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Accelerated stochastic gradient descent (ASGD) methods, which incorporate accelerated proximal gradient
(APG) and stochastic gradient (SG), have received considerable attention recently for solving regularized
risk minimization problems in signal/image processing, statistics and machine learning. However, there
has been a paucity of practical guidance proposed for resolving one of the major issues in ASGD: how
to choose an appropriate step size. To solve this problem, we propose to use the Barzilai-Borwein (BB)
method to automatically compute step size for the accelerated mini-batch Prox-SVRG (Acc-Prox-SVRG)
method (the state of the art ASGD method), thereby obtaining a new accelerated method: Acc-Prox-SVRG-
BB. We prove the convergence of Acc-Prox-SVRG-BB and show that its complexity is comparable with the
best known stochastic gradient methods. In addition, we incorporate Beck and Teboulle’s APG (FISTA)
and Prox-SVRG in a mini-batch setting and obtain another new accelerated gradient descent method,
FISTA-Prox-SVRG, which requires the selection of fewer unknown parameters than those required in Acc-
Prox-SVRG. Finally, we introduce the BB method into FISTA-Prox-SVRG to further show the efficacy of the
BB method. Numerical results demonstrate the advantage of our algorithms.

© 2019 Published by Elsevier B.V.

1. Introduction

Many optimization problems that arise in signal/image process-
ing, statistics and machine learning can be formulated as stochas-
tic composite optimization (SCO) problems where the expectation
of stochastic loss function plus a possibly non-smooth regulariza-
tion term is minimized. Instances include support vector machines
[1-3], sparse, group sparse linear regression [4,5] and sparse Logis-
tic regression [6,7].

Accelerated proximal gradient (APG) [8-11] and stochastic gra-
dient (SG) [12-15] methods are at the heart of dealing with
the SCO problems. Recently, some researchers considered com-
bining the accelerated gradient methods with the stochastic gra-
dient methods to generate a series of celebrated works. For
instance, by properly modifying the Nesterov optimal smooth
method [16], Ghadimi et al. [17] developed a generic acceler-
ated stochastic approximation (AC-SA) algorithmic framework and
showed that AC-SA can be specialized to yield optimal or nearly
optimal methods for different classes of SCO problems. Shalev-
Shwartz et al. [18] introduced the Nesterov’s acceleration method
into the proximal stochastic dual coordinate ascent (Prox-SDCA)
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method for regularized loss minimization. Moreover, they show
that this method, using the accelerated procedure, improves the
dependence on the condition number. For the SCO problems, Ni-
tanda [19] proposed the accelerated mini-batch Prox-SVRG (Acc-
Prox-SVRG) method which incorporates the Nesterov’s acceleration
method [16] and the proximal proximal stochastic variance reduc-
tion gradient (Prox-SVRG) method [20] in the mini-batch setting.
He proved that the overall complexity of Acc-Prox-SVRG, with an
appropriate mini-batch size, is more efficient than both the Prox-
SVRG and Nesterov's acceleration methods. Furthermore, Nitanta
[21] proposed using another accelerated gradient method [22],
similar to the Nesterov’s acceleration method combined with Prox-
SVRG in a mini-batch setting, to obtain a new accelerated stochas-
tic gradient method, the accelerated efficient mini-batch SVRG
(AMSVRG) method. He also showed that AMSVRG achieves a fast
convergence complexity for general convex and optimal strongly
convex problems. Other ASGD methods for solving the SCO prob-
lems can be found in [23-25] and the references therein.

Because of the selection of noisy gradients, the convergence of
stochastic gradient (SG) methods [26-29] is often guaranteed as-
suming that step size is diminishing but not too rapidly. A dimin-
ishing step size sequence results in a slow convergence rate for
stochastic gradient methods. Even for strongly convex and smooth
problems, the convergence rate of SG is sub-linear [30]. Some state
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of the art SG methods (e.g. SAG [31], SAGA [32], SDCA [33], SVRG
[34], S2GD [35], mS2GD [36] and Acc-Prox-SVRG) converge linearly
with a constant step size, chosen from multiple pre-prepared step
size which is time consuming. As variants of the SG methods, the
ASGD methods [17,18,21,23,25] also employ a diminishing step size,
or a best tuned step size. Specifically, there is no guidance for the
specific choice of the step size sequence.

To solve this shortcoming associated with stochastic opti-
mization, Yousefian et al. [37] proposed two adaptive steplength
schemes, recursive steplength stochastic approximation (RSA)
scheme and cascading steplength stochastic approximation (CSA)
scheme, and theoretically analyzed the convergence of two new it-
eration schemes for strongly convex differentiable stochastic op-
timization problems. Mahsereci et al. [38], by performing a line
search to obtain step size for univariate optimization objectives
in a Gaussian process, arrived at a lightweight “black-box” algo-
rithm that exposes no parameter to the user. Tan et al. [39] em-
ployed the Barzilai-Borwein (BB) method to compute the step size
for stochastic gradient descent (SGD) methods and its variants,
thereby leading to two new methods: SVRG-BB and SGD-BB. Es-
pecially, they proved that SVRG-BB has a linear convergence rate
for strongly convex objective functions. Motivated by this work, De
et al. [40] considered a “big batch” for SGD and employed back-
tracking line search and BB methods to compute step size for their
proposed methods. Specifically, they showed that, on a range of
convex problems, using an adaptive step size method based on the
BB curvature estimate empirically performs better than the back-
tracking line search. In addition, Yang et al. [41] proposed a ran-
dom BB (RBB) method to compute step size for mini-batch algo-
rithms. They combined the RBB method with mS2GD and Acc-
Prox-SVRG to obtain two algorithms: mS2GD-RBB and Acc-Prox-
SVRG-RBB. However, the authors did not provide the details of Acc-
Prox-SVRG-RBB, but showed just the convergence of mS2GD-RBB
for strongly convex objective functions.

The primary contributions of our work are as follows:

(i) We propose a new ASGD method, Acc-Prox-SVRG-BB, which
uses the BB method to automatically compute step size
for Acc-Prox-SVRG. We prove the convergence of Acc-Prox-
SVRG-BB and show that its complexity achieves the same
level as the best known stochastic gradient methods.

(ii) To reduce the difficulty of choosing the parameters in Acc-
Prox-SVRG, we propose a new method, FISTA-Prox-SVRG,
which incorporates Beck and Teboulle’s APG (a.k.a FISTA)
and Prox-SVRG in a mini-batch setting.

(iii) To further validate the effectiveness of the BB method in
the ASGD methods, we combine the BB method with FISTA-
Prox-SVRG. Numerical experiments show the efficacy of our
proposed methods.

The remainder of this paper is organized as follows. In
Section 2, we give the problem formulation and background.
In Section 3, we introduce the details of Acc-Prox-SVRG-BB. In
Section 4, we analyze the convergence of our Acc-Prox-SVRG-BB
method. In Section 5, we propose the FISTA-Prox-SVRG algorithm
and combine the BB method with FISTA-Prox-SVRG. In Section 6,
we present our numerical results. Finally, in Section 7 we conclude
the paper.

2. Problem formulation and background

We consider the following SCO problems,

ﬂ$mm=%§ﬂmnwmx (1)

where each fi(w) is smooth, and R(w) is possibly non-smooth but
allows a simple proximal mapping. For convenience, we set F(w) =
i it fi(w).

The results presented in this paper are established under the
following assumptions:

Assumption 1. Each gradient of the convex function, fj(w), in (1) is
differentiable and Lipschitz continuous with a positive constant L,
which means that for all w and v in R¢, we have

IVfitw) = Vi) ll2 = Lllw - vll2. (2)

From Assumption 1, we readily ascertain that the gradient of
the average function, F(w), is also Lipschitz continuous, i.e., there
exists a positive constant, L, such that for all w, v e R?, it holds
that

VF(w) — VEW) |2 < Lw —v[>. (3)

Assumption 2. P(w) is u-strongly convex, i.e. there exists u >0
such that for all w, v € RY,

(VP(w) = VP))'(W—v) > pu [|w—v |3 (4)
or equivalently

P(w) = P(v) + VP()T (W —v) + & w3 (5)

Also, we need the objective function, P(w), to be Lipschitz con-
tinuous. In addition, the strong convexity parameter, u, is often
less than the Lipshcitz constant, L, i.e., i <L and the ratio L/, de-
noted as «, is often called the condition number of problem (1).

Assumption 3. The regularization function R(w) is a lower semi-
continuous proper convex function; however, it can be non-
differentiable or non-continuous.

3. Algorithm

In this section, we introduce the Acc-Prox-SVRG-BB method. We
first introduce the BB step size and the Acc-Prox-SVRG method.

3.1. Barzilai-Borwein step size

Suppose we want to solve the unconstrained minimization
problem
min F(w), (6)

weRd

where F is differentiable. The Newton-iteration is
Wip1 = Wi — H 'VF (W), (7

where VF(w,) denotes the gradient of F(w) at w;, and Hj, is an ap-
proximation of the Hessian matrix of F(w) at w;. Now approximat-
ing the Hessian matrix H, by H, = (1/n,)I with 71, >0 and substi-
tuting (7), we have

Wir1 = Wy — 1 VF (W), (8)

Introduce Hj = (1/n;)] into the secant equation, His; =y,
where s, =w, —w;,_; and y, = VF(W,) — VF(w,_;) for k>1.
Hence, by minimizing the residual of the secant equation, i.e.,
| (1/n1)sk — Yk ll2. we obtain the following choice for 7;:

M= lIskll3/(sEyv)- (9)

The Eq. (9) is often called the BB step size, which was proposed
by Barzilai and Borwein [42] to solve unconstrained optimization
problems. Due to its simplicity and numerical efficiency, much at-
tetion has been focused on the BB method and it has been ex-
tended to many applications, such as image processing [43], com-
pressed sensing [44]| and sparse reconstruction [45].
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3.2. Accelerated mini-Batch prox-SVRG

A standard way to solve problem (1) is the proximal stochastic
gradient (Prox-SG) method in which the iteration scheme is:

Wi = Prox, g (W, — nV fi(wy)), (10)
where Vf;(w;) represents the gradient of the i-th component func-
tion at wy and “prox” defines the proximal mapping, defined as
follows:

prox,(z) &' arg min{ Tiw—ziz + nR(w)},
weRrd | 2

Compared with Prox-SG, Acc-Prox-SVRG uses the variance re-
duction technique of SVRG [20], which allows the selection of a
large step size and results in a rapid convergence. During each
stage, this method performs Nesterov’s acceleration method-like it-
erations and employs the following direction with mini-batch in-
stead of a single gradient in (10):

Gk = VE () — VE (W) + VF(W), (11)
where [, = {iy,..., i} is a randomly chosen size b subset of
{1,....n} and VF = %25’:1Vf,-}_. At the beginning of each stage,the
initial point w; is set to be w, and at the end of stage, W is up-

dated. Moreover, conditioned on vy, E[G,] = VF(v;), so that G is
also an unbiased estimator.

3.3. Acc-Prox-SVRG with BB step size

According to the above descriptions, we now give the details of
Acc-Prox-SVRG-BB in Algorithm 1.

Algorithm 1 Acc-Prox-SVRG-BB.

1: Input: update frequency m; mini-batch size b e [n]; initial

point wy; initial step size 14

2: fors=1,2,... do

3 Set W = Ws

4 Compute and store gs = (1/n) Y1, V fi(W), g = IP(W)

5

6

if s > 1 then

o= D B 13— )T (€~ 1) (12
7: end if
8:  Setvy=w;=w
9: fork=1,...,mdo
10: Randomly pick subset I, € {1,...,n} of size b
11: Compute a stochastic estimate of VF (wy);
Ge = VE, (1) — VE, () + &
12: Wiey1 = Proxyg (Vi — nsGy)
13 Vg1 = Wit + Br (Wi — wy)
14: end for
15: Set WS+1 =Wni1
16: end for

Note that, in Algorithm 1, we use the sub-gradient of the non-
smooth convex objective function, P(w), to compute the step size'
In addition, to ensure convergence of Acc-Prox-SVRG-BB, we mul-
tiply the parameter §, where values of § are from the range (0, 1].
If we set ns =n, then the Acc-Prox-SVRG-BB method reduces to
the original Acc-Prox-SVRG method. Moreover, for the first epoch
of Acc-Prox-SVRG-BB, we set an initial step size n;. However, nu-
merical experiments showed that the performance of our proposed
method is insensitive to the choice of initial step size, 1.

T We adopt the definition of sub-gradient from [16]. Namely, if P is a convex
function, then a vector g is called the sub-gradient of the function P at the point
wo e domR if, for any we domP, we have that P(w) > P(wp) + (g, W — Wp).

4. Convergence analysis

For clarity, we first show the definition of estimation sequence.
From [16], we have

Definition 1. A pair of sequence {®; (W)}, and {A;}2,, Ax=>0
is called an estimate sequence of function flw) if A, — 0. For any
w e R? and all k>0 we have

D) < (1 =21 f(w) + ADo(w) (13)
According to [16], to satisfy (13), we can set
)‘«k+1 = (1 _ak))‘kv

Dy (W) = (1 — ) (W) + (f(vk) + (VW) w - 1)
+ Slw-ul),

where (i) f is a strongly convex; (ii) ®g(w) is an arbitrary function
on RY; (iii) {v}p2, is an arbitrary sequence on RY; (iv) {ardi,:
ape(0, 1), 2o =oo; (V) Ag = 1. It is easily proved that (13) is
satisfied when the above two iteration schemes are used.

The iteration schemes of {A;} and {®,} provide some rules for
updating the estimate sequence by a recursion. Actually, when we
choose, @, as a simple quadratic function, the estimate sequence
{®,(w)} is simplified as a quadratic function sequence set. For clar-
ity, we offer an explanation.

From Lemma 2.2.3 in [16], we know that when setting &y =
D5+ 4 llw—213, we have @y = ®; + 5 |lw—z]|3, where &} =
min, .4 ®p(w) and z, = argmin ,_pa P (w).

Now, we briefly prove Lemma 2.2.3 in [16]. Note that
V2®o(w) = ul, where I is an identity matrix. Let us prove that
V2, (w) = ul fore all k> 0. Actually, if that is true for some k,
then, from the iteration scheme of {®,}, we have

V2D (W) = (1 - o) V2D (W) + poyl = pl

This finishes the proof of Lemma 2.2.3 in [16].

Under above assumptions and definition, we analyze the con-
vergence of Acc-Prox-SVRG-BB described in Algorithm 1 and pro-
vide some notations and definitions. By the definition of a proxim-
ity operator, the iteration scheme on {w;} can be rewritten as:

Wiy1 = U — Mk (G + &), (14)
where &, € 0R(wy1).

We now define the estimate sequence ®,(w) (k=1,2,...,m+1)
by

1(w) = P(w1) + 5 |w — w3
Dpoy (W) = (1 — ) D (w) + oek(ﬁk W) + (G w — )

W =l + R ) + G w = wig)). for k=1

We set o, = % where < C < L. Hence, we have the follow-
ing estimate sequence iteration scheme:

8 8
Pt (W) = (1 - C’"‘m)cbk(m B0 (R + Gew =)

W = 3+ RWic) + G w = wie)).
for k>1
We set

®F = min, g ® (W) and  z, = argming,cga Oy (w)
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Fig. 1. Comparison of Acc-Prox-SVRG-BB and Acc-Prox-SVRG with fixed step sizes on ijcnnl. The dashed lines for Acc-Prox-SVRG with fixed step size 1 given in the legend.
The solid line stand for Acc-Prox-SVRG-BB with different initial step size n; given in the legend.

cI)k

(5, 3
Lm’> pm

Since V2®, (w) = uly, it follows that for Yw e RY,

«, M
W) = b+ L llw =23,

The following lemma is the key to the analysis of our method.
The proof of the lemmas and theorem are in Appendix A.

From Lemma 1, we know that the step sizes, 7, vary in
|- In our proof, when we set n;, = % where u <C<1L, we

8

)
have [ < &=

< l%m Although the step sizes, 7y, are different at

each iteration, we always find a constant, C, that satisfies (16) and

(15)

Lemma 3. For k>1 we have

(17) in Lemma 2. Actually, when we take C<L, the inequalities
(16) and (17) always hold.

Lemma 1. Suppose that Assumption 1 and Assumption 2 hold, then 118 8 s
the boundary of 1, computed in Algorithm 1 is [ 2. l%m] Zy=(1- om |2t A/ o Ve MC—m(Gk +&) and (18)
For convenience, but without loss of generality, we set 1, = %
in our convergence analysis, where yu <C<L. c
m
Lemma 2. Considering Acc-Prox-SVRG-BB in Algorithm 1 under — 2k —Vk =,/ m(uk - W) (19)
Assumption 1, Assumption 2, Assumption 3 and Lemma 1. If m > %,
then for k>1 we have Moreover, from [19], we have the following two lemmas:
118 k=1 Lemma 4. For k>1 we have
E[®,(W)]<Pw)+[1- o (®1 - P)(w) and (16) 1 ,
(VEW) + 8k G+ &) = 5 (IVF i) + &cll3 + 11Gx
k=11
k-1 s 2_IIVE(w) = Gl (20)
S 14 +&l3 I k kll2
E[P(W)] <E| &} + ) 1—\/% —%JHWI_UI”%
1=1 m /CL‘S
m
G+ &ll5 = 2(I VF () + &lI5 + I VF (i) = Gll3) (21)
8
+m”VF(V1)—Gl”% (17)
IVFW) +&cll3 = 201Gy + &3 + [IVF () — Gill5) (22)

In the following, we show the boundary of the modified
stochastic gradient Gj:
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fixed step size n given in the legend. The solid line stand for Acc-Prox-SVRG-BB with different initial step size 7; given in the legend.

Lemma 5. Suppose that Assumption 1 holds, and let w, = The following theorem establishes convergence in expectation
argmin,,_pq P(W). If Gy is defined as in (11), then of Acc-Prox-SVRG-BB for non-smooth and strongly convex func-
tions.
E||Ge — VF@) 15 < a(b) (2L ||[vi — w15 + 8L(P(wy)
—P(w,) + P(W) — P(w,))), (23) Theorem 1. Suppose that Assumption 1, Assumption 2, and

Assumption 3 hold. Let m > max { 20L 3/2la®)? 213 & g 0 <5 <1.

where o (b) = b(';—*_b]).
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Fig. 4. Performance of Acc-Prox-SVRG-BB with different batch size (parameter b) on a8a (left) and ijcnn1 (right).

Then we have
E[P(VNVSH) —P(w,)]

18 gsL) 1
(1w G ) +————
Cm Cm SL MCm _a(b)
(2+5L‘3><P<ws) POv.)). (24)

Based on Algorithm 1 and Theorem 1, we show the complexity
of Acc-Prox-SVRG-BB. For clarity, we give a brief derivation of the
complexity.

According to Theorem
p°[P(Wg) — P(w.)], where

o= (1_ ’C‘3+ (b) - 85L> P S

( 8LS )
2+ —cm )
e SOV AN

Actually, by choosing m large enough, we can make parameter, p, ar-
bitrarily small. Thereby, to satisfy E[P(Ws,1) — P(w,)] < &, the num-
ber of outer loops, s, must satisfy s = O(log(1/¢)).

In addition, each stage requires n+2m component gradi-
ent evaluations. From the proof of the second inequality of
Lemma 2 (a.k.a. (17)) in Appendix A.1, we have

By [P(Wii1) — @f 4]

(20) 1) 1)
< E,k[(l—,/&)e@wp(wk))— g( —é‘m)
Cm )
',/*3||W1<*Uk||%*ﬂHVF(Vk)Jr%'k”%

1, we have E[P(Ws 1) —P(w,)] <

s LS
2Cm Cm ”Gk + i"k”z + ||VF(1)k Gk”%i|
(21),m> 22 M(g .
< ° Elk|:(1 Y Cm>(_q>k+P(Wk))
2 %) J
- B (- B ) o e = B+ G VF @) —cku%}.

Table 1
Comparison of the overall complexity suitable for solving Eq. (1).

Algorithm Complexity Fixed Step Size?
FISTA O(nyk log(1/¢)) No
SAG O((n+«)log(1/¢))) Yes
SDCA O((n+«)log(1/¢))) Yes
SVRG/Prox-SVRG O((n+«)log(1/¢))) Yes
Acc-Prox-SVRG O(n + minf{x, ny/k}) log(1/¢)) Yes

Acc-Prox-SVRG-BB  O((n + max{/ka(b)2,L8/C})log(1/e))  No

To ensure that the last inequality is true, we require % < i

Thereby, m > 2.

Moreover, from the beginning of proof of Theorem 1 in
Appendix A.2,
E[P(wy) — P(w,)]

k-1
k-1
_ [mnd _ _ O Nk
=|1 om (P1 - P)(w,) + E[H (1 Cm)
— ud/Cm

(e
2 /us/Cm
L (pw) — Pw.) + P - P(wm”

2512
a(b) - Cm) llvi—w, [|5+a (b)

To omit the term, ( LI_pS/Cm g () . 2512 )||vl w, |2, we set

2 /18 /Cm
ke 1—ud/Cm 2812 28L 3/ 2La(b)?
2Jm+a(b) - < 0. Thereby, m > < ,/7M .

Hence, we ascertain that Acc-Prox-SVRG-BB achieves the fol-
lowing overall complexity (total number of component gradient
evaluations to find an g-accurate solution):

o((n+max{3/W, L6/C})(log(]/s))), (25)

which recovers the faster rate as Prox-SVRG, Prox-SAG, etc.

For convenience, we show, in the Table 1, the complexities of
the state-of-the-art methods.

Note that, in general, n + k <« ny/k, which means that state-of-
the-art stochastic gradient methods converge at a faster rate than
do the classical deterministic methods.
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5. FISTA-Prox-SVRG Algorithm

From Algorithm 1, we see that the parameter, 8, must be cho-
sen in Acc-Prox-SVRG-BB. In general, the parameter, 8, depends
on Lipschitz constant L and strong convexity parameter w. In the
case of an unknown Lipschitz constant, we estimate the optimal
step size by using backtracking [8], however, estimating the strong
convexity parameter is much more challenging. Influenced by this
gap, we incorporate FISTA and Prox-SVRG in the mini-batch setting,
thereby generating another new ASGD method, FISTA-Prox-SVRG.
Before presenting FISTA-Prox-SVRG, we first give a brief introduc-
tion about the FISTA iteration scheme.

For any initial point v; =w; € R? and t; = 1, FISTA consists of
the following steps for solving problem (1):

t—1

k+1

Vp1 = Wiy + (W1 — W), (26)

Wiy = ProXpg (Vg — 1Gy), (27)

14 ,/1+4t} (28)

tk+l = 2

Beck et al. [8] pointed out that there are two main differences
between FISTA and the Nesterov’s acceleration method [10]. Actu-
ally, comparing the FISTA iteration scheme and the Nesterov’s ac-
celeration scheme in the inner iteration of Algorithm 1, we clearly
see that FISTA replaces parameter 8, with % where the param-

eter f; is easy to access as shown in the above iteration shceme.

We now describe the FISTA-Prox-SVRG method in Algorithm 2.

From Algorithm 2, we see that a constant step size was used in
FISTA-Prox-SVRG.

To conclude this section, we apply the BB method to FISTA-
Prox-SVRG. For convenience, we call the new method FISTA-Prox-
SVRG-BB. Here, we do not show the details of FISTA-Prox-SVRG-BB,
because, they can easily be obtained by replacing a constant step
size in Algorithm 2 with Eq. (12), which is similar to Acc-Prox-
SVRG-BB (Algorithm 1).

Algorithm 2 FISTA-Prox-SVRG.
1: Input: update sequence m; step size n; mini-batch size b € [n];
initial point Wy
2: fors=1,2,... do

3: Seth/:vT/s, t1=1
4: Compute and store gs = (1/n) >iL; V f;(w)
5. Setvy=w;=w
6: fork=1,...,mdo
7: Randomly pick subset I, € {1,...,n} of size b
8: Compute a stochastic estimate of VF (wy);
Gi = VE, (1)) — VE, () + g
9: W1 = proxyr (U — 1Gy)
1 i
10: tk+1 =—-
1: Va1 = W1 + %(Wkﬂ - W)

12: end for
13: Set WH] = Wmni1
14: end for

6. Numerical experiments

In this section, we discuss the numerical experiments that were
conducted to illustrate the properties and performance of Acc-
Prox-SVRG-BB, FISTA-Prox-SVRG and FISTA-Prox-SVRG-BB.

In sub-Section 6.1, we study the properties of Acc-Prox-SVRG-
BB. In sub-Section 6.2 and sub-Section 6.3, we show the perfor-
mance of FISTA-Prox-SVRG and FISTA-Prox-SVRG-BB, respectively.
Finally, in sub-Section 6.4, we compare Acc-Prox-SVRG-BB, FISTA-
Prox-SVRG and FISTA-Prox-SVRG-BB with other related methods.

We discuss the experiments that were performed with R(x) =
)‘72||w||§ +A1llwll; and the logistic loss function f; given as
follows:

fitw) = log(1 + exp(~b;a’w)). (29)

These functions are usually used in machine learning, with
(a;, b)) e R4 x {+1, -1}, i=1,...,n, being a training data set of
example-label pairs. The resulting optimization problem (1) takes
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Fig. 7. The performance of FISTA-Prox-SVRG-BB on ijcnn1 with batch size b = 100 or 500.
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the form

n
VIERI} P(w): = :l;:log(l + exp(—hialw))

A
+ 2wl + 2wl (30)

and is employed in machine learning for binary classification.

Three publicly available data sets (a8a, w8a and ijcnn1)> were
used in the experiments. Detailed information for the data sets is
given in Table 2.

2 q8a, w8a and ijennl are available at https://www.csie.ntu.edu.tw/~cjlin/
libsvmtools/datasets/.

Table 2

Details of the data sets in our experiments.
Dataset n d A A2
a8a 22,696 123 10-3 102
w8a 49,749 300 102 104
ijennl 49,990 22 102 104

6.1. Performance of acc-Prox-SVRG-BB

In this section, we show the performance of Acc-Prox-SVRG-
BB conducted using a8a and ijcnnl. Figs. 1 and 2 display the
compared results between Acc-Prox-SVRG-BB and Acc-Prox-SVRG.
In Figs. 1 and 2, the x-axis represents the number of effective
passes over the data, where each effective pass evaluates n compo-
nent gradients. In Fig. 3(a) through Fig. 3(c) and Fig. 2(a) through
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Fig. 8. The performance of FISTA-Prox-SVRG-BB on w8a with batch size b = 100 or 500.

Fig. 2(c), the y-axis denotes the sub-optimality: P(wy) — P(w,).
Here, w- is obtained by running Acc-Prox-SVRG with the best-
tuned step size until it converges. In Fig. 1(d) through Fig. 1(f) and
Fig. 2(d) through Fig. 2(f), the y-axis denotes the corresponding
step sizes 7. Moreover, in Figs. 1 and 2, the dashed lines repre-
sent Acc-Prox-SVRG with fixed step size given in the legends of
the figures. The solid lines correspond to Acc-Prox-SVRG-BB with
different initial step size 7;. Finally, we show the performance of
Acc-Prox-SVRG-BB with different batch size in Fig. 4.

As suggested in [19], we set m=tb (t ¢ {0.1, 1.0, 10}) and
Bi = ﬁ% varying b in the set {100, 500, 1000}. Also, in all our ex-
periments, we ran Acc-Prox-SVRG using values of 1 selected from
the range {0.01, 0.05, 0.1, 0.5, 1.0, 5.0, 10.0}. In addition, for Acc-
Prox-SVRG-BB, we selected the parameter, m, from (0,1]. Actually,
if the parameter, m, is not large, then we set § = 1; otherwise, we
set § =0.1.

As shown in Fig. 3(a) through Fig. 3(c) and Fig. 2(a) through
Fig. 2(c), Acc-Prox-SVRG-BB always achieves the same level of
sub-optimality as Acc-Prox-SVRG with the best tuned step size.
Even Acc-Prox-SVRG-BB achieves better performance than Acc-
Prox-SVRG with the best tuned step size. Moreover, as seen in
Fig. 1(d) through Fig. 1(f) and Fig. 2(d) through Fig. 2(f), the step
size of Acc-Prox-SVRG-BB gradually converges to a constant step
size.

In Fig. 3(a) through Fig. 3(c), we see that Acc-Prox-SVRG re-
quires fewer number of effective passes than Acc-Prox-SVRG-BB
to obtain optimal solution of Problem (1). Actually, our proposed
methods and the existing methods (Acc-Prox-SVRG, Prox-SVRG and
mS2GD etc.) were often considered for convex problems. The per-
formance of these methods is influenced by the regularization
terms. For example, when setting regularization parameters, A =
104 and X, = 104, rather than the parameters A; = 10~2 and
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Fig. 9. Performance of FISTA-Prox-SVRG-BB with different batch size (parameter b) on a8a (left) and w8a (right).

Ay =10~* for ijcnnl, the performance of Acc-Prox-SVRG-BB and
Acc-Prox-SVRG are shown in Fig. 3.

As seen in Fig. 3, under A; = 10~ and A, = 10~%, our Acc-Prox-
SVRG-BB method performs better than does Acc-Prox-SVRG.

Our motivation is to provide an easy way to compute step size
for the Accelerated Stochastic Gradient Descent (ASGD) methods.
With a different background, our proposed method achieves results
comparable to the other state-of-the-art methods.

At the end of this section, the results of choosing different batch
size, b, for Acc-Prox-SVRG-BB are shown in Fig. 4

In 4(a), it is seen that Acc-Prox-SVRG-BB performs better with
a small batch size. In 4(b), it is seen that, even with a large batch
size, Acc-Prox-SVRG-BB also performs better. We think that BB step
size greatly improves the performance of the original Acc-Prox-
SVRG method and makes the new method perform better with any
mini-batch size. Hence, we conclude that using BB step size in Acc-
Prox-SVRG makes it easier to choose the parameters.

6.2. Performance of FISTA-Prox-SVRG

In this section, to confirm the effectiveness of FISTA-Prox-SVRG,
we conducted experiments using a8a, w8a and ijcnn1. Especially,
we show the comparison results between FISTA-Prox-SVRG and
Acc-Prox-SVRG. We ran FISTA-Prox-SVRG using the values of 1 se-
lected from the range [0.01,10]. We chose the three best step sizes,
7, in each mini-batch setting as shown in the legends of Fig. 5. The
parameters for Acc-Prox-SVRG are determined in the same man-
ner as in the above sub-section. Also, we show the performance of
FISTA-Prox-SVRG with different batch size in Fig. 6.

Fig. 5 shows that FISTA-Prox-SVRG achieves the same level of
sub-optimality as Acc-Prox-SVRG, and even can achieve better per-
formance than Acc-Prox-SVRG. It seems that FISTA-Prox-SVRG is
not always achieving better performance than Acc-Prox-SVRG. Be-
cause step size is manually selected when running FISTA-Prox-
SVRG and Acc-Prox-SVRG, as much as possible, we choose only the
best step size. Step size greatly affects the performance of FISTA-
Prox-SVRG and Acc-Prox-SVRG. We cannot obtain, by hand, the so
called best step size for two algorithms. Therefore, we try our best
to choose the step size that makes the two algorithms perform
better. Of course, there is no theoretical guarantee that the step
size is the best. Moreover, although we cannot guarantee achieving

the best performance for each data set, we achieve better perfor-
mance on most data sets.

Actually, the reason for proposing FISTA-Prox-SVRG is to fur-
ther reduce the difficulty of choosing parameters in Acc-Prox-
SVRG. To further reduce the human factors, we propose using the
BB step size in FISTA-Prox-SVRG, thereby obtaining FISTA-Prox-
SVRG-BB.

Here, we show the performance of FISTA-Prox-SVRG with dif-
ferent batch size, b in Fig. 6. We ran FISTA-Prox-SVRG using values
of n in the range {0.01, 0.05, 0.1, 0.5, 1.0, 5.0, 10.0}; we choose the
best 1 in each mini-batch setting.

Fig. 6 shows that, with an appropriate step size, FISTA-Prox-
SVRG performs better with any mini-batch size.

6.3. Performance of FISTA-Prox-SVRG-BB

To further validate the effectiveness of the BB method, we in-
troduce the BB method into FISTA-Prox-SVRG and show the results
in Figs. 7 and 8. The experiments were conducted using ijcnn1 and
w8a.The dashed lines represent FISTA-Prox-SVRG. The solid lines
represent FISTA-Prox-SVRG-BB. We ran FISTA-Prox-SVRG-BB with
three different initial step sizes (the details are shown in the leg-
ends of Figs. 7 and 8). The parameters for FISTA-Prox-SVRG are de-
termined in the same manner as in the above section. Also, we
use the same manner as sub-Section 6.1 to define the parameter
8. Finally, we show the performance of FISTA-Prox-SVRG-BB with
different batch size in Fig. 9.

As seen from Fig. 7(a) and (b), Fig. 8(a) and (b), FISTA-Prox-
SVRG-BB always achieves the same level of sub-optimality as
FISTA-Prox-SVRG. Also, in Fig. 7(c) and (d), Fig. 8(c) and (d), the
step sizes of FISTA-Prox-SVRG-BB converge to a constant after 5 or
10 iteration steps.

Also, we show the performance of FISTA-Prox-SVRG-BB with
different batch size in Fig. 9. We ran FISTA-Prox-SVRG-BB with ini-
tial step size, n; = 0.1.

Fig. 9(a) shows that FISTA-Prox-SVRG-BB performs better with
any mini-batch size. Fig. 9(b) also implies that FISTA-Prox-SVRG-
BB performs better with any mini-batch size.

Both Figs. 4 and 9 indicate that when the new method, which
combines the ASGD method and BB step size, performs better un-
der most mini-batch size situations.
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Fig. 10. Comparison of different methods on a8a, w8a and ijcnn1.

6.4. Comparison with related methods

(d) Acc-Prox-SVRG-RBB: The Acc-Prox-SVRG method incorpo-
rates the RBB method into Acc-Prox-SVRG. In addition, for

In this section, we compare our proposed methods (Acc-Prox- Acc-Prox-SVRG-BB, we chose the best batch size b; and b,

SVRG-BB, FISTA-Prox-SVRG and FISTA-Prox-SVRG-BB) with the fol- on a8a, w8a and ijcnnl.

lowing methods:

Fig. 10 shows that on the three different data sets, our proposed

(a) FISTA: FISTA is a version of the fast iterative shrinkage-  methods achieve better performance than the competing methods.
thresholding algorithms [8] for solving linear inverse prob-

lems. In FISTA, a backtracking step size is employed.

7. Conclusion

(b) Prox-SAG: Prox-SAG is a proximal version of the SAG

method [31]. In Prox-SAG, as suggested in [46], we also used This paper considered a shortcoming associated with the ASGD
the standard backtracking line search to obtain the step size. methods for step size choice. Specifically, there is little practical
(c) Prox-SVRG: Prox-SVRG is a proximal version of the stochas- guidance provided for good choices. We proposed using the BB
tic variance-reduction gradient method. We ran Prox-SVRG method to automatically compute step size for the most advanced
with a constant step size. In addition, as suggested in [20], method, Acc-Prox-SVRG and obtained a new method: Acc-Prox-

we employed m = 2n between full gradient evaluations for SVRG-BB. We provided a detailed convergence analysis, showing

Prox-SVRG.

that Acc-Prox-SVRG-BB achieves the same level of complexity as
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the best known stochastic gradient-based methods. In addition, to
further reduce the difficulty of the parameters choices of Acc-Prox-
SVRG, we incorporated FISTA and Prox-SVRG in a mini-batch set-
ting and proposed a new method, FISTA-Prox-SVRG. Finally, to fur-
ther show the effectiveness of the BB method, we introduced it
into FISTA-Prox-SVRG. Numerical results show that our proposed
methods achieve better performance than the competing methods.
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Appendix A

Al. Proof of lemmas

Now, we give the proof of Lemma 1, Lemma 2 and Lemma 3.
Proof of Lemma 1.

Proof. From the definition of 5 in Algorithm 1 and combining the
convexity of objective function (Assumption 2), we have

8 W= W3

om (Ws - W) (g~ 8, ;)
_8 IWe—weal3 8
T mpfws — w2 wm

In addition, using the Lipstchitz properties of objective function,
we have

5 W -
m (Ws -

VT’S—]”%
Ws_1)T (g — &_1)
8 llws—wsal3 8

T mL|Ws — w43 Lm

ns =

where in the first inequality we also use the Cauchy-Schwartz
inequality. O

Proof of Lemma 2.

Proof. We first prove (16) of Lemma 2 by induction. It is true for
k = 1. We assume that it is true for k, then from the definition of
estimate sequence, we have

B[y (W)] = (1 - ’C‘,fl>1a[d>k<w>1 N

+ (Ge.w—1) + %HW — Uell® + RWiyr) + (o w — Wk+l)]

k-1
p (1_ gi) P(W)+(1— gi) (@1 - P)(w)

)
b BB 00 + (G w =) + 5w = vl + Ry, 1)
+ W~ Wk+1)]

k
ué ué
= (1 - Cm)P(W) + (1 — Cm) (P4

- P)(w)

8
B (F+ (VF@O. W=+ S llw = v + Rowi)

+ (& w— Wk+1)>

k
= P(w) + (1 -4/ gﬁ) (P - P)(w),

where in the first inequality we used induction hypothesis and in
the last equality we used the convexity of F(w) and R(w). In the
following, we will finish the proof of (17) of Lemma 2 O

Proof of Lemma 3.

Proof. From the definition of estimate sequence and (1), we have
that for any k> 1

)
B+ g‘nw—zanZ:(l— &)(g‘nw—zkuum)

8
) e (VB W) + G w = 1) + 5 1w = vl + Rwie)
+ W)

By differentiating this equality at v;, we have

1) 1)
MWy = Zy1) = (1 - IC/LHI)//«(W =2i) +,/ %(Gk + &).

Hence, we have

) 1) 1)
Zyp1 = <1 v gr,q)zk+\/ %Uk —/ W(Gk-ng)

Here, we finish the proof of (18) of Lemma 3. Next, we prove
(19) of Lemma 3 by induction. It is true for k = 1. If we assume it
is true for k, then according to (18) we have

ué ué
Zkr1 = Vg1 = (1 - Cm)zk + @Vk

[ 8
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From the update rule of v, computed in Algorithm 1, we have

8 Cm 8 Cm 1
—(1 — C'L,Lm> mwk = —(1 — g]n) B[Wk-ﬂ - E(Uk-ﬂ _Wk+1):|

[Cm
= ( 2) Wk+1 + <1 + M)v“]’

Cm—/i8
NI/ Hence, we obtain

Cm
Zky1 — Vg1 = w(vkﬂ - Wiiq)

Finally based on Lemma 3 and Lemma 4, we prove (17) of Lemma 2 by induction.

where we set 8, =

Proof. From the definition of ®;, ®} = P(wy). If we assume (17) is true for k, then using (18), we obtain
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H(1_ )(vk 20+ G 80
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From the above equation and (15) with w = v, we have
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On the other hand, from the definition of the estimate sequence and (15),

) 1)
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FRWiy1) + ks Uk — Wiy ))

Therefore, from the above two equations, we have
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Since F(w) is Lipschitz smooth, we bound f(wy,) as follows:
L
PWii1) = FW) + (VEWi), Wiea = i) + 5 Wi — i ll3 + R(Wyeiq).

Using (A1), (A2), (19), and wy 1 = v — & (G + &)
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) L ) )
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where in the first inequality we employed IE[F,k ()] = F(vp). In addition, we give the following

By [F (V) + RWiey1) + (Wi — U, G + )] = B [F(wy) + (Gy, Wi — V) + R(Wyey1) + (g Wi — Wy 1)
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where in the first inequality we used E; [Gy] = VF(v;) and convexity of F and R. Thus we have
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By taking expectation with respect to the history of random variables I, ..., I,_1, the induction hypothesis finishes the proof of (17). O
A2. Proof of Theorem 1

Now, we give the proof of Theorem 1.
From (17), (23) and (16) with w = w,,, we have
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We use V} to denote E[P(w}) — P(w,)], and we take W, to de-
note the last expression in (A.5). Hence, for k> 1, V,, <W,. For k> 2,
we have
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