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Abstract— Safety control constitutes an important aspect of
hybrid systems and control. Invariance controllers guarantee
that a system can stay within a given safe set for all future
time. While abstraction-based approach to control synthesis
takes the advantages of formal methods in automatic synthesis,
abstractions often introduce spurious transitions that can lead
to failure of controller synthesis for a given specification, even
though the original system can be controlled to satisfy this specification. For discrete-time switched systems, this paper presents
an interval arithmetic-based approach for invariance control
synthesis. The main synthesis algorithms rely on partition
refinement techniques and backward reachable set computation
using interval analysis. The use of rigorous numerics allow us
to prove formal guarantees of finding an invariance controller
via abstraction refinement, provided that a robustly invariant
condition is satisfied for the original switched system. The
results are illustrated with polynomial dynamics.

I. INTRODUCTION
The switched systems considered in this paper are the
hybrid systems whose control variables are restricted to the
discrete modes only. This restriction often makes conventional control methods difficult to apply [1]. Control of
switched systems arises in a variety of applications, e.g.,
switching control of converters [2], multi-mode engines [3],
robotics [4], etc.
Abstraction-based approaches gained popularity in recent years for solving control problems for hybrid systems
from high-level specifications. The underlying principle is
to search for discrete controllers in finite abstractions of
the original systems with continuous or hybrid dynamics,
avoiding handling highly nontrivial dynamics and rich specifications at the same time. Leveraging the advantages of formal methods for automatic searching and verification, such
approaches are successfully applied to synthesize controllers
for dynamical systems from relatively complex specifications, e.g., control of linear systems [5], piecewise affine
systems [6], and nonlinear systems [7], [8] from temporal
logic specifications, with applications in robotics [9], electric
power systems [10], automotive adaptive cruise control [11].
Most abstractions considered in the literature are conservative approximations of the original system models, with
the exception of bisimilar symbolic models that can be constructed for incrementally stable systems [12], [13]. Without
such stability assumptions, over-approximations [7], [8], [14]
and alternatingly similar models [15] can be computed for
nonlinear systems. These conservative abstractions are sound
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in the sense that, if a discrete controller can be found, it is
guaranteed to work for the original system. However, they
may contain spurious transitions that can lead to infeasibility of the discrete synthesis problem, despite that there
may exist a controller for the original system. To mitigate
the conservativeness of abstractions, abstraction refinement
techniques are introduced [16] and better approximations via
local reachable set computation are considered [17]. Despite
such efforts, it remains an issue to identify conditions for the
existence of conservative abstractions of possibly unstable
nonlinear systems, which are guaranteed to yield a controller,
if one exists for the original system. This motivates the
current paper.
In this paper, we focus on the invariance control problem
of discrete-time switched nonlinear systems. Our approach
does not assume that the subsystems are asymptotically
stable or have common equilibrium points. To be specific,
our contribution lies in two aspects: (1) to automatically
construct the finite abstractions of discrete-time switched
systems, yielding invariant controllers with respect to the
specifications. Interval analysis [18] is used for computing
backward reachable sets, and partition refinement techniques
for automatic partitioning [19]. Compared with abstractionbased methods, our approach generates non-uniform grids
according to both dynamics and specifications, resulting
in a lower computational complexity. (2) to address the
invariance control guarantee, despite the use of conservative
abstractions for possibly unstable nonlinear systems. To
counter the problem in abstraction-based methods that the
over-approximations are incomplete for control synthesis, we
introduce a robust invariance property that has to be imposed
on the original systems to counter the unavoidable approximation errors. A rule for choosing the precision parameter is
also derived as a guarantee for successful invariance control
synthesis.
The organization of this paper is as follows. In section
II, we define the robustly controlled invariance condition for
discrete-time switched systems, and formulate the continuous
invariance synthesis problem. In section III, the discrete
invariance synthesis problem is given based on an abstraction of the original swiched systems. Section IV presents
our main result, which is the partitioning algorithm that
constructs an abstraction automatically while generating an
invariance controller. A condition for the completeness of
this method is also provided in this section. In section V,
we illustrate our approach by an example of polynomial
dynamical system.
Notation: Z, R, Rn denote the set of all integral numbers,

real numbers, and n-dimensional vectors, respectively; Z≥0 ,
R≥0 , and Rn≥0 are the corresponding sets that only have the
non-negative members (component-wise non-negative for ndimensional vectors); a compact set is called full if it is equal
to the closure of its interior; k · k denotes infinity norm in
Rn ; given ε ∈ R≥0 and x ∈ Rn , define Bε (x) := {y ∈
Rn | ky − xk ≤ ε}, and Bε := Bε (0); given y ∈ Rn and
A ⊂ Rn , the distance from y to A is defined by kxkA :=
inf x0 ∈A ky−xk; given two sets A1 , A2 ⊂ Rn , the Pontryagin
difference is defined as A1 A2 := {x1 ∈ Rn | x1 + x2 ∈
A1 , ∀x2 ∈ A2 }; the boundary of A is denoted by ∂A, the
interior of A is denoted by int(A), and cl(A) is the closure
of A; given two sets A, B ⊂ Rn , B \ A := {x ∈ B | x 6∈ A};
an interval vector (or box) in Rn is denoted by [x], where
[x] := [x1 ] × · · · × [xn ] ⊂ Rn and [xi ] = [xi , xi ] ⊂ R
for i = 1, · · · , n; the width of the interval [x] is defined as
w([x]) := max1≤i≤n {xi − xi }.
II. I NVARIANCE C ONTROL S YNTHESIS P ROBLEM
A. Discrete-time switched systems
We consider discrete-time switched systems described by:
xk+1 = Φlk (xk ),

k ∈ Z≥0 ,

(1)

where xk , xk+1 ∈ Rn denote the continuous system states
at time k and k + 1, respectively. The set M := {1, . . . , m},
where m ∈ Z≥0 , defines the finite set of modes. The
switching mode is the only control variable and is denoted
by lk ∈ M, the mode chosen at time k. The family of continuously differentiable functions {Φl : Rn → Rn | l ∈ M}
determine the nonlinear dynamics for all subsystems.
Any infinite sequence in M defines a switching signal for
system (1). We denote a particular switching signal by σ :=
∞
{lk }k=0 , where lk ∈ M for all k ≥ 0. Given a switching
∞
signal σ := {lk }k=0 and an initial state x0 ∈ Rn , the solution
∞
of system (1) is the unique sequence {xk }k=0 in Rn such
that (1) is satisfied.
B. Controlled invariance

Definition 3: Given a set of states X0 , the one-step backward reachable set for system (1) from X0 is defined by
P re(X0 ) := {x ∈ Rn | ∃l ∈ M, s.t. Φl (x) ∈ X0 }.
Similarly, we denote by
P rel (X0 ) := {x ∈ Rn | Φl (x) ∈ X0 }.
the one-step backward reachable set of X0 under mode l.
Obviously,
[
R(X0 ) =
Rl (X0 ),
l∈M

[

P re(X0 ) =

P rel (X0 ).

l∈M

For system (1), we provide this condition in the following
proposition, which is a straightforward result from [20], [21].
Proposition 1: Consider the discrete-time switched system (1). A set Ω is controlled invariant for system (1) if and
only if
Ω ⊆ P re(Ω),
(2)
or equivalently
[

Ω⊆

P rel (Ω).

(3)

l∈M

C. Robustly controlled invariance
Abstraction-based control relies on finite approximations
of the original system models. Due to the mismatches
between system models and their finite abstractions, one
may not be able to find a controller using abstractionbased methods, even if there exists a controller for the
original system. To preserve the feasibility of invariance
control despite the mismatches, we introduce the following
robustness definition.
Definition 4: A compact set Ω is said to be a r-robustly
controlled invariant set for system (1) if and only if
[
Ω⊆
(P rel (Ω) Br ),
(4)
l∈M

In this paper, we focus on the invariance control problem
for system (1), which aims to prevent the solutions of (1)
from leaving a predefined set of states by applying proper
controllers. The definition given below is central to this
problem.
Definition 1: A compact set Ω ∈ Rn is said to be
controlled invariant for system (1) if, for any initial state in
Ω, there exists a switching signal σ such that the resulting
solution of (1) remains in Ω.
To characterize controlled invariant sets, we rely on the
following definition of reachable sets.
Definition 2: Given a set of initial states X0 , the one-step
forward reachable set for system (1) from X0 is defined by
R(X0 ) := {x ∈ Rn | x = Φl (x0 ), for all x0 ∈ X0 , l ∈ M},
and
Rl (X0 ) := {x ∈ Rn | x = Φl (x0 ), for all x0 ∈ X0 }
denotes the corresponding reachable set under mode l ∈ M.

where denotes the Pontryagin difference between two sets.
Denote by r∗ the supremum of r such that (4) is satisfied,
which is called the robust invariance margin.
The above definition essentially says that, for each point
x ∈ Ω, there exists at least one mode l ∈ M such that under
this mode the next-step states of system (1) starting from the
set Br (x) is guaranteed to be inside Ω if r ≤ r∗ .
D. Problem statement
To formulate the invariance control problem, we define
switching invariance controllers as follows.
Definition 5: A (memoryless) switching controller of system (1) is a function
c : Rn → 2 M .
A (state-dependent) switching signal σ =
conform to a switching controller c, if
lk ∈ c(xk ),

∀k ≥ 0,

(5)
∞
{lk }k=0

is said to
(6)

∞

where {xk }k=0 is the resulting solution of (1).
In other words, a switching controller maps a current state
into a set of modes that are allowed to apply. A switching
signal chooses at each time a specific mode that is allowed
by the switching controller.
Definition 6: A switching controller c is said to be an
invariance controller for system (1) with respect to a given
compact set Ω ∈ Rn if, for any initial state x0 ∈ Ω and
∞
any switching signal σ = {lk }k=0 that conforms to c, the
∞
resulting solution {xk }k=0 of (1) stays inside Ω for all future
time, i.e., xk ∈ Ω for all k ≥ 0.
Based on the above definitions, the main problem is stated
as follows.
Problem 1 (Continuous Invariance Synthesis): Suppose
that Ω ⊂ Rn is a compact r-robustly controlled invariant
set for system (1). Synthesize an invariance controller c
with respect to Ω, and find the condition under which the
synthesis approach is guaranteed to succeed.
The completeness of the existing abstraction-based control
synthesis methods is guaranteed by (approximate) bisimulation relation in constructing abstractions, which is developed
for controllable discrete-time linear systems [22] or systems
satisfying incremental stability [23], [24]. For the systems
that do not satisfy the incremental stability requirement, nondeterministic over-approximations can be used but are only
guaranteed to be sound. In Problem 1, we aim to identify the
condition under which the synthesis algorithm to be proposed
in this paper can be complete.
III. D ISCRETE R EPRESENTATION OF
T HE S YNTHESIS P ROBLEM
In this section, we define finite abstractions of system (1),
which are formulated as transition systems, for solving the
invariance control synthesis problem.
A. Transition systems
Definition 7: A transition system is a tuple
T = (Q, Q0 , A, →T ),
where
• Q is a set of states;
• Q0 ⊂ Q is the set of initial states;
• A is a set of actions;
• →T ⊂ Q × A × Q is a transition relation.
It is finite if Q and A both contain finite number of
elements. A transition (q, a, q 0 ) ∈→T means that the system
state will go from q to q 0 under the action a, where q is called
the predecessor and q 0 is the successor, relative to each other.
The transition system T is deterministic if there is only one
successor from a certain state under a given action, and nondeterministic if there are multiple such successors.
A (memoryless) control strategy for T is a function
µ : Q → 2A . An execution of a transition system is an
alternating sequence of states and actions. It is finite if there
are finite number of states and actions, and it ends with
a state; it is infinite otherwise. An infinite execution of a
transition system T is denoted by % = q0 a0 q1 a1 · · · qn an · · · ,

where (qi , ai , qi+1 ) ∈→T for all i ≥ 0. An execution of T
following a control strategy µ satisfies ai ∈ µ(qi ) for all
i ≥ 0. A path is obtained from an execution by omitting all
the actions, e.g., ρ = q0 q1 · · · qn · · · is the path resulted from
the execution % above.
B. Abstraction by over-approximation
In the following, we use the concept of forward reachable
set to define finite abstractions of system (1).
Definition 8: An abstraction map α is a function α :
Rn → 2Q that maps Rn into a subset of a finite set Q,
and each member of Q is called a cell.
Let α−1 (q) := {x ∈ Rn | α(x) = q} denote the set of
states in Rn that are mapped into q ∈ Q under α.
Definition 9: Given an abstraction map α : Rn → 2Q , a
finite transition system
T = (Q, Q0 , A, →T )
is said to be an α-induced over-approximation of system (1),
if
S
• Q0 =
x∈X0 {α(x)};
• A = M;
0
• (q, l, q ) ∈→T if the following condition is satisfied
α−1 (q 0 ) ∩ Rl (α−1 (q)) 6= ∅.
(7)
It is called an over-approximation because condition (7)
indicates that a discrete state transition from q to q 0 will
be included into the abstraction, as long as the region
α−1 (q 0 ) intersects with the one-step forward reachable set
of α−1 (q), i.e., the transitions in T covers all the possible
state transitions from α−1 (q) to α−1 (q 0 ) under the dynamics
of (1).
As a result of using over-approximation, T is often a nondeterministic transition system. To see this, note that the onestep reachable set of Rlα−1 (q) , for some q ∈ Q and some
action l ∈ M, may intersect with multiple regions of the
form α−1 (q 0 ), where q 0 ∈ Q. In other words, there can be
several successors of a single predecessor under the same
action. Furthermore, in many cases, the forward reachable
set cannot be computed exactly. Its outer approximations
will be used instead, which can further introduce spurious
transitions and consequently increase the non-determinism
of the abstraction.
C. Discrete invariance control
Based on the finite abstraction defined above, we can
formulate the following discrete synthesis problem.
Problem 2 (Discrete Invariance Synthesis): Given an αinduced over-approximation T of system (1) and the set
[
α(Ω) :=
α(x),
x∈Ω

design a control strategy µ for T such that all resulting paths
of T stay fully inside α(Ω).
If the abstraction map α is preserving the target invariance
set Ω in the sense that α−1 ◦α(Ω) = Ω, then, by the definition
of an over-approximation, it is not difficult to show that the

controller µ can be implemented on the original system (1) as
an invariance controller. This is guaranteed by the soundness
of over-approximation [17]. Here we focus on completeness
of the approach. In other words, we aim to find an α-induced
over-approximation based on which an invariance controller
can be synthesized if there exists one for the original system.
As a result of non-determinism, an invariance controller
cannot be guaranteed to exist for the abstraction, although
the original system is proved to be controlled invariant
with respect to a full and compact set of states Ω. This is
because, affected by spurious transitions in the abstraction,
the permissible control actions in the original system may
not be allowed to use.
Therefore, the key problem lies in finding a proper abstraction map α such that the α-induced over-approximation
does not lose the controlled invariant property with respect
to a given set. We formalize the problem as follows.
Problem 3 (Construction of Abstraction): Suppose that
Ω ⊂ Rn is a compact r-robustly controlled invariant set for
system (1). Find an abstraction map α such that one can solve
the discrete invariance synthesis problem for the α-induced
over-approximation of system (1).
IV. I NVARIANCE CONTROL VIA ABSTRACTION
REFINEMENT BASED ON INTERVAL ANALYSIS

This section is devoted to the main result of this paper,
which presents a partition refinement algorithm based on
interval analysis. The refinement procedure yields an abstraction map such that the induced finite abstraction of the
original system is guaranteed to have an invariance controller.
A. Partition refinment
Definition 10: Given a set Ω ∈ C(Rn ), a finite collection
of sets
P = {P1 , P2 , · · · , PN },
is said to be a partition of Ω, if the following conditions are
satisfied:
1) Pi ⊂ Ω, for all i ∈ {1, · · · , N };
2) int(Pi ) ∩ int(Pj ) = ∅, for all i, j ∈ {1, · · · , N };
SN
3) Ω ⊂ i=1 Pi .
Moreover, each element Pi of the partition P is called a cell.
If we consider each cell Pi of a partition P as a discrete
state qi and the complement of the set Ω in Rn by a single
state qo , an abstraction map α : Rn → 2Q such that for all
x 6∈ Ω, α(x) = qo ; for all x ∈ Ω and all i ∈ {1, · · · , N }, qi ∈
α(x), if and only if x ∈ Pi . Clearly, Q = {qo , q1 , · · · , qN }.
Hence, the problem of finding an abstraction map for the
state space is equivalent to designing a partition.
To guarantee that the invariance control problem is feasible
for an α-induced over-approximation, we have to find a
partition P of Ω such that, for any cell in P, there exists
a switching mode such that the one-step forward reachable
set is fully covered by Ω.
The proposed partitioning method consists of four steps.
Step 1. Let
Sl := P rel (Ω).
(8)

Step 2. Split Ω into two parts: Ωla := Sl ∩ Ω and Ωlb =
Ω \ Ωla .

Step 3. Repeat Steps 1 and 2 to compute Ωla , Ωlb for each
mode l ∈ M.
Step 4. Return a partition P by intersecting all the parts for
all modes:
 l
Ωa , Ωlb : l ∈ M .
Algorithm 1 is an implementation of the above partitioning method using the partition refinement technique, which
incrementally splits a finite set according to a series of
pivot subsets S [19]. The process of refining a partition
P = {P1 , · · · , PN } with respect to a single pivot set S is the
process of replacing each cell Pi by two cells Pia = Pi ∩ S
and Pib = Pi \ S. In this paper, the pivot sets are chosen to
be {Sl : l ∈ M} as defined in (8).
Algorithm 1 examines every switching mode by looping
over the set M. Line 4 produces a pivot set Sl for mode
l. The current partition P as well as the associated action
set Act is refined with respect to Sl by calling a refine
procedure in line 8, which is outlined in Algorithm 2. The
refined partition and the set of permissible actions together
will naturally define an invariance controller for the original
system. In Algorithm 2, the set of permissible actions for
cell P is denoted by AP ∈ Act.
Algorithm 1 Partition Algorithm
Require: Ω, M, τs , ε
1: P = {Ω}
2: Act = ∅
3: for all l ∈ M do
4:
Sl = P rel (Ω)
5:
if Sl 6= ∅ then
6:
ref ine(P, Act, Sl , l)
7:
end if
8: end for
return P

B. Reachable set approximation via interval arithmetic
The remaining question of implementing Algorithm 1 is
how to compute the pivot set Sl for each mode l ∈ M,
which, by definition, involves the computation of backward
reachable sets. Since it is difficult to obtain the exact forward
and backward reachable sets for nonlinear systems, their
approximations are considered instead.
In this paper, we apply interval analysis. More specifically,
to approximate the set Sl , we apply Set Inversion Via Interval
Analysis (SIVIA) algorithm (see [18] for details and pseudo
code). SIVIA is designed to approximate the reverse image
X of a set Y under a function f , i.e., X = f −1 (Y ). The
inputs are Y , f , a prior box [x0 ] to which X is confined,
and an approximation accuracy parameter ε. It returns two
sets X, X satisfying X ⊂ X ⊂ X. The advantage of this
algorithm is that the image approximation is controlled by the
given accuracy parameter ε, and is guaranteed to converge
as ε decreases to zero, provided that the function f −1 is a

Algorithm 2 Partition Refinement
1: procedure REFINE (P, Act, S, l)
2:
if S = ∅ then
3:
return
4:
end if
5:
for all P ∈ P do
6:
if P 6= ∅ then
7:
remove P from P
8:
Pa = P ∩ S, Pb = P \ S
9:
if Pa 6= ∅ then
10:
insert Pa as a new partition to P
11:
Aa = AP ∪ l, add Aa to Act for Pa
12:
end if
13:
if Pb 6= ∅ then
14:
insert Pb to replace P
15:
keep AP for Pb
16:
end if
17:
end if
18:
end for
19: end procedure

continuous in the sense of a certain set distance for some
compact and full set X [18].
In our implementation of SIVIA, for system (1) under
a given mode l ∈ M, the function f is taken to be a
state transition function Φl , the set Y is the given controlled
invariant set Ω, and the prior box [x0 ] is a set that contains
Sl . As such, the output Sl , Sl under- and over- approximate
the precise one-step backward reachable set Sl separately.
In the following, we denote our application of SIVIA by
(Sl , Sl ) = SIVIA(Φl , Ω, [x0 ], εr ), where εr is the algorithm
accuracy parameter.
C. Invariance control guarantees
The completeness guarantee of the control synthesis on
the resulting partition relies on the following assumption.
Assumption 1: Let Φl is invertible for all l ∈ M. There
exist ρ1 , ρ2 > 0 such that system (1) satisfies the following
condition for some compact set Ω ⊂ Rn for all l ∈ M:
kΦl (x) − Φl (y)k
−1
kΦl (x) − Φ−1
l (y)k

≤ ρ1 kx − yk,

∀x, y ∈ Ω,

≤ ρ2 kx − yk,

∀x, y ∈ P rel (Ω),

where Φ−1
is the inverse function of Φl .
l
If Φl is continuously differentiable on Ω for all l ∈ M,
then ρ1 = maxx∈Ω,l∈M kJx Φl k, where Jx is the Jacobian
matrix at x. Likewise, if Φ−1
is Lipschitz continuous on Ω
l
for all l ∈ M, then ρ2 = maxx∈Ω,l∈M kJx Φ−1
l k.
Now we are ready to present the condition such that an
invariance controller is guaranteed for the discrete synthesis
problem.
Theorem 1: Let Ω ⊂ Rn be compact. Suppose that
Assumption 1 holds on Ω, and system (1) is r-robustly
controlled invariant with respect to Ω. The partition generated by Algorithm 1, with the pivot sets computed by

SIVIA(Φl , Ω, [x0 ], εr ), can solve Problem 3, if the precision
parameter εr is chosen such that
ρ2 ρ1 εr ≤ r,

∀l ∈ M.

(9)

Proof: Denote by ∆Sl the set of intervals that are
included in Sl but not in Sl , where Sl is the underapproximation of Sl returned by SIVIA(Φl , Ω, [x0 ], εr ) and
Sl is defined in (8).
Given that system (1) is r-robustly controlled invariant
with respect to Ω, then for any x ∈ Ω, there always exists a
switching mode l ∈ M such that x ∈ Sl Br . We aim to
show that x ∈ Sl .
Suppose this is not the case. Then x ∈ [x] ∈ ∆Sl , since
Φl (x) ∈ Ω. There exists a point x0 ∈ ∂Sl such that kx0 −
xk < ρ2 ρ1 εr ≤ r. Let kx0 − xk = γ < ρ1 εr . Then for
any given δ > 0 satisfying δ + γ < r, there exists a point
x00 ∈ Rn \ Sl such that kx00 − x0 k ≤ δ. Thus, kx00 − xk ≤
kx00 − x0 k + kx0 − xk ≤ δ + γ < r. This implies there exists
a point z ∈ Br such that z + x = x00 ∈
/ Sl , which means
x∈
/ Ω Br . This is a contradiction.
Therefore, for any x ∈ Ω, there exists at least one mode
l ∈ M such that x ∈ Sl . This implies
Ω ⊂ ∪l∈M Sl ⊂ ∪l∈M Sl .
Define a set of discrete states Q = {qo , q1 , · · · , qN }.
Construct the abstraction map α : Rn → 2Q such that for
all x 6∈ Ω, α(x) = qo ; for all x ∈ Ω and all i ∈ {1, · · · , N },
qi ∈ α(x), if and only if x ∈ Pi .
We then construct the α-induced over-approximation according to Definition 9. Denote by {qi0 } the set of successors
of qi satisfying (7), for all i ∈ {1, · · · , N } and mode l ∈ M.
According to property A, we have RlPi ⊂ Ω. Then we can
conclude that, if l belongs to the set of permissible actions
for Pi , {qi0 } ⊂ Q \ qo , and otherwise {qi0 } = qo .
Given the condition that Ω ⊂ ∪l∈M Sl , for any x ∈ Ω,
it should be covered by at least one set Sl . Suppose Pi is
the cell that contains x. Thus, refined by Algorithm 2, the
associate set of permissible actions for Pi contains l, and
the permissible action set for each cell should be non-empty.
This defines a control strategy such that all the resulting
paths are inside Ω, which means that the discrete invariance
synthesis problem can be solved.
According to Algorithm 1, any states that can stay inside
Ω in one step time under the same set of switching modes
belong to the same cell. The number of pivot sets is the
number of switching modes, which is finite. This implies that
Algorithm 1 will terminate after a finite number of iterations.
Therefore, it is complete.
D. Computational complexity
The time complexity of the proposed partition refinement
algorithm, which directly yields an invariant controller, is a
combined complexity of the partition algorithm and SIVIA.
Our partition algorithm has fixed number of iterations,
which equals to the number of modes, and there is no order
for the intervals that belong to the same cell. Then the
complexity relies on the number intervals in each pivot set.
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V. E XAMPLE OF P OLYNOMIAL DYNAMICS
We consider a discrete-time nonlinear switched system
with polynomial dynamics:
xk+1 = fl (xk ), l ∈ {1, 2, 3, 4},

Fig. 1.

The partition result of the polynomial dynamics.
1,4
2

(10)

where x = [x1 , x2 ]T and


0.85x1 − 0.1x2 − 0.05x31
,
f1 (x) =
x2 − 0.1x22 + 0.1x1 + 0.2


0.85x1 − 0.1x2 − 0.05x31
,
f2 (x) =
0.9x2 + 0.1x1


0.99x1 − 0.02x2 − 0.01x31 + 0.04
,
f3 (x) =
x2 + 0.02x1 + 0.2


0.99x1 − 0.02x2 − 0.01x31 − 0.03
.
f4 (x) =
x2 + 0.02x1 − 0.2
This is a 2-dimensional, 4-mode discrete-time nonlinear
switched system. It is adapted from the polynomial system
example in [7], [8]. Compared with modes 1 and 2, modes
3 and 4 provide faster dynamics. Given the target invariant
set Ω = [−0.7, 0] × [0.2, 0.8], which is is a 0.3-robustly
controlled invariant set for system (10), we aim to design an
invariance controller to keep the state trajectory inside Ω for
all future time. Evaluation of the Jacobian matrix around Ω
for each mode gives ρ21 = 1.06, ρ12 = 1, ρ13 = 1.02, ρ14 =
1.02, and ρ21 = 1.60, ρ22 = 1.43, ρ23 = 1.05, ρ24 = 1.06,
where the second number in the subscript denotes modes.
Since Ω is an interval, by Theorem 1, we set the accuracy
parameter εr = 0.03 for all four modes.
The target invariance set Ω is divided into 8 cells after
performing Algorithm 1. The partition is shown in Figure 1,
where each cell shown in different gray scales and marked
by red numbers. The whole partition algorithm takes around
9 seconds to complete, which is implemented using Matlab
and runs on a 2.4 GHz Intel Core i5 processor.
The set of permissible modes for each cell are {1,2,3,4},
{1,2,3}, {1,2,4}, {1,2}, {1,3}, {1}, {2,4}, and {2}, respectively. Applying a time minimal control strategy based on
the partition and its resulting finite abstraction (shown in
Figure 2), we simulate the closed-loop control system with
an initial condition x0 = [−0.67, 0.77]T ∈ Ω. The simulation
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Fig. 2.

The resulting finite abstraction.

results are shown in Figures 3 and 4. As a result of time
optimal control strategy, after a period of time, the system
is switching between mode 3 and 4, both of which are fast
dynamics.
VI. CONCLUSIONS AND FUTURE WORKS
In this paper, we presented an interval arithmetic based
method to solve an invariance control synthesis problem
for discrete-time switched nonlinear systems. The invariance
controller was designed by finite abstraction, which is an
over-approximation of the original system induced by an
abstraction map. Usually as a result of spurious transitions
introduced by over-approximation, the invariance control
synthesis problem for the discrete abstraction is not guaranteed to be feasible, even if the original system can be
proved to be controlled invariant. We have addressed this
issue by introducing a robust invariance condition for the
original system. With such a condition, and enabled by the
guaranteed convergence of interval computation (under mild
assumptions), we have been able to prove guarantees for the
feasibility of discrete invariance control problem resulting
from conservative abstractions.
The given set is controlled invariant for discrete-time
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The simulation results showing the system state time history.
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Fig. 4. The simulation results showing the state evolution on 2-dimensional
phase plane.

switched system (1) is a special case in invariance control.
Generally, there might be a maximal controlled invariant
set inside a given specification. Future work will focus
on computing the maximal controlled invariant set and the
robust invariance margin. Extending the interval analysis
methods to provide guarantees for abstraction-based control
synthesis for more general specifications than invariance and
analysis of robustness of the controllers synthesized using
such methods will also be investigated, especially since one
would expect a robust controller has to somehow exist for
the original system to render the discrete synthesis feasible.
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