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a b s t r a c t 

Accelerated stochastic gradient descent (ASGD) methods, which incorporate accelerated proximal gradient 

(APG) and stochastic gradient (SG), have received considerable attention recently for solving regularized 

risk minimization problems in signal/image processing, statistics and machine learning. However, there 

has been a paucity of practical guidance proposed for resolving one of the major issues in ASGD: how 

to choose an appropriate step size. To solve this problem, we propose to use the Barzilai-Borwein (BB) 

method to automatically compute step size for the accelerated mini-batch Prox-SVRG (Acc-Prox-SVRG) 

method (the state of the art ASGD method), thereby obtaining a new accelerated method: Acc-Prox-SVRG- 

BB. We prove the convergence of Acc-Prox-SVRG-BB and show that its complexity is comparable with the 

best known stochastic gradient methods. In addition, we incorporate Beck and Teboulle’s APG (FISTA) 

and Prox-SVRG in a mini-batch setting and obtain another new accelerated gradient descent method, 

FISTA-Prox-SVRG, which requires the selection of fewer unknown parameters than those required in Acc- 

Prox-SVRG. Finally, we introduce the BB method into FISTA-Prox-SVRG to further show the efficacy of the 

BB method. Numerical results demonstrate the advantage of our algorithms. 

© 2019 Published by Elsevier B.V. 
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. Introduction 

Many optimization problems that arise in signal/image process-

ng, statistics and machine learning can be formulated as stochas-

ic composite optimization (SCO) problems where the expectation

f stochastic loss function plus a possibly non-smooth regulariza-

ion term is minimized. Instances include support vector machines

1–3] , sparse, group sparse linear regression [4,5] and sparse Logis-

ic regression [6,7] . 

Accelerated proximal gradient (APG) [8–11] and stochastic gra-

ient (SG) [12–15] methods are at the heart of dealing with

he SCO problems. Recently, some researchers considered com-

ining the accelerated gradient methods with the stochastic gra-

ient methods to generate a series of celebrated works. For

nstance, by properly modifying the Nesterov optimal smooth

ethod [16] , Ghadimi et al. [17] developed a generic acceler-

ted stochastic approximation (AC-SA) algorithmic framework and

howed that AC-SA can be specialized to yield optimal or nearly

ptimal methods for different classes of SCO problems. Shalev-

hwartz et al. [18] introduced the Nesterov’s acceleration method

nto the proximal stochastic dual coordinate ascent (Prox-SDCA)
∗ Corresponding author. 
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ethod for regularized loss minimization. Moreover, they show

hat this method, using the accelerated procedure, improves the

ependence on the condition number. For the SCO problems, Ni-

anda [19] proposed the accelerated mini-batch Prox-SVRG (Acc-

rox-SVRG) method which incorporates the Nesterov’s acceleration

ethod [16] and the proximal proximal stochastic variance reduc-

ion gradient (Prox-SVRG) method [20] in the mini-batch setting.

e proved that the overall complexity of Acc-Prox-SVRG, with an

ppropriate mini-batch size, is more efficient than both the Prox-

VRG and Nesterov’s acceleration methods. Furthermore, Nitanta

21] proposed using another accelerated gradient method [22] ,

imilar to the Nesterov’s acceleration method combined with Prox-

VRG in a mini-batch setting, to obtain a new accelerated stochas-

ic gradient method, the accelerated efficient mini-batch SVRG

AMSVRG) method. He also showed that AMSVRG achieves a fast

onvergence complexity for general convex and optimal strongly

onvex problems. Other ASGD methods for solving the SCO prob-

ems can be found in [23–25] and the references therein. 

Because of the selection of noisy gradients, the convergence of

tochastic gradient (SG) methods [26–29] is often guaranteed as-

uming that step size is diminishing but not too rapidly. A dimin-

shing step size sequence results in a slow convergence rate for

tochastic gradient methods. Even for strongly convex and smooth

roblems, the convergence rate of SG is sub-linear [30] . Some state

https://doi.org/10.1016/j.sigpro.2019.02.010
http://www.ScienceDirect.com
http://www.elsevier.com/locate/sigpro
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2019.02.010&domain=pdf
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of the art SG methods (e.g. SAG [31] , SAGA [32] , SDCA [33] , SVRG

[34] , S2GD [35] , mS2GD [36] and Acc-Prox-SVRG) converge linearly

with a constant step size, chosen from multiple pre-prepared step

size which is time consuming. As variants of the SG methods, the

ASGD methods [17,18,21,23,25] also employ a diminishing step size,

or a best tuned step size. Specifically, there is no guidance for the

specific choice of the step size sequence. 

To solve this shortcoming associated with stochastic opti-

mization, Yousefian et al. [37] proposed two adaptive steplength

schemes, recursive steplength stochastic approximation (RSA)

scheme and cascading steplength stochastic approximation (CSA)

scheme, and theoretically analyzed the convergence of two new it-

eration schemes for strongly convex differentiable stochastic op-

timization problems. Mahsereci et al. [38] , by performing a line

search to obtain step size for univariate optimization objectives

in a Gaussian process, arrived at a lightweight “black-box” algo-

rithm that exposes no parameter to the user. Tan et al. [39] em-

ployed the Barzilai-Borwein (BB) method to compute the step size

for stochastic gradient descent (SGD) methods and its variants,

thereby leading to two new methods: SVRG-BB and SGD-BB. Es-

pecially, they proved that SVRG-BB has a linear convergence rate

for strongly convex objective functions. Motivated by this work, De

et al. [40] considered a “big batch” for SGD and employed back-

tracking line search and BB methods to compute step size for their

proposed methods. Specifically, they showed that, on a range of

convex problems, using an adaptive step size method based on the

BB curvature estimate empirically performs better than the back-

tracking line search. In addition, Yang et al. [41] proposed a ran-

dom BB (RBB) method to compute step size for mini-batch algo-

rithms. They combined the RBB method with mS2GD and Acc-

Prox-SVRG to obtain two algorithms: mS2GD-RBB and Acc-Prox-

SVRG-RBB. However, the authors did not provide the details of Acc-

Prox-SVRG-RBB, but showed just the convergence of mS2GD-RBB

for strongly convex objective functions. 

The primary contributions of our work are as follows: 

(i) We propose a new ASGD method, Acc-Prox-SVRG-BB, which

uses the BB method to automatically compute step size

for Acc-Prox-SVRG. We prove the convergence of Acc-Prox-

SVRG-BB and show that its complexity achieves the same

level as the best known stochastic gradient methods. 

(ii) To reduce the difficulty of choosing the parameters in Acc-

Prox-SVRG, we propose a new method, FISTA-Prox-SVRG,

which incorporates Beck and Teboulle’s APG (a.k.a FISTA)

and Prox-SVRG in a mini-batch setting. 

(iii) To further validate the effectiveness of the BB method in

the ASGD methods, we combine the BB method with FISTA-

Prox-SVRG. Numerical experiments show the efficacy of our

proposed methods. 

The remainder of this paper is organized as follows. In

Section 2 , we give the problem formulation and background.

In Section 3 , we introduce the details of Acc-Prox-SVRG-BB. In

Section 4 , we analyze the convergence of our Acc-Prox-SVRG-BB

method. In Section 5 , we propose the FISTA-Prox-SVRG algorithm

and combine the BB method with FISTA-Prox-SVRG. In Section 6 ,

we present our numerical results. Finally, in Section 7 we conclude

the paper. 

2. Problem formulation and background 

We consider the following SCO problems, 

min 

w ∈ R d 
P (w ) = 

1 

n 

n ∑ 

i =1 

f i (w ) + R (w ) , (1)
here each f i ( w ) is smooth, and R ( w ) is possibly non-smooth but

llows a simple proximal mapping. For convenience, we set F (w ) =
1 
n 

∑ n 
i =1 f i (w ) . 

The results presented in this paper are established under the

ollowing assumptions: 

ssumption 1. Each gradient of the convex function, f i ( w ), in (1) is

ifferentiable and Lipschitz continuous with a positive constant L ,

hich means that for all w and v in R 

d , we have 

∇ f i (w ) − ∇ f i (v ) ‖ 2 ≤ L ‖ w − v ‖ 2 . (2)

From Assumption 1 , we readily ascertain that the gradient of

he average function, F ( w ), is also Lipschitz continuous, i.e., there

xists a positive constant, L , such that for all w , v ∈ R 

d , it holds

hat 

∇F (w ) − ∇F (v ) ‖ 2 ≤ L ‖ w − v ‖ 2 . (3)

ssumption 2. P ( w ) is μ-strongly convex, i.e. there exists μ> 0

uch that for all w , v ∈ R 

d , 

(∇P (w ) − ∇P (v )) T (w − v ) ≥ μ ‖ w − v ‖ 

2 
2 , (4)

r equivalently 

 (w ) ≥ P (v ) + ∇P (v ) T (w − v ) + 

μ

2 

‖ w − v ‖ 

2 
2 . (5)

Also, we need the objective function, P ( w ), to be Lipschitz con-

inuous. In addition, the strong convexity parameter, μ, is often

ess than the Lipshcitz constant, L , i.e., μ< L and the ratio L / μ, de-

oted as κ , is often called the condition number of problem (1) . 

ssumption 3. The regularization function R ( w ) is a lower semi-

ontinuous proper convex function; however, it can be non-

ifferentiable or non-continuous. 

. Algorithm 

In this section, we introduce the Acc-Prox-SVRG-BB method. We

rst introduce the BB step size and the Acc-Prox-SVRG method. 

.1. Barzilai-Borwein step size 

Suppose we want to solve the unconstrained minimization

roblem 

min 

 ∈ R d 
F (w ) , (6)

here F is differentiable. The Newton-iteration is 

 k +1 = w k − H 

−1 
k 

∇F (w k ) , (7)

here ∇F ( w k ) denotes the gradient of F ( w ) at w k and H k is an ap-

roximation of the Hessian matrix of F ( w ) at w k . Now approximat-

ng the Hessian matrix H k by H k = (1 /ηk ) I with ηk > 0 and substi-

uting (7) , we have 

 k +1 = w k − ηk ∇F (w k ) , (8)

Introduce H k = (1 /ηk ) I into the secant equation, H k s k = y k ,

here s k = w k − w k −1 and y k = ∇F (w k ) − ∇F (w k −1 ) for k ≥ 1.

ence, by minimizing the residual of the secant equation, i.e.,

 (1 /ηk ) s k − y k ‖ 2 2 
, we obtain the following choice for ηk : 

k = ‖ s k ‖ 

2 
2 / (s T k y k ) . (9)

The Eq. (9) is often called the BB step size, which was proposed

y Barzilai and Borwein [42] to solve unconstrained optimization

roblems. Due to its simplicity and numerical efficiency, much at-

etion has been focused on the BB method and it has been ex-

ended to many applications, such as image processing [43] , com-

ressed sensing [44] and sparse reconstruction [45] . 
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.2. Accelerated mini-Batch prox-SVRG 

A standard way to solve problem (1) is the proximal stochastic

radient (Prox-SG) method in which the iteration scheme is: 

 k +1 = prox ηk R 
(w k − ηk ∇ f i (w k )) , (10) 

here ∇f i ( w k ) represents the gradient of the i -th component func-

ion at w k and “prox” defines the proximal mapping, defined as

ollows: 

rox ηR (z) 
def = arg min 

w ∈ R d 

{ 
1 

2 

‖ w − z‖ 

2 
2 + ηR (w ) 

} 
, 

Compared with Prox-SG, Acc-Prox-SVRG uses the variance re-

uction technique of SVRG [20] , which allows the selection of a

arge step size and results in a rapid convergence. During each

tage, this method performs Nesterov’s acceleration method-like it-

rations and employs the following direction with mini-batch in-

tead of a single gradient in (10) : 

 k = ∇F I k (v k ) − ∇F I k ( ̃  w ) + ∇F ( ̃  w ) , (11) 

here I k = { i 1 , . . . , i b } is a randomly chosen size b subset of

 1 , . . . , n } and ∇ F I k = 

1 
b 
�b 

j=1 
∇ f i j . At the beginning of each stage,the

nitial point w 1 is set to be ˜ w , and at the end of stage, ˜ w is up-

ated. Moreover, conditioned on v k , E [ G k ] = ∇F (v k ) , so that G k is

lso an unbiased estimator. 

.3. Acc-Prox-SVRG with BB step size 

According to the above descriptions, we now give the details of

cc-Prox-SVRG-BB in Algorithm 1 . 

lgorithm 1 Acc-Prox-SVRG-BB. 

1: Input: update frequency m ; mini-batch size b ∈ [ n ] ; initial

point ˜ w 1 ; initial step size η1 

2: for s = 1 , 2 , . . . do 

3: Set ˜ w = 

˜ w s 

4: Compute and store g s = (1 /n ) 
∑ n 

i =1 ∇ f i ( ̃  w ) , g 
′ 
s = ∂P ( ̃  w ) 

5: if s > 1 then 

6: 

ηs = 

δ

m 

‖ ̃

 w s − ˜ w s −1 ‖ 

2 
2 / ( ̃  w s − ˜ w s −1 ) 

T (g 
′ 
s − g 

′ 
s −1 ) (12) 

7: end if 

8: Set v 1 = w 1 = 

˜ w 

9: for k = 1 , . . . , m do 

10: Randomly pick subset I k ∈ { 1 , . . . , n } of size b 

11: Compute a stochastic estimate of ∇F (w k ) ; 

. G k = ∇F I k (v k ) − ∇F I k ( ̃
 w ) + g s 

12: w k +1 = prox ηs R (v k − ηs G k ) 

13: v k +1 = w k +1 + βk (w k +1 − w k ) 

14: end for 

15: Set ˜ w s +1 = w m +1 

16: end for 

Note that, in Algorithm 1 , we use the sub-gradient of the non-

mooth convex objective function, P ( w ), to compute the step size 1 

n addition, to ensure convergence of Acc-Prox-SVRG-BB, we mul-

iply the parameter δ, where values of δ are from the range (0, 1].

f we set ηs = η, then the Acc-Prox-SVRG-BB method reduces to

he original Acc-Prox-SVRG method. Moreover, for the first epoch

f Acc-Prox-SVRG-BB, we set an initial step size η1 . However, nu-

erical experiments showed that the performance of our proposed

ethod is insensitive to the choice of initial step size, η1 . 
1 We adopt the definition of sub-gradient from [16] . Namely, if P is a convex 

unction, then a vector g is called the sub-gradient of the function P at the point 

 0 ∈ dom R if, for any w ∈ dom P , we have that P(w ) ≥ P(w 0 ) + 〈 g, w − w 0 〉 . �
. Convergence analysis 

For clarity, we first show the definition of estimation sequence.

rom [16] , we have 

efinition 1. A pair of sequence { �k (w ) } ∞ 

k =0 
and { λk } ∞ 

k =0 
, λk ≥ 0

s called an estimate sequence of function f ( w ) if λk → 0. For any

 ∈ R 

d and all k ≥ 0 we have 

k ≤ (1 − λk ) f (w ) + λ�0 (w ) (13) 

According to [16] , to satisfy (13) , we can set 

λk +1 = (1 − αk ) λk , 

k +1 (w ) = (1 − αk )�k (w ) + αk 

(
f (v k ) + (∇ f (v k ) , w − v k ) 

+ 

μ

2 

‖ w − v k ‖ 

2 
2 

)
, 

here (i) f is a strongly convex; (ii) �0 ( w ) is an arbitrary function

n R 

d ; (iii) { v k } ∞ 

k =0 
is an arbitrary sequence on R 

d ; (iv) { αk } ∞ 

k =0 
:

k ∈ (0, 1), 
∑ ∞ 

k =0 αk = ∞ ; (v) λ0 = 1 . It is easily proved that (13) is

atisfied when the above two iteration schemes are used. 

The iteration schemes of { λk } and { �k } provide some rules for

pdating the estimate sequence by a recursion. Actually, when we

hoose, �0 , as a simple quadratic function, the estimate sequence

 �k ( w )} is simplified as a quadratic function sequence set. For clar-

ty, we offer an explanation. 

From Lemma 2.2.3 in [16] , we know that when setting �0 =
∗
0 + 

μ
2 ‖ w − z 0 ‖ 2 2 , we have �k = �∗

k 
+ 

μ
2 ‖ w − z k ‖ 2 2 , where �∗

k 
=

in w ∈ R d �k (w ) and z k = arg min w ∈ R d �k (w ) . 

Now, we briefly prove Lemma 2.2.3 in [16] . Note that

 

2 �0 (w ) = μI, where I is an identity matrix. Let us prove that

 

2 �k (w ) = μI fore all k ≥ 0. Actually, if that is true for some k ,

hen, from the iteration scheme of { �k }, we have 

 

2 �k +1 (w ) = (1 − αk ) ∇ 

2 �k (w ) + μαk I ≡ μI 

his finishes the proof of Lemma 2.2.3 in [16] . 

Under above assumptions and definition, we analyze the con-

ergence of Acc-Prox-SVRG-BB described in Algorithm 1 and pro-

ide some notations and definitions. By the definition of a proxim-

ty operator, the iteration scheme on { w k } can be rewritten as: 

 k +1 = v k − ηk (G k + ξk ) , (14) 

here ξk ∈ ∂R (w k +1 ) . 

We now define the estimate sequence �k ( w ) ( k = 1 , 2 , . . . , m + 1 )

y 

�1 (w ) = P (w 1 ) + 

μ

2 

‖ w − w 1 ‖ 

2 
2 , 

�k +1 (w ) = (1 − αk )�k (w ) + αk 

(
F I k (v k ) + (G k , w − v k ) 

+ 

μ

2 

‖ w − v k ‖ 

2 
2 + R (w k +1 ) + (ξk , w − w k +1 ) 

)
, f or k ≥ 1 

We set αk = 

√ 

μδ
Cm 

, where μ< C < L . Hence, we have the follow-

ng estimate sequence iteration scheme: 

k +1 (w ) = 

( 

1 −
√ 

μδ

Cm 

) 

�k (w ) + 

√ 

μδ

Cm 

(
F I k (v k ) + (G k , w − v k ) 

+ 

μ

2 

‖ w − v k ‖ 

2 
2 + R (w k +1 ) + (ξk , w − w k +1 ) 

)
, 

f or k ≥ 1 

We set 

∗ = min w ∈ R d �k (w ) and z k = argmin w ∈ R d �k (w ) 
k 
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Fig. 1. Comparison of Acc-Prox-SVRG-BB and Acc-Prox-SVRG with fixed step sizes on ijcnn 1. The dashed lines for Acc-Prox-SVRG with fixed step size η given in the legend. 

The solid line stand for Acc-Prox-SVRG-BB with different initial step size η1 given in the legend. 
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Since ∇ 

2 �k (w ) = μI n , it follows that for ∀ w ∈ R 

d , 

�k (w ) = �∗
k + 

μ

2 

‖ w − z k ‖ 

2 
2 , (15)

The following lemma is the key to the analysis of our method.

The proof of the lemmas and theorem are in Appendix A . 

Lemma 1. Suppose that Assumption 1 and Assumption 2 hold, then

the boundary of ηk computed in Algorithm 1 is 
[

δ
Lm 

, δ
μm 

]
. 

For convenience, but without loss of generality, we set ηk = 

δ
Cm 

in our convergence analysis, where μ< C < L . 

Lemma 2. Considering Acc-Prox-SVRG-BB in Algorithm 1 under

Assumption 1 , Assumption 2 , Assumption 3 and Lemma 1 . If m > 

2 Lδ
C ,

then for k ≥ 1 we have 

E [�k (w )] ≤ P (w ) + 

( 

1 −
√ 

μδ

Cm 

) k −1 

(�1 − P )(w ) and (16)

E [ P (w k )] ≤ E 

⎡ ⎣ �∗
k + 

k −1 ∑ 

l=1 

( 

1 −
√ 

μδ

Cm 

) k −1 −l 
⎧ ⎨ ⎩ 

−μ

2 

1 − μδ
Cm √ 

μδ
Cm 

‖ w l − v l ‖ 

2
2

+ 

δ

Cm 

‖∇F (v l ) − G l ‖ 

2 
2 

⎫ ⎬ ⎭ 

⎤ ⎦ (17)

From Lemma 1 , we know that the step sizes, ηk , vary in

[ δLm 

, δ
μm 

] . In our proof, when we set ηk = 

δ
Cm 

, where μ< C < L , we
ave δ
Lm 

< 

δ
Cm 

< 

δ
μm 

. Although the step sizes, ηk , are different at

ach iteration, we always find a constant, C , that satisfies (16) and

17) in Lemma 2 . Actually, when we take C < L , the inequalities

16) and (17) always hold. 

emma 3. For k ≥ 1 we have 

 k +1 = 

( 

1 −
√ 

μδ

Cm 

) 

z k + 

√ 

μδ

Cm 

v k −
√ 

δ

μCm 

(G k + ξk ) and (18)

 k − v k = 

√ 

Cm 

μδ
(v k − w k ) (19)

Moreover, from [19] , we have the following two lemmas: 

emma 4. For k ≥ 1 we have 

(∇F (v k ) + ξk , G k + ξk ) = 

1 

2 

(‖∇F (v k ) + ξk ‖ 

2 
2 + ‖ G k 

+ ξk ‖ 

2 
2 − ‖∇F (v k ) − G k ‖ 

2 
2 ) (20)

 G k + ξk ‖ 

2 
2 = 2(‖∇F (v k ) + ξk ‖ 

2 
2 + ‖∇F (v k ) − G k ‖ 

2 
2 ) (21)

∇F (v k ) + ξk ‖ 

2 
2 = 2(‖ G k + ξk ‖ 

2 
2 + ‖∇F (v k ) − G k ‖ 

2 
2 ) (22)

In the following, we show the boundary of the modified

tochastic gradient G : 
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Fig. 2. Comparison of Acc-Prox-SVRG-BB and Acc-Prox-SVRG with fixed step sizes on a8a. The dashed lines for Acc-Prox-SVRG with fixed step size ηk given in the legend. 

The solid line stand for Acc-Prox-SVRG-BB with different η0 given in the legend. 

Fig. 3. Comparison of Acc-Prox-SVRG-BB and Acc-Prox-SVRG with regularization parameters λ1 = 10 −4 and λ2 = 10 −4 on ijcnn 1. The dashed lines for Acc-Prox-SVRG with 

fixed step size η given in the legend. The solid line stand for Acc-Prox-SVRG-BB with different initial step size η1 given in the legend. 
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emma 5. Suppose that Assumption 1 holds, and let w ∗ =
rg min w ∈ R d P (w ) . If G k is defined as in (11) , then 

 ‖ G k − ∇F (v k ) ‖ 

2 
2 ≤ α(b)(2 L 2 ‖ v k − w k ‖ 

2 
2 + 8 L (P (w k ) 

− P (w ∗) + P ( ̃  w ) − P (w ∗))) , (23) 

here α(b) = 

n −b 
b(n −1) 

. 
The following theorem establishes convergence in expectation

f Acc-Prox-SVRG-BB for non-smooth and strongly convex func-

ions. 

heorem 1. Suppose that Assumption 1 , Assumption 2 , and

ssumption 3 hold. Let m ≥ max 

{
2 δL 
C 

3 

√ 

2 Lα(b) 2 

μ , 2 LδC 

}
and 0 < δ ≤ 1 .
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Fig. 4. Performance of Acc-Prox-SVRG-BB with different batch size (parameter b ) on a8a (left) and ijcnn1 (right). 

 

 

 

 

 

 

 

Table 1 

Comparison of the overall complexity suitable for solving Eq. (1) . 

Algorithm Complexity Fixed Step Size? 

FISTA O (n 
√ 

κ log (1 /ε)) No 

SAG O ((n + κ) log (1 /ε))) Yes 

SDCA O ((n + κ) log (1 /ε))) Yes 

SVRG/Prox-SVRG O ((n + κ) log (1 /ε))) Yes 

Acc-Prox-SVRG O (n + min { κ, n 
√ 

κ} ) log (1 /ε)) Yes 

Acc-Prox-SVRG-BB O ((n + max { 3 √ 

κα(b) 2 , Lδ/C} ) log (1 /ε)) No 
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e
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t  

d

Then we have 

E [ P ( ̃  w s +1 ) − P (w ∗)] 

≤

⎛ ⎝ 

( 

1 −
√ 

μδ

Cm 

+ α(b) · 8 δL 

Cm 

) m 

+ 

1 

1 
8 L 

√ 

μCm 

δ
− α(b) 

⎞ ⎠ 

·
(

2 + 

8 Lδ

μCm 

)
(P ( ̃  w s ) − P (w ∗)) . (24)

Based on Algorithm 1 and Theorem 1 , we show the complexity

of Acc-Prox-SVRG-BB. For clarity, we give a brief derivation of the

complexity. 
According to Theorem 1 , we have E [ P ( ̃  w s +1 ) − P (w ∗)] ≤

ρs [ P ( ̃  w 0 ) − P (w ∗)] , where 

ρ = 

⎛ ⎝ 

( 

1 −
√ 

μδ

Cm 

+ α(b) · 8 δL 

Cm 

) m 

+ 

1 

1 
8 L 

√ 

μCm 

δ
− α(b) 

⎞ ⎠ 

(
2 + 

8 Lδ

μCm 

)
. 

Actually, by choosing m large enough, we can make parameter, ρ , ar-

bitrarily small. Thereby, to satisfy E [ P ( ̃  w s +1 ) − P (w ∗)] ≤ ε, the num-

ber of outer loops, s , must satisfy s = O ( log (1 /ε)) . 

In addition, each stage requires n + 2 m component gradi-

ent evaluations. From the proof of the second inequality of

Lemma 2 (a.k.a. (17) ) in Appendix A.1 , we have 

E I k [ P (w k +1 ) − �∗
k +1 ] 

(20) ≤ E I k 

[(
1 −

√ 

μδ

Cm 

)
(−�∗

k + P (w k )) −
μ

2 

(
1 − μδ

Cm 

)
·
√ 

Cm 

μδ
‖ w k − v k ‖ 

2 
2 −

δ

2 Cm 

‖∇F (v k ) + ξk ‖ 

2 
2 

+ 

δ

2 Cm 

Lδ

Cm 

‖ G k + ξk ‖ 

2 
2 + 

δ

2 Cm 

‖∇F (v k ) − G k ‖ 

2 
2 

]
(21) ,m> 2 LδC ≤ E I k 

[(
1 −

√ 

μδ

Cm 

)
(−�∗

k + P (w k )) 

− μ

2 

(
1 − μδ

Cm 

)√ 

Cm 

μδ
‖ w k − v k ‖ 

2 
2 + 

δ

Cm 

‖∇F (v k ) − G k ‖ 

2 
2 

]
. 
To ensure that the last inequality is true, we require δ
Cm 

≤ 1 
2 L .

hereby, m ≥ 2 Lδ
C . 

Moreover, from the beginning of proof of Theorem 1 in

ppendix A.2 , 

 [ P (w k ) − P (w ∗)] 

≤
( 

1 −
√ 

μδ

Cm 

) k −1 

(�1 − P )(w ∗) + E 

[
k −1 ∑ 

l=1 

(
1 −

√ 

μδ

Cm 

)
k −1 −l 

{(
− μ

2 

1 − μδ/Cm √ 

μδ/Cm 

+ α(b) · 2 δL 2 

Cm 

)
‖ v l −w l ‖ 

2 
2 + α(b) 

·8 δL 

Cm 

(P (w k ) − P (w ∗) + P ( ̃  w ) − P (w ∗)) 

}]
To omit the term, 

(
−μ

2 
1 −μδ/Cm √ 

μδ/Cm 

+ α(b) · 2 δL 2 

Cm 

)
‖ v l − w l ‖ 2 2 

, we set

μ
2 

1 −μδ/Cm √ 

μδ/Cm 

+ α(b) · 2 δL 2 

Cm 

≤ 0 . Thereby, m ≥ 2 δL 
C 

3 

√ 

2 Lα(b) 2 

μ . 

Hence, we ascertain that Acc-Prox-SVRG-BB achieves the fol-

owing overall complexity (total number of component gradient

valuations to find an ε-accurate solution): 

 

((
n + max 

{ 
3 
√ 

κα(b) 2 , Lδ/C 

} )
( log (1 /ε)) 

)
, (25)

hich recovers the faster rate as Prox-SVRG, Prox-SAG, etc. 

For convenience, we show, in the Table 1 , the complexities of

he state-of-the-art methods. 

Note that, in general, n + κ � n 
√ 

κ, which means that state-of-

he-art stochastic gradient methods converge at a faster rate than

o the classical deterministic methods. 
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Fig. 5. Comparison of FISTA-Prox-SVRG and Acc-Prox-SVRG on a 8 a (top), ijcnn 1 (middle) and w 8 a (bottom). The dashed lines correspond to Acc-Prox-SVRG. The solid lines 

stand for FISTA-Prox-SVRG. 
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Fig. 6. Performance of FISTA-Prox-SVRG with different batch size (parameter b ) on a8a (left) and ijcnn1 (right). 
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Algorithm 2 FISTA-Prox-SVRG. 

1: Input: update sequence m ; step size η; mini-batch size b ∈ [ n ] ; 

initial point ˜ w 1 

2: for s = 1 , 2 , . . . do 

3: Set ˜ w = 

˜ w s , t 1 = 1 

4: Compute and store g s = (1 /n ) 
∑ n 

i =1 ∇ f i ( ̃  w ) 

5: Set v 1 = w 1 = 

˜ w 

6: for k = 1 , . . . , m do 

7: Randomly pick subset I k ∈ { 1 , . . . , n } of size b 

8: Compute a stochastic estimate of ∇F (w k ) ; 

. G k = ∇F I k (v k ) − ∇F I k ( ̃
 w ) + g s 

9: w k +1 = prox ηR (v k − ηG k ) 

10: t k +1 = 

1+ 
√ 

1+4 t 2 
k 

2 . 

11: v k +1 = w k +1 + 

t k −1 
t k +1 

(w k +1 − w k ) 

12: end for 

13: Set ˜ w s +1 = w m +1 

14: end for 

6

 

c  

P

 

B  

m  

F  

P

 

 

f

 

T  

 

e  
5. FISTA-Prox-SVRG Algorithm 

From Algorithm 1 , we see that the parameter, βk , must be cho-

sen in Acc-Prox-SVRG-BB. In general, the parameter, βk , depends

on Lipschitz constant L and strong convexity parameter μ. In the

case of an unknown Lipschitz constant, we estimate the optimal

step size by using backtracking [8] , however, estimating the strong

convexity parameter is much more challenging. Influenced by this

gap, we incorporate FISTA and Prox-SVRG in the mini-batch setting,

thereby generating another new ASGD method, FISTA-Prox-SVRG.

Before presenting FISTA-Prox-SVRG, we first give a brief introduc-

tion about the FISTA iteration scheme. 

For any initial point v 1 = w 1 ∈ R 

d and t 1 = 1 , FISTA consists of

the following steps for solving problem (1) : 

v k +1 = w k +1 + 

t k − 1 

t k +1 

(w k +1 − w k ) , (26)

w k +1 = prox ηR (v k − ηG k ) , (27)

 k +1 = 

1 + 

√ 

1 + 4 t 2 
k 

2 

. (28)

Beck et al. [8] pointed out that there are two main differences

between FISTA and the Nesterov’s acceleration method [10] . Actu-

ally, comparing the FISTA iteration scheme and the Nesterov’s ac-

celeration scheme in the inner iteration of Algorithm 1 , we clearly

see that FISTA replaces parameter βk with 

t k −1 
t k +1 

, where the param-

eter t k is easy to access as shown in the above iteration shceme. 

We now describe the FISTA-Prox-SVRG method in Algorithm 2 . 

From Algorithm 2 , we see that a constant step size was used in

FISTA-Prox-SVRG. 

To conclude this section, we apply the BB method to FISTA-

Prox-SVRG. For convenience, we call the new method FISTA-Prox-

SVRG-BB. Here, we do not show the details of FISTA-Prox-SVRG-BB,

because, they can easily be obtained by replacing a constant step

size in Algorithm 2 with Eq. (12), which is similar to Acc-Prox-

SVRG-BB ( Algorithm 1 ). 
. Numerical experiments 

In this section, we discuss the numerical experiments that were

onducted to illustrate the properties and performance of Acc-

rox-SVRG-BB, FISTA-Prox-SVRG and FISTA-Prox-SVRG-BB. 

In sub- Section 6.1 , we study the properties of Acc-Prox-SVRG-

B. In sub- Section 6.2 and sub- Section 6.3 , we show the perfor-

ance of FISTA-Prox-SVRG and FISTA-Prox-SVRG-BB, respectively.

inally, in sub- Section 6.4 , we compare Acc-Prox-SVRG-BB, FISTA-

rox-SVRG and FISTA-Prox-SVRG-BB with other related methods. 

We discuss the experiments that were performed with R (x ) =
λ2 
2 ‖ w ‖ 2 

2 
+ λ1 ‖ w ‖ 1 and the logistic loss function f i given as

ollows: 

f i (w ) = log (1 + exp (−b i a 
T 
i w )) . (29)

hese functions are usually used in machine learning, with

(a i , b i ) ∈ R 

d × { +1 , −1 } , i = 1 , . . . , n, being a training data set of

xample-label pairs. The resulting optimization problem (1) takes
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Fig. 7. The performance of FISTA-Prox-SVRG-BB on ijcnn1 with batch size b = 100 or 500. 
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Table 2 

Details of the data sets in our experiments. 

Dataset n d λ1 λ2 

a 8 a 22,696 123 10 −5 10 −2 

w 8 a 4 9,74 9 300 10 −2 10 −4 

ijcnn 1 49,990 22 10 −2 10 −4 

6

 

he form 

in 

 ∈ R d 
P (w ) : = 

1 

n 

n ∑ 

i =1 

log (1 + exp (−b i a 
T 
i w )) 

+ 

λ2 

2 

‖ w ‖ 

2 
2 + λ1 ‖ w ‖ 1 , (30) 

nd is employed in machine learning for binary classification. 

Three publicly available data sets ( a 8 a, w 8 a and ijcnn 1) 2 were

sed in the experiments. Detailed information for the data sets is

iven in Table 2 . 
2 a 8 a, w 8 a and ijcnn 1 are available at https://www.csie.ntu.edu.tw/ ∼cjlin/ 

ibsvmtools/datasets/ . 

B  

c

I  

p  

n  
.1. Performance of acc-Prox-SVRG-BB 

In this section, we show the performance of Acc-Prox-SVRG-

B conducted using a 8 a and ijcnn 1. Figs. 1 and 2 display the

ompared results between Acc-Prox-SVRG-BB and Acc-Prox-SVRG. 

n Figs. 1 and 2 , the x -axis represents the number of effective

asses over the data, where each effective pass evaluates n compo-

ent gradients. In Fig. 3 (a) through Fig. 3 (c) and Fig. 2 (a) through

https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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Fig. 8. The performance of FISTA-Prox-SVRG-BB on w8a with batch size b = 100 or 500. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

F  

s  

E  

P  

F  

s  

s

 

q  

t  

m  

m  

f  

t  

1  
Fig. 2 (c), the y -axis denotes the sub-optimality: P (w k ) − P (w ∗) .
Here, w 

∗ is obtained by running Acc-Prox-SVRG with the best-

tuned step size until it converges. In Fig. 1 (d) through Fig. 1 (f) and

Fig. 2 (d) through Fig. 2 (f), the y -axis denotes the corresponding

step sizes ηk . Moreover, in Figs. 1 and 2 , the dashed lines repre-

sent Acc-Prox-SVRG with fixed step size given in the legends of

the figures. The solid lines correspond to Acc-Prox-SVRG-BB with

different initial step size η1 . Finally, we show the performance of

Acc-Prox-SVRG-BB with different batch size in Fig. 4 . 

As suggested in [19] , we set m = τb ( τ ∈ {0.1, 1.0, 10}) and

βk = 

b−2 
b+2 

varying b in the set {10 0, 50 0, 10 0 0}. Also, in all our ex-

periments, we ran Acc-Prox-SVRG using values of η selected from

the range {0.01, 0.05, 0.1, 0.5, 1.0, 5.0, 10.0}. In addition, for Acc-

Prox-SVRG-BB, we selected the parameter, m , from (0,1]. Actually,

if the parameter, m , is not large, then we set δ = 1 ; otherwise, we

set δ = 0 . 1 . 
As shown in Fig. 3 (a) through Fig. 3 (c) and Fig. 2 (a) through

ig. 2 (c), Acc-Prox-SVRG-BB always achieves the same level of

ub-optimality as Acc-Prox-SVRG with the best tuned step size.

ven Acc-Prox-SVRG-BB achieves better performance than Acc-

rox-SVRG with the best tuned step size. Moreover, as seen in

ig. 1 (d) through Fig. 1 (f) and Fig. 2 (d) through Fig. 2 (f), the step

ize of Acc-Prox-SVRG-BB gradually converges to a constant step

ize. 

In Fig. 3 (a) through Fig. 3 (c), we see that Acc-Prox-SVRG re-

uires fewer number of effective passes than Acc-Prox-SVRG-BB

o obtain optimal solution of Problem (1) . Actually, our proposed

ethods and the existing methods (Acc-Prox-SVRG, Prox-SVRG and

S2GD etc.) were often considered for convex problems. The per-

ormance of these methods is influenced by the regularization

erms. For example, when setting regularization parameters, λ1 =
0 −4 and λ = 10 −4 , rather than the parameters λ = 10 −2 and
2 1 
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Fig. 9. Performance of FISTA-Prox-SVRG-BB with different batch size (parameter b ) on a8a (left) and w8a (right). 
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2 = 10 −4 for ijcnn1, the performance of Acc-Prox-SVRG-BB and

cc-Prox-SVRG are shown in Fig. 3 . 

As seen in Fig. 3 , under λ1 = 10 −4 and λ2 = 10 −4 , our Acc-Prox-

VRG-BB method performs better than does Acc-Prox-SVRG. 

Our motivation is to provide an easy way to compute step size

or the Accelerated Stochastic Gradient Descent (ASGD) methods.

ith a different background, our proposed method achieves results

omparable to the other state-of-the-art methods. 

At the end of this section, the results of choosing different batch

ize, b , for Acc-Prox-SVRG-BB are shown in Fig. 4 

In 4 (a), it is seen that Acc-Prox-SVRG-BB performs better with

 small batch size. In 4 (b), it is seen that, even with a large batch

ize, Acc-Prox-SVRG-BB also performs better. We think that BB step

ize greatly improves the performance of the original Acc-Prox-

VRG method and makes the new method perform better with any

ini-batch size. Hence, we conclude that using BB step size in Acc-

rox-SVRG makes it easier to choose the parameters. 

.2. Performance of FISTA-Prox-SVRG 

In this section, to confirm the effectiveness of FISTA-Prox-SVRG,

e conducted experiments using a 8 a, w 8 a and ijcnn 1. Especially,

e show the comparison results between FISTA-Prox-SVRG and

cc-Prox-SVRG. We ran FISTA-Prox-SVRG using the values of η se-

ected from the range [0.01,10]. We chose the three best step sizes,

, in each mini-batch setting as shown in the legends of Fig. 5 . The

arameters for Acc-Prox-SVRG are determined in the same man-

er as in the above sub-section. Also, we show the performance of

ISTA-Prox-SVRG with different batch size in Fig. 6 . 

Fig. 5 shows that FISTA-Prox-SVRG achieves the same level of

ub-optimality as Acc-Prox-SVRG, and even can achieve better per-

ormance than Acc-Prox-SVRG. It seems that FISTA-Prox-SVRG is

ot always achieving better performance than Acc-Prox-SVRG. Be-

ause step size is manually selected when running FISTA-Prox-

VRG and Acc-Prox-SVRG, as much as possible, we choose only the

est step size. Step size greatly affects the performance of FISTA-

rox-SVRG and Acc-Prox-SVRG. We cannot obtain, by hand, the so

alled best step size for two algorithms. Therefore, we try our best

o choose the step size that makes the two algorithms perform

etter. Of course, there is no theoretical guarantee that the step

ize is the best. Moreover, although we cannot guarantee achieving
he best performance for each data set, we achieve better perfor-

ance on most data sets. 

Actually, the reason for proposing FISTA-Prox-SVRG is to fur-

her reduce the difficulty of choosing parameters in Acc-Prox-

VRG. To further reduce the human factors, we propose using the

B step size in FISTA-Prox-SVRG, thereby obtaining FISTA-Prox-

VRG-BB. 

Here, we show the performance of FISTA-Prox-SVRG with dif-

erent batch size, b in Fig. 6 . We ran FISTA-Prox-SVRG using values

f η in the range {0.01, 0.05, 0.1, 0.5, 1.0, 5.0, 10.0}; we choose the

est η in each mini-batch setting. 

Fig. 6 shows that, with an appropriate step size, FISTA-Prox-

VRG performs better with any mini-batch size. 

.3. Performance of FISTA-Prox-SVRG-BB 

To further validate the effectiveness of the BB method, we in-

roduce the BB method into FISTA-Prox-SVRG and show the results

n Figs. 7 and 8 . The experiments were conducted using ijcnn 1 and

 8 a .The dashed lines represent FISTA-Prox-SVRG. The solid lines

epresent FISTA-Prox-SVRG-BB. We ran FISTA-Prox-SVRG-BB with 

hree different initial step sizes (the details are shown in the leg-

nds of Figs. 7 and 8 ). The parameters for FISTA-Prox-SVRG are de-

ermined in the same manner as in the above section. Also, we

se the same manner as sub- Section 6.1 to define the parameter

. Finally, we show the performance of FISTA-Prox-SVRG-BB with

ifferent batch size in Fig. 9 . 

As seen from Fig. 7 (a) and (b), Fig. 8 (a) and (b), FISTA-Prox-

VRG-BB always achieves the same level of sub-optimality as

ISTA-Prox-SVRG. Also, in Fig. 7 (c) and (d), Fig. 8 (c) and (d), the

tep sizes of FISTA-Prox-SVRG-BB converge to a constant after 5 or

0 iteration steps. 

Also, we show the performance of FISTA-Prox-SVRG-BB with

ifferent batch size in Fig. 9 . We ran FISTA-Prox-SVRG-BB with ini-

ial step size, η1 = 0 . 1 . 

Fig. 9 (a) shows that FISTA-Prox-SVRG-BB performs better with

ny mini-batch size. Fig. 9 (b) also implies that FISTA-Prox-SVRG-

B performs better with any mini-batch size. 

Both Figs. 4 and 9 indicate that when the new method, which

ombines the ASGD method and BB step size, performs better un-

er most mini-batch size situations. 
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Fig. 10. Comparison of different methods on a 8 a, w 8 a and ijcnn 1. 
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6.4. Comparison with related methods 

In this section, we compare our proposed methods (Acc-Prox-

SVRG-BB, FISTA-Prox-SVRG and FISTA-Prox-SVRG-BB) with the fol-

lowing methods: 

(a) FISTA: FISTA is a version of the fast iterative shrinkage-

thresholding algorithms [8] for solving linear inverse prob-

lems. In FISTA, a backtracking step size is employed. 

(b) Prox-SAG: Prox-SAG is a proximal version of the SAG

method [31] . In Prox-SAG, as suggested in [46] , we also used

the standard backtracking line search to obtain the step size.

(c) Prox-SVRG: Prox-SVRG is a proximal version of the stochas-

tic variance-reduction gradient method. We ran Prox-SVRG

with a constant step size. In addition, as suggested in [20] ,

we employed m = 2 n between full gradient evaluations for

Prox-SVRG. 
(d) Acc-Prox-SVRG-RBB: The Acc-Prox-SVRG method incorpo-

rates the RBB method into Acc-Prox-SVRG. In addition, for

Acc-Prox-SVRG-BB, we chose the best batch size b 1 and b 2 
on a 8 a, w 8 a and ijcnn 1. 

Fig. 10 shows that on the three different data sets, our proposed

ethods achieve better performance than the competing methods.

. Conclusion 

This paper considered a shortcoming associated with the ASGD

ethods for step size choice. Specifically, there is little practical

uidance provided for good choices. We proposed using the BB

ethod to automatically compute step size for the most advanced

ethod, Acc-Prox-SVRG and obtained a new method: Acc-Prox-

VRG-BB. We provided a detailed convergence analysis, showing

hat Acc-Prox-SVRG-BB achieves the same level of complexity as
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he best known stochastic gradient-based methods. In addition, to

urther reduce the difficulty of the parameters choices of Acc-Prox-

VRG, we incorporated FISTA and Prox-SVRG in a mini-batch set-

ing and proposed a new method, FISTA-Prox-SVRG. Finally, to fur-

her show the effectiveness of the BB method, we introduced it

nto FISTA-Prox-SVRG. Numerical results show that our proposed

ethods achieve better performance than the competing methods.
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ppendix A 

1. Proof of lemmas 

Now, we give the proof of Lemma 1, Lemma 2 and Lemma 3 . 

Proof of Lemma 1 . 

roof. From the definition of ηs in Algorithm 1 and combining the

onvexity of objective function ( Assumption 2 ), we have 

s = 

δ

m 

‖ ̃

 w s − ˜ w s −1 ‖ 

2 
2 

( ̃  w s − ˜ w s −1 ) T (g 
′ 
s − g 

′ 
s −1 

) 

≤ δ

m 

‖ ̃

 w s − ˜ w s −1 ‖ 

2 
2 

μ‖ ̃

 w s − ˜ w s −1 ‖ 

2 
2 

= 

δ

μm 

n addition, using the Lipstchitz properties of objective function,

e have 

s = 

δ

m 

‖ ̃

 w s − ˜ w s −1 ‖ 

2 
2 

( ̃  w s − ˜ w s −1 ) T (g 
′ 
s − g 

′ 
s −1 

) 

≥ δ

m 

‖ ̃

 w s − ˜ w s −1 ‖ 

2 
2 

L ‖ ̃

 w s − ˜ w s −1 ‖ 

2 
2 

= 

δ

Lm 

here in the first inequality we also use the Cauchy-Schwartz

nequality. �

Proof of Lemma 2 . 

roof. We first prove (16) of Lemma 2 by induction. It is true for

 = 1 . We assume that it is true for k , then from the definition of

stimate sequence, we have 

E [�k +1 (w )] = 

( 

1 −
√ 

μδ

Cm 

) 

E [�k (w )] + 

√ 

μδ

Cm 

E 

[ 
F I k (v k ) 

+ (G k , w − v k ) + 

μ

2 

‖ w − v k ‖ 

2 + R (w k +1 ) + (ξk , w − w k +1 ) 
] 

≤
( 

1 −
√ 

μδ

Cm 

) 

⎡ ⎣ P (w ) + 

( 

1 −
√ 

μδ

Cm 

) k −1 

(�1 − P )(w ) 

⎤ ⎦ 

+ 

√ 

μδ

Cm 

E 

[ 
F I k (v k ) + (G k , w − v k ) + 

μ

2 

‖ w − v k ‖ 

2 + R (w k +1 ) 

+ (ξk , w − w k +1 ) 
] 

= 

( 

1 −
√ 

μδ

Cm 

) 

P (w ) + 

( 

1 −
√ 

μδ

Cm 

) k 

(�1 − P )(w ) 
+ 

√ 

μδ

Cm 

(
F (v k ) + (∇F (v k ) , w − v k ) + 

μ

2 

‖ w − v k ‖ 

2 + R (w k +1 )

+ (ξk , w − w k +1 ) 
)

≤
( 

1 −
√ 

μδ

Cm 

) 

P (w ) + 

( 

1 −
√ 

μδ

Cm 

) k 

(�1 − P )(w ) 

+ 

√ 

μδ

Cm 

(F (w ) + R (w )) 

= P (w ) + 

( 

1 −
√ 

μδ

Cm 

) k 

(�1 − P )(w ) , 

here in the first inequality we used induction hypothesis and in

he last equality we used the convexity of F ( w ) and R ( w ). In the

ollowing, we will finish the proof of (17) of Lemma 2 �

Proof of Lemma 3 . 

roof. From the definition of estimate sequence and (1) , we have

hat for any k ≥ 1 

�∗
k +1 + 

μ

2 

‖ w − z k +1 ‖ 

2 = 

( 

1 −
√ 

μδ

Cm 

) (
μ

2 

‖ w − z k ‖ 

2 + �∗
k 

)
+ 

√ 

μδ

Cm 

(
∇F I k (v k ) + (G k , w − v k ) + 

μ

2 

‖ w − v k ‖ 

2 + R (w k +1 ) 

+ (ξk , w − w k +1 ) 
)

y differentiating this equality at v k , we have 

(v k − z k +1 ) = 

( 

1 −
√ 

μδ

Cm 

) 

μ(v k − z k ) + 

√ 

μδ

Cm 

(G k + ξk ) . 

ence, we have 

 k +1 = 

( 

1 −
√ 

μδ

Cm 

) 

z k + 

√ 

μδ

Cm 

v k −
√ 

δ

μCm 

(G k + ξk ) 

Here, we finish the proof of (18) of Lemma 3 . Next, we prove

19) of Lemma 3 by induction. It is true for k = 1 . If we assume it

s true for k , then according to (18) we have 

z k +1 − v k +1 = 

( 

1 −
√ 

μδ

Cm 

) 

z k + 

√ 

μδ

Cm 

v k 

−
√ 

δ

μCm 

(G k + ξk ) − v k +1 

(19) = 

( 

1 −
√ 

μδ

Cm 

) ( 

v k + 

√ 

Cm 

μδ
(v k − w k ) 

) 

+ 

√ 

μδ

Cm 

v k 

−
√ 

δ

μCm 

(G k + ξk ) − v k +1 

= 

√ 

Cm 

μδ
v k −

√ 

δ

μCm 

(G k + ξk ) −
( 

1 −
√ 

μδ

Cm 

) √ 

Cm 

μδ
w k − v k +1 

= 

√ 

Cm 

μδ

(
v k −

δ

Cm 

(G k + ξk ) 

)
−
( 

1 −
√ 

μδ

Cm 

) √ 

Cm 

μδ
w k − v k +1 

= 

√ 

Cm 

μδ
w k +1 −

( 

1 −
√ 
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Cm 

) √ 

Cm 

μδ
w k − v k +1 
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− w k +1 ) 
] 

�

a 2 by induction. 

s true for k , then using (18) , we obtain 

k ) 

∥∥∥∥∥2 
2 

 

(v k − z k , G k + ξk ) 

√ 

μδ

Cm 

)

d (15) , 

 (A.1) 

1 ) . (A.2) 

w k +1 )) + (∇F (v k ) , w k +1 − v k ) 
From the update rule of v k +1 computed in Algorithm 1 , we hav

−
( 

1 −
√ 

μδ

Cm 

) √ 

Cm 

μδ
w k = −

( 

1 −
√ 

μδ

Cm 

) √ 

Cm 

μδ

[ 
w k +1 −

1 

βk 

(v k +1

= (−2) 

√ 

Cm 

μδ
w k +1 + 

( 

1 + 

√ 

Cm 

μδ

) 

v k +1 , 

where we set βk = 

√ 

Cm −
√ 

μδ√ 

Cm + 
√ 

μδ
. Hence, we obtain 

z k +1 − v k +1 = 

√ 

Cm 

μδ
(v k +1 − w k +1 ) 

Finally based on Lemma 3 and Lemma 4 , we prove (17) of Lemm

Proof. From the definition of �1 , �
∗
1 

= P (w 1 ) . If we assume (17) i

‖ v k − z k +1 ‖ 

2 
2 = 

∥∥∥∥∥v k −
( 

1 −
√ 

μδ

Cm 

) 

z k −
√ 

μδ

Cm 

v k + 

√ 

δ

μCm 

(G k + ξ

= 

∥∥∥∥∥
( 

1 −
√ 

μδ

Cm 

) 

(v k − z k ) + 

√ 

δ

μCm 

(G k + ξk ) 

∥∥∥∥∥2 
2 

= 

( 

1 −
√ 

μδ

Cm 

) 2 

‖ v k − z k ‖ 

2 
2 + 2 

√ 

δ

μCm 

( 

1 −
√ 

μδ

Cm 

)
+ 

δ

μCm 

‖ G k + ξk ‖ 

2 
2 

From the above equation and (15) with w = v k , we have 

�k +1 (v k ) = �∗
k +1 + 

μ

2 

{(
1 −

√ 

μδ

Cm 

)
2 ‖ v k − z k ‖ 

2 
2 + 2 

√ 

δ

μCm 

(
1 −

·(v k − z k , G k + ξk ) + 

δ

μCm 

‖ G k + ξk ‖ 

2 
2 

}
On the other hand, from the definition of the estimate sequence an

�k +1 (v k ) = 

( 

1 −
√ 

μδ

Cm 

) (
�∗

k + 

μ

2 

‖ v k − z k ‖ 

2 
2 

)
+ 

√ 

μδ

Cm 

(
F I k (v k ) 

+ R (w k +1 ) + (ξk , v k − w k +1 ) 

)
Therefore, from the above two equations, we have 

�∗
k +1 = 

( 

1 −
√ 

μδ

Cm 

) 

�∗
k + 

μ

2 

( 

1 −
√ 

μδ

Cm 

) √ 

μδ

Cm 

‖ v k − z k ‖ 

2 
2 

+ 

√ 

μδ

Cm 

(F I k (v k ) + R (w k +1 ) + (ξk , v k − w k +1 )) 

−
( 

1 −
√ 

μδ

Cm 

) √ 

μδ

Cm 

(v k − z k , G k + ξk ) −
δ

2 Cm 

‖ G k + ξk ‖ 

2 
2 .

Since F ( w ) is Lipschitz smooth, we bound f (w k +1 ) as follows: 

P (w k +1 ) ≤ F (v k ) + (∇F (v k ) , w k +1 − v k ) + 

L 

2 

‖ w k +1 − v k ‖ 

2 
2 + R (w k +

Using (A.1), (A.2), (19) , and w k +1 = v k − δ
Cm 

(G k + ξk ) 

E I k [ P (w k +1 ) − �∗
k +1 ] 

(A. 1) , (A. 2) ≤ E I k 

[(
1 −

√ 

μδ

Cm 

)
(−�∗

k + F (v k ) + R (
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v k ‖ 

2 
2 −

μ

2 

(
1 −

√ 

μδ

Cm 

)√ 

μδ

Cm 

 

− z k , G k + ξk ) + 

δ

2 Cm 

‖ G k + ξk ‖ 

2 
2 

]
w k +1 ) + (w k − v k , G k + ξk )) 

 

(ξk , G k + ξk ) + 

δ

2 Cm 

(
Lδ

Cm 

+ 1 

)
 

δ
‖ v k − w k ‖ 

2 
2 

]
, (A.3) 

w dition, we give the following 

v k ) + R (w k +1 ) + (ξk , w k − w k +1 ) 

k , v k + ξk ) 
]
, (A.4) 

w ity of F and R . Thus we have 

∗
k 
+ P (w k )) − μ

2 

δ
 Cm 

(
Lδ
Cm 
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)
‖ G k + ξk ‖ 
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]
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2 
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2 

]
 

− v k ‖ 
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‖∇F (v k ) − G k ‖ 
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2 

]
. 

B les I 1 , . . . , I k −1 , the induction hypothesis finishes the proof of (17) . �

A

1 −
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μδ
Cm 

)k −1 −l 

 ∗) + P ( ̃  w ) − P (w ∗)) 
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1 −
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(A.5) 

w
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t=0 

(
1 −

√ 

μδ
Cm 

)t 

= 
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Cm 
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μ

here in the first inequality we employed E [ F I k (v k )] = F (v k ) . In ad

E I k [ F (v k ) + R (w k +1 ) + (w k − v k , G k + ξk )] = E I k [ F (w k ) + (G k , w k −
+ (ξk , w k +1 − v k )] 
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[
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2 + R (w k ) − δ

Cm 

(ξ

here in the first inequality we used E I k 
[ G k ] = ∇F (v k ) and convex
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y taking expectation with respect to the history of random variab

2. Proof of Theorem 1 

Now, we give the proof of Theorem 1 . 

From (17), (23) and (16) with w = w ∗, we have 
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}
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here in the last inequality we employed 
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We use V k to denote E [ P (w k ) − P (w ∗)] , and we take W k to de-

note the last expression in (A.5) . Hence, for k ≥ 1, V k ≤ W k . For k ≥ 2,

we have 
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