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This paper considers switching stabilization of some general nonlinear systems. Assuming
certain properties of a convex linear combination of the nonlinear vector fields, two ways
of generating stabilizing switching signals are proposed, i.e., the minimal rule and the gen-
eralized rule, both based on a partition of the time-state space. The main theorems show
that the resulting switched system is globally uniformly asymptotically stable and globally
uniformly exponentially stable, respectively. It is shown that the stabilizing switching sig-
nals do not exhibit chattering, i.e., two consecutive switching times are separated by a
positive amount of time. In addition, under the generalized rule, the switching signal does
not exhibit Zeno behavior (accumulation of switching times in a finite time). Stability anal-
ysis is performed in terms of two measures so that the results can unify many different sta-
bility criteria, such as Lyapunov stability, partial stability, orbital stability, and stability of
an invariant set. Applications of the main results are shown by several examples, and
numerical simulations are performed to both illustrate and verify the stability analysis.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

Switched systems are appropriate models for many systems encountered in applied fields that exhibit switching between
several subsystems depending on various environmental factors. A switched system usually consists of a family of contin-
uous subsystems and a logic-based rule that determines the activation of one of the subsystems at certain time-interval.
Switched systems form a special class of hybrid systems and have numerous applications in control of mechanical systems,
automotive industry, aircraft and air traffic control, switching power converters, and many other fields (see [8,9,11,12] and
references therein). Therefore, switched systems and, more generally, hybrid systems are currently becoming a large and
growing interdisciplinary area of research. While major advances in this topic have been made by applied mathematicians,
control engineers, and, more recently, computer scientists, many important questions related to the stability analysis of such
systems still remain unanswered, even for linear systems [13].

In [9,13], some basic problems related to the stability issues of switched systems are surveyed, among which we note, in
particular, the problem of constructing stabilizing switching rules for a family of unstable systems. In [15] (see also [17]), the
following problem is addressed:

Given two linear system x0 ¼ A1x and x0 ¼ A2x, where A1 and A2 are not Hurwitz in that they both have some eigenvalues in the
right half plane, determine if there exists a switching rule such that the resulting switched system is stable.
. All rights reserved.
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It is established in [15] that, if there exists a Hurwitz convex linear combination of A1 and A2, i.e., there exists some
a 2 ½0;1Þ such that aA1 þ ð1� aÞA2 is Hurwitz, then a stabilizing switching rule does exist. This result can be easily general-
ized to the case of a switched system with finitely many subsystems. Namely, consider a family of linear systems with coef-
ficient matrices A1;A2; . . . ;AN and assume there exists a Hurwitz convex linear combination of these matrices, i.e., there exist
real numbers ai 2 ð0;1Þ with

PN
i¼1ai ¼ 1 such that

PN
i¼1aiAi is Hurwitz. Then a stabilizing switching rule can also be con-

structed. The idea of proof involves constructing a common quadratic Lyapunov function and the stability obtained is actu-
ally quadratic stability. In [14], time-dependent fast periodic switching rules are constructed for families of linear systems,
based on a more direct approach analyzing the state transition matrix.

Later, the work of [15] is extended in [16], by using piecewise quadratic Lyapunov functions as opposed to quadratic
Lyapunov functions. It is also extended in [1] to the cases when there exists a convex combination of A1 and A2 with the prop-
erty that all of its eigenvalues have nonpositive real parts and any eigenvalues on the imaginary axis are simple. Moreover, it
is shown in [5,10] that the result of [15] is actually robust with respect to small time-delay, uncertainties, and stochastic
perturbation.

All the results above, however, rely on the existence of a quadratic Lyapunov function and only apply to switched linear
systems. It is natural to ask if similar results can be obtained for switched nonlinear systems. The current paper aims to ad-
dress this problem. The main results will deal with general switched nonlinear systems. Under a suitably modified assump-
tion on the property of a convex linear combination of the nonlinear vector fields, it is shown that a state-dependent
switching rule can be constructed so that the resulting switched system is asymptotically stable. It is formally proved that
the stabilizing switching signal, which is generated to stabilize the family of individually unstable subsystems, does not ex-
hibit chattering. Moreover, we can further prove that Zeno behavior can be prevented by introducing a generalized rule to
generate stabilizing switching signals. It should be mentioned that, in the recent paper [2], the authors also investigate the
stabilization of nonlinear systems using discontinuous feedback, corresponding to switching stabilization considered in the
current paper. Their results can be applied to general families of nonlinear systems. A key difference between the results in
[2] and the results in the current paper is that their results deal with solutions in the Krasowski sense and a switching signal
is only required to be measurable, whereas we focus on classical solutions and require that the stabilizing switching signals
are piecewise constant and well-defined in the classical sense.

Since the concept of stability in terms of two measures provides a unified notion for Lyapunov stability, partial stability,
orbital stability, and stability of an invariant set of nonlinear systems [6,7], it would be desirable that we can formulate the
stability results of the current paper in terms of two measures. It is worth noting that this notion has been adopted in the
framework of switched systems by Chatterjee and Liberzon [4].

The rest of this paper is organized as follows. In Section 2, necessary notations and definitions are given, including the
ðh0;hÞ-stability notion for switched systems. The main results are presented in Section 3. Both the minimal rule and general-
ized rule are introduced, and two types of stabilizing switchings are proposed, both based on a partition of the time-state
space. A sequence of propositions are presented to establish some important properties of both the minimal rule and the
generalized rule. Particularly, it is shown that the switching signals constructed do not exhibit chattering, and, under the
general rule, Zeno behavior is also excluded. The main theorems then show that the resulting switched system is indeed
ðh0;hÞ-globally uniformly asymptotically stable and ðh0;hÞ-globally uniformly exponentially stable, respectively. Applica-
tions of the main theorems are shown by several examples in Section 4, where the simulation results are also presented
to both illustrate and verify the stability analysis. Particularly, following Example 4.1, an in-depth discussion on the compar-
ison between a minimal switching solution and a generalized rule switching is presented. Finally, the paper is concluded by
Section 5.

2. Notation and definitions

Let Rn denote the n-dimensional Euclidean space and jxj denote the norm of a vector x in Rn. Let C½M;N� denote the set of
all continuous functions from M � Rm to N � Rn. The following special function classes are introduced for later use
K :¼ fa 2 C½Rþ;Rþ� : a is strictly increasing and að0Þ ¼ 0g;

K1 :¼ b 2 K : lim
s!1

bðsÞ ¼ 1
n o

;

C :¼ h 2 C½Rþ � Rn;Rþ� : inf
ðt;xÞ

hðt; xÞ ¼ 0
� �

:

Consider a family of nonlinear nonautonomous systems
x0 ¼ fiðt; xÞ; i 2 I; ð2:1Þ
where x 2 Rn; I :¼ f1;2; . . . ;Ng is a finite index set, and fi 2 C½Rþ � Rn;Rn�. A switching signal is a piecewise constant and
right-continuous function from Rþ to I, and it is said to be well-defined if it has only finitely many discontinuities on every
bounded subinterval of Rþ. A switched system generated by the family (2.1) and a switching signal r can be written as
x0 ¼ frðt; xÞ; xðt0Þ ¼ x0; t P t0; ð2:2Þ
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where t0 P 0 is the initial time.
Let h0;h 2 C and xðtÞ :¼ xðt; t0; x0Þ denote a solution of system (2.2). Then we define uniform stability, global uniform

asymptotic stability and global exponential stability in terms of two measures for the switched system (2.2). Other stability
notions in terms of two measures can be defined similarly based on those given in [6].

Definition 2.1. The switched system (2.2) is said to be

ðS1Þ ðh0;hÞ-uniformly stable if, for each e > 0, there exists a dðeÞ > 0 such that h0ðt0; x0Þ < d implies that hðt; xðtÞÞ < e for all
t P t0;

ðS2Þ ðh0;hÞ-globally uniformly asymptotically stable if ðS1Þ is satisfied and, for each q > 0 and each e > 0, there exists
T ¼ Tðq; eÞ > 0 such that h0ðt0; x0Þ < q implies that hðt; xðtÞÞ < e for all t P t0 þ T;

ðS3Þ ðh0;hÞ-globally uniformly exponentially stable if there exists positive constants K and k, independent of t0 and x0, such
that
hðt; xðtÞÞ 6 Kh0ðt0; x0Þe�kðt�t0Þ;
for all t P t0.

For a continuously differentiable function V 2 C1½Rþ � Rn;Rþ�, the derivative of V along the ith subsystem in the family
(2.1) is given by
dV
dt

����
i

ðt; xÞ :¼ @V
@t
ðt; xÞ þ rVðt; xÞ � fiðt; xÞ;
where rVðt; xÞ is the gradient of V with respect to x.

3. Main results

3.1. (h0, h)-Global uniform asymptotic stabilization

The following assumption plays an important role in the construction of a stabilizing switching rule.

Assumption 3.1. There exists a convex linear combination of ffi : i 2 Ig, i.e.:
fa :¼
XN

i¼1

aifi;
with ai 2 ½0;1Þ and
PN

i¼1ai ¼ 1, a function V 2 C1½Rþ � Rn;Rþ�, and functions h0; h 2 C; a; b 2 K1; c 2 K such that
aðhðt; xÞÞ 6 Vðt; xÞ 6 bðh0ðt; xÞÞ; 8ðt; xÞ 2 Rþ � Rn; ð3:1aÞ
@V
@t
ðt; xÞ þ rVðt; xÞ � faðt; xÞ 6 �cðh0ðt; xÞÞ; 8ðt; xÞ 2 Rþ � Rn: ð3:1bÞ
In addition, V satisfies the following:

(i) a solution that satisfies any of the subsystems in the family (2.1) with ðt0; xðt0ÞÞ 2 C0 :¼ ðt; xÞ 2 Rþ � Rn : Vðt; xÞ ¼ 0f g
will stay in C0 for all t P t0; and

(ii) the set
Uðe;q; ½t0; T�Þ :¼ ðt; xÞ 2 ½t0; T� � Rn : e 6 Vðt; xÞ 6 qf g;
where 0 < e 6 q <1 and 0 6 t0 < T <1, is bounded.
Remark 3.1. Inequality (3.1a) states that the function V is h-positive definite, h-radially unbounded, and h0-decrescent.
Inequality (3.1b), inspired by the well-known results in [15–17] for linear systems, essentially proposes an assumption on
the nonlinear vector fields fi : i 2 If g in terms of a smooth Lyapunov function for a linear convex combination of the nonlinear
vector fields. Part (i) of the additional conditions says that the set C0 is positively invariant with respect to each of the sub-
systems. In particular, if h0 ¼ h ¼ jxj, this corresponds to that the trivial solution x ¼ 0 is the unique solution for each of the
subsystems in (2.1) on ½t0;1Þ with xðt0Þ ¼ 0. In part (ii), boundedness of the set Uðe;q; ½t0; T�Þ is very easy to check and usu-
ally follows from radially unboundedness of the function V. Moreover, continuity of V and boundedness of the set
Uðe;q; ½t0; T�Þ implies that it is compact, a key property to be used later.

Based on this assumption, we proceed to construct a switching signal. Define
Xi :¼ ðt; xÞ 2 Rþ � Rn :
dV
dt

����
i

ðt; xÞ 6 �cðh0ðt; xÞÞ
� �

:
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A switching signal will be constructed based on this partition of the time-state space. The idea of hysteresis-based switching
[9] is important here to prevent chattering and maintain the property that the switching signal function rðtÞ has only a finite
number of discontinuities on every bounded time-interval. To define the hysteresis switching, the regions Xi are enlarged so
that they can have some overlaps near the boundaries. Define X0i as
X0i :¼ ðt; xÞ 2 Rþ � Rn :
dV
dt

����
i

ðt; xÞ 6 �1
f

cðh0ðt; xÞÞ
� �

;

where f > 1 can be arbitrarily chosen. A switching signal r can be constructed by the following minimal rule.

ðR1Þ Starting from some t ¼ t0, if Vðt0; x0Þ ¼ 0, let rðtÞ � i0 for all t P t0, where i0 2 I can be arbitrarily chosen. If
Vðt0; x0Þ– 0, let
rðt0Þ ¼ arg min
i

dV
dt

����
i

ðt0; xðt0ÞÞ;
where arg denotes the value of the argument i such that the minimal is attained;
ðR2Þ Maintain r ¼ i as long as ðt; xðtÞÞ 2 X0i and rðt�Þ ¼ i;
ðR3Þ Once ðt1; xðt1ÞÞ hits the boundary @X0i of X0i for some t1, let t0 ¼ t1 and start over according to ðR1Þ.

To guarantee that the switching is well-defined, we first show that fXig forms a covering of the time-state space.

Proposition 3.1. If Assumption 3.1 holds, then [N
i¼1Xi ¼ Rþ � Rn.
Proof. Suppose [N
i¼1Xi – Rþ � Rn, i.e., there exists a pair ðt; xÞ 2 Rþ � Rn such that ðt; xÞ R [N

i¼1Xi. By the definition of Xi, this
implies
dV
dt

����
i

ðt; xÞ ¼ @V
@t
ðt; xÞ þ rVðt; xÞ � fiðt; xÞ > �cðh0ðt; xÞÞ:
It follows that
@V
@t
ðt; xÞ þ rVðt; xÞ � faðt; xÞ ¼

@V
@t
ðt; xÞ

XN

i¼1

ai þrVðt; xÞ �
XN

i¼1

aifiðt; xÞ ¼
XN

i¼1

ai
@V
@t
ðt; xÞ þ rVðt; xÞ � fiðt; xÞ

� �

>
XN

i¼1

ai½�cðh0ðt; xÞÞ� ¼ �cðh0ðt; xÞÞ; ð3:2Þ
where the coefficients ai are from Assumption 3.1. Since (3.2) contradicts inequality (3.1b) in Assumption 3.1, one must have
[N

i¼1Xi ¼ Rþ � Rn if Assumption 3.1 holds. This completes the proof. h

The following proposition, as an immediate consequence of Assumption 3.1, plays an important role in the sequel. Denote
Ci :¼ ðt; xÞ 2 Rþ � Rn : arg min
i

dV
dt

����
i

ðt; xÞ ¼ i
� �

; i 2 I:
Clearly, each Ci is a closed set and [i2ICi ¼ Rþ � Rn.

Proposition 3.2. Under Assumptions 3.1, the set @X0i \ Cj \ @X0j \ Uðe;q; ½t0; T�Þ is empty for all i; j 2 I; 0 < e 6 q <1, and
0 6 t0 < T <1.
Proof. It suffices to show that @X0i \ Uðe;q; ½t0; T�Þ and Ci \ Uðe;q; ½t0; T�Þ are disjoint for all i 2 I. Suppose this is not true and
let ðt�; x�Þ be an element in both @X0i \ Uðe;q; ½t0; T�Þ and Ci \ Uðe;q; ½t0; T�Þ. It is clear that Vðt�; x�Þ > 0 and hence
c h0ðt�; x�Þð Þ > 0. Note that ðt�; x�Þ 2 @X0i implies
dV
dt

����
i

ðt�; x�Þ ¼ �1
n

c h0ðt�; x�Þð Þ;
and ðt�; x�Þ 2 Ci implies
dV
dt

����
j

ðt�; x�ÞP dV
dt

����
i

ðt�; x�Þ; 8j 2 I:
It follows that
dV
dt

����
j

ðt�; x�ÞP �1
n

c h0ðt�; x�Þð Þ; 8j 2 I;
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which in turn implies that
@V
@t
ðt�; x�Þ þ rVðt�; x�Þ � faðt�; x�ÞP �

1
n

c h0ðt�; x�Þð Þ > �c h0ðt�; x�Þð Þ;
where c h0ðt�; x�Þð Þ > 0, which contradicts Assumption 3.1. h

The following proposition formally confirms that no chattering occurs in a switching signal r constructed according to the
minimal rule ðR1Þ–ðR3Þ.

Proposition 3.3. Under Assumption 3.1, a switching signal r constructed according to the minimal rule ðR1Þ–ðR3Þ obeys the
following:
(i) Let t� be a switching time of r. There exists a positive constant e, which may depend on ðt�; xðt�ÞÞ, such that no switching
occurs within ½t�; t� þ eÞ;

(ii) The switching signal r has a positive dwell-time as long as
ðt; xðtÞÞ 2 Uðe;q; ½t0; T�Þ;
where Uðe;q; ½t0; T�Þ is from Assumption 3.1, i.e., there exists a constant d > 0, which may depend on the set Uðe;q; ½t0; T�Þ, such
that any two switching times of r on ½t0; T� is separated by at least d unit of time;

(iii) Given t0 P t P t0, we have Vðt0; xðt0ÞÞ 6 Vðt; xðtÞÞ 6 Vðt0; xðt0ÞÞ.
Proof

(i) Note that t� being a switching time of r implies ðt�; xðt�ÞÞ 2 @X0i for some i 2 I. If Vðt�; xðt�ÞÞ ¼ 0, the conclusion is true,
since it is defined by the minimal rule that rðtÞ � i0 for some fixed i0 2 I and all t P t�. Now suppose Vðt�; xðt�ÞÞ– 0
and ðt�; xðt�ÞÞ 2 @X0i. It is clear that we can choose a set Uðe;q; ½t0; T�Þ such that ðt�; xðt�ÞÞ 2 Uðe;q; ½t0; T�Þ. Moreover, the
minimal rule chooses the next mode to be j by letting rðt�Þ ¼ j, where
j ¼ arg min
i

dV
dt

����
i

ðt�; xðt�ÞÞ;

i.e., ðt�; xðt�ÞÞ 2 Cj. Proposition 3.2 says that ðt�; xðt�ÞÞ R @X0j. Therefore, it takes a positive amount of time for ðt; xðtÞÞ to
reach X0j and for the next switching to take place.
(ii) Let t� be a switching time of r, which implies that ðt�; xðt�ÞÞ 2 @X0i for some i 2 I. As shown in part (i), the next mode
j; j – i, is determined by the minimal rule such that ðt�; xðt�ÞÞ 2 Cj, and the next switching time is when ðt; xðtÞÞ 2 @X0j
occurs. According to Proposition 3.2, @X0i \ Cj and @X0j are disjoint within Uðe;q; ½t0; T�Þ, and Uðe;q; ½t0; T�Þ is compact by
Assumption 3.1. Therefore, as long as ðt; xðtÞÞ remains in Uðe;q; ½t0; T�Þ, it takes a minimal time for ðt; xðtÞÞ to travel from
@X0i \ Cj to @X0j, considering that @X0i \ Cj and @X0j are both closed sets and disjoint in Uðe;q; ½t0; T�Þ, and that each ele-
ment of the vector fields fi : i 2 If g is continuous and hence bounded on the compact set Uðe;q; ½t0; T�Þ. Note that each
@X0i can be finitely partitioned as @X0i ¼ [i2Ið@X0i \ CjÞ and the index set I is finite. It follows that a positive dwell-time
exists if ðt; xðtÞÞ remains in Uðe;q; ½t0; T�Þ.

(iii) Differentiating Vðt; xðtÞÞ with respect to t gives
dV
dt
ðt; xðtÞÞ ¼ @V

@t
ðt; xðtÞÞ þ rVðt; xðtÞÞ � frðtÞðt; xðtÞÞ:
According to the construction of r, one has
dV
dt
ðt; xðtÞÞ 6 �1

f
cðh0ðt; xðtÞÞÞ 6 0; ð3:3Þ
which implies Vðt; xðtÞÞ is nonincreasing for t P t0. The proof is complete. h

Although Proposition 3.3 shows that a switching signal generated by the minimal rule ðR1Þ–ðR3Þ has no chattering, the
minimal rule alone cannot exclude the possibility of Zeno behavior, i.e., the switched system undergoes an infinite number
of switchings within a finite interval of time. To guarantee that no Zeno behavior occurs, based on the minimal rule ðR1Þ–
ðR3Þ, we further propose a generalized rule. Define
Dk ¼ ðt; xÞ 2 Rþ � Rn : 2k < Vðt; xÞ 6 2kþ1
n o

; k 2 Z;
where V is from Assumption 3.1 and Z denotes the set of all integers. A switching signal can be constructed by the following
generalized rule. Let s > 0 be an arbitrary positive real number.
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ðGR1Þ Starting from some t ¼ t0, if Vðt0; x0Þ ¼ 0, let rðtÞ � i0 for all t P t0, where i0 2 I can be arbitrarily chosen. If
Vðt0; x0Þ– 0 and ðt0; x0Þ 2 Dk0 for some k0 2 Z, maintain the minimal rule ðR1Þ–ðR3Þ until ðt1; xðt1ÞÞ 2 Dk0�2 for some
t1 and proceed to ðGR2Þ;

ðGR2Þ If t1 � t0 P s, let t1 ¼ t0 and start over according to ðGR1Þ. If t1 � t0 < s, maintain r unchanged until t2 � t0 P s or
ðt2; xðt2ÞÞ 2 Dk0 for some t2, whichever occurs first. If t2 � t0 P s occurs first, let t0 ¼ t2 and start over according to
ðGR1Þ. If ðt2; xðt2ÞÞ 2 Dk0 occurs first, proceed to ðGR3Þ;

ðGR3Þ Maintain the minimal rule ðR1Þ–ðR3Þ until ðt3; xðt3ÞÞ 2 Dk0�2 for some t3. Let t1 ¼ t3 and proceed according to ðGR2Þ.

We call it a cycle of the generalized rule ðGR1Þ–ðGR3Þ and, unambiguously, a cycle of a switching signal generated by
ðGR1Þ–ðGR3Þ, once we start over according to ðGR1Þ. Each cycle consists of two portions of time: a portion spent while the
minimal rule ðR1Þ–ðR3Þ is engaged, which we call the minimal rule time, and the other spent without the minimal rule en-
gaged, which we call the wandering time. The positive constant s is called the (minimal) cycle time. We observe the following
crucial properties of the generalized rule.

Proposition 3.4. Under Assumption 3.1, a switching signal constructed according to the generalized rule ðGR1Þ–ðGR3Þ obeys the
following:

(i) The switching signal is well-defined;
(ii) Let t0 be the starting time of any cycle. We have Vðt; xðtÞÞ 6 Vðt0; xðt0ÞÞ for all t P t0;

(iii) Let t0 < t00 < t000 be the starting times of any three consecutive cycles. We have
Vðt000; xðt000ÞÞ 6
1
2

Vðt0; xðt0ÞÞ;
(iv) Each cycle lasts for at least s unit of time. If a cycle contains an interval of the form ½t0 � s; t0 þ T� with some T > 0 (i.e., the
duration of this cycle is strictly greater than s), then the interval ½t0; t0 þ T� is spent continuously as minimal rule time. More-
over, picking any t� 2 ½t0; t0 þ T�, we have Vðt; xðtÞÞ 6 Vðt�; xðt�ÞÞ for all t P t�.
Proof

(i) Note that each cycle lasts for at least s unit of time. Fix any finite interval of the form ½T1; T2� � Rþ. We have to
show that at most finitely many switchings can occur during this interval. Since there are only a finite number
of cycles contained in ½T1; T2�, it suffices to show that each cycle in ½T1; T2� contains at most finitely many switch-
ing times. Let ½s1; s2� denote such a cycle, where s2 is either the end of this cycle or T2 (the end of the finite inter-
val considered). Without loss of generality, suppose Vðs1; xðs1ÞÞ – 0 and ðs1; xðs1ÞÞ 2 Dk0 for some k0 2 Z (the
trivial case Vðs1; xðs1ÞÞ ¼ 0 would imply that ½s1; s2� is continuously spent as minimal rule time and there is
no switching). Note that, during ½s1; s2�, the minimal rule is engaged only when ðt; xðtÞÞ 2 Dk0�1 [ Dk0 , where
k0 2 Z is fixed for each cycle, which implies that the minimal rule time of this cycle is spent (not necessarily
continuously) in U 2k0�1;2k0þ1; ½s1; s2�

� �
. According to Proposition 3.3 (ii), only a finite number of switchings

can occur during the minimal rule time in ½s1; s2�. In addition, note that there is no switching during wandering
time. The only possibility to have infinitely many switchings during ½s1; s2� is switching back and forth between
the wandering time and minimal rule time infinitely many times. However, note that the wandering time starts
from ðt; xðtÞÞ 2 Dk0�2 and ends when either the minimal cycle time s is achieved or ðt; xðtÞÞ 2 Dk0 . In the former
case, the cycle also ends. In the latter case, since k0 is fixed, it can be shown that it takes a minimal amount of
time for ðt; xðtÞÞ to travel from Dk0�2 to Dk0 . Therefore, the end point s2 is reached through a finite number of
switching out from the wandering time. It has been shown that it is impossible to have infinitely many switch-
ings during ½s1; s2�, and so is it during ½T1; T2�, an arbitrarily fixed finite subinterval of Rþ. The proof of part (i) is
complete.

(ii)–(iv) The proof follows from the construction of a switching signal according to the generalized rule ðGR1Þ–ðGR3Þ and
the monotonicity property of the minimal rule shown in Proposition 3.3 (iii). The proof is complete. h

The above proposition first confirms that a switching signal generated by the generalized rule ðGR1Þ–ðGR3Þ is actually
well-defined, and then establishes some important monotonicity properties of generalized rule for later use.

Remark 3.2. The intuitive idea behind the generalized rule ðGR1Þ–ðGR3Þ is to prevent Vðt; xðtÞÞ from converging to 0 through
an infinite number of switching within a finite interval of time. The minimal rule is maintained if Vðt; xðtÞÞ is converging to 0
‘‘not too fast”, which in this case means not faster than a certain exponential decay. If Vðt; xðtÞÞ is decreasing too fast, the
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minimal rule time is succeeded by a portion of ‘‘wandering time” on which the switching signal is maintained constant
without engaging the minimal rule. During the wandering time, it is expected that Vðt; xðtÞÞ would rise, since each of the
subsystem is assumed to be unstable. Therefore, the simple monotonicity property of the minimal rule, as shown in
Proposition 3.3, can be violated. Nevertheless, we can establish certain monotonicity properties of the generalized rule, as
shown in the above proposition.
Remark 3.3. The problem whether a state-dependent switching rule based on a partition of the state space is actually well-
defined and can be converted to a piecewise time-dependent signal is difficult. Very few results are available on this topic. In
[3], the author investigates systems with finite valued discontinuous feedbacks and gives some necessary conditions for the
cause of Zeno phenomenon in the finite valued feedback laws. Our generalized rule ðGR1Þ–ðGR3Þ not only considers the par-
tition of the time-state space, but also takes advantage of the properties of the Lyapunov function V. As shown in Proposi-
tions 3.3 and 3.4, both chattering and Zeno phenomenon are prevented under the generalized rule. Therefore, the switching
signals constructed and the resulting switched systems are well-defined in the classical sense. It should also be pointed out
that the generalized rule ðGR1Þ–ðGR3Þ introduces a dependence on the time (due to the minimal cycle time), while the min-
imal rule ðR1Þ–ðR3Þ is purely state-dependent (although with memory due to the hysteresis switching).

Before stating the main theorem, we make the following remark regarding the existence of solution by the boundedness
of hðt; xðtÞÞ in future time.

Remark 3.4. In the classical Lyapunov stability theorems, the existence of every solution in the future time is guaranteed by
the fact that the theorem conditions imply solutions are bounded in the future and hence exist globally. Similar thing can be
said for ðh0;hÞ-stability analysis, i.e., the boundedness of hðt; xðtÞÞ implies future existence of the solution xðtÞ. For example,
hðt; xÞ ¼ _qj j, where xT ¼ ðq; _qÞ; hðt; xÞ ¼ dðxðtÞ;AÞ, where A is a compact invariant set and dð�Þ is the distance function. Thus we
assume in this paper that, if hðt; xðtÞÞ is bounded for all t P t0, then the solution xðtÞ exists for all t P t0.
Theorem 3.1. If Assumption 3.1 holds, then the switched system (2.2) is ðh0; hÞ-globally uniformly asymptotically stable

(i) under the switching signal r constructed according to ðR1Þ–ðR3Þ, with the possibility that r has a finite accumulation point
t� for its switching times, and xðtÞ ¼ 0 for all t P t�;

(ii) under the switching signal r constructed according to ðGR1Þ–ðGR3Þ, and r is well-defined.
Proof

(i) Since V in Assumption 3.1 is h-positive definite, h-radially unbounded, and h0-decrescent, there exist functions
u;v 2 K1 such that
uðhðt; xÞÞ 6 Vðt; xÞ 6 vðh0ðt; xÞÞ; 8ðt; xÞ 2 Rþ � Rn: ð3:4Þ
Given e > 0 and t0 P 0, choose d ¼ dðeÞ independent of t0 and sufficiently small such that vðdÞ < uðeÞ. We proceed to show
that every solution xðt; t0; x0Þ of (2.2) with h0ðt0; x0Þ < d verifies
hðt; xðtÞÞ < e; t P t0: ð3:5Þ
According to Proposition 3.3 (iii) and (3.4), one has
uðhðt; xðtÞÞÞ 6 Vðt; xðtÞÞ 6 Vðt0; x0Þ 6 vðh0ðt0; x0ÞÞ < vðdÞ < uðeÞ ð3:6Þ
for all t P t0. Since u 2 K1, (3.5) is verified and ðh0;hÞ-uniform stability follows. We proceed to show ðh0;hÞ-global attraction.
Still let e > 0 and t0 be arbitrarily fixed. Choose d ¼ dðeÞ independent of t0 P 0 and sufficiently small such that vðdÞ < uðeÞ.
For an arbitrarily fixed q > 0, let Tðq; eÞ ¼ fvðqÞ=cðdÞ þ 1 and xðt; t0; x0Þ be an arbitrary solution with h0ðt0; x0Þ < q. Since
u 2 K1, one can choose g large such that uðgÞ > vðqÞ. Then, by (3.4), one has
uðhðt; xðtÞÞÞ 6 Vðt; xðtÞÞ 6 Vðt0; x0Þ 6 vðh0ðt0; x0ÞÞ < vðqÞ < uðgÞ
for all t P t0, which implies hðt; xðtÞÞ is bounded in the future and hence, by the assumption in Remark 3.4, xðtÞ exists for all
t P t0.
Claim: There exists t� 2 ½t0; t0 þ T� such that h0ðt�; xðt�ÞÞ < d.
Suppose the claim is not true. Then h0ðt; xðtÞÞP d for all t 2 ½t0; t0 þ T�. It follows, from (3.3) and (3.4), that
0 6 VðT; xðTÞÞ 6 Vðt0; x0Þ �
1
f

Z t0þT

t0

cðh0ðs; xðsÞÞÞds 6 vðqÞ � cðdÞT
f

< 0;
which is a contradiction and the claim is proved.
Since d > 0 is the same ðh0;hÞ-stability constant as above, it follows from (3.6) that hðt; xðtÞÞ < e for all t P t� and hence for
t P t0 þ T. This completes the proof for part (i).
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(ii) The proof of part (ii) is based on that of part (i). The proof for ðh0;hÞ-uniform stability remains the same, since the
estimate (3.6) remains valid in view of Proposition 3.4 (iii). To show ðh0;hÞ-global attraction, let e > 0; t0; d; q; T ,
and xðt; t0; x0Þ be the same as in the proof of part (i).
We aim to show that there exists some T 0 > 0, independent of t0, such that hðt; xðtÞÞ < e for all t P t0 þ T 0. It is clear
that there exists a positive integer k0 such that 2�k0 vðqÞ < uðeÞ. We choose T 0 ¼ ð2k0 þ 1ÞðT þ sÞ and show that
hðt; xðtÞÞ < e for all t P t0 þ T 0. Suppose there are more than 2k0 þ 1 cycles of the generalized rule between t0 and
t0 þ T 0. Then (iii) of Proposition 3.4 implies that
Vðt; xðtÞÞ 6 Vðt�; xðt�ÞÞ 6 2�k0 Vðt0; x0Þ 6 2�k0 vðqÞ < uðeÞ
for all t P t0 þ T 0 P t�, where t� is the starting time of the ð2k0 þ 1Þ-th cycle, which in turn implies that hðt; xðtÞÞ < e for all
t P t0 þ T 0. Suppose there are at most 2k0 cycles of the generalized rule between t0 and t0 þ T 0. Then there must exist at least
one cycle lasting at least time T þ s. By Proposition 3.4 (ii), during this cycle, at least time T is spent continuously on the
minimal rule ðR1Þ–ðR3Þ, say on some interval ½t0; t0 þ T� � ½t0; t0 þ T 0�. Following how we proved the claim in part (i), we
can show that there exists t� 2 ½t0; t0 þ T� such that h0ðt�; xðt�ÞÞ < d. It follows from Proposition 3.4 (ii) that
Vðt; xðtÞÞ 6 Vðt�; xðt�ÞÞ 6 vðh0ðt�; xðt�ÞÞÞ 6 vðdÞ < uðeÞ
for all t P t0 þ T 0 P t�, which implies that hðt; xðtÞÞ < e for all t P t0 þ T 0. The proof is complete. h

3.2. (h0, h)-Global exponential stabilization

In this section, we propose a stronger version of Assumption 3.1, and show that under this stronger assumption, we can
construct an exponentially stabilizing switching signal for system (2.2), based on the minimal rule ðR1Þ–ðR3Þ and generalized
rule ðGR1Þ–ðGR3Þ.

Assumption 3.2. Assumption 3.1 is satisfied with K1-functions aðsÞ :¼ c1sp; bðsÞ :¼ c2sp, and cðsÞ :¼ c3sp, where c1; c2; c3,
and p are positive constants.

The corresponding partitions of the time-state space are replaced by
Di :¼ ðt; xÞ 2 Rþ � Rn :
dV
dt

����
i

ðt; xÞ 6 �c3hp
0ðt; xÞ

� �
and
D0i :¼ ðt; xÞ 2 Rþ � Rn :
dV
dt

����
i

ðt; xÞ 6 � c3

f
hp

0ðt; xÞ
� �

;

where f > 1 can be arbitrarily chosen. The minimal rule ðR1Þ–ðR3Þ and the generalized rule ðGR1Þ–ðGR3Þ can now be em-
ployed to construct a switching signal.

The following theorem is the similar to Theorem 3.1, except that now we have ðh0;hÞ-globally uniformly exponentially
stability, which is a more desirable stability property in many applications.

Theorem 3.2. If Assumption 3.2 holds, the switched system (2.2) is ðh0;hÞ-globally uniformly exponentially stable

(i) under the switching signal r constructed according to ðR1Þ–ðR3Þ, with the possibility that r has a finite accumulation point
t� for its switching times, and xðtÞ ¼ 0 for all t P t�;

(ii) under the switching signal r constructed according to ðGR1Þ–ðGR3Þ, and r is well-defined.
Proof

(i) Assumption 3.2 says that
c1hpðt; xÞ 6 Vðt; xÞ 6 c2hp
0ðt; xÞ; 8ðt; xÞ 2 Rþ � Rn ð3:7Þ
and
dV
dt
ðt; xÞ ¼ @V

@t
ðt; xÞ þ rVðt; xÞ � faðt; xÞ; 8ðt; xÞ 2 Rþ � Rn;
which, according to the construction of r, implies that
dV
dt
ðt; xðtÞÞ ¼ @V

@t
ðt; xðtÞÞ þ rVðt; xðtÞÞ � frðtÞðt; xðtÞÞ 6 �

c3

f
hp

0ðt; xÞ 6 �
c3

fc2
Vðt; xðtÞÞ; 8t P t0:
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Therefore,
1 This
Vðt; xðtÞÞ 6 Vðt0; x0Þe�
c3
fc2
ðt�t0Þ; 8t P t0 ð3:8Þ
and
hðt; xðtÞÞ 6 c2

c1

	 
1=p

h0ðt0; x0Þe�
c3

fc2pðt�t0Þ; 8t P t0;
i.e., system (2.2) is ðh0;hÞ-globally uniformly exponentially stable.
(ii) Note that (3.8) gives an estimate of Vðt; xðtÞÞ in terms of an exponential decay. We show that under the assumption of

the theorem, each nontrivial cycle (by which we mean a cycle starting with Vðt0; xðt0ÞÞ – 0) of the generalized rule has an
upper bound. Suppose there exists a nontrivial cycle with its duration strictly greater than s and this cycle contains an inter-
val of the form ½t0 � s; t þ T�, where T > 0. According to Proposition 3.4 (iv), on ½t0; t0 þ T�, the minimal rule is engaged. Similar
to the argument in part (i), we can show
Vðt0 þ T; xðt0 þ TÞÞ 6 Vðt0; xðt0ÞÞe�
c3
fc2

T
: ð3:9Þ
Moreover, during the minimal rule time, we have ðt; xðtÞÞ 2 Dk0�1 [ Dk0 , and the cycle would end once ðt; xðtÞÞ hits the bound-
ary of Dk0�2 (since the minimal cycle time is already achieved). Therefore, we must have in the same time
Vðt0; xðt0ÞÞ 6 2k0þ1; Vðt0 þ T; xðt0 þ TÞÞP 2k0�1;
which, according to (3.9), implies that
T 6
nc2 ln 2

c3
;

which further implies that a cycle lasts for at most ŝ :¼ sþ nc2 ln 2
c3

unit of time. Recall that Proposition 3.4 (iii) shows the value
of Vðt; xðtÞÞ decreases at least by half every two cycles. We claim that
Vðt; xðtÞÞ 6 MVðt0; x0Þe�lðt�t0Þ; 8t P t0;
where l :¼ ln 2
2ŝ and M :¼ e2lŝ are positive constants independent of t0 and x0. We denote the consecutive nontrivial cycles by

I1; I2; . . ., and s1 ¼ t0; s2; . . . are the corresponding starting times. On I1 and I2, we clearly have, from Proposition 3.4 (ii)
Vðt; xðtÞÞ 6 Vðt0; x0Þ 6 MVðt0; x0Þe�lðt�t0Þ:
It follows from Proposition 3.4 (ii) and (iii) that, on I3 and I4, we have
Vðt; xðtÞÞ 6 Vðs3; xðs3ÞÞ 6
1
2

Vðt0; x0Þ 6
1
2

MVðt0; x0Þe�lðs3�t0Þ 6
1
2

e2lŝMVðt0; x0Þe�lðt�t0Þ ¼ MVðt0; x0Þe�lðt�t0Þ:
This procedure can be carried on for all subsequent nontrivial cycles. The proof can be completed by induction. Note that, if
there exists a subsequent trivial cycle, i.e., Vðt; xðtÞÞ becomes 0 in a finite time, it follows from the minimal rule and Assump-
tion 3.2 that Vðt; xðtÞÞ stays 0 for all future time, and therefore the claim still holds. h

4. Examples

We shall discuss a few examples in this section to illustrate our results obtained in Section 3.

Example 4.1. (Lyapunov Stability1). Consider two subsystems given by
x0 ¼ f1ðt; xÞ ¼
�2x

1
3
1

x
1
3
2

0
@

1
A ð4:1Þ
and
x0 ¼ f2ðt; xÞ ¼
x

1
3
1

�2x
1
3
2

0
@

1
A: ð4:2Þ
Both subsystems are decoupled and admit explicit solutions. The solution for subsystem (4.1) with initial condition ðt0; x0Þ,
where x0 ¼ ½x10 x20�, is given by
example is suggested by the anonymous reviewer.
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x
2
3
1 ¼

0; t P t0 þ 3
4 x

2
3
10;

x
2
3
10 � 4

3 ðt � t0Þ; t0 6 t < t0 þ 3
4 x

2
3
10;

8><
>:

x
2
3
2 ¼

0; t P t0; x20 ¼ 0;

x
2
3
20 þ 2

3 ðt � t0Þ; t P t0; x20 – 0

8<
:

and the solution for subsystem (4.2) with the same initial condition is given by
x
2
3
1 ¼

0; t P t0; x10 ¼ 0;

x
2
3
10 þ 2

3 ðt � t0Þ; t P t0; x10 – 0;

8<
:

x
2
3
2 ¼

0; t P t0 þ 3
4 x

2
3
20;

x
2
3
20 � 4

3 ðt � t0Þ; t0 6 t < t0 þ 3
4 x

2
3
20:

8><
>:
It is clear that, for both subsystems, one of the components of a nontrivial solution goes to infinity and the other goes to 0 in
finite time. Therefore, both subsystems are unstable. To apply the switching stabilization method of this paper, one can let
f ðt; xÞ ¼ 1
2

f1ðt; xÞ þ
1
2

f2ðt; xÞ ¼ �
1
2

x
1
3
1

x
1
3
2

0
@

1
A

and Vðt; xÞ ¼ x2
1 þ x2

2. Then
rVðt; xÞ � f ðt; xÞ ¼ �x
4
3
1 � x

4
3
2 6 �V

2
3ðt; xÞ
for all ðt; xÞ 2 Rþ � Rn, and the set C0 in Assumption 3.1 is given by C0 ¼ Rþ � 0f g. A solution for either (4.1) or (4.2), starting
from ðt0;0Þ, certainly stays 0 for all t P t0. It is easy to see that Assumption 3.1 is satisfied with h0 ¼ h ¼ jxj; aðsÞ ¼ bðsÞ ¼ s2,
and cðsÞ ¼ s

4
3, where s > 0. By choosing f ¼ 2, one can define
X01 ¼ ðt; xÞ 2 Rþ � Rn : rVðt; xÞ � f1ðt; xÞ 6 �
1
2
jxj

4
3

� �
¼ ðt; xÞ 2 Rþ � Rn : �8x

4
3
1 þ 4x

4
3
2 þ jxj

4
3 6 0

n o
¼ ðt; xÞ 2 Rþ � Rn : jx2j 6 cjx1jf g
and
X02 ¼ ðt; xÞ 2 Rþ � Rn : rVðt; xÞ � f2ðt; xÞ 6 �
1
2
jxj

4
3

� �
¼ ðt; xÞ 2 Rþ � Rn : 4x

4
3
1 � 8x

4
3
2 þ jxj

4
3 6 0

n o
¼ ðt; xÞ 2 Rþ � Rn : jx1j 6 cjx2jf g;
where c ¼ 1:3548 � � � > 1 is a root of the equation 4c4=3 þ ð1þ c2Þ2=3 � 8 ¼ 0. A switching signal can now be constructed by
the minimal rule ðR1Þ–ðR3Þ and the generalized rule ðGR1Þ–ðGR3Þ. Theorem 3.1 then guarantees the resulting switched sys-
tem is ðh0; hÞ-globally uniformly asymptotically stable. Since h0 and h are both chosen to be jxj, the ðh0;hÞ-stability concluded
here is actually equivalent to Lyapunov stability.

Discussions: In the following, we discuss in more details how the minimal rule and the generalized rule help to stabilize
the switched system in this particular example.

First, we show that a switching signal constructed using the minimal rule actually exhibits Zeno behavior. It is easy to
check that the minimal rule implies that
dVðt; xðtÞÞ
dt

6 �1
2

V
2
3ðt; xðtÞÞ: ð4:3Þ
We suppose that Vðt0; x0Þ– 0 (otherwise, the switched system admit a trivial solution without the minimal rule engaged).
Integrating the differential inequality (4.3) gives
V
1
3ðt; xðtÞÞ 6 V

1
3ðt0; x0Þ �

1
6
ðt � t0Þ; t P t0; ð4:4Þ
as long as Vðt; xðtÞÞ– 0, which shows that Vðt; xðtÞÞ becomes 0 in finite time (so does jxj). Moreover, based on the explicit
solutions, we know that a solution of subsystem (4.1) approaches the x2-axis (x1 ¼ 0) and a solution of subsystem (4.2) ap-
proaches the x1-axis ðx2 ¼ 0Þ, both in finite time. In neither case can the solution converge to the origin, provided that the
solution does not start from a point not on the axes. Note that X01 does not contain the x2-axis except the origin and X02 does
not contain the x1-axis except the origin. Following the minimal rule, a nontrivial solution eventually enters the common
region X01 \X02 and remains in the region for all future time. Therefore, in order that a solution converges to the origin in
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finite time, as implied by (4.4), a switching solution has to switch between the two subsystems infinitely many times in a
finite time (i.e., exhibits Zeno behavior).

Second, we can show that, in this example, a switching solution generated by the generalized rule still enjoys the property of
converging to the origin in finite time, while we know from Proposition 3.4 that the generalized rule can avoid Zeno behavior.

To show the above statement is true, we first observe that the x1-axis is a stable manifold for subsystem (4.1) and the x2-
axis is a stable manifold for subsystem (4.2), which means that a solution of subsystem (4.1) starting on the x1-axis and a
solution of subsystem (4.2) starting on the x2-axis will both converge to the origin in finite time.

During the minimal rule time, inequality (4.4) shows that, if Vðt0; xðt0ÞÞ is sufficiently small, where t0 is the starting time
of any cycle with ðt0; xðt0ÞÞ 2 Dk0 for some k0 2 Z; Vðt; xðtÞÞwould decrease faster than any given exponential rate and there-
fore it takes less than s unit of time for Vðt; xðtÞÞ to reach the boundary of Dk0�2. Therefore, by the generalized rule, following
a portion of minimal rule time, there must be a portion of wandering time, the starting time of which we denote by t1. With-
out loss of generality, suppose that x1ðt1; xðt1ÞÞ– 0; x2ðt1; xðt1ÞÞ– 0, and rðt1Þ ¼ 1, i.e., the first mode is maintained during
this portion of wandering time. The wandering time ends only if s� ðt1 � t0Þ unit of time has elapsed or Vðt; xðtÞÞ, starting
from Vðt1; xðt1ÞÞ ¼ 2k0�1, reaches Dk0 , i.e., Vðt2; xðt2ÞÞ ¼ 2k0 for some t2 > t1, whichever occurs first. If x1ðt1; xðt1ÞÞj j is suffi-
ciently small, we claim that:

Claim: ðt; xðtÞÞ will hit the x2-axis first before Vðt; xðtÞÞ increases to 2k0 .
For sufficiently small x1ðt1; xðt1ÞÞj j, the explicit solution of (4.1) implies that it will not take s� ðt1 � t0Þ unit of time for

x1ðt; xðtÞÞ to become 0. Moreover, it can be easily computed that, once x1ð�t; xð�tÞÞ becomes 0 for some �t > t1
2 App
prove (
Vð�t; xð�tÞÞ ¼ x
2
3
2ðt1; xðt1ÞÞ þ

1
2

x
2
3
1ðt1; xðt1ÞÞ

� �3

; ð4:5Þ
while
Vðt1; xðt1ÞÞ ¼ x2
2ðt1; xðt1ÞÞ þ x2

1ðt1; xðt1ÞÞ ¼ 2k0�1: ð4:6Þ
Following (4.1), we have
dVðt; xðtÞÞ
dt

¼ �4x
4
3
1ðt; xðtÞÞ þ 2x

4
3
2ðt; xðtÞÞ; t 2 ðt1;�tÞ;
which shows that the dynamic of Vðt; xðtÞÞ during the interval ½t1;�t� is characterized by a possible initial decrease and a sub-
sequent increase in the value of Vðt; xðtÞÞ. Particularly, we know that the maximum of Vðt; xðtÞÞ during the interval ½t1;�t� is
attained either at t ¼ t1 or t ¼ �t. Therefore, if we can check
Vð�t; xð�tÞÞ < 2Vðt1; xðt1ÞÞ ¼ 2k0 ; ð4:7Þ
then the claim must be true. In view of (4.5) and (4.6), inequality (4.7) would follow from
aþ 1
2

b
	 
3

< 2a3 þ 2b3
; a > 0; b > 0; ð4:8Þ
which can be easily proved using Young’s inequality about products.2 Therefore, (4.8) implies that (4.7) is true and the claim is
proved.

The following dynamic of the switched system by the generalized rule is simple. While Vðt; xðtÞÞ continues to rise until it
hits 2k0 , the minimal rule will take over afterwards. The solution will stay on the x2-axis and follow the second mode for all
future time. The explicit solution of (4.2) shows that x2 converges to 0 in finite time.

Simulation: In Fig. 1, typical switching solutions with the same initial condition are shown. Both the minimal rule switch-
ing and generalized rule switchings with different cycle times are plotted. It can be observed that, in this particular example,
generalized rule switchings can lead to convergence of the solution to the origin in finite time, by exiting the minimal rule
switching and converging to one of the axes first, after only a finite number of switchings.

Remark 4.1. As shown in Fig. 1, if we choose the minimal cycle time s sufficiently small, switching solutions generated by
the minimal rule ðR1Þ–ðR3Þ and the generalized rule ðGR1Þ–ðGR3Þ are indistinguishable from a finite precision simulation.
Therefore, in the following examples, simulations are performed for the minimal rule switchings only.
Example 4.2 (Lyapunov Stability). Consider two subsystems given by
x0 ¼ f1ðt; xÞ ¼
2x1 þ 2x3

2

�2x2 þ x1x2
2

 !
ð4:9Þ
and
lying Young’s inequality, xy 6 xp=pþ yq=q, where x P 0; y P 0; 1=pþ 1=q ¼ 1 with p > 0 and q > 0, to the products ða2Þð3b=2Þ and ðaÞð3b2
=4Þ, one can

4.8).
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with cycle time τ =10
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(d) generalized rule switching
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with cycle time τ =3
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Fig. 1. Stabilized switching solutions with initial data ½5:5 4:5� at t0 ¼ 0 for the switched system given by (4.1) and (4.2).
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x0 ¼ f2ðt; xÞ ¼
�3x1 � x3

2

x2 � 2x1x2
2

 !
: ð4:10Þ
By linearization near the origin, it can be shown that both subsystems are locally unstable. To apply the switching stabiliza-
tion method of this paper, one can let
f ðt; xÞ ¼ 1
2

f1ðt; xÞ þ
1
2

f2ðt; xÞ ¼
1
2

�x1 þ x3
2

�x2 � x1x2
2

 !
and Vðt; xÞ ¼ x2
1 þ x2

2. Then
rVðt; xÞ � f ðt; xÞ ¼ �x2
1 � x2

2 ¼ �Vðt; xÞ
for all ðt; xÞ 2 Rþ � Rn, and the set C0 in Assumption 3.1 is given by C0 ¼ Rþ � 0f g. A solution for either (4.9) or (4.10), start-
ing from ðt0;0Þ, certainly stays 0 for all t P t0. It is easy to see that Assumption 3.2 is satisfied with
h0 ¼ h ¼ jxj; c1 ¼ c2 ¼ c3 ¼ 1, and p ¼ 2. By choosing f ¼ 2, one can define
D01 ¼ ðt; xÞ 2 Rþ � Rn : rVðt; xÞ � f1ðt; xÞ 6 �
1
2
jxj2

� �
¼ ðt; xÞ 2 Rþ � Rn : 9x2

1 � 7x2
2 þ 12x1x3

2 6 0
� �
and
D02 ¼ ðt; xÞ 2 Rþ � Rn : rVðt; xÞ � f2ðt; xÞ 6 �
1
2
jxj2

� �
¼ ðt; xÞ 2 Rþ � Rn : �11x2

1 þ 5x2
2 � 12x1x3

2 6 0
� �

:
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A switching signal can now be constructed by the minimal rule ðR1Þ–ðR3Þ and the generalized rule ðGR1Þ–ðGR3Þ. Theorem 3.2
then guarantees the resulting switched system is ðh0;hÞ-globally uniformly exponentially stable. Since h0 and h are both cho-
sen to be jxj, the ðh0;hÞ-stability concluded here is actually equivalent to Lyapunov stability.

Simulation: Typical switching solutions with various initial conditions are shown in Fig. 2. It is observed that the switching
solutions converge to the origin as expected.

Example 4.3 (Partial Stability). Consider two subsystems given by
Fig. 2.
x0 ¼ f1ðt; xÞ ¼
�3x1 þ x2

x2

	 

ð4:11Þ
and
x0 ¼ f2ðt; xÞ ¼
2x1 � x2 þ x1x2e�t

�x2
1 � x2et

	 

: ð4:12Þ
By linearization near the origin, it can be shown that both subsystems are locally unstable. To apply the switching stabiliza-
tion method of this paper, one can let
f ðt; xÞ ¼ 1
2

f1ðt; xÞ þ
1
2

f2ðt; xÞ ¼
1
2
�x1 þ x1x2e�t

x2 � x2
1 � x2et

	 

and Vðt; xÞ ¼ x2
1 þ x2

2e�t . Then
@V
@t
ðt; xÞ þ rVðt; xÞ � f ðt; xÞ ¼ �x2

1 � x2
2

for all ðt; xÞ 2 Rþ � Rn, and the set C0 in Assumption 3.1 is given by C0 ¼ Rþ � 0f g. A solution for either of the two subsys-
tems (4.11) and (4.12), starting from ðt0;0Þ, certainly stays 0 for all t P t0. It is easy to see that Assumption 3.2 is satisfied
with h0 ¼ jxj; h ¼ jx1j; p ¼ 2, and c1 ¼ c2 ¼ c3 ¼ 1. By choosing f ¼ 2, one can define
D01 ¼ ðt; xÞ 2 Rþ � Rn :
@V
@t
ðt; xÞ þ rVðt; xÞ � f1ðt; xÞ 6 �

1
2
jxj2

� �
¼ ðt; xÞ 2 Rþ � Rn : �11x2

1 þ x2
2 þ 2x2

2e�t þ 4x1x2 6 0
� �
and
D02 ¼ ðt; xÞ 2 Rþ � Rn :
@V
@t
ðt; xÞ þ rVðt; xÞ � f2ðt; xÞ 6 �

1
2
jxj2

� �
¼ ðt; xÞ 2 Rþ � Rn : 9x2

1 � 3x2
2 � 2x2

2e�t � 4x1x2 6 0
� �

:

A switching signal can now be constructed by the minimal rule ðR1Þ–ðR3Þ and the generalized rule ðGR1Þ–ðGR3Þ. Theorem 3.2
then guarantees the resulting switched system is ðh0;hÞ-globally uniformly exponentially stable. Since h0 ¼ jxj and h ¼ jx1j,
the ðh0;hÞ-stability concluded here is equivalent to partial stability of the first component.
−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
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Stabilized switching solutions with initial data ½2 2�; ½�2 � 2�; ½�2 1:5�, and ½2 � 1:5� at t0 ¼ 0 for the switched system given by (4.9) and (4.10).
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Example 4.4 (Orbital Stability). Consider two subsystems given by
x0 ¼ f1ðt; xÞ ¼
�x2 þ 3 1� x2

1 � x2
2

 �
x1

x1 � 1� x2
1 � x2

2

 �
x2

 !
ð4:13Þ
and
x0 ¼ f2ðt; xÞ ¼
�x2 � 1� x2

1 � x2
2

 �
x1

x1 þ 3 1� x2
1 � x2

2

 �
x2

 !
: ð4:14Þ
It is easy to see that x ¼ 0 is a trivial solution for both subsystems. Moreover, x ¼ ðcos t; sin tÞ is a periodic solution for both
subsystems. By linearization near the origin, it can be shown that both subsystems are locally unstable. To apply the stabil-
ization method of this paper to study the periodic solution, one can let
f ðt; xÞ ¼ 1
2

f1ðt; xÞ þ
1
2

f2ðt; xÞ ¼
�x2 þ 1� x2

1 � x2
2

 �
x1

x1 þ 1� x2
1 � x2

2

 �
x2

 !
and Vðt; xÞ ¼ 1� x2
1 � x2

2

 �2. Then
rVðt; xÞ � f ðt; xÞ ¼ �4 1� x2
1 � x2

2

 �2
x2

1 þ x2
2

 �
ð4:15Þ
for all ðt; xÞ 2 Rþ � Rn, and the set C0 in Assumption 3.1 is given by C0 ¼ Rþ � ðx1; x2Þ : x2
1 þ x2

2 ¼ 1
� �

. A solution for either of
the two subsystems (4.13) and (4.14), starting from ðt0; x0Þ with x2

10 þ x2
20 ¼ 1, will stay in C0 for all t P t0. To see this, we

observe that x ¼ ðcos t; sin tÞ is a periodic solution for both subsystems and it is unique with respect any initial condition
on C0 (the argument is that both vector fields are locally Lipschitz in x). If one chooses h0 ¼ h ¼ 1� x2

1 � x2
2

�� ��, then ðh0;hÞ-sta-
bility is equivalent to stability of the periodic solution ðcos t; sin tÞ. Since x ¼ 0 is a trivial solution of both subsystems, one
cannot expect global attraction of the periodic solution. However, it can be shown that (4.15) implies Assumption 3.2, except
in an arbitrarily small neighborhood of the origin. Actually, one has
rVðt; xÞ � f ðt; xÞ 6 �4e 1� x2
1 � x2

2

 �2 ð4:16Þ
for all ðt; xÞ 2 Rþ � Rn n BðeÞ, where e > 0 can be arbitrarily chosen. Moreover, by virtue of (4.15), any solution starting from
Rn n BðeÞ remains in Rn n BðeÞ for all t P t0. Similar argument as in the proof of Theorem 3.2 can show any solution starting
from Rn n BðeÞ is attracted to the periodic solution ðcos t; sin tÞ. It is easy to see that Assumption 3.2 is satisfied with
h0 ¼ h ¼ 1� x2

1 � x2
2

�� ��; p ¼ 2; c1 ¼ c2, and c3 ¼ 4e, for all ðt; xÞ 2 Rþ � Rn n BðeÞ. To construct a stabilizing switching signal,
one can define, by choosing f ¼ 2
D01 ¼ ðt; xÞ 2 Rþ � Rn : rVðt; xÞ � f1ðt; xÞ 6 �2h2
0 � ðx2

1 þ x2
2Þ

n o
¼ ðt; xÞ 2 Rþ � Rn : jx1jP

ffiffiffi
3
5

r
jx2j or x2

1 þ x2
2 ¼ 1

( )
and
D01 ¼ ðt; xÞ 2 Rþ � Rn : rVðt; xÞ � f2ðt; xÞ 6 �2h2
0 � x2

1 þ x2
2

 �n o
¼ ðt; xÞ 2 Rþ � Rn : jx2jP

ffiffiffi
3
5

r
jx1j or x2

1 þ x2
2 ¼ 1

( )
:

A switching signal can now be constructed by the minimal rule ðR1Þ–ðR3Þ and the generalized rule ðGR1Þ–ðGR3Þ. Theorem 3.2
then guarantees the resulting switched system is ðh0;hÞ-globally uniformly exponentially stable. Since h0 ¼ h ¼ 1� x2

1 � x2
2

�� ��,
the ðh0;hÞ-stability concluded here is equivalent to stability of the periodic solution ðcos t; sin tÞ.

Simulation: The phase portraits for both subsystems are shown in Fig. 3. It can be observed that the periodic solution is
unstable for both subsystems. The switching domains D01 and D02 are shown in Fig. 4. Typical switching solutions with various
initial conditions are shown in Fig. 5. It is observed that the switching solutions converge to the periodic solution as
expected.

Example 4.5 (Stability of Conditionally Invariant Set). Consider two subsystems given by
x0 ¼ f1ðt; xÞ ¼
�x1 � 2x2e�t

2x1

x3 sin t

0
B@

1
CA ð4:17Þ
and
x0 ¼ f2ðt; xÞ ¼
�x1 sin2 x3

�x2et

�x1e�t þ x2 cos t

0
B@

1
CA: ð4:18Þ
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Fig. 3. Phase portraits for subsystems (4.13) (left) and (4.14) (right).
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Fig. 4. Stabilizing switching domains for the switched system given by (4.13) and (4.14).
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Let
f ðt; xÞ ¼ 1
2

f1ðt; xÞ þ
1
2

f2ðt; xÞ ¼
1
2

�x1 1þ sin2 x3

� �
� 2x2e�t

2x1 � x2et

�x1e�t þ x2 cos t þ x3 sin t

0
BB@

1
CCA:
Vðt; xÞ ¼ x2
1 þ x2

2e�t ; hðt; xÞ ¼ dðx;BÞ, and h0ðt; xÞ ¼ dðx;AÞ, where A ¼ x 2 R3 : x1 ¼ x2 ¼ 0
� �

and B ¼ x 2 R3 : x1 ¼ 0
� �

. There-
fore, h0ðt; xÞ ¼ x2

1 þ x2
2 and hðt; xÞ ¼ x2

1. It is easy to see that A � B
h2ðt; xÞ 6 Vðt; xÞ 6 h2
0ðt; xÞ
and
@V
@t
ðt; xÞ þ rVðt; xÞ � f ðt; xÞ 6 �h2

0ðt; xÞ
for all ðt; xÞ 2 Rþ � R3, and the set C0 in Assumption 3.1 is given by C0 ¼ Rþ � ðx1; x2; x3Þ : x1 ¼ x2 ¼ 0f g. A solution for either
of the two subsystems (4.17) and (4.18), starting from ðt0; x0Þ with x10 ¼ x20 ¼ 0, will stay in C0 for all t P t0. Actually, for
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Fig. 5. Stabilized switching solutions with initial data ½5 5�; ½5 � 5�; ½�5 5�, and ½�5 � 5� at t0 ¼ 0.
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(4.17), the equations for the first two components and the third one are decoupled. It is easy to see that x1 ¼ 0 and x2 ¼ 0 is
the unique solution with respect to x10 ¼ x20 ¼ 0. Therefore, a solution will stay in C0 for all t P t0. For (4.17), one can ob-
serve a unique solution ð0;0; x30Þ for x10 ¼ x20 ¼ 0. Therefore, Assumption 3.2 is satisfied with c1 ¼ c2 ¼ c3 ¼ 1 and p ¼ 2. By
choosing f ¼ 2, one can define
D01 ¼ ðt; xÞ 2 Rþ � Rn :
@V
@t
ðt; xÞ þ rVðt; xÞ � f1ðt; xÞ 6 �

1
2

h2
0ðt; xÞ

� �
¼ ðt; xÞ 2 Rþ � Rn : �3x2

1 þ x2
2 � 2x2

2e�t
6 0

� �

and
D02 ¼ ðt; xÞ 2 Rþ � Rn :
@V
@t
ðt; xÞ þ rVðt; xÞ � f2ðt; xÞ 6 �

1
2

h2
0ðt; xÞ

� �

¼ ðt; xÞ 2 Rþ � Rn : x2
1 � 4x2

1 sin2 x3 � 3x2
2 � 2x2

2e�t
6 0

n o
:

A switching signal can be constructed by the minimal rule ðR1Þ–ðR3Þ and the generalized rule ðGR1Þ–ðGR3Þ. Theorem 3.2
guarantees that the resulting switched system is ðh0;hÞ-globally uniformly exponentially stable. Since hðt; xÞ ¼ dðx;BÞ and
h0ðt; xÞ ¼ dðx;AÞ, the ðh0;hÞ-stability concluded here is equivalent to stability of conditionally invariant set B with respect
to A (see [6]).
5. Conclusions

In this paper, we have investigated the problem of switching stabilization for some general nonlinear systems. We pro-
pose two general rules to construct stabilizing switching signals, i.e., the minimal rule and the generalized rule. Not only
have we showed that the resulting switched systems are globally uniformly asymptotically stable and globally uniformly
exponentially stable, we have also rigorously proved that the switching signals generated by the generalized rule are
well-defined in that the signals do not exhibit chattering and Zeno behavior. The stability analysis has been performed in
terms of two measures so that the results can unify many different stability criteria, such as Lyapunov stability, partial sta-
bility, orbital stability, and stability of an invariant set. We have presented both numerical examples and simulations to illus-
trate the applications of the main results.
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