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Abstract:

This paper establishes two invariance principles for delay differential inclusions. The delay differential

inclusions are required to satisfy the basic assumptions: the right-hand sides are upper semicontinuous and take nonempty
compact and convex values on the domains. The classical LaSalle’s invariance principle for delay differential inclusions
is established successfully by locally Lipschitz Lyapunov-Krasovskii functionals and several stability corollaries are
developed. Besides, the concept of limit delay differential inclusions is proposed to generalize the invariance principle to
time-varying delay differential inclusions. Some numerical examples are given to show the effectiveness of the proposed

results.

Key Words: Delay differential inclusions, invariance principle, Lyapunov-Krasovskii functional, limit delay differential

inclusions

1 Introduction

LaSalle’s invariance principle is one of the most important
theoretical tools to analyze the convergence and asymptotic
stability of autonomous ordinary differential equations and
difference equations ([12], [11]). Delay differential inclu-
sions can describe a wide variety of dynamic systems af-
fected by delays and can also be used to analyze stability
and robustness of delay differential equations with discon-
tinuous right-hand sides [17]. This paper is aimed at devel-
oping the classical invariance principle [12], [10] for delay
differential inclusions.

Lyapunov’s second theorem is the most powerful weapon
to analyze the stability of general nonlinear systems ([11]).
It demands that the derivative of a Lyapunov function is
nonzero beyond the origin. However, such a strict Lya-
punov function is not easy to construct and a weaker Lya-
punov function may be obtained relatively easily, which
implies that the derivative of a Lyapunov function can be
zero beyond the origin. LaSalle’s invariance principle is a
sharp tool to analyze the convergence and asymptotic sta-
bility of autonomous systems with a weak Lyapunov func-
tion. This result has many important extensions, such as
[10, 14, 15, 20, 21, 1]. More specifically, LaSalle’s invari-
ance principle is generalized to time-varying differential
equations in [1] by introducing the concept of limit equa-
tions. Such an invariance principle concludes that the w-
limit set of a solution of time-varying system is an invari-
ant set of its limit equation. The author of [20] extends
the integral invariance principle to differential inclusions.
In [14], LaSalle’s invariance principle is extended to im-
pulsive switched systems that admit one jump at a jumping
instant. For differential equations with discontinuous right-
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hand side, LaSalle’s invariance principle is also developed
under Filippov solutions in [21].

Time delays are often inevitable in engineering and have at-
tracted a lot of attention [18], [5], [23], [22]. The author of
[10] extends the LaSalle’s invariance principle to functional
differential equations. It is asserted in [10] that any trajec-
tory approaches the largest invariant subset of a set where
the derivative of a Lyapunov functional along the solution
starting from any initial function belonging to this set is
zero. On the other hand, it has been shown that delay dif-
ferential inclusions can describe a wide variety of dynamic
systems affected by delays which are often inevitable in
practical applications ([9], [6]). However, stability crite-
ria are still not well developed for such a class of widely
used systems. Some stability theorems for delay differen-
tial inclusions have been developed in [17] and [24] where
[17] admits a more general functional. Only invariantly
differentiable functional is used in [24] and the results in
[24] cannot be applied to nonautonomous delay differen-
tial inclusions with only weak Lyapunov functional. The
key reason why the results in [24] do not apply to time-
varying delay differential inclusions is that the w-limit set
of a solution of time-varying systems is no longer an in-
variant set. Since the general invariance principles are very
important in stability analysis of delayed systems while re-
main unsolved, this motivates the research of this paper.

The contribution of the paper consists of two respects. The
first one is that the classical LaSalle’s invariance princi-
ple is established for autonomous delay differential inclu-
sions by general locally Lipschitz functionals. To estab-
lish such an invariance principle, the weakly invariant prop-
erty of the w-limit set of a precompact solution for an au-
tonomous delay differential inclusion is given. The intro-
duced challenge is that the composite function of a locally
Lipschitz functional and a locally absolutely continuous



function may be not absolutely continuous. Besides, it is
not trivial to establish the invariance principle by a locally
Lipschitz functional, which does not depend on specific so-
lutions. To overcome these obstacles, we adopt a lemma
related to the properties of the locally Lipschitz functional
such that the invariance principle can be formulated inde-
pendent of specific solutions. As is known, the classical
LaSalle’s invariance principle can not be applied to nonau-
tonomous systems. The second contribution in this paper
is that the concept of limit delay differential inclusions is
proposed for the first time. With this new concept in time-
varying delay differential inclusions, the LaSalle’s invari-
ance principle is generalized to time-varying delay differ-
ential inclusions. The obtained results can be used to ana-
lyze the stability of nonlinear time-varying delayed system
such as adaptive control systems.

This paper is organized as follows. Notation and prelimi-
naries for delay differential inclusions are given in Section
2. The main results are presented in Section 3 and 4. A
case study is shown in Section 5. Section 6 draws the con-
clusions of this paper.

2 Preliminaries

The following notation is adopted in this paper.

R™ is the n-dimensional Euclidean space. For x € R", |z|
denotes the 2-norm of z. C'([—r, 0]; R™) denotes the collec-
tion of continuous functions from [—r, 0] to R™, equipped
with the norm ||¢||, = max_,<s<o |¢(s)], where ¢ €
C([-r,0];R™). Without ambiguity, C, will often denote
C([—r,0]; R™). For a continuous function x defined at least
on [—r + t,t], let A(t)r = z(t +6),0 € [—r,0]. For
aset Y C C,, Y denotes the closure of Y in the space
C. A metric space R>o x C) is endowed with the metric
ly — 2l = max{[t — s|,||l¢ — ]|}, where y = (t,¢)
and z = (s,¢) belong to R>¢ x C,. A set-valued func-
tional 7 : R>¢ x C, = R" is upper semicontinuous on
R>o x D C R>g x C, if, given § € R>g x D, for each
€ > 0 there exists 6 > 0 such that, for all Z € R>¢ x D
satisfying ||Z— || < 6, we have F(Z) C F(§)+eB, where
B is the unit open ball in R™.

Consider the following autonomous delay differential in-
clusions

i€ F(A(t)z) (M

where © € R” is the state. D C () is an open set con-
taining the origin. F : D =2 R" is a set-valued functional
satisfying the basic assumptions: it is upper semicontinu-
ous and F(¢) is nonempty, compact and convex for each
¢ € D. Throughout this paper, 0 € F(0) and the set-
valued functional F maps bounded sets of D into bounded
sets of R™. For simplicity, the delay differential inclusions
(1) will be denoted by DZ.

Let us review some basic facts about DZ.

Definition 1 /7] A continuous function x : [—r,T) — R"
with 0 < T < oo is said to be a solution of DT if it satisfies
the following conditions:

(1) it is absolutely continuous on each compact subset of

[0,T);

(2) A(t)x € D forallt € [0,T);
(3) it satisfies DI almost everywhere on [0, T).

On the existence and continuation of solutions of DZ, de-
tails can be found in [8], [17].
Given a solution 2 of DZ, A(t)x is the trajectory of z in the
space C,.. The w-limit set w(z) of A(t)x is a set of all func-
tions ¢ € C, for which there exists a sequence A(t,)x,
with ¢,, — oo as n — oo, such that lim,, , o A(t,,)z = @.
A set H C D is called a weakly invariant set of DZ if for
any ¢ € H, there exists a continuous function x(¢) defined
on (—oo, 00) satistying A(t)x € H forall t € (—o0,00)
and A(0)xr = ¢, such that for any 0 € R, the func-
tion z* defined on [0,00) with A(0)x* = A(c)x and
x*(t) = z(t + o) for all t > 0 is a solution of DZ. A
solution z(t) of DT is said to be precompact if it is defined
on [—r, 00) and satisfies that the set {A(¢)x : ¢t € [0,00)}
is compact and {A(t)x : t € [0,00)} C D.
Given a continuous function w : [tg,b) — R, DTw(t) =
w(t+s)—w(t) )

S

limsup,_, o+
Given a continuous functional V' defined on C,., the upper
right-hand derivative of functional V' for some v € R" is
given, in the constructive way ([19], [3], [17]), as

D+V(¢7 v) = lim sup w’ @)
h—0+ h
where
R K CR R el

3 Main results

In this section, the classical invariance principle for func-
tional differential equations [10], [12] will be generalized
to delay differential inclusions.

Lemma 1 [f v is a precompact solution of DZ, then the
w-limit set w(x) of A(t)x is nonempty, compact, connected
and weakly invariant. Moreover, A(t)x approaches w(x)
ast — oo.

The above lemma is a direct result of the properties of so-
Iutions of DZ under the basic assumptions (see Theorem 3
in [16] and [24]).

Remark 1 Due to the nonuniqueness of solutions of DI,
only weak invariant properties of the w-limit set w(x) can
be asserted. This is the main difference from the invariant
properties of the w-limit set of solutions for autonomous

functional differential equations [10], [12].

A scalar functional V' defined on ¢ € C, is said to be lo-
cally Lipschitz if, for any ¢ € C., there exists £, > 0 such
that the following inequality holds in some neighborhood
N, of ¢:

[V(p1) = V(e2)|l < Lollpr — @2llr, V1,02 € Ny. (4)
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Definition 2 /17] A continuous functional V. : D — R
is said to satisfy the basic properties if for any continuous
Sunction x : [to—r,T) — R™ that is locally absolutely con-
tinuous in [to, T) and satisfies A(t)x € D of allt € [to,T),
the composite function V (A(t)x) is locally absolutely con-
tinuous in [to,T).

Remark 2 4 functional V' possessing the basic proper-
ties implies that the composite function V (A(t)x) is dif-
ferentiable almost everywhere on [0,T). A class of widely
used functional V(¢) = R(¢(0)) + fET S(¢(s))ds with
R :R"™ = R>q locally Lipschitz continuous and S : C, —
R>q continuous satisfy the basic properties.

The following definition is a straitforward extension of
Lyapunov functional for delay differential equations (see
[12]) to delay differential inclusions.

Definition 3 Let G C D. V is said to be a Lyapunov func-
tional of DI on G if (i) it is locally Lipschitz continuous
and possesses the basic properties on G, (ii) DTV (¢, f) <
0forall p € Gand f € F(¢).

Before giving one of our main theorems, denote Ey = {¢ :
¢ € G,3f € F(¢) s.t. DTV (¢, f) = 0} and let My be
the largest weakly invariant subset of DZ in Ey, .

Lemma 2 [17] Suppose that a functional V : C, — R
is locally Lipschitz in ¢. Then for any solution x : [ty —
r,T) = R" of DI, it holds that

DYw(t) = DYV (A(t)x, &(t))

Jor almost all t € [ty, T) where w(t) is the composite func-
tion V(A(t)x).

Theorem 1 Let V' be a Lyapunov functional of DI on G,
and let x(t) be a solution of DI that is precompact and
such that A(t)x remains in G for all t > 0. Then, for some
¢, A(t)x approaches My (V" 1(c).

Proof of Theorem 1: From the properties of the functional
V, the composite function V (A(t)x) is locally absolutely
continuous and thus V' (A(t)z) exists almost everywhere.
Lemma 2 yields
V(A(t)z) = DTV (A(t)z)
= DYV (A(t)z, ) 5)

almost everywhere. As a consequence, it follows that, for
anyt > 7 >0,

V(A®)z) = V(A(T)z) + / V(A(s)x)ds

:V(A(T)l‘)-‘r/ DYV (A(s)x,d)ds. (6)

T

Combining condition (ii) in Definition 3 and inequality (6)
results in

V(A(t)z) < V(A(r)z) @)

for any ¢ > 7 > 0. Therefore, V(A(t)z) is
monotonously decreasing. Since V is continuous and
{A(t)z : t € [0,00)} is a compact set contained in D (this
results from the precompact property of ), V(A(t)x) is
bounded below. Therefore, lim; .o, V(A(t)z) = c for
some constant ¢ € R. Let ¢ € w(x) be arbitrary, then
there exists a sequence A(t,)x with ¢, — oo asn — oo
such that lim,,_, A(t,)z = . By the continuity of V,
one has

lim V(A(ty)z) =V(p) =c. (8)

n—o00

This implies that V' is constant on w(z). Let y(¢) be a so-
lution of DZ starting from ¢ and A(t)y remains in w(x).
Then %t(t)y) = 0 forallt > 0. From Lemma 2, we have

dV(A(t)y)
dt

almost everywhere. As a result, there exists a sequence
{7} with lim;_, .o 7; = 0 such that

=DTV(At)y,9) =0 ©

DTV (A(r)y. ) =0 (10)

and lim; o, A(7;)y = @. Thus, » € Ey and A(t)x ap-
proaches My (\V~!(c) by Lemma 1.

Remark 3 Theorem I establishes the LaSalle’s invariance
principle for delay differential inclusions by locally Lips-
chitz functional. This theorem can be used to analyze the
convergence and asymptotic stability of discontinuous de-
layed systems.

Note that, in order to apply Theorem 1, we have to identify
the precompactness of a solution. Next, a mathematical
lemma is introduced similar to Lemma 4.8 in Chapter 3 of
[12].

Lemma 3 Let x be a bounded solution of DI defined on
[—7, 00). If A(t)x has no positive limit points on the bound-
ary of D, then x(t) is precompact.

Proof: From the definition of solutions DZ, one has, for
anyt >0andt+6 > 0,

t+0
2(t+6) — 2(t) :/ #(s)ds. (1n)
t
By applying the properties of the set-valued functional F
that maps bounded sets of D into bounded sets R", it fol-
lows from relation (11) that, forany ¢ > O and ¢t + 6 > 0,

(12)

for some constant X > 0. This implies that x(¢)
is uniformly continuous on [—r,0c0) and that the family
{A(t)x : t € [0,00)} of functions are equicontinuous.
Hence, {A(t)z : t € [0,00)} is a nonempty compact set.
Since A(t)z has no positive limit points on the bound-
ary of D, {A(t)x : t € [0,00)} C D. Therefore, () is
precompact.[]

We will give some stability corollaries for delay differential
inclusion. A lemma on the solution properties is presented
firstly as follows.

|z(t+0) —x(t)] < K|0]
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Lemma 4 [17] Suppose that F : D = R" is bounded on
closed bounded set of D and satisfies basic assumptions on
D. Then, for any initial values ¢ € D, there exists a so-
lution of DI satisfying A(0)x = ¢. If a solution x(t, $)
is defined on a finite interval [—r,T) and cannot be con-
tinued, then, for any bounded closed set U in C,, U in D,
there is a ty such that A(t)x ¢ U forty <t <T.

Remark 4 [f D = C,, any solution of DI will diverge to
o0 in finite time or will be defined on [—r, c0).

Corollary 1 Consider the delay differential inclusion DI.
Suppose D = C'. and there exists a functional V : C,. — R
locally Lipschitz continuous and possessing the basic prop-
erties on C,. such that

DTV (¢, f) <0forall g € C,. and f € F(p).

IfEBy ={¢: ¢ € C,,3f € F(¢) s.t. DTV (¢, f) =0}
and My is the largest weakly invariant subset of DI in Ey/,
then, for any bounded solution x of DI, A(t)x approaches
My ast — oo.

Corollary 2 Consider the delay differential inclusion DI.
Suppose that there exists a functional V. : D — Rx lo-
cally Lipschitz continuous and possessing the basic prop-
erties on D, o; € Koo (i = 1,2) such that

(1) a1 (|9(0)]) < V(¢) < ax([|¢l]) for all ¢ € D;

(2) DYV (¢, f) <O0forall $ € D and f € F(¢).

Then the solution x(t) = 0 is stable. Moreover, if the
largest weakly invariant set in D is the origin, then x(t) =
0 is asymptotically stable.

Proof: Stability is a direct result in [17]. Attractivity fol-
lows from the invariance principle in Theorem 1.[]

4 Generalization to general time-varying delay
differential inclusions

As can be seen from the analysis from Section 3, the key
point of the LaSalle’s invariance principle lies in the fact
that the w-limit set of a precompact solution of the au-
tonomous delay differential inclusions is an invariance set.
Obviously, this property does not hold for the time-varying
case. In the following, we will consider a more general in-
variance principle that can be applied to time-varying delay
differential inclusions.

Consider the following time-varying delay differential in-
clusion

x(t) € F(t, A(t)z), (13)
where F : R>g x D = R" is a set-valued functional that
is bounded on closed bounded subsets of D and satisfies
the basic conditions (see [17]). Denote the collection of all
such set-valued functionals by M.

Since the w-limit set of A(¢)x for a solution x of (13) is no
longer a weak invariant set of system (13), we will gener-
alize the idea of limit equations proposed by Artstein (see
[12],[1]) to overcome this obstacle.

Let X C [0,00) x C([-r,0;R™) and F; : X = R",i =
1,2,--- 00, be a set-valued functional sequence defined
on X. In the following, the concept of uniform conver-
gence for a set-valued functional sequence is introduced.

Definition 4 The sequence of set-valued functional F; :
X = R"i=1,2,--- 00, converges uniformly to F on
the set X if, for every € > 0 and p > 0, there exists a
positive integer N such that, for any i > N,

Fi(z2) mpB C F(z)+€B

forall z € X.
F(z) ﬂpB C Fi(z) +€B
The translate by ¢ of the set-valued functional F (s, ¢) is the
functional F* defined by F*(s, ¢) = F(t+s, ¢). Next, the
main result in this section is given as follows.

Theorem 2 Let x : [tg — T,00) be a precompact solu-
tion of system (13). If, for a sequence ty, — oo, A(ty) —
@ € D, and the set-valued functional sequence F* con-
verges uniformly to a set-valued functional G € M on each
bounded closed subset of D, then there exists a solution
Y« [to — r,00) with A(0)y = ¢ of & € G(s, A(s)x) such
that A(t)y € w(x).

Sketch of proof: Let x), = x1(s) be defined by xx(s) =
x(tr, + s). Then zy : [—r,00) with A(0)x, = A(tr)x
is a precompact solution of & € F'* (s, A(s)z). On each
compact interval [0, T, the family {zx(s),s € [0,T]} are
equicontinuous since there exists B > 0 such that

|7k (s)] < B (14)

for almost all s € [0, T']. Hence there exists a subsequence
xy,, of the function sequence x;, that converges uniformly to
some absolutely continuous function 3 : [0,7] — R™. Let
y i [—r, T] satisfy A(0)y = ¢ and y(s) = y(s),s € [0,T].
The sequence of function xy,(s) : s € [—r,T] converges
toy : [-r,T] ast — oo and A(t)y € {A(t)z :t > to},
which belongs to a bounded closed set contained in D by
precompactness of the solution x.

We now show that y is a solution of © € G(s, A(s)z) in
brief. Since the sequence of function xy, : [—r,T] con-
verges uniformly to y : [—r, T}, then A(s)xy, converges
uniformly to A(s)y. Combining upper semicontinuity of
F and Lemma 13 in [4], this assertion can be given by fol-
lowing similar arguments of the proof for Lemma 1 in [4]
(page 76).0J

In fact, the above lemma states that the w-limit set w(x)
of A(s)x is a weakly invariant set of the limit differential
inclusion & € G(s, A(s)z). This result can be used to an-
alyze the stability of time-varying differential inclusions,
where only weak Lyapunov functionals can be found.
Consider the following time-varying delayed systems

&= f(t,A(t)ZL‘)7 (15)

where [ : R>¢ x C, — R" is a continuous functional and
maps bounded sets of . into bounded sets of R".

Corollary 3 Let x : [tg — T, 00) be a precompact solution
of system (15). If; for a sequence t;;, — oo, A(ty) — ¢ €
C,., and the functional sequence f'* converges uniformly to
a functional g € C. on each bounded closed subset of C,
then there exists a solution y : [to — r,00) with A(0)y = ¢
of & = g(s, A(s)x) such that A(t)y € w(x).
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Remark 5 The above results are a delay version of Art-
stein’s invariance principle. Stability theorems for time-
varying differential equations by applying the idea of limit
equations have attracted a lot of attention and been de-
veloped in the recent decade such as [13]. While stability
theorems for delay systems have received less attention and
not well developed by adopting the powerful idea initially
proposed in [1]. By the results in Theorem 2 and Corollary
3, we can also develop parallel stability theorems for delay
systems.

Example 1 Consider the following system
i = e Hay(t),

‘@2 = —672)&1'1 (t) — QZ'Q(t) + ZQ(t - T)~ (16)

Choose a Lyapunov functional V' of the following form

0
V() = 3@+ SO+ [ dods D

Taking the derivative of V" along the solution of system (16)
yields that

V(A(t):v) = —23(t) + xo(t)za(t — 7) — 23(t — 7).

Obviously V' (A(t)z) < 0. Let  be any solution of system
(16). Then z will be bounded, that is |z (¢)| < B and A(t)x
converges to the following set

{¢ eC;: d)g(()) = d)g(—T) = 0}

Since system (16) is a time-varying system, then LaSalle’s
invariance principle fails for this case. It is easy to confirm
that the limit delay differential equation is as follows

(18)

i1 =0,

To = —21‘2(t)+.172(t—7‘). (19)

The largest invariant set in {¢ : ¢ € C;,||¢||, < B} for
system (19) belongs to the following set

{p€Cr:3ceRst p1(s) =¢, Vs € [—T,0],
¢p2(s) =0,Vs € [-7,0],||9||- < B}.

(20)

Therefore, the solution x satisfies A(t)z € {¢ € C; :
¢1(s) = ¢,Vs € [—7,0] for some ¢ € R, pa(s) = 0,Vs €
[—7,0],]|¢||- < B}, which implies that z2(¢) converges to
zero and 1 (t) converges to a constant by Corollary 3. Fig-
ure 1 is a simulation for system (16). The state trajectories
in Figure 1 show the effectiveness of proposed theorems.

5 A case study

Consider the interconnected system of a smooth oscillator
with nonsmooth friction and uncertain coefficients [2] and
a first-order delayed system

&y = wo(t),
&o € Falw1(t), x2(t)) + x3(t),

iy = —2x3(t) 4+ 23(t — 1) — 22(t), 21

Ty

j—

State
o

10 20 30 40 50 60
Time(Sec)

Figure 1: State trajectories for system (16) with initial val-
ues ¢1(s) = 10, ¢2(s) = —10,s € [-2,0], 7 = 2.

where F; is a set-valued mapping satisfying

F2(17171132) =

[221(t) = 1,—z1(¢) = 1] ,z1 > 0,29 > 0;

—x1(t) — SGN(z2(t)), (z1, 22)

€ {(z1,72) : 1 < 0,29 > 0} U{(xl,acg) cxg < 0}
[—221(t) = 1,—z1(¢) + 1] , 22 = 0,21 > 0;

[—21(t) = 1, —z1(t) + 1],z = 0,21 < O;
[-1,1],21 =0,20 =0

where SGN(y) is defined as follows

1, y>0
SGN(y) = -1, y <0 (22)
[7131]3 y:O

It is known from [2] that F> is an upper semicontinuous
set-valued function and takes compact and convex values
in R2. Hence, it is not hard to conclude that the set-valued
functional at the right-hand side of system (21) satisfies the
basic assumptions on C'; and maps bounded sets of C'; into
bounded sets of R™. Choose a functional

V(9) = 361(0) + 563(0) + 3630)
0

+ [ ¢3(s)ds 23)

where ¢(s) = [ ¢1(s)  ¢a(s) ]T € R? s € [-7,0]. Ob-
viously, the functional V' satisfies the basic conditions and
is locally Lipschitz continuous. Moreover, it is clear that
a1(|(0)]) < V(¢) < aa(||¢||-) for some K functions
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a; and a. Computing DTV (¢, f) yields

DYV (s, f) €
[—1,0] 61(0)h2(0) — ¢2(0) — ¢3(0)
+ ¢3(0)¢3(—7) — ¢3(=7), 61(0) > 0,¢2(0) > 0;
— |¢2(0)] = ¢3(0) + ¢3(0)p3(—7) — ¢3(—7),
(61(0), 92(0)) € S
— #3(0) + ¢3(0)p3(—7) — d3(—T7), $2(0) =
where 5 = {(01(0),6(0)) : 6:(0) < 0.6(0) >

0} U{(01(0), $2(0)) : ¢2(0) < 0}. Hence, we have
DV (¢, f) <

As a consequence, any solution of system (21) is bounded.
It is easy to confirm that

Eyv ={¢: ¢3(0) = ¢p3(—7) = 0,¢2(0) = 0}.

Now our object is to determine the largest invariant subset
in Iy. Note that, in the set Fy/, one has

F2(1(0), 92(0)) =
[—261(0) — 1, =¢1(0) + 1], $2(0) = 0, $1(0) > 0
[=¢1(0) =1, =¢1(0) + 1], $2(0) = 0,¢1(0) <0
[717 1} 7¢1(0) = 07 ¢2(0) =
Any solution z(t) of system (21) with an initial function

A(0)x € By and x1(0) C R\[-1,1] leaves Ey . There-
fore, we have

0 forany ¢ € Crand f € F(¢). (24)

(25)

My ={¢: ¢3(s) = ¢2(s) =0,
Je € [-1,1] s.t. p1(s) = ¢,Vs € [—7,0]}. (26)
This implies that any solution of the system (21) is
bounded. Moreover, z5(t) and x3(t) approach zero and
x1(t) approaches a constant belonging to [—1, 1].

6 Conclusions

The LaSalle’s invariance principle was established for de-
lay differential inclusions by locally Lipschitz functional.
With the proposed invariance principle, some stability
corollaries were given. Besides, the concept of limit delay
differential inclusion has been proposed for the first time
such that the invariance principle was generalized to time-
varying delay differential inclusions. Some numerical ex-
amples were given to show the effectiveness of the newly
proposed results. For future work, the stability theorems of
delay differential inclusions will be explored by the newly
developed results.

REFERENCES

[1] Z. Artstein, The limiting equations of nonautonomous or-
dinary differential equations, Journal of Differential Equa-
tions, 25(2):184-202, 1977.

[2] A. Bacciotti and F. Ceragioli, Stability and stabilization of
discontinuous systems and nonsmooth Lyapunov functions,
Control Optimisation and Calculus of Variations, 4:361—
376, 1999.

(3]

(4]

(3]

(6]
(7]

(8]

(9]

[10]

[11]
[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

T. A. Burton, Stability and Periodic Solutions of Ordinary
and Functional Differential Equations, volume 178, Else-
vier, 1985.

A. F. Filippov, Differential Equations with Discontinuous
Righthand Sides: Control Systems, volume 18, Springer,
1988.

H. Gao, J. Lam, and C. Wang, Robust energy-to-peak fil-
ter design for stochastic time-delay systems, Systems and
Control Letters, 55(2):101-111, 2006.

K. Gu, V. Kharitonov, and J. Chen, Stability of Time-Delay
Systems, Boston, Birkhauser, 2003.

G. Haddad, Monotone viable trajectories for functional
differential inclusions, Journal of Differential Equations,
42:1-24, 1981.

J. R. Haddock, T. Krisztin, J. Terjéki, and J. H. Wu, An in-
variance principle of Lyapunov-Razumikhin type for neu-
tral functional differential equations, Journal of differential
equations, 107(2):395-417, 1994.

J. K. Hale and S. V. Lunel, Introduction to functional differ-
ential equations, Springer-verlag, New York, 1993.

J. K. Hale, A stability theorem for functional-differential
equations, Proceedings of the National Academy of Sci-
ences, 50(5):942-946, 1963.

H. Khalil, Nonlinear Systems, Prentice Hall, 2002.

J. P. LaSalle, The Stability of Dynamical Systems, 1976.

T. C. Lee and Z. P. Jiang, A generalization of Krasovskii—
LaSalle theorem for nonlinear time-varying systems: con-
verse results and applications, IEEE Trans. Automat.
Contr., 50(8):1147-1163, 2005.

J. Liu, X. Z. Liu, and W. C. Xie, Invariance principles for
impulsive switched systems, Dynamics of Continuous, Dis-
crete & Impulsive Systems. Series B. Applications & Algo-
rithms, 16:631-654, 2009.

J. Liu, X. Z. Liu, and W. C. Xie, Generalized invari-
ance principles for switched delay systems, IMA Journal
of Mathematical Control and Information, 28:19-39, 2011.
J. Liu and A. R. Teel, Hybrid systems with memory: mod-
eling and stability analysis via generalized solutions, Pro-
ceedings of the 19th [FAC World Congress.

K. Z. Liu, X. M. Sun, J. Liu, and A. R. Teel, Stability the-
orems for delay differential inclusions, Submitted to IEEE
Trans. Automat. Contr.

S. Niculescu, Delay effects on stability: A robust control
approach, volume 269, Springer, 2001.

P. Pepe, On Liapunov—Krasovskii functionals under
carathéodory conditions, Automatica, 43(4):701-706,
2007.

E. Ryan, An integral invariance principle for differential in-
clusions with applications in adaptive control, SIAM Jour-
nal on Control and Optimization, 36(3):960-980, 1998.

D. Shevitz and B. Paden, Lyapunov stability theory of non-
smooth systems, IEEE Trans. Automat. contr., 39(9):1910-
1914, 1994.

X. M. Sun and W. Wang, Integral input-to-state stability for
hybrid delayed systems with unstable continuous dynamics,
Automatica, 48(9):2359-2364, 2012.

X. M. Sun, J. Zhao, and D. J. Hill, Stability and L2-gain
analysis for switched delay systems: a delay-dependent
method, Automatica, 42(10):1769—-1774, 2006.

A. V. Surkov, On the stability of functional-differential
inclusions with the use of invariantly differentiable Lya-
punov functionals, Differential Equations, 43(8):1079—
1087, 2007.

2015 27th Chinese Control and Decision Conference (CCDC)

149




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


