive conditions

to echo chamber formation and the comparative statics of equilibrium attention net-
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works, in addition to patterns that have been documented by other authors in different
contexts, such as the belief distribution after social media consumption. Testing these
predictions together in a rigorous manner is an interesting avenue for future research.
One way to make progress is to run a controlled experiment on social media, as has
done by scholars working on related topics (see, e.g., |Allcott, Braghieri, Eichmeyer,
and Gentzkow|[2020)).

A Proofs

A.1 Useful lemmas and their proofs

Proof of Lemma I When players can only attend to the primary sources but not
to each other, the ex ante problem faced by a type A player who makes decision A

in event U; is

ma%;;—?i exp(—2®) s.t. 2% 2" >0 and 7; > 2 + 2°.
%z

If, instead, the player makes decision B in event U;, then his ex ante problem becomes

max — exp(—2®) s.t. 2%, 2° > 0 and 7; > 2% + 2°.

za,xb

The solutions to these problems are (2%, 2°) = (7;,0) and (2%, 2°) = (0,7;). The first

solution generates a higher expected utility and so is optimal. O]
Proof of Lemma We proceed in three steps.

Step 1. Solve for Ay'. We conjecture that

det(A) =1+> (-1 -1 Y Lo, (1)

s=1 (k)j_q:kief{1, N}, =1
k1<-<ks

and that the following hold Vi € {1,--- N} and j € {1,--- , N} — {i}:

1 N-1

[AV], = m[l + ()T s -1 > [To] @

s=1 (kl)?zltkle{l,---,N}*{’L’}, =1
k1<---<ks
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and
_ —4g;
AV = —2 1— : 3
ke{lv""N}_{lJ}
We omit most algebra, but note that Ay can be rewritten as By + uyvy, where
By = diag(1 — g1, - ,1—gn), uy is the N-vector of ones, and vy = [g1,- - ,gn] .

Applying the Sherman-Morrison formula (Sherman and Morrison, |1950) shows that

—1 Tp-1

A=l —B-l_ By uyvyBy
N — N — 3
1+ V]—\FIBNlllN

and simplifying the last expression by doing lengthy algebra gives the desired result.

Step 2. Show that det (Ay) > 0, i.e,

EIETETI R SUN | P

s=1 (kl)lszltkle{l,‘“,N}, =1
k1<---<ks

N

Denote the left-hand side of the above inequality by LHS (g1, - ,gn). Since the
function LHS : [0, 1]V — R is linear in each g;, holding (g;);.; constant, its minimum is
attained at an extremal point of [0, 1]". Indeed, since the function is symmetric across

gis, the following must hold for any (g1,--- ,gy) € {0,1}" " such that 3.~ g; = n:
- _ n
LHS (g1, ,gn) = f (n) = Z(—l)k "(k—1) (k)
k=1

It remains to show that f(n) > —-1V¥n=0,1,--- ,N. When n =0 and 1, f(n) = 0.
For each n > 2, define

k=1

Below we prove by induction that f(n) = -1 and p(n) =0VY¥n=2,---  N.

Our conjecture is clearly true when n = 2, as

f(2)=—(§) — 1 andp(Q):_G) +2(§) o
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Now suppose that it is true for some n > 2. Then

= f(n) +p(n)
:—1’
and
p(n+1)
R (—1)* k(n Z 1)
=3 1)kk<(Z)+<kfl))+(—1) (n+1) (-
=p(n)+ ) (-1 1(k+1)(2)+(—1) (n+1)
=0+Y (1) k<2)+:§:‘;(—1) (Z)+(-1) Yn+1).
Then from



it follows that ,
plut 1) = 0 () + -
k=0

and so p(n + 1) = 0 if and only if

When n is odd, simplifying ¢(n) using the fact that

(—1)k+1(z> + (=) (nﬁk) =0Vke{l,---,n—1},

yields
q(n) = (-1) (g) +0=(—1)" as desired.

When n is even, expanding ¢ (n) yields

a(n) - Z (D)) -G =



Step 3. Verify that [Ay'],; > 0, [AJ'],. <0, and 3377, [A§'],, > 0 Vi €
{1,---,N}and j € {1,--- ,N} — {i}.

[Af_ﬂi,j is clearly negative. To show that [Ay'];; is positive, define Dy, as the
principal minor of Ay that obtains from deleting the i row and column of A .
Since Dy ; satisfies all the properties stated in Lemma , det (Dy ;) must be positive
by Step 2. Then from the fact that [Ay'].. = det (Dy,) /det (Ay), it follows that
[Ay']ii > 0, as desired. Finally, summing ’[AJ_VlL'J over j € {1,---, N} and doing
lengthy algebra yields

1
AV = —r (1 —gx) >0, as desired. O
2, Al det (Ax) ke{l,-r,z[w{z}

Jj=1

Lemma 3. ¢/(A\) < 0 on (1,+00) and limy; ¢(N) = 4+o00. For each A > 1, h(-; \) sat-
isfies (i) h (¢ () ; A) = 0; (@) hy (25 X) € (0,1) on (¢ (N), +00) andlimg s ha (T3 A) =
1; and (iii) hey (2, A) <0 on (¢ (), +00).

Proof. The result follows from straightforward algebra. n

Lemma 4. Fiz any A > 1 and 7 > ¢(\). For each N € N—{1} and x € [p()\), +00),
define
oV (x) =1 — (N = 1)h(z; \).

Then N has a unique fived point x(N) that satisfies (N) € (¢(N), 7), imy 100 2(N)
= ¢(A\), im, oo (N) = 400, and dz(N)/dr € (1/N,1).

Proof. Since h(¢(A\);A) = 0 and h,(z;\) > 0 on (¢(N), +00) by Lemma [3 ¢V (z) =
7 — (N — 1)h(z; A) has a unique fixed point z(NN) that belongs to (¢()A), 7) (drawing
a picture will make this point clear). In order to satisfy z(N) = ¢" (x(N)) > ¢()\),
h(x(N); \) must converge to zero as N — +oo, which, together with Lemma [3]
implies that Impy_, 100 (V) = ¢(N).

Turning to the relationship between z(N) and 7, notice that x(N) must grow to
infinity as 7 — +oo in order to satisfy z(N) + (N — 1)h(x(N); A) = 7. Taking the
total derivative of " (z(N)) = x(N) with respect to 7 yields dz(N)/dr = (1+ (N —
1)he(z(N); X))t where the last term lies in (1/N, 1) because h, € (0, 1). O

A.2 Proofs of theorems and propositions
Proof of Theorems [1j(i) and We proceed in four steps.

32



Step 1. Show that for any type A player i, making the default decision in event
U; is a dominant strategy when f; is sufficiently small.

If the player attends only to source a and makes decision A in event U;, then
his ex ante expected utility equals —; exp (—7;) /2. If, instead, he makes decision B
in event U;, then his ex ante expected utility is at most — exp(—\7;)/2, where \ =
max{1, \;, 7 € Z —{i}}. The reason is that, in a hypothetical situation where all the
other players knows for sure when state A occurs, player ¢ essentially faces the original
primary source b, together with |Z| — 1 primary sources with visibility parameter A;s,
j # 1. His optimal strategy is to focus on the source with the highest visibility
parameter ), and the resulting ex ante expected utility equals —exp(—\7;)/2. The
last term is smaller than —3; exp (—7;) /2 when §; < exp((1 — A\)7;). The remainder

of the proof assumes that this is the case.

Step 2. Show that any equilibrium must be an echo chamber equilibrium. It
suffices to show that 22 = 0 and 27 = 0 Vi € A and j € B. Fix any z_; € X_,.

Rewrite player i’s problem: max,,cx, —0;P.(U; | w = B)/2, as follows:

max —a¢— Y log(d% + (1 —0%)87) (4)
(§ )ceci jeT—{i}
st. 2 >0VeceC; and 7; > foa

1€C;

where 0¢ = exp(—z¢

) and &) = exp(—\;x]). Since is a concave problem, it can
be solved using the Lagrangian method. Let n,e > 0 and ~; > 0 denote the Lagrange
multipliers associated with the constraints zf > 0 and 7, > >~ .. ¥f, respectively.

The first-order conditions regarding z¢, x?, and 27, j € Z — {i}, are

1L =i+ 1 =0, (FOCyq)
—%i + N =0, (FOC,e)

A (1= 69)0]
0% + (1 — 626

-7 +n, =0, (FOC,;)

respectively. FOC;« and FOC,, together imply that 7; = n,, > 1 > 0, and so
ZCECi 2¢ = 7; and 2 = 0. In words, player i must exhaust his bandwidth but ignore
source b. The opposite is true for any type B player j, who must ignore source a, i.e.,

2 = 0. Letting 6§ = exp(—2}) = 1 in FOC_; yields ,; = v; > 0, and so x) = 0.
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Step 3. Characterize the equilibrium attention network among type A players.
Simplifying FOC ; shows that

| s

x] = )\—log max{ (—J - 1) (exp(z§) —1),1} Vi € Aand j € A~ {i}, (5)
j i

where the term ~; in the above expression satisfies 7; > 1, and the inequality is strict

if and only if ¢ = 0 (as shown in Step 2). Simplifying accordingly yields

xf =[m — Z %log max{(A; — 1)(exp(zf) — 1),1}]" Vi € A. (6)
jeL—{ip "’

Equations and @ together pin down all equilibria of the game among type A
players. They can be further simplified when z¢ > 0 Vi € A, and when xf >0Vie A
and j € A— {i}.

e In the first case, 7, = 1 Vi € A, and so becomes

o1
x] = /\—log max{(A; — 1)(exp(xj) —1),1} Vi € A and j € A — {i}. (7)
J
A close inspection of (7)) reveals the equivalence between (a) x§ > ¢(A;), (b) z) >0,
and (c) ], = h(x§; \;) Vk € A—{j}, as in Part (i) of Theorem .
e In the second case, and @ become

x] = h(xf;\;) Vi € Aand j € A— {i} (8)
and z§ = 1; — Z h(x§; Aj) Vi € A, respectively. 9)
jeA—{i}

Simplifying P, (; | w = B) accordingly yields

=ot II @ +a-oa)

jeA-{i}
1
= exp(—rf) H exp(—5) + (1 — exp(—7j)) exp(—A; - X log(A; — 1)(exp(z§) — 1))
jeA—{i} J
=exp(— Y 2%+ > ¢(\),
jeA jeA—{i}
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as in Part (iii) of Theorem [2|

Step 4. Show that the game among type A players has an equilibrium. Recall
from Step 3 that all equilibria of this game can be obtained by first solving @ and
then substituting the result(s) into (5). To show that () admits a solution, write
{1,--- N} for A. For each x* := [z¢ --- 2%]" € xX,[0,7;], define T(x?) as the
N-vector whose i entry is given by the right-hand side of @, and rewrite @ as
T(x%) = x* Since T : x¥,[0,7s] — xX,[0,7] is a continuous mapping from a
compact convex set to itself, it has a fixed point according to the Brouwer fixed point

theorem. O

Proof of Theorem [1f(ii). If 7 < ¢()\), then the game has a unique equilibrium in
which players attend to their own-biased sources but nothing else. The remainder of
the proof focuses on the more interesting case where 7 > ¢(A).

Our starting observation is that each player must attend only to a single primary
source in any equilibrium. Thus in a symmetric equilibrium, either (i) all type A
players attend to source a and their like-minded friends, and make decision A in
event U;s; or (ii) all type A players attend to source b and their like-minded friends,

and make decision B in event U;s.

Part (a): We proceed in two steps.

Step 1. Show that the game has a unique symmetric equilibrium of the first
kind when N is large.

Let z¢ and atf denote the amounts of attention that a typical type A player i pays
to source a and each like-minded friend of his, respectively. If xf = 0, then z¢ = 7.
But then 2% = h(r,\) # 27, which violates symmetry. As a result, 27 > 0 must
hold, and z¢ must solve x = 7 — (N — 1)h(z;\) = ¢™(x) and so equals z(N) by
Lemma [4] Substituting this result into Parts (ii) and (iii) of Theorem [2{ii) yields
2 = h(z(N);\) > 0, and —Fexp (—Nz (N)+ (N —1)¢()\)) /2 as the player’s ex
ante expected utility.

To sustain the above outcome on the equilibrium path, player ¢ mustn’t benefit
from attending to source b and type B players and making decision B in event U;. In
case player ¢ commits such a deviation, solving his best response to type B players’
equilibrium strategies yields y/ = h(z (N);\) as the amount of attention that he
pays to each type B player, and y° = 7 — Nh(z(N);\) as the amount of attention
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that he pays to source b. The last term is positive when N is large, because 3 =
PN (x(N)) — h(z(N); \) = 2(N) — h(z(N); A) = ¢(\) > 0 as N — oo by Lemma [4]
The ex ante expected utility generated by this best response function equals

1 N (t—xz(N))

——exp(—T7+

2 1~ Nz(N)+No(A). (10)

Comparing with the on-path expected utility, we find that the former is smaller
than the latter (and so the deviation is unprofitable) if and only if

T N
N toWN -y

(N) > log f5. (11)

Since the left-hand side of converges to zero as N grows to infinity by Lemma ,
it must exceed the right-hand side when N is sufficiently large.

Step 2. Show that no symmetric equilibrium of the second kind exists. In any
equilibrium as such, any type A player can strictly benefit from attending to source
a and N — 1 type B players (who pay z(/N) unit of attention to source a) rather than
adopting the equilibrium strategy.

Part (b): By Lemma [4 the left-hand side of (1)), hereinafter denoted by LHS(7),
satisfies lim, 4n) LHS(7) = 0 and dLI;f(T) = = — 5 dxcgv) € (—1,0). Thus there

exists T € (¢()), +00) such that holds if and only if 7 € (¢()\), 7). The remainder
of the proof is the same as that of Part (i) and is therefore omitted for brevity. [

Proof of Theorem [3| Write {1,---,N} for A. Since z¢ > ¢(\;) Vi € A in
equilibrium (as required by Assumption [1), ¢; = hy(zf; ;) € (0,1) must hold by
Lemma [} Let [Gylij = ¢; Vj € {1,---,N} and ¢ € {1,---,N} — {j} in the
marginal influence matrix. The corresponding matrix Ay = Iy + Gy satisfies the

properties stated in Lemma 2]

Part (i): We only prove the result for ;. Under Assumption , (z2)N, and (),
must solve @D and among type A players, respectively. Differentiating @ with

respect to 7 yields
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where x® := [z¢ -+ 2%]". From Lemma[2} it follows that

Ox{ _ ox§ . _
= [Ay'],, >0and I = [Ay],, <O0Vj#1L
Substituting this result into yields
Oz} 8 a oz’ Ox§
—L = > 0and =2k = <0Vj#1andk
or 9o, O d G =iy <OV #land k7

Part (ii): We only prove the result for A;. Differentiating (9 with respect to A; yields

Vaxt=rkA}[01 - 1",

where r = —h,(z{; A1) has an ambiguous sign in general. From Lemma [2] it follows
that 5
] .
sen(zyn) = senlk 3 [AN'], ) = sen (=)
i#1
—_— ——
<0
and that
ax? = -1 -1 ;
sen(2) = sen((3 [A3],, - [A31],,) =sen () ¥ £1.
121_\,_/ <0

>0

Substituting the second result into yields

axj ox?

sen(zh) = senlg;757) = sen (k) Vi # 1and k # j.

Finally, differentiating =} with respect to A yields

Oxt
sen(52) = senelgn S IAR T —11) = sn ().
- <0

Thus in total, only three situations can happen, depending on whether x is negative,

positive, or zero. Specifically,
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(a) if K <0, then dx{/ON; > 0, 0x}/OA; > 0, 0x} /0N < 0, and Ol /oM <0Vj #1
and k # 7;

(b) if k > 0, then reverse all the inequalities in case (a);
(c) if kK = 0, then replace the inequalities in case (a) with equalities.

Part (iii): Write T for SV, z%. From

i=1"1

0T Al
=11 1]VT1X0L:Z[ANL1

—_——
X
0T = S
and oML =11 1Vyx"= “(Z [Aﬁl}m B Z [A#]i,l)’
i.j=1 =1
v

it follows that sgn (07 /07 ) = sgn(X), and that sgn (0T/0\;) = sgn(k) = sgn (—0x§/0\)
if and only if Y > 0. It remains to show that X,Y > 0. For starters, notice that
if the environment is symmetric and the game has a unique equilibrium (as required
by Assumption , then the equilibrium and the corresponding matrix Ay must also
be symmetric. Based on this fact, we can simplify X to Zfil [Aj\,l]u and Y to

(N-1)N, [AR'],,- The last terms are positive by Lemma (iii). O

Proof of Proposition [I, We made three assumptions in the statement of Propo-
sition [I} the environment is symmetric; the game has a unique equilibrium; and all
players attend to each other in equilibrium. The first two assumptions imply that the
equilibrium is symmetric. The last assumption implies that each player pays z(N)
units of attention to his own-biased source and h(x(NN); A) units of attention to each
like-minded friend of his (as shown in the proof of Theorem [I[ii)). Differentiating
both sides of z (N) = ¢V (z(NN)) with respect to N yields

dz (N) 1 N—-1 exp(z(N) 17

— D
N M T s =1

log [(A = 1) (exp (z(N)) = 1)] <0,

where the last inequality uses the fact that z(N) > ¢(\) := log(527). The term

Nz(N) is in general nonmonotonic in N, as is confirmed by numerical methods. [
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B Figures

T 1
T

Figure 1: 7; and 7 denote the bandwidths of opinion leaders and followers; xf and
z$ denote their levels of informedness in equilibrium: 7, = 0.16, A\, = Ay = 10, the
numbers of opinion leaders and followers are 10 and 90, respectively.

a a

T2

— BRy(x{; M\ = 1.5) — BRy(21; M1 = 1.5)
-- BRo(x{; M1 = 2) -- BRy(z$; M = 4)
—BRI(LI,‘%;)\Q = 15) _BRl(.CE%; Ao = 15)
9(2) 6(1.5) o o) o(l3) o
(a) Increase A; from 1.5 to 2. (b) Increase A; from 1.5 to 4.

Figure 2: The red and black curves represent player 1 and player 2’s best response
functions, respectively: Ay = 1.5, 4 = 75 = 3.
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0.1 Efficient attention network

In this appendix, we examine the efficient attention network that maximizes the
utilitarian welfare of a symmetric society, and highlight its main qualitative difference
from the equilibrium attention network.

We focus on the case where players have strong horizontal preferences, and so
making one’s default decision is efficient in event U;. The efficient attention network

solves

CE€X e Xs
et ieT

The next theorem shows that when players are good at absorbing and disseminating
information (as captured by a large bandwidth 7 and a high visibility parameter \),
they are mandated to attend to both primary sources and to each other under the
efficient attention network. Doing so qualifies all players as secondary sources and
so facilitates information transmission between them, although the outcome cannot
be sustained in any equilibrium. The reason is that in our model, a self-interested
individual would only gather information about state A or B, but not both. Mandat-
ing that players attend to both primary sources is socially beneficial but individually

wasteful.

Theorem O1. Consider a symmetric society parameterized by (N, 5, \, 7). For each
N € N — {1}, there exist 3, A, and 7 > 0 such that when f < , A > A, and 7 > T,
a gb xf > 0 for all i,j, and so cannot be
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the efficient attention network features x

sustained in any equilibrium.

Proof. Omitted proofs from this appendix are gathered in subsection [0.7] O]

0.2 General primary sources

This appendix extends the baseline model to a finite set S of primary sources. In

state w € ) := {A, B}, source s € S disseminates message “w” to player i at Poisson

rate Af(w) > 0. The baseline model is a special case of this general framework, where
. w' -revealin, lifw=0u .

S = {w-revealing : w € Q}, and A; Nw) = 0 else Vi € T and ' € Q.

Other special cases include, but are not limited to the following.



. M >0 ifw=w e, ' _
Example O1. If Vi € 7, \}(w) = then s is a public source
0 else,

that specializes in revealing state w’ to all players at rate \°. &

, M >0 ifi=7andw=u,
Example O2. If 3/’ € Z and w’ € Q such that \j(w) =
0 else,

then s is a private source that specializes in revealing state w’ to player i'. &

Example O3. If A\{(w) = 1Vi € Z and w € , then s is a mega source that reveals
both states to all players at rate 1, and it can be obtained from merging the biased

primary sources in the baseline model together. &

For each i € Z and w € Q, define \;(w) := max{\}(w) : s € S} as the highest
rate at which state w is revealed to player 4, and assume that \;(w) > 0 to make the
analysis interesting. Define S;(w) == {5 : M (w) = \(w)} and S; = U,eqS;(w). Our
starting observation is that in equilibrium, each player ¢ attends only to the sources

in §;, and only the total amount of attention that he pays to these sources matters.

Lemma O1. Vi € Z and s € S, z = 0 if s € S\S; in any equilibrium. Moreover,
if ((x5)ses; (xz)jeI—{i})ieI is an equilibrium strategy profile, then so is every strategy
profile ((y7)sesis (U] )jez—(iy)iez that satisfies 3 cs Ui = Dics.w @i Vi € I and
weQ, aswell asy] =x] Vi€ and j € T — {i}.

The remainder of this appendix examines two special cases: specialized sources
and mega source. As in Examples and we say that primary sources are
specialized if each of them reveals at most one state at a positive rate to each player,
e, VieZand s €S, {w: Aj(w) > 0}] < 1. The next proposition extends the

baseline model to encompass specialized sources.

Proposition O1. When sources are specialized, (i) it is w.l.o.g. to assume that each
player faces two primary sources, each revealing a distinct state w € §) to him at rate
Xi(w). (i) In the case where N\j(w) = v > 0Vi € T and w € Q, Theorems |1 and
@ remain valid after we replace x§, N\;, and 7; with vx, \;/v, and vt;, respectively,
VieT and c € C;.

Part (i) of Proposition shows that introducing multiple (public or private)

specialized sources of the same quality into the baseline model does not impact the



equilibrium attention network in any meaningful way. All it does is to dilute players’
attention across the same kind of sources.

When X-(w) # 1, we must rescale player’s bandwidths and visibility parameters
properly to make the equilibrium characterization work. Part (ii) of Proposition
examines the consequences of applying a common shock v to the visibility of the
primary sources. Among other things, we find that increasing the visibility of primary
sources effectively diminishes that of secondary sources. The equilibrium and welfare
consequences of this change are in general ambiguous by Theorem [3]

Consider next the case of a mega source as in Example We denote this source
by m as in the main text, and normalize its visibility parameter to 1 for simplicity.

The next proposition establishes the isomorphism between two interesting games.

Proposition O2. Let everything be as in the baseline model except that sources a
and b are merged into m. If (x", (x{)jez_{i})ig 15 an equilibrium of this augmented
game, then the strategy profile (y¢, (y})jer—1i) )ier with y¢ = " and y} = x} Vi € T
and j € T — {i} is an equilibrium of the game among a set T of type A players with
characteristics (B;, \i, ;) s and access to source a. Moreover, the converse is also true,

and players’ expected utilities are the same under the two equilibria.

We demonstrate the usefulness of Proposition in a symmetric society. There,
merging sources a and b into m is mathematically equivalent to doubling the size
N of the echo chamber among type A players in Proposition [l From the previ-
ous discussion, we know that the welfare consequence of this change is in general

ambiguous.

0.3 Finite decision problems

This appendix extends the baseline model to decision problems with more than two
states and actions. Suppose that the state w is distributed uniformly on a finite set
{1,---, M} with M € N — {1}. There are M types of players, each has a population
N € N — {1} and can make one of the decisions in {1,---,M}. In case a type m
player makes decision d, his utility in state w equals zero if d = w, —1 if w = m and
d # m, and —f if w # m and d = m. Assume that 3 € (0, 1), and so m is the default
decision of type m players. Also assume that all players share the same visibility
parameter A > 0 and bandwidth 7 > 0.



There are M primary sources called 1-revealing, ---, M-revealing. In state w €
{1,--+, M}, the w-revealing source announces a message “w,” whereas the other
sources are silent. To make informed decisions, players attend to the primary sources
and to each other as potential secondary sources.

We analyze the symmetric PSPBE of the game. An equilibrium as such can be

parameterized by four quantities: A*, x*,y*, and z*. For a type m player:
(i) A* denotes the amount of attention that he pays to the m-revealing source;
(ii) 2* denotes the amount of attention that he pays to each other primary source;

(iii) y* denotes the amount of attention that he pays to each like-minded friend of

his;
(iv) z* denotes the amount of attention that he pays to any other player.

Call an equilibrium a semi echo chamber equilibrium if A* =0 and y* > z*. That is,
no player wastes time on learning the state that favors his default decision, and all
players prioritize like-minded friends over the other players when deciding whom to
pay attention to.

The next theorem proves an analog of Theorem [I} when players are sufficiently
biased towards their default decisions, the unique symmetric PSPBE of the game

must be a semi echo chamber equilibrium.

Theorem O2. For any M,N € N—{1}, A\ > 1/(M—1) and T > (M —1)p(A\(M —1)),
there exist B € (0,1) such that for any B < B, the unique PSPBE of the game must

be a semi echo chamber equilibrium.

0.4 Uniqueness of equilibrium

This appendix provides sufficient conditions for the game among type A players to
admit a unique equilibrium. Let the set PV = {ie€ A: 7 > ¢ (\;)} gather those
players who are potentially visible to their like-minded friends in equilibrium. The

next observation is immediate.

Observation O1. The game among type A players has a unique equilibrium if and

only if the system (@ of equations among PV players has a unique solution.

Proof. All equilibria of the game among type A players can be obtained as follows.
4



Step 1. Solve @ among PV players. For each solution (z¢);cpy, define COR =
{i € PV :z¢>¢(N\)} and PER = A—COR.

Step 2. For each pair i,j € COR, let xZ = h(z§; A;). For each pair i € A
and 7 € PER, let x{ = 0. For each pair ¢ € PER and j € COR, let xi =
/\ijlogmax{ <% - 1) (exp(x9) —1),1} and ¢ = 7, — Y iccor 27, where 7; > 1 is
the Lagrange multiplier associated with the constraint ¢ > 0, and ~; > 1 if and only
if ¢ = 0. []

Observation implies that the game among type A players has a unique equi-
librium if |PV| = 1. The remainder of this appendix assumes that |PV| > 2. The
analysis differs, depending on whether PV players are homogeneous or not. In the
first case, equilibrium is unique when PV players’ bandwidth is large relative to their

population size and, roughly speaking, when they have a high visibility parameter.

Theorem O3. In the case where (A, 7;) = (A, 7) Vi € PV, the game among type A
players has a unique equilibrium if T — (|PV| — 2)h(1; X) > ¢(N).

When PV players are heterogeneous, we cannot establish the uniqueness of equi-
librium in the setting of the baseline model. The reason is that, when z¢ ~ ¢(J\;), the
marginal influence h,(z¢; A;) of player i on the other players equals approximately 1
(recall Lemma [3]), which is too big for the contraction mapping theorem to work. To
bound players’” marginal influences on each other, we enrich the baseline model by
assuming that each player ¢ has 7; > 0 units of attention to spare and yet must pay
at least 7, € [0,7;) units of attention to his own-biased source. If 7, = 0 Vi € Z, then
we are back to the baseline model. The next proposition establishes the analog of
Theorem [ in this new setting. The fact that Theorems [1|is unaffected by the change

is easy to see.

Proposition O3. Let everything be as above. Then the following are true for any

i € A in any echo chamber equilibrium.

(i) If 2§ > 1, Vj € A, then Part (i) of Theorem@ remains valid.

1
(i1) x¢ = max{7T; — Z " log max { (A; — 1)(exp(z9) — 1), 1}, 7,}.
jeA-{ip

-—
_.J ifoa
=z; if x>,

(iii) If 2k > 0Vj € A and k € A—{j}, then Part (iii) of Theorem@ remains valid.

5



Proof. The proof is analogous to that of Theorem [2| and is omitted for brevity. [

We provide sufficient conditions for the augmented game among type A players
to admit a unique equilibrium. Redefine PV = {i € A:7; > ¢(\;)}. Suppose that
7, > ¢(N\;) Vi € PV, and define g := maxepy hy(7;;\;). By Lemma 3 g < 1is a
uniform upper bound for the marginal influences that PV players can exert on each
other. The next theorem shows that when g is small relative to the population size

of PV players, the augmented game among type A players has a unique equilibrium.

Theorem O4. Let everything be as above. Then the game among type A players has
a unique equilibrium if g < 1/(|PV| — 1).

0.5 Comparative statics with peripheral players

When proving Theorem [3] we assumed, for convenience, that all type A players must
attend to each other, or, equivalently, A = COR. We now relax this assumption as

follows.

Assumption O1. The game among type A players has a unique equilibrium, whereby
all players attend to source a, |COR| > 2 (to make the analysis interesting), and no
PER player is a borderline player, i.e., x¢ < ¢p(N;) Vi € PER.

It is clear that perturbing the characteristics of a PER player has no impact on
any other player under Assumption [OI] The next proposition examines the effect on
PER players as we perturb the characteristics of a COR player.

Proposition O4. Let everything be as in Theorem [3 except that Assumption [1] is
replaced with Assumption [O1. At any 6° € int (©), the following are true for any
i,7 € COR (i =j is allowed) and any k € PER.

. oxs, Oz Oa} ;

(1) sgn( 5t ’9:90) = sgn(= . e:oo) and Sgn(a_ff‘ozeo) = sl ’9:9")‘
. ox¢ O O} = Or

(i) sgn(55: ‘azeo) = sgn(— 33, e:eo) and sgn( s ‘0:00) = seulay )0=9°>.

As we increase the bandwidth of a COR player i, a PER player k pays less
attention to the primary source, more attention to player ¢, and less attention to any
other COR player than 7. As we increase the visibility parameter of player 7, the effect

on player k depends on whether the perturbation makes player ¢ an opinion leader
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or an opinion follower. In the first case, player k pays less attention to the primary
source, more attention to player ¢, and less attention to any other COR player than

1. The opposite happens in the second case.

0.6 Pairwise visibility parameter

This appendix extends the baseline model to encompass pairwise visibility parame-
ters. Let /\g > 0 parameterize the visibility of player j to player ¢, and write A; for
()xf )jez—{i}- The next proposition establishes the analog of Theorem [2| in this new
setting. The fact that Theorem [l is unaffected by the change is easy to see.

Proposition O5. The following are true for any i € A in any echo chamber equilib-

TIUm.
(i) If all type A players attend to source a, then the following are equivalent: (a)
x$ > gb()\f), (b) xf > 0; (c) xf = h(xj,)\f)

(i1) ¢ = [1; — Z )\—logmax{ (A — 1) (exp( 1}

JeA—{i}

-~

:x{ if z¢>0

(111) If all type A players attend to each other, then the ex ante expected utility of

——exp Zx + Z d(N)).

JEA jeEA-{i}

player t equals

Proof. The proof is analogous to that of Theorem [2] and is therefore omitted. O]

With pairwise visibility parameters, player j must cross a personalized threshold
¢(X!) in order to be attended by player i. After that, the amount of influence h(x; )
that he exerts on player i depends on his informedness z§ as a secondary source, as
well as his visibility A} to player i. Player ¢’s equilibrium expected utility depends
positively on the total amount of attention that the entire echo chamber pays to the
primary source, and negatively on the visibility threshold ¢()\{ )s that prevent his
like-minded friends from disseminating information to him.

Turning to equilibrium comparative statics, we write 4 = {1,--- | N}, 6, = (A\;, 1)
Vie A, and @ = [f; --- Oy]". Note that with pairwise visibility parameters, the off-

diagonal entries of the marginal influence matrix are no longer constant column by



column. Nevertheless, if that matrix still satisfies the properties stated in Lemma [2]

then we can establish an analog of Theorem [3] as follows.

Proposition O6. Fiz any N € N — {1}. Let © be any neighborhood in Rﬂ\:i such
that for any @ € O, the game among a set A of type A players with population size N
and characteristic profile 0 satisfies Assumption |1, and the matrix Ay = Iy + Gy
satisfies the properties stated in Lemma @ Then at any 0° € int(O), the following
must hold for any i € {1,--- N}, j,k € {1,--- N} = {i} (j = k is allowed), and
me{l,--- N} —{k}.

(i) 0x2/07|g_ge >0, 02 /07| g_ge > 0, 025/0T]p_go < 0, and Ozk, /O, < 0.

|0:9°
(i) One of the following situations happens:

(a) 81:?/8)\5
0,

>0, Ozl /ON >0, 0z /OX <0, and dx* JON

‘0:00 ‘0:0O |0:9° ‘0:0O

(b) the inequalities in Part (a) are all reversed;

(c) the inequalities in Part (a) are replaced with equalities.

0.7 Proofs

Proof of Theorem When S is sufficiently small, it is efficient to make one’s

default decision in event ;. The social planner’s problem then becomes

max, —» 07 [[ @+ @-a)s)-> a8 [[ (+0-a)a).

TEX;eTX;
T ieA jez—{i} i€B  jeT—{i}

Since the above problem has a strictly concave maximand and a compact convex
choice set, it has a unique solution. In case the solution is interior, it is fully de-
termined by the first-order conditions. If, in addition, it is symmetric, then it is

parameterized by

(i) z* > 0: the amount of attention that a typical player pays to his own-biased

source;
(ii) y* > 0: the amount of attention he pays to the other source;

(iii) 2z* > 0: the amount of attention he pays to each like-minded friend of his;

8
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(iv) A* > 0: the amount of attention he pays to any other player.

The corresponding attention network cannot arise in any equilibrium because y* > 0.

We provide conditions under which the solution to the planner’s problem is interior
and symmetric. For ease of notation, write X for exp(—z*)+(1—exp(—z*)) exp(—Az*),
Y for exp(—y*) 4 (1 —exp(—y*)) exp(—=AA*), @ for exp(z*) — 1, b for exp(y*) — 1, & for
exp(Az*) — 1, and d for exp(AA*) — 1. Fix any type A player (name him 4), and let
~v > 0 denote the Lagrange multiplier associated with his bandwidth constraint, which
must be binding under the efficient allocation. The first-order conditions regarding

2%, 2%, 2 with j € A, and z¥ with k € B, are

FEXNTYN 4 N s (1 - ) XN YN = (FOC,e)
jeA-{i}

D a1 = )XY N = (FOC,»)
jeB

AS(1 = 69 XN 2Y N = 4 (FOC,;)

and A6%(1 — §9)oF XNy N1 = o (FOC,x)

respectively. Letting z¢ = z*, 27 = y*, xf = z*, and 2F = A* in the FOCs yields

(

(A\—1)a = Né+1

Nd = \b

Xa(b+d+1) = Nd(a+¢+1)

log(a +1) 4+ log(b+1) + XL log(é+1)+ & log(d +1) = 7.

The solution to the first three linear equations is

~ Na . (A=1a-1 ~ Aa
b_—N—l—&’C_—N ,andd——N_l_é.
Simplifying the last equation accordingly yields
. Na N -1 A=1a-1
1 ) +log(——F—=+1 1 1
og(a+1) + Og(N—l—EL+ ) + )\ og( N +1)
N Aa
—log(———=+1) =1 12
+)\Og(N—1—d+) T (12)

It remains to find conditions on (A, 7, V) such that admits a solution a(\, 7, N)

9



satisfying

) Na() (A= Da() — 1 Xa()
. d——-"">7
()>O’N—1—d()>0’ N >0, an N—l—a(-)>0’

or, equivalently,

N> 2 andal) € (——, N — 1)
N1 e A1 '

To make progress, notice that the left-hand side of as a function of a (i) is
well-defined on (0, N — 1), (ii) is negative when a ~ 0, (iii) - 400 asa - N — 1,
(iv) is strictly increasing in @, and (v) is independent of 7. Thus for any N > 2 and
A > N/(N —1), there exists a threshold 7(\, N) such that the solution to belongs
to (1/(A—1),N — 1) for any 7 > 7(A\, N), as desired. O

Proof of Lemma|[O1] For each i € Z, redefine C; as SUZ —{i} and X; as {(zf).ec, :

> ece, T§ < 7i}. Replacing the term 2N with 3 6 A3 (w)af = ™ in the

original expression for P, (U; | w) gives its new expression. If a type A player i makes
the default decision A in event U;, then his ex ante problem can be obtained from
f wrevealing 5 with yZ.B -revealing - Gince yZB “revealing the nonnegative

constraint x§ > 0 Ve € C;, and the bandwidth constraint » . z{ < 7;, are all linear

replacing the term z

in xfs, ¥ > 0 only if s € S;(B), and only Zsesi(B) x] matters for the equilibrium
analysis. The proof for the opposite case where decision B is made in event U; is

analogous and is omitted for brevity. O]

Proof of Proposition [01} Part (i) of the proposition follows immediately from
Lemma Part (ii) of the proposition can be obtained from replacing the terms x§,
Ai, and 7;, in the proofs of Theorems [I| and [2| with vz§, \;/v, and v, respectively,
Vi e T and ¢ € C;. O

Proof of Proposition [02 In the augmented game with source m, redefine C; as
{m}UZ —{i} and &j as {(2f)cec; © Dcee, ¥§ < Ti}- Replacing the term 22770 with

7

™ in the original expression for P, (U; | w) gives its new expression. Since player i’s

posterior belief equals the prior in event U;, he will make the default decision in that

10



event. His ex ante problem is thus max,,cx, — ;P (U; | w # ;) /2, or, equivalently,
max — ;" — Z log(07" + (1 — 5;1)55)
(#)ece; jeT—{i}
st. z; >0VceC; and 7; > Zazf
1€C;
Relabeling z!" as ¢ in the above problem turns it into an analog of , with the only
difference being that the set of type A players is Z rather than A. m

Proof of Theorem [O2 In the setting described in Online Appendix the set

of feasible sources for player i is C; = {1-revealing, - - - ,m-revealing} UZ — {i}, and
the set X; of feasible attention strategies for him is {(z¢).ec, € ]R'fil D) ece, TE < Tk

We focus on the case where (3 is small, and so all players must make default decisions

in event U;s. The ex ante problem faced by a type m player is thus

/B w-revealing w-revealing w-revealing\ ¢j
maX—MZ5Z- IT + (15 )67).

wF#m jez—{i}

Using the parameterization proposed in Online Appendix and solving, we obtain
that A* =0, (M —1)z*+ (N —=1)y*+ (M —1)Nz* =7, y* = g1 (z*), and 2* = g (z*),
where

1

1 () = 3 Togmax {(\ (M — 1) ~ 1) (exp () ~ 1), 1}
1
and g () = X logmax {(A(M —2) —1)(exp(x) —1),1}.

Thus 2* is the unique fixed point of [ — (N — 1) g1 (z) — (M — 1) Ngs (z)], and
the following are equivalent: (i) y* > 0; (ii) y* > 2% (iii)) A > 1/(M — 1) and
T>(M—1)p(AN(M —1)). Drawing a picture will make the last point clear. O

Proof of Theorem Write {1, ---, N} for PV, and note that \; > 1 Vi € PV.
Simplifying the system @ of equations among PV players accordingly yields

z$ = max{r; — Z max { h(z§; };),0}, 0} Vi € PV. (13)

jePV—{i}
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Below we demonstrate that if (A\;, 7;) = (A, 7) Vi € PV, and if 7 — (|PV|—=2)h(T; \) >
¢ (\), then the unique solution to (13)) is ¢ = x(N) Vi € PV, where x(N) is the
unique fixed point of oV (z) = 7 — (N — 1)h(z; \), and it belongs to (¢()\),7) as
shown in Lemma [3l

Consider first the case N = 2. In that case, is simply

x] = max {7 — max {h (z3; A),0},0} (14)
and 5 = max {7 — max {h (z{; \),0},0},

and drawing a picture makes it clear that has a unique solution (z(2),x(2)). For
each N > 3, we fix any pair i # j. Define 7 :=7—3_, . -max {h (zf; ), 0}, and note
that 7 € (¢(A), 7) by assumption. Drawing a picture makes it clear that the solution

to

x§ = max {f' — max{h (a:;‘, )\) ,O} ,O}
¢ = max {7 — max {h (x{; \),0},0},

and

must satisfy z§ = 2¢ € (¢ (A\),7), and repeating this argument for all (4,j) pairs
shows that xf = 2% € (¢(N\),7) Vi,j € PV. Simplifying accordingly yields
2% = " (z¢) Vi € PV, or, equivalently, z¢ = x (N). O
Proof of Theorem [O4, Write {1,---, N} for PV. For each i € PV, define y; =
x¢ — 1, and A1, =7, —7,. Since 7; > 7, > ¢(\;) Vi € PV, we can simplify the best

response function of any i € PV:

xf = max{T; — Z )\ilog max{(A; — 1)(exp(x}) — 1),1},7,},

jepv—{iy

to the following:

y; = max{Ar; — Z h(y; + 1, A;), 0}.
JjeEPV—{i}

For eachy = [y; --- yn|' € Y = xX [0, Ar], define F(y) as the N-vector whose
it" entry equals v; + Zjepv_{i} h(y; + 7;;A;) — A1 The function F': Y — RY is

12



strongly monotone,ﬂ because for any y,y’ € Y,

y) (F(y) = F')
2+ZZ +Ij;)\j)—h(y;+lj§>‘j)]

(y

'MZ |

i=1 1 540
> IIY—Y’||2—?ZZIyi—yéllyj—yQI (. he €(0,7))
i=1 j£i

>[1—(N—=1)gllly —y'II*
—_—————

>0 by assumption

Then by Proposition 1 of Naghizadeh and Liu| (2017)), the game among PV players

has a unique equilibrium. O]

Proof of Proposition We only prove that sgn (0x§/07;) = sgn (—0x¢/0T;)
and sgn (0x¢/0N;) = sgn (—0x¢/0N;) for an arbitrary pair of £ € PER and i € COR.
The remaining results follow immediately from what we already know and so won’t
be proven again.

Write {1,---, N} for COR. Let Gy denote the marginal influence matrix among
COR players, and redefine Ay = Iy+Gy. W.lo.g. let : = 1. Under the assumption

that player k pays a positive amount of attention to source a, the following must hold:
N

wh=1e— Y h(ai ). (15)
j=1

Differentiating both sides of with respect to 71 yields

N
Ox? ox? ox®
L= gt =g G o

J=1

where the last equality follows from doing lengthy algebra, based on the fact that
Vo[zg - 2%]" = A1 0 --- 0] (as shown in the proof of Theorem . Since
dx§/0m > 0 by Theorem [i), sgn(dzf/0m) = sgn(—0z}/07) holds if and only
if 0z¢/0m < 1/(1 —g1). To establish the last inequality, recall from the proof of

LA function f : K — R"™ defined on a closed convex set K C R” is strongly monotone if there
exists ¢ > 0 such that (x —y) " (f(x) — f(y)) > c[x — y||? ¥x,y € K.
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Theoremthat 0x§/0m = [A]_VI} 1 :. Tedious but straightforward algebra shows
that

-1 _ L —5 -
[AN}LI 1—gl_d€t(AN 1—91 Jl_[

as desired.
Meanwhile, differentiating both sides of with respect to \; yields

oxs N Ox§
N _;9j6A1+“’

where k == —h,y(2%; \). Lengthy algebra reduces the right-hand side of the above ex-
pression to g vazz (1 — g;), based the fact that V, [z¢ -+ 2%4]T = kA0 1 ---
(as shown in the proof of Theorem 3)). Thus sgn(dz§/0X;) = sgn(k) = sgn(—0z¢/O\),
as desired, where the last equality was established in the proof of Theorem [3] O

Proof of Proposition[06l Write {1,---, N} for A. Under the assumptions stated
in Proposition [O€], the following must hold Vi € {1,--- ,N} and j € {1,--- , N} —{i}:

— Y h(ahN) (16)
JGA {i}
and 7 = h(z%; \); (17)

i

and [Gn|i; = hy (xw)\f) € (0,1). Moreover, Ay = Iy + Gy must satisfy the
properties stated in Lemma .

Part (i) of the proposition closely resembles Theorem [3|(i), so its proof is omitted
for brevity. For Part (ii) of the proposition, it suffices to prove the result for i = 1

and j = 2. Differentiating with respect to \? yields
Tt = AR 10 0],

where x? := [z -+ 2%]T, and k? == —hy(2%; A\?) has an ambiguous sign in general.
Since [A& } > (0 and [A ]k . <0VEk # 1, by assumption, the following must hold:

ox¢ B
sen((552) = sl [A57], ) = sn(o)
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and
oxr¢

8/\];) = sgn (k] [A&l}m) = sgn(—k?) Yk # 1.

Substituting these results into yields

sgn(

oz}, 0 1,01
sen(8) = sen(hs (o3 M) 553) = sem) ¥k # 1
and
(91: Ox},
sen(53%) = sn(h (o ) 516 = san(—n?) ¥ # L and (m. ) # (1,2).

Finally, differentiating x3 = h(z3; A\?) with respect to A? yields

0x2

—5) = sgn(s [he(a5; A)[AR 21 — 1]) = sgn(—«]),

sgn(a)\2

where the second equality follows from the assumption that [A;,lk , < 0. Thus in
total, only the three situations listed in the proposition can happen, depending on

whether x? is positive, negative, or zero.
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