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Existing methods

Example:
Qubit, Pauli measurements

Linear Inversion:  Solve trρEi =
fi
n

ρ

may not be 
positive 

semi-definite

observed 
frequencies

POVM 
elements

trρσx =
fx(↑)− fx(↓)

n

trρσz =
fz(↑)− fz(↓)

n
R. Blume-Kohout, NJP 2010



Existing methods
Maximum Likelihood
Estimate

unreliable

estimate error bar
by resampling

likelihood function
(depends on data)

argmax

trE⊗f1
1 ⊗ · · ·⊗ E⊗fk

k� �� �
Bn

ρ⊗n
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Existing methods
Bayesian Update Pposterior(ρ)dρ α Prob[f |ρ]Pprior(ρ)dρ

From posterior
compute estimate
and error bar

depends on 
prior σ̂x

σ̂y

+
+
+
+ +

+
+
+

-
-

-
-

R. Blume-Kohout



Experimenter‘s Goal
• Given experimental data

• Compute estimate & error bar
(region)

• Requirement: 
True state lies within region
with high probability (over data)

Region is small



Strict necessity

• Scientific Community
(otherwise reported experimental data 
may be falsified)

• Quantum Cryptography
(has tomography as subroutine)

• Fault-tolerant Quantum Computing
(needs certified components)



Existing methods
• Large deviations bounds

• Specific measurements

• Focus on efficiency

Gross, Liu, Flammia, Becker & 
Eisert, PRL 2010
Gross, IEEE Trans. Inf. Th. 2011
Liu, NIPS 2011

Cramer, Plenio, Flammia, Gross, 
Bartlett, Somma, London-Cardinal, 
Liu & Poulin
Nat. Comm. 2011 

Sugiyama,Turner, &Murao
PRA 2011

Compressed sensing

Matrix-Product-State tomography

Analysis of experiments



Main Result



Our Work
• Construct small regions

• For any given measurement

independent & identical measurement

adaptive measurements

coherent measurements

{Ei} Bn = E3 ⊗ E1 ⊗ · · ·⊗ E3 ⊗ E2

Bn = E1
3 ⊗ E2

1 ⊗ · · ·⊗ En−1
3 ⊗ En

2

outcome
setting dependent on 

previous outcome

{Bn} Bn

{Ei}

closely 
related 
work

R. Blume-
Kohout

QIP 2012
(talk M.Ch.)



Main Result

We derive region estimators 
such that the true state is 
contained in the region with high 
probability (over the data):

ProbBn [σ ∈ R�(B
n)] ≥ 1− �

  data  region true state

The size of the regions is minimal 
(in certain ways)

true state generation

quantum state generation

“σ”

S1

σ

S2

σ

S3

σ

· · · Sn

σ

measurements

Bn

data analysis R�(Bn)



Definition of Regions
estimate distribution
(depends on data)

confidence region=
slightly enlarged

region in state space
high probability 1-ε/poly(n)
with respect to estimate 

distribution
}

O(

�
1

n
ln

n

�
)

R�(B
n)

tr[Bnρ⊗n]dρ



Error Bar
• fixed error probability 

• Pauli measurements on qubit

• relative frequencies (0 78, 0.22), (0.66, 0.44) and (0.91, 0.09)
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Measure & Predict
sample

n out of n+k

permutation-
invariant 

take first n

Quantum de Finetti

large k

ρn+k ≈
�

P (σ)σ⊗(n+k)dσ
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Post-selection 
technique for
quantum channels 
Ch., König, Renner, PRL 2009

σ⊗n ≤ poly(n)

�
ρ⊗ndρ
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Update the estimate 
distribution

S1 S2 · · · Sn Sn+1 Sn+2 · · · Sn+n�

first measurements

Bn

tomographic

data analysis

second measurements

Bn�

tomographic

data analysisµ µ�

� s well as an ad iona in x m see Supple-

an be iewed a h er d m iona gen r l za

h u

umber of c effic e ts νB (�,m

ret o

) r[

µBn⊗Bn� (σ) :=
cBn

cBn⊗Bn�
µBn(σ)QBn� (σ)

e )

CP d2 1
labe ed by a momen � as well

of sph ric l harmon c on

t s r he a y

ditiona m ent ata

σ)µ e ore e i

mi ar e ow P re t

QBn� (σ) := tr[σ⊗n�
Bn�

]
                                                                           
.



Fourier Transform

• Convenient when processing information 
further

• Update rule

• Description grows by degree of outcome

Bn(σ)dσ :=

�
νBn(x d

H induced by h Hilbe Schmidt inner product and dx
r tat s o

νBn(x) =
�

�,m

νBn(�,m)y�,m(x)
n

( e in

to the ell known epresent t on for tates o

Bn

h l f h ti at d it t s f

l ene l f tr

t r

nd tr[|x��x ⊗n B

νBn⊗Bn� (���,m��
) = (νBn ∗ qBn� )(���,m��

)

:=
cBn

cBn⊗Bn�

�max�
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νBn(�,m)qBn� (��,m�
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�
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derived from U(d2) Clebsch-
Gordan coefficients

generalised spherical harmonics



Conclusion

ProbBn [σ ∈ R�(B
n)] ≥ 1− �

  data  region true state

Use it in your next 
experiment!



Past, Present, Future
Nature

author, author, ...author

Nature
author, author, ...author

Nature
author, author, ...author

see quantum 
attachment



QIP Custom-Made Proof
likelihood ratio function
(depends on data     )

confidence region=
states whose 

likelihood ratio is 
above threshold

threshold
= ε/poly(n)

Bn

trBnσ⊗n

trBnσ⊗n
Bn

≤ �/poly(n)

{ρ :
trBnρ⊗n

trBnρ⊗n
Bn

> � /poly(n)}

postselection 
technique

Prob[σ �∈ R�(B
n)] =

�

Bn

trBnσ⊗n

≤ �/poly(n)
�

Bn

trBnσ⊗n
Bn

≤ �/poly(n)
�

Bn

trBnpoly(n)

�
ρ⊗ndρ

≤ � tr(
�

Bn

Bn)(

�
ρ⊗ndρ) = �

ρBn


