
IEEE GEOSCIENCE AND REMOTE SENSING LETTERS, VOL. 11, NO. 11, NOVEMBER 2014 1991
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Abstract—The classification of hyperspectral imagery is a chal-
lenging problem because few labeled pixels are available. In
this letter, we propose a new semisupervised learning algorithm
to combine both cluster and manifold assumptions to increase
classification reliability and accuracy. The new method uses
a concave–convex procedure and sequential minimization opti-
mization technologies for transductive multiple-kernel learning
(TMKL). Then, a one-against-all strategy is adopted to generalize
the binary TMKL classifiers to solve the multiclass problem of
remote sensing images. Experimental results on two real data sets
indicate that the proposed method exhibits both high accuracy and
good computational performance.

Index Terms—Hyperspectral image classification, remote
sensing, semisupervised, transductive multiple-kernel learning
(TMKL).

I. INTRODUCTION

MAPPING spectral signatures in hyperspectral images
to specific land-cover types has become an important

application in remote sensing. Supervised classifiers, such
as the support vector machine (SVM) [1], [2], exhibit good
classification performance with label information. However,
obtaining reliable and accurate class labels for each “pixel” is
an expensive and time-consuming task. Regarding the situation
of insufficient labeled data, much of the literature [3] resorts to
semisupervised learning methods to make full use of unlabeled
data.

All the semisupervised methods are based on two assump-
tions, i.e., the cluster and manifold assumptions. The clus-
ter assumption supports that points that are close to each
other are more likely to share a label. One classic algorithm
following this assumption is the transductive SVM (TSVM)
[4], which gradually searches a reliable separating hyperplane
with a transductive process. Many learning methods (including
the label-switching model in SVM-Light [4], the determinist
annealing algorithm [5], and the convex–concave procedure
(CCCP) [6]) are applied in the training of the TSVM. Recent
studies reveal that the TSVM helps extract information from
the unlabeled data in hyperspectral imagery [7]. The manifold
assumption believes that high-dimensional data lie on a low-
dimensional manifold. Based on this assumption, a Laplacian
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SVM (LapSVM) is proposed as a semisupervised extension of
the SVM [8]. It introduces an additional regularization term
on the geometry of both the labeled and unlabeled samples by
using the graph Laplacian. Sindhwani et al. [9] proved that
the manifold regularization term is equivalent to a classical
SVM with a deformation kernel. Moreover, many composite
kernel learning algorithms, such as the cluster kernel [10],
the mean map kernel [11], the graph Laplacian kernel [12],
and the generalized composite kernel [13], are proposed to
learn manifold from remote sensing images. Recently, multiple-
kernel learning (MKL) [14] has been developed to provide
a more flexible framework to learn the kernels; it also has
been applied to hyperspectral data to improve classification
performance [15], [16].

In this letter, combining the cluster and manifold assump-
tions, we introduce the transductive MKL (TMKL) [17]
framework to solve the land-cover classification problem of
hyperspectral imagery. To accelerate optimization, we design
new transductive iterations with the CCCP and sequential mini-
mization optimization (SMO) and use a one-against-all strategy
[18] to settle the multiclass problems. This overall method is
called CS-TMKL in this letter. To verify the classification and
computation performance of the CS-TMKL method, compari-
son experiments with four kinds of traditional classifiers were
performed on two real hyperspectral data sets.

The rest of this letter is organized as follows. The following
section describes the MKL for the TSVM framework. Exper-
imental results are reported in Section III. Finally, Section IV
gives the conclusion.

II. TMKL

In this section, Section II-A introduces the formulation of the
TSVM. Then, Section II-B presents the multiple-kernel version
of the TSVM objective function. In Section II-C, we solve the
TMKL objective function with the CCCP by separating the
function into convex and concave parts, and minimizing
the function by approximating the concave part with its tangent.
Section II-D introduces the SMO algorithm to efficiently solve
the resulting convex optimization in the CCCP. The overall
procedure is summarized in Algorithm 1.

Algorithm I CS-TMKL Procedure

Set r = 0 , and the initialization value for d is 1/M .
repeat

Initialize θ0 = ( w0, b0) with an SVM solution on the
labeled points.

Initialize β0
i =

{
C∗, if yifθ0 (xi)s and i ≥ L + 1
0, otherwise.
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Set t = 0 .
repeat (CCCP loop)

Solve the convex problem (5) with the SMO algorithm.
Update θt+1 = ( wt+1 , bt+1 ) and decision function
fθt+1 .
Update βt+1

i with (6).
until βt+1 = βt

Update dr+1 with (7).
until the convergence of d or the other stop criterion.

A. TSVM Framework

Consider a set of L training pairs, i.e., {(xi, yi)}Li=1 , where
xi ∈ Rn (n is the spectral band count), and yi ∈ {1, −1},
and a set of U unlabeled samples, i.e., {xi}L+ U

i= L+1 . Following
Collobert et al.’s work [19], training a TSVM using the sym-
metric ramp loss for the unlabeled data is equivalent to training
an SVM where each unlabeled sample appears as two samples
labeled with both possible classes. We set yi = 1 when L + 1 ≤
i ≤ L + U and yi = −1 when L + U + 1 ≤ i ≤ L + 2U . The
objective function is now written as

J =
1
2
‖f‖2

H + C

L∑
i=1

H1(yif (xi))+ C∗
L+2 U∑
i= L+1

Rs (yif (xi))

(1)

where f is the decision function; ‖f‖2
H stands for the SVM

regularization term in Hilbert space H; the loss function,
i.e., H1(t) = max(0 , 1− t), is the classic hinge loss for the
labeled data; and the loss function, i.e., RS(|t|) = min(1 +
s, max(0, 1− |t|)) , is the symmetric ramp loss for the unla-
beled data. C and C∗ are the tradeoff parameters for the two
loss functions, respectively.

One problem with the TSVM is that, in high dimensions with
few training examples, it is possible to classify all the unlabeled
samples to only one of the classes with a very large margin. To
avoid this case, Chapelle and Zien [20] included the following
constraint, which we also use in this letter:

1
U

L+ U∑
i= L+1

f (xi) =
1
L

L∑
i=1

yi. (2)

B. Multiple-Kernel Formulation for TSVM

Recent advances in MKL have positioned it as an attractive
tool for tackling many learning tasks [14], [21]. Given a set
of M base kernel functions, i.e., {� k}Mk=1 , these methods
aim at learning a linear combination of the base kernels, i.e.,
K(xi, xj) =

∑M
k=1 dk� k(xi, xj), where d ∈ D, and D =

{d|d ≥ 0, d′1 = 1}. Therefore, the multiple-kernel version of
the TSVM objective function (1) is as follows:

min
fk, b,d

1
2

M∑
k=1

1
dk

‖gk‖2
H + C

L∑
i=1

H1 (yif (xi))

+ C∗
L+2 U∑
i= L+1

Rs (yif (xi)) (3)

where f(x)=
∑M

i=1dkgk(x)+ b, (1/U )
∑L+U

i= L+1f(xi)=(1/L)
∑L

i=1 yi.

C. CCCP

The objective function (3) is expressed as the sum of a
convex function, i.e., Jvex , and a concave function, i.e., Jcave ,
as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Jvex = 1
2

M∑
k=1

1
dk
‖gk‖2

H + C
L∑

i=1
H1 (yif (xi))

+ C∗
L+2 U∑
i= L+1

H1 (yif (xi))

Jcave = C∗
L+2 U∑
i= L+1

Hs (yif (xi))

(4)

where Hs(t) = max(0 , s− t).
Therefore, we can iteratively execute the optimization by

solving a sequence of convex problems that are obtained by
linearly approximating the concave function [6]. This kind of
iterative solution is known as the CCCP.

By introducing Lagrangian variables γi and pseudosample x0

(implicitly defined by �( x0) = (1 /U )
∑L+ U

i= L+1

∑M
k=1 dk� k

(xi)), the minimization problem for the sum of Jvex and
Jcave ’s first order approximation becomes equivalent to the dual
maximization convex problem of (L + 2U + 1) variables αi as
follows:

arg max
α

J = −1
2
αTKα +

L+2 U∑
i=0

αiζi (5)

under the following constraints:⎧⎪⎪⎨
⎪⎪⎩

L+2 U∑
i=0

αi = 0

0 ≤ yiαi ≤ C ∀1 ≤ i ≤ L
−βi ≤ yiαi ≤ C∗ − βi ∀i ≥ L + 1

with⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

αi = yi(γi − βi)

βi=
{
C∗, if yifθ(xi)<s and i≥L+1
0, otherwise

ζi=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
L

L∑
i=1

yi, i=0

yi, 1≤ i≤L
1, L+1 ≤ i≤L+ U
−1, L+ U+1 ≤ i≤L+2 ∗U

Kij=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, i=0 , j=0
M∑
k=1

dk� k(xi, xj), 1≤ i, j≤L+2U

1
U

L+ U∑
v= L+1

M∑
k=1

dk� k(xi, xv), j=0 , i>0

1
U

L+ U∑
v= L+1

M∑
k=1

dk� k(xj , xv), i=0 , j >0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then, to more accurately approximate the concave part, i.e.,
Jcave , we follow the standard CCCP [6] to update the interme-
diate variables as follows:

βt+1
i = yi

∂Js
cave(θ)

∂fθ(xi)

=
{
C∗, if yifθt+1 (xi)<s and i≥L+1
0, otherwise

(6)
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where θ is the SVM solution coefficient, and fθt+1 (xi) stands
for the TSVM decision function of the t + 1 iteration.

Iteratively minimizing the function in (5) and updating the in-
termediate variables in (6), we obtain the convergence solution
with the CCCP (the inner loop of Algorithm 1). For detailed
derivations, see [6].

After the CCCP, the coefficients dk for each kernel are
derived with the following gradient iteration method:

dr+1 = dr − τ∇dJ(d) (7)

where τ is the learning rate, and ∇dk
J(d) = −1/2

∑L+2 U
i, j=0

αiαj � k(xi, xj).

D. SMO

Optimizing the convex problem (5) requires heavy compu-
tational consumption. In this section, we propose the SMO
algorithm to accelerate the optimization. Inspired by the SMO
solution for the standard SVM [22], at each iteration, we
introduce two Lagrangian multipliers into the optimization, find
the optimal values, and update the TSVM to reflect the new
optimal values.

We suppose that the other Lagrangian variables (except αi

andαj) are fixed; thus, the object function in (5) can be written as

J(αi, αj) =
1
2

[αi αj ]
[
Kii Kij

Kji Kjj

] [
αi

αj

]

+

⎛
⎝ ∑

k 
= i, k 
= j

αkKik − ζi

⎞
⎠αi

+

⎛
⎝ ∑

k 
= i, k 
= j

αkKjk − ζj

⎞
⎠αj + const. (8)

By definition, αi = α∗
i + di; therefore, αj = α∗

j − di, where
α∗
i and α∗

j are the Lagrangian values in the last loop. Then, we
have

J(di) =
1
2
A

[
di +

B

A

]2

− B2

2A
(9)

with⎧⎨
⎩

A = Kii + Kjj − 2Kij

B =
(

L+2 U∑
k=0

αkKik − ζi

)
−
(

L+2 U∑
k=0

αkKjk − ζj

)
.

Therefore, the optimal di is quickly obtained by choosing the
best one in the set of {−α∗

i , α
∗
j , −B/A}. Following Osuna’s

theorem, all the Lagrangian variables will converge after several
iterations [22].

III. EXPERIMENTS AND RESULTS

A. Experimental Setup

Two hyperspectral data sets were used in our experiments.
The first data set is a 1096 × 715 hyperspectral image ac-
quired by a ROSIS-03 optical sensor (102 bands) over the
city center of Pavia [see Fig. 1(a)]. The following nine land-
cover classes (148 152 samples) are considered: water, trees,
meadows, bricks, soil, asphalt, bitumen, tiles, and shadows.

Fig. 1. Pseudocolor image, the ground truth map, and the CS-TMKL classi-
fication map for the hyperspectral data. (a) Pavia Center data set. (b) Kennedy
Space Center data set.

The second data set is acquired by an Airborne Visible/Infrared
Imaging Spectrometer (176 bands) over the Kennedy Space
Center [see Fig. 1(b)] with a 614 × 512-pixel area. Nine land-
cover classes (4464 samples) are chosen as follows: scrub,
willow, CP hammock, graminoid marsh, spartina marsh, cattail
marsh, salt marsh, mud flats, and water.

To analyze the classification performance with respect to
different sample sizes, we varied the number of labeled and
unlabeled samples independently in the set {45 & 100, 90 &
200, 180 & 400, 450 & 1000}. The labeled data, which were
randomly selected from the images, are considered the training
data (each class’s sample size is equal). The rest of the data are
considered the validation data. To standardize the hyperspectral
data, we performed data normalization on each band (scaling all
to numbers between zero and one). We suppose that the SVM
series schemes can handle the redundant bands; therefore, we
did not artificially remove the bands for kernels. Thus, all the
bands are included in the calculation of each kernel.

We compared the proposed CS-TMKL method with sev-
eral state-of-the-art competitive SVM-based algorithms, in-
cluding the single-kernel SVM (SK-SVM), the LapSVM [8],
SimpleMKL [14], and the TSVM with an SVM-Light solver
(LI-TSVM) [4]. To avoid skewed conclusions, all the exper-
imental results were averaged from ten different realizations,
where the training samples were randomly selected. All the
studies were performed on a 2.53-GHz Core 2 central process-
ing unit with 8 GB of random access memory.

B. Kernel Selection and Parameter Setting

For the proposed method, i.e., CS-TMKL, we determined
the kernel types from the following several candidate kernels:
the Gaussian kernel (k(xi, xj) = exp( −λ‖xi − xj‖2)) , the
Laplacian kernel (k(xi, xj) = exp( −

√
λ‖xi − xj‖)) , the

inverse-square-distance kernel (k(xi, xj)=1 /(λ‖xi−xj‖2+
1)), the inverse distance kernel (k(xi, xj)=1 /(

√
λ‖xi−xj‖+

1)), the inverse city-block distance kernel (k(xi, xj) = 1 /

(
√
λ‖xi − xj‖1 + 1)) , the inverse-square city-block distance

kernel (k(xi, xj) = 1 /(λ‖xi − xj‖2
1 + 1)) , the linear kernel

(k(xi, xj) = xT
i xj), and the specific quadratic polynomial

kernel (k(xi, xj) = ( λxT
i xj)2). To select the best kernel types,
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Fig. 2. Kernel selection and parameter tuning results. The left column is for
the Pavia Center data set, whereas the right column is for the Kennedy Space
Center data set. (Top) Kappa statistics for different kernel types. (Middle)
Kappa surface with respect to different C and C∗. (Bottom) Kappa curve with
respect to different s.

we did a fivefold cross validation over the labeled training
data with the TMKL algorithm using different types of kernels
(we set s = −0.5 and C = C∗ = 1 ). The averaged results
are shown in the top row in Fig. 2. Here, we observe that the
Euclidean-distance-based (L2-norm) kernels achieve a higher
kappa than other kernel types, and they are stable for both
data sets. Therefore, to reduce the computation cost, we only
selected the top three kernel types (the radial basis function,
inverse-square-distance, and Laplacian kernels) as the default
kernel types for TMKL. The Gaussian widths of the three
kernel types were tuned in the range of {2−1, 2−2, 2−3, 2−4},
resulting in 12 kinds of base kernels in the TMKL training
procedure.

Considering that free parameters C and C∗ in (5) varied in
the range of {2−2, 2−1, 1, 2, 22}, we performed a grid search
over the labeled training data to obtain the optimal regular-
ization parameters for TMKL (s = −0.5). The kappa surface
is exhibited in the middle row in Fig. 1. Here, we see that the
kappa remains high when C is high and C∗ is low; the perfor-
mance deteriorates when C decreases or C∗ increases. Accord-
ing to the surface, for the Pavia Center data set, the optimal
setting is C =2 and C∗ =0 .25, whereas for the Kennedy Space
Center data set, the optimal setting is C = 4 and C∗ = 0 .5.

Given a base kernel set and regularization parameters, we
measure the influence of kappa statistics with respect to pa-
rameter s in (5). This parameter is used to control the flat
part of the symmetric ramp loss, thus preventing our algorithm
from making an erroneous early decision [6]. The experimental
results are shown in the bottom row in Fig. 2. The highest
kappas of the two data sets are achieved when parameter s is
between −0.4 and −0.2. Therefore, we set the parameter to
s = −0.3 for both data sets.

To ensure a fair comparison, we included similar kernel
selection and parameter tuning steps for the other methods. We

TABLE I
AVERAGED KAPPA STATISTICS AND STANDARD DEVIATIONS WITH

DIFFERENT METHODS ON THE PAVIA CENTER DATA SET

TABLE II
AVERAGED KAPPA STATISTICS AND STANDARD DEVIATIONS WITH

DIFFERENT METHODS ON THE KENNEDY SPACE CENTER DATA SET

selected the final kernel types from the same candidate kernel
pool and, then, performed a fivefold grid search to obtain the
optimal regularization parameters and kernel scale parameters
for each binary classifier. Therefore, we chose the Laplacian
kernel for the SK-SVM and the LapSVM, the inverse-square-
distance kernel for the LI-TSVM, and the combination of a
Gaussian kernel, a Laplacian kernel, and an inverse distance
kernel for SimpleMKL.

C. Evaluation of the Classification Performance

Tables I and II show the kappa statistics and the standard
deviations for the five kinds of classifiers with different sample
sizes over the two data sets. From the tables, we draw the
following three conclusions. First, multiple-kernel approaches
outperform single-kernel approaches on both data sets. This re-
sult suggests that multiple kernels provide a more general form;
thus, raw spectral signatures can be mapped to a more compli-
cated high-dimensional space that might be more easily sepa-
rated by the hyperplane. Second, as the sample size increases,
the kappa statistics of all the methods increase, which demon-
strates that the additional labeled and unlabeled data provide
more discriminant information. Finally, the proposed method,
i.e., CS-TMKL, exhibits the best performance over other
methods. For example, considering the case with 450 labeled
and 1000 unlabeled data, for the Pavia Center data set, it
exhibits a gain of 0.027, 0.056, 0.119, and 0.011 in terms of
kappa over the SK-SVM, the LapSVM, the LI-TSVM, and
SimpleMKL, respectively; for the Kennedy Space Center data
set, the gain becomes 0.021, 0.033, 0.095, and 0.011 over
the SK-SVM, the LapSVM, the LI-TSVM, and SimpleMKL,
respectively. We select the runs of CS-TMKL with the median
classification performance and show the corresponding classi-
fication maps (right columns in Fig. 1). Excellent classification
accuracy is obtained. Even with very few labeled training data,
uniform classification covers are observed.
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Fig. 3. Weight proportion values of different kernels in the CS-TMKL model
for the (left) Pavia Center data set and the (right) Kennedy Space Center
data set.

Fig. 4. Optimization times as a function of the sample sizes using different
methods on the Pavia Center data set.

To investigate the importance of different kernel types and
kernel scale parameters in the TMKL model, we present a
weight proportion analysis of all the used kernels. We sum
up the weights for each kernel over all binary classifiers, and
then, we normalize the weight sums as a distribution. Then,
the weight proportion is used to measure the importance of
its corresponding kernel. The results in Fig. 3 reveal that the
inverse-square-distance kernel occupies the greatest share of all
the kernel types. This phenomenon, which was observed in both
data sets, might suggest that the best discriminate information
exists in the inverse-square-distance kernel and might offer a
way to a deeper insight into the model for further training.

D. Evaluation of Computational Performance

In order to validate the competitiveness of our proposed
method with respect to the other methods, a study of the compu-
tational cost is essential. Considering the extra computation for
kernel combination and optimization, the cost for CS-TMKL
becomes a crucial issue. Experimental results for the Pavia
Center data set are shown in Fig. 4. Compared with the standard
SVM and the LapSVM, iterative methods such as SimpleMKL,
the LI-TSVM, and CS-TMKL require a larger computational
effort for optimization. The LI-TSVM implementation results
in the highest computational cost. It only swaps the labels of
two unlabeled examples at each step to enforce the balancing
constraint, and this may lead to many iterations to reach a
minimum (there are 2U kinds of possible labels for U unla-
beled data). In contrast to that, CS-TMKL with a CCCP algo-
rithm typically quadratically scales (computational complexity
O((L + 2U )2)) in most practical cases [6]. Therefore, as the
results show, CS-TMKL is a more scalable algorithm than the
classic transductive learning method, and CS-TMKL can be
applied to large data sets with an acceptable computational cost.

IV. CONCLUSION

In this letter, we have presented a novel semisupervised
algorithm under the TMKL framework (CS-TMKL) to solve
the multiclass classification problem in hyperspectral imagery.

The new methodology yields two main advantages. First, by
introducing the multiple-kernel combination, the learning frame-
work helps improve the classification accuracy for the multi-
class classification problem in remote sensing. Second, with
quadratic scaling computational complexity, CS-TMKL is appli-
cable for large-scale problems with a lower computational load
than the traditional TSVM. The experimental results for the two
data sets also confirm the benefits of the proposed algorithm.
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