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....So, what’s the fuss with all this opto-mechanical thingy....
                          Marco Piani (2011)

Let there be light..
and a mirror...vibrating...
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FIG. 1: Sketch of the experimental setup. (a) A cavity is built between the cantilever and a regular concave mirror of 25 mm
focal length and 99.3% reflectivity. The cavity length was slightly shorter than 25 mm such as to obtain a waist of approximately
20 µm at the location of the surface of the cantilever. In this configuration we measured a cavity finesse of 500. To minimize
damping of the mechanical mode due to gas friction, the cavity is placed in a vacuum chamber which is kept at 10−5 mbar.
The cavity is pumped with a Nd:YAG laser at 1064 nm. The beam is phase modulated at 19 MHz (MOD) by a resonant
electro-optic modulator (EOM) before it is injected into the cavity via the input mirror (IM). The beam reflected from the
cavity is sent via a beam splitter (BS) onto a high-speed PIN photodiode (PD). After amplification of the photocurrent, its
AC part is demodulated with the initial modulation frequency to obtain the PDH error signal. This error signal is then used
to feed a low-frequency control loop (PID) to stabilize the cavity length via a piezo actuator. In addition, the error signal
is fed to a spectrum analyzer (SA) to record the dynamics of the mechanical mode. (b) The cantilever is a doubly clamped
free standing Bragg mirror (520 µm long, 120 µm wide and 2.4 µm thick) that has been fabricated by using UV excimer-laser
ablation in combination with a dry-etching process [26]. The reflectivity of the Bragg mirror is 99.6% at 1064 nm. (c) Power
spectrum of the micro-mirror. We have isolated a mechanical mode at 280 kHz with a natural width of 32 Hz, corresponding
to Q ≈ 9000. All measurements presented in this work have been made on this mode.
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FIG. 2: Power spectrum of the mechanical mode at two different relative detuning levels ∆ of the cavity for an input power of
2 mW. The data is obtained from the PDH power spectrum, which is directly proportional to the displacement power spectrum
of the micro-mirror. Experimental points are taken with the spectrum analyzer, averaged over 30 consecutive measurement
runs. Solid lines are Lorentzian fits to the data. The areas obtained from the fit correspond to temperatures of 300 K and 8
K, respectively.

S. Gigan, et al. Nature 
444, 67  (2006) 

with

∆ = (1 − iΩ/Ωc)
2 + ϕ2, (3)

where x [Ω] is the Fourier component of the resonator dis-
placement, ϕ = Ψ/γ the detuning normalized to the cav-
ity damping rate γ, and Ωc the cavity bandwidth. ϕNL is
a nonlinear phase-shift which characterizes the optome-
chanical coupling between the resonator and the light in
the cavity. It corresponds to the normalized phase-shift
of the cavity induced by the static recoil effect of the
resonator [19] and is given by:

ϕNL =
8π

λγc

P

MΩ2
m

. (4)

At thermodynamical equilibrium, the equation of mo-
tion of the resonator is :

x [Ω] = χm [Ω] (FT [Ω] + Frad [Ω]) , (5)

where FT is the Langevin force responsible for the Brown-
ian motion [20]. This equation of motion can be rewritten
from (2) without the radiation pressure term, but with
an effective mechanical susceptibility χeff [Ω]:

χeff [Ω]−1 = χm [Ω]−1 + 2
ϕϕNL

∆
MΩ2

m. (6)

In the limit of a mechanical quality factor Q = Ωm/Γm "
1, χeff [Ω] still has a lorentzian shape, but with effective
resonance frequency and damping given by:

Ωeff = Ωm

(

1 + Re
ϕϕNL

∆

)

(7)

Γeff = Γm

(

1 − 2Q Im
ϕϕNL

∆

)

, (8)

where ∆ is now evaluated at the resonance frequency Ωm.
The Q factor in eq. (8) indicates a much stronger depen-
dence of the damping upon radiation pressure effects as
long as the imaginary part of 1/∆ stays comparable to
its real part, that is for Ωm # Ωc. The radiation pressure
effects can then increase or decrease the damping of the
resonator, depending on the sign of the detuning. Since
the Langevin force is not modified, one gets a situation
somewhat similar to the one obtained by cold damping
[16]: the system still obeys the fluctuation-dissipation
theorem [20], but at a different effective temperature,
given for small frequency shifts (Ωeff − Ωm) by:

Teff

T
#

Γm

Γeff

. (9)

Both radiation pressure cooling and heating can therefore
be performed, depending on the sign of the cavity detun-
ing. A similar result has recently been demonstrated with
a silicon microlever, using the photothermal force rather
than radiation pressure [15].

In our experiment (Fig. 2), a silicon doubly-clamped
(1 mm × 1 mm × 60 µm) beam with a mirror coated

FIG. 2: Experimental setup used to monitor and to cool the
micro-mechanical oscillator. A Nd:YAG laser (λ = 1, 064 nm)
is intensity-stabilized at low frequency with an electro-optic
modulator (EOM) and spatially filtered before entering the
micro-resonator cavity. The displacement signal is extracted
by means of a Pound-Drever-Hall (PDH) phase modulation
scheme using a resonant electro-optic phase modulator. The
low-frequency part of the signal is used to lock the laser fre-
quency around the cavity resonance, with a preset detuning
given by a DC offset. The high-frequency part is used to
monitor the resonator displacements.

upon its surface is used as back mirror of a single-
ended Fabry-Perot cavity [17]. We use one particular
vibration mode, which has the following characteristics:
Ωm/2π # 814 kHz, an effective mass M = 190 µg, a
spring constant k # 5 × 106 N.m−1, and a mechanical
quality factor Q = 10, 000 in vacuum (residual pres-
sure below 10−2 mbar), with the whole vacuum cham-
ber at room temperature T = 300 K. Both the qual-
ity of the low-loss dielectric coating and the low rough-
ness of the resonator have allowed us to reach an opti-
cal finesse F = π/γ = 30, 000, with a cavity bandwidth
Ωc/2π = 1.05 MHz (L = 2.4 mm). Such a high finesse
dramatically increases both the radiation pressure cool-
ing effect and the sensitivity of the phase of the reflected
field to the resonator displacements. Using a highly stabi-
lized laser source and a Pound-Drever-Hall (PDH) phase
modulation scheme has indeed allowed us to reach a sen-
sitivity of 4×10−19 m/

√
Hz near the resonance frequency:

the thermal peak of the resonator at room temperature is
observed with a 50 dB signal-to-noise ratio with respect
to the background thermal noise of the surrounding vi-
bration modes.

The calibration of our setup is performed in two steps.
First, the calibration is performed when the cavity is
at resonance with a frequency modulation of the laser
[2, 17]. Second, we have to take into account the lower-
ing of the sensitivity for a non-zero detuning, which stems
from two origins: the lower dependence of the phase re-
sponse with cavity detuning away from resonance, and
the distorsion of the PDH signal for large detunings. For
that purpose, we drive the resonator into motion (with
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Radiation-pressure cooling and optomechanical instability of a micro-mirror

O. Arcizet, P.-F. Cohadon, T. Briant, M. Pinard, and A. Heidmann
Laboratoire Kastler Brossel, Case 74, 4 place Jussieu, 75252 Paris Cedex 05, France

PACS numbers:

Recent experimental progress in table-top experiments
[1, 2] or gravitational-wave interferometers [3] has en-
lightened the unique displacement sensitivity offered by
optical interferometry. As the mirrors move in response
to radiation pressure, higher power operation, though
crucial for further sensitivity enhancement, will however
increase quantum effects of radiation pressure, or even
jeopardize the stable operation of the detuned cavities
proposed for next-generation interferometers [4, 5, 6].
The appearance of such optomechanical instabilities [7, 8]
is the result of the nonlinear interplay between the mo-
tion of the mirrors and the optical field dynamics. In
a detuned cavity indeed, the displacements of the mir-
ror are coupled to intensity fluctuations, which modi-
fies the effective dynamics of the mirror. Such ”opti-
cal spring” effects have already been demonstrated on
the mechanical damping of an electromagnetic waveg-
uide with a moving wall [9], on the resonance frequency
of a specially designed flexure oscillator [10], and through
the optomechanical instability of a silica micro-toroidal
resonator [11]. We present here an experiment where a
micro-mechanical resonator is used as a mirror in a very
high-finesse optical cavity and its displacements moni-
tored with an unprecedented sensitivity. By detuning the
cavity, we have observed a drastic cooling of the micro-
resonator by intracavity radiation pressure, down to an
effective temperature of 10 K. We have also obtained
an efficient heating for an opposite detuning, up to the
observation of a radiation-pressure induced instability of
the resonator. Further experimental progress and cryo-
genic operation may lead to the experimental observation
of the quantum ground state of a mechanical resonator
[12, 13, 14], either by passive [15] or active cooling tech-
niques [16, 17, 18].

The resonator is placed at the end of a linear cavity,
along with a conventional coupling mirror (Fig. 1a). As
we are only interested in the motion at frequencies Ω
close to a resonance frequency Ωm of the resonator, the
mirror dynamics can be approximated as the one of a
single harmonic oscillator, with resonance frequency Ωm,
mass M , damping Γm and mechanical susceptibility:

χm [Ω] =
1

M (Ω2
m − Ω2 − iΓmΩ)

. (1)

The resonator is submitted to a radiation pressure force
Frad induced by the intracavity field. Depending on the
detuning Ψ ≡ 4πL/λ [2π], where L is the cavity length
and λ the laser wavelength, any small displacement x of
the resonator induces a variation of the intracavity power

P and of the radiation pressure (see Fig. 1b). As a con-
sequence, the spring constant k = MΩ2

m of the resonator
is balanced by the radiation pressure force: for a positive
detuning, the displacement creates a negative linear force
and thereby an additional binding force, increasing the
effective spring constant, whereas for a negative detun-
ing, the force corresponds to a softening of the oscillator.
Effects are null at resonance, maximum at half-width of
the optical resonance, and proportional to the incident
power. These effects have already been directly observed
[10], as well as the bistable behaviour of the cavity for
a negative detuning [19]. In our experiment, however,
due to the high-finesse cavity and the high resonance fre-
quency, such a static approach is no longer valid and one
has to take into account the cavity storage time to eval-
uate the resonator dynamics. Additional dephasings ap-
pear and the radiation pressure force Frad can be written
in Fourier space [6]:

Frad [Ω] = −2
ϕϕNL

∆
MΩ2

m x [Ω] , (2)

FIG. 1: Principle of radiation-pressure cooling. a, Layout
of the optical cavity. The micro-resonator mirror is etched
upon a 1 cm2 silicon chip. The coupling mirror of the cavity
is a standard low-loss silica mirror. b, Intracavity power P
as a function of the cavity length L. Around a working point
defined by the normalized cavity detuning ϕ, the force Frad

exerted by the intracavity field upon the micro-resonator is
proportional to the slope of the Airy peak and to the displace-
ment x of the resonator.

D. Kleckner and D. 
Bouwmeester, Nature 

444, 75  (2006) 

O. Arcizet, et al. Nature 
444, 71  (2006) 

LETTERS

Sub-kelvin optical cooling of a micromechanical
resonator
Dustin Kleckner1 & Dirk Bouwmeester1

Micromechanical resonators, when cooled down to near their
ground state, can be used to explore quantum effects such as
superposition and entanglement at a macroscopic scale1–3. Prev-
iously, it has been proposed to use electronic feedback to cool a
high frequency (10MHz) resonator to near its ground state4.
In other work, a low frequency resonator was cooled from room
temperature to 18K by passive optical feedback5. Additionally,
active optical feedback of atomic force microscope cantilevers
has been used to modify their response characteristics6, and cool-
ing to approximately 2 K has been measured7. Here we dem-
onstrate active optical feedback cooling to 1356 15mK of a
micromechanical resonator integrated with a high-quality optical
resonator. Additionally, we show that the scheme should be appli-
cable at cryogenic base temperatures, allowing cooling to near the
ground state that is required for quantum experiments—near
100 nK for a kHz oscillator.

Using a laser tuned to the resonance fringe of a high finesse optical
cavity, it is possible to observe very small fluctuations in the length of
the cavity due to brownian motion of one or both of the endmirrors.
We have developed an optical cavity with one rigid large mirror,
6mm in diameter and with a 25mm radius of curvature, and one
tiny plane mirror, 30 mm in diameter, attached to a commercial
atomic force microscope cantilever of dimensions 4503 503 2mm
with a fundamental resonance of 12.5 kHz (Fig. 1b). An optical fin-
esse of 2,100 and a mechanical quality factor of 137,000 have been
achievedwith the system8. Themotion of the tinymirror/cantilever is
monitored bymeasuring the transmission of the cavity at a frequency
on the side of an optical resonance peak. To do this, we use about
1mW from a 780 nm tunable diode laser which is locked to the
resonance fringe using the integrated signal from a photo-multiplier
tube which monitors the light transmitted through the cavity
(Fig. 1a). The time derivative of this signal is proportional to the
velocity of the cantilever tip and is used to modulate the amplitude
of a second, 980 nm, diode laser focused on the cantilever less than
100 mm away from the tiny mirror. The radiation pressure exerted by
this feedback laser counteracts the motion of the mirror and effec-
tively provides cooling of the fundamental mode.

The effective feedback gain can be varied over several orders of
magnitude by sending the feedback laser through a variable neutral
density filter. The average power in the feedback beam when it
reaches the cantilever is of the order of 1mW at the highest gain
settings and proportionally lower otherwise. The mean modulation
depth of the feedback beam varies from nearly 100% to less than 5%
as gain is increased. The vibration spectrum of the cantilever as a
function of gain is shown in Fig. 2. The r.m.s. thermal amplitude of
the cantilever without feedback is 1.26 0.1 Å. From this value,
one can calculate that the spring constant of the cantilever is
0.156 0.01Nm21, in agreement with the manufacturer-specified

range, and the effective mass of the cantilever fundamental mode is
(2.46 0.2)3 10211 kg.

To determine the effective gain of the feedback loop and the tem-
perature of the fundamental mode, we fit a lorentzian plus a constant
background to the vibration spectrum of the cantilever for each value
of feedback gain. The temperature is determined from the area under
the lorentzian without the background, while the gain is determined
by the width of the resonance. The linewidth provides a good mea-
sure of gain because it is directly determined by the damping rate
whereas the cantilever amplitude may be affected by other sources of
noise in the feedback loop. Cooling is observed over more than three
orders of magnitude. The lowest temperature we are able to measure
is 1356 15mK, or a cantilever r.m.s. amplitude of 0.0236 0.002 Å,
with a gain (the ratio of feedback to mechanical damping) of
g5 2,4906 90 (Fig. 2b). The lowest trace in Fig. 2b, indicating an
even lower temperature, cannot be reliably fitted owing to the laser
noise floor. Since the optical finesse is not the current limiting factor,
we operate the opto-mechanical system at a finesse of only 200,

1Department of Physics, University of California, Santa Barbara, California 93106, USA.
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Figure 1 | The experimental system. a, Diagram of the feedback
mechanism: a 780 nm observation laser (Obs.) is frequency locked to the
optical cavity (shown magnified at bottom) with an integrating circuit (via
the laser frequency modulation input, f. mod), using the signal from a
photomultiplier tube (PMT). This signal is also sent through a 1.25 kHz
bandpass filter at 12.5 kHz and a derivative circuit (d/dt) to provide an
intensity-modulating signal (I. mod.) for the 980 nm feedback laser (Fb.).
The feedback laser is attenuated with a variable neutral density (ND) filter to
adjust the gain of the feedback. The feedback force is exerted on the
cantilever via this laser’s radiation pressure. b, Scanning electronmicroscope
image of the tip of the cantilever with attached mirror.
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Cavity optomechanics, by 
contrast, exploits the interactions 
between photons and mirrors in 
table-top experiments that should, 
one day, be able to shed new light 
on the boundary between classical 
and quantum mechanics. Moreover, 
cavity optomechanics might allow 
quantum behaviour to be observed 
in a macroscopic system, although a 
number of rival approaches are also 
closing in on this goal.

A typical cavity-optomechanics 
experiment consists of an optical 
cavity in which one of the mirrors 
is free to move, for example because 
it is mounted on a cantilever. When 
a laser beam is shone into the 
cavity, the light bounces back and 
forth between the mirrors, and the 
position of the ‘free’ mirror changes 
due to radiation pressure and 

Mirrors have a supporting role 
in most physics and astronomy 
research. When light strikes a 
mirror, it is usually reflected to 
somewhere more interesting — 
photons from a distant star, for 
example, might be focused onto a 
detector, or the beam from a nearby 
laser might be redirected to cool an 
atomic gas. But what happens to the 
mirror? This question is ignored in 
most research; however, in a small 
number of fields — such as the 
detection of gravitational waves and 
cavity optomechanics — the influ-
ence of the photon on the mirror is 
extremely important.

In an optical cavity or inter-
ferometer formed by two highly 
reflecting mirrors, momentum is 
transferred from the photons to 
the mirrors each time a photon is 
reflected. This ‘radiation pressure’ 
is usually insignificant compared 
with thermal fluctuations and 
other effects. However, it imposes 
limits on the performance of the 
kilometre-scale laser interfero-
meters that have been built to detect 
gravitational waves, given that these 
devices have to measure exceed-
ingly small changes in the distances 
between the mirrors.

thermal fluctuations. This changes 
the length of the cavity and, hence, 
its resonant frequency, which in 
turn changes the optical intensity in 
the cavity. When the frequency of 
the laser is lower than the nominal 
resonant frequency of the cavity, the 
overall effect is to cool the mirror 
by reducing thermal fluctuations. 
This process is called dynamical 
back-action (conversely, when the 
laser frequency is higher than the 
resonant frequency, the motion of 
the mirror is amplified).

In 2006, Markus Aspelmeyer 
and co-workers and, independ-
ently, Pierre-François Cohadon 
and colleagues used this approach 
to cool micromirrors mounted on 
cantilevers from room temperature 
to ~10 K; a third team, led by Tobias 
Kippenberg and Kerry Vahala, cooled 
a toroid microcavity by a similar 
factor. Reaching the quantum regime 
will require cooling to sub-Kelvin 
temperatures, which will necessitate 
increasing both the optical finesse 
and the mechanical quality factor of 
the experiments, whereas actually 
observing quantum behaviour will 
involve using photons to measure the 
position of the mirror while keeping 
the disturbance caused by radiation 
pressure to a minimum.

Peter Rodgers,  
Chief Editor, Nature Nanotechnology
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Cavity optomechanics, by 
contrast, exploits the interactions 
between photons and mirrors in 
table-top experiments that should, 
one day, be able to shed new light 
on the boundary between classical 
and quantum mechanics. Moreover, 
cavity optomechanics might allow 
quantum behaviour to be observed 
in a macroscopic system, although a 
number of rival approaches are also 
closing in on this goal.

A typical cavity-optomechanics 
experiment consists of an optical 
cavity in which one of the mirrors 
is free to move, for example because 
it is mounted on a cantilever. When 
a laser beam is shone into the 
cavity, the light bounces back and 
forth between the mirrors, and the 
position of the ‘free’ mirror changes 
due to radiation pressure and 

Mirrors have a supporting role 
in most physics and astronomy 
research. When light strikes a 
mirror, it is usually reflected to 
somewhere more interesting — 
photons from a distant star, for 
example, might be focused onto a 
detector, or the beam from a nearby 
laser might be redirected to cool an 
atomic gas. But what happens to the 
mirror? This question is ignored in 
most research; however, in a small 
number of fields — such as the 
detection of gravitational waves and 
cavity optomechanics — the influ-
ence of the photon on the mirror is 
extremely important.

In an optical cavity or inter-
ferometer formed by two highly 
reflecting mirrors, momentum is 
transferred from the photons to 
the mirrors each time a photon is 
reflected. This ‘radiation pressure’ 
is usually insignificant compared 
with thermal fluctuations and 
other effects. However, it imposes 
limits on the performance of the 
kilometre-scale laser interfero-
meters that have been built to detect 
gravitational waves, given that these 
devices have to measure exceed-
ingly small changes in the distances 
between the mirrors.

thermal fluctuations. This changes 
the length of the cavity and, hence, 
its resonant frequency, which in 
turn changes the optical intensity in 
the cavity. When the frequency of 
the laser is lower than the nominal 
resonant frequency of the cavity, the 
overall effect is to cool the mirror 
by reducing thermal fluctuations. 
This process is called dynamical 
back-action (conversely, when the 
laser frequency is higher than the 
resonant frequency, the motion of 
the mirror is amplified).

In 2006, Markus Aspelmeyer 
and co-workers and, independ-
ently, Pierre-François Cohadon 
and colleagues used this approach 
to cool micromirrors mounted on 
cantilevers from room temperature 
to ~10 K; a third team, led by Tobias 
Kippenberg and Kerry Vahala, cooled 
a toroid microcavity by a similar 
factor. Reaching the quantum regime 
will require cooling to sub-Kelvin 
temperatures, which will necessitate 
increasing both the optical finesse 
and the mechanical quality factor of 
the experiments, whereas actually 
observing quantum behaviour will 
involve using photons to measure the 
position of the mirror while keeping 
the disturbance caused by radiation 
pressure to a minimum.

Peter Rodgers,  
Chief Editor, Nature Nanotechnology
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Mirror finish

Mirrors in the GEO600 gravitational 
wave detector. Image courtesy of 
Wolfgang Filser/Max Planck Society

Cavity 
optomechanics 
… exploits the 
interactions 
between 
photons and 
mirrors in table-
top experiments 
that should, 
one day, be 
able to shed 
new light on 
the boundary 
between 
classical and 
quantum 
mechanics
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=




0 ωi
m 0 0

−ωi
m −γi

m 2gi$[ci
s] −2gi%[ci

s]
−2gi%[ci

s] 0 −κi ∆i
−2igi$[ci

s] 0 −∆i −κi




(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/
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!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads
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
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(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i
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in + δĉ

i
in)/
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in − δĉi
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2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ
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[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
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Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=




0 ωi
m 0 0

−ωi
m −γi

m 2gi$[ci
s] −2gi%[ci

s]
−2gi%[ci

s] 0 −κi ∆i
−2igi$[ci

s] 0 −∆i −κi




(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=




0 ωi
m 0 0

−ωi
m −γi

m 2gi$[ci
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s]
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s] 0 −κi ∆i
−2igi$[ci
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
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(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=




0 ωi
m 0 0

−ωi
m −γi

m 2gi$[ci
s] −2gi%[ci

s]
−2gi%[ci

s] 0 −κi ∆i
−2igi$[ci

s] 0 −∆i −κi




(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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Engineering non-classicality in a mechanical system through photon subtraction

Mauro Paternostro
School of Mathematics and Physics, Queen’s University, Belfast BT7 1NN, United Kingdom

(Dated: April 15, 2011)

Non-classical states of a massive mechanical mode operating at non-zero temperature are achieved in a
scheme that combines radiation-pressure coupling to a light field and photon subtraction. The scheme em-
bodies an original and experimentally realistic way to obtain mesoscopic quantumness by putting together two
mature technologies for quantum control. The protocol is basically insensitive to detection inefficiency and
mechanical damping.

PACS numbers: 03.67.Mn, 03.67.Hk, 42.50.Pq , 73.23.-b

At the eye of the layman, quantumness is usually synony-
mous of atomic-size, well-protected and weakly energetic sys-
tems. Yet, abundant are nowadays the suggestions that, al-
though certainly true, this picture might be too restrictive [1].
The idea that non-classicality might extend its domains well
beyond the boundaries of the microscopic world is, at the
same time, fascinating and challenging. Demonstrating non-
classicality already at the mesoscopic level would be a ma-
jor achievement in this respect. Among the systems that
have been explored for such a task, those involving mechan-
ical modes coupled to electromagnetic fields offer unprece-
dented promises [2]. The control on nano/micro-mechanical
systems is such that the achievement of genuine quantum
regimes in devices fairly away from microscopic conditions
is now possible or so will be in a close future, although at the
price of dealing with very low temperatures and quite “expen-
sive” experimental conditions. Entanglement induced by the
radiation-pressure coupling between a mechanical mode and a
light field has been predicted [6–8] and considerable steps to-
wards its experimental demonstration have been recently per-
formed [9]. However, such a rudimental light-matter inter-
action does not seem to be able to naturally generate non-
classical states of the mechanical mode itself [10]. In this
paper we propose an experimentally viable protocol for quan-
tum state engineering of a massive mechanical mode based on
the combination of radiation-pressure coupling [2] and photon
subtraction from a light field [3, 4]. We show the existence of
a dynamical regime where non-classical states of the mechan-
ical oscillator are achieved under non-demanding conditions:
cooling of the oscillator down to its ground-state energy is not
required as the scheme prepares non-classical states for op-
erating temperatures in the range of 1 K and inefficiencies at
the photon-subtraction stage d not seem to hinder the effec-
tiveness of the method put forward here. Our proposal thus
embodies a new way to enforce mesoscopic non-classicality
through mature and well-understood technological tools.

We consider a prototypical opto-mechanical setting consist-
ing of a cavity driven by an intense light field of frequency ωl
and endowed with a highly reflecting end-mirror that can os-
cillate around an equilibrium position. The vibrating mirror is
modeled as a mechanical harmonic oscillator (frequency ωm).
It experiences displacements in phase-space dependent on the
intensity of the cavity field (which has frequency ωc) and due

to the radiation-pressure coupling. In the following, m is used
to label the the mechanical oscillator, while f indicates the
field mode. For a cavity having a large enough free spectral
range, such interaction is modeled by the Hamiltonian [5]

Ĥmc = !ωcâ†â+
!ωm

2
(P̂2

m+Q̂2
m)−!χn̂ f Q̂m+i!E(e−iω0tâ†−eiω0tâ)

(1)
with χ=ωcL−1 the optomechanical coupling rate (L is the
length of the cavity), n̂ f = f̂ † f̂ the photon-number operator
of the cavity field [ f̂ ( f̂ †) is the corresponding annihilation
(creation) operator] and Q̂m=

√
!/(2µωm)q̂m the position op-

erator of the mechanical oscillator, whose associated dimen-
sionless quadrature is q̂m=(m̂ + m̂†)/

√
2 [µ is the mass of the

oscillator, while m̂ and m̂† are its bosonic operators]. Another
important parameter of the problem is the detuning ∆ between
the pumping field and the cavity mode. Solving the dynamics
induced by Ĥmc when photon-leakage from the cavity, me-
chanical damping and chaotic thermal motion of the mechan-
ical oscillator at non-zero temperature are considered is con-
veniently done by linearizing Eq. (1) around steady-state val-
ues of field intensity and position of the mirror. The resulting
model is quadratic in the system’s bosonic operators and is
easily solved for the statistical properties of the system par-
ties. Starting with a coherent state of the pumping field and a
thermal state of the mechanical mode, the linearized coupling
maintains the Gaussian nature of the initial optomechanical
state which, under proper working conditions, could even ex-
hibit entanglement at non-zero temperature [6, 7].

The initial point of our analysis is such correlated field-
oscillator state, whose properties are conveniently char-
acterized by its covariance matrix σ having elements
σi j=〈q̂iq̂ j+q̂ jq̂i〉/2 (i, j=1, .., 4) with q=(q̂m, p̂m, x̂ f , ŷ f ). In
this expression we have introduced the field quadratures
x̂ f=( f̂+ f̂ †)/

√
2, ŷ f= − i( f̂− f̂ †)/

√
2 and the mechanical out-

of-phase quadrature p̂m such that [q̂m, p̂m] = i. The covariance
matrix of the system can in general be written as

σ =

(
m c
cT f

)
(2)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)
em-
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present only within a finite interval of values of ∆ around
∆ ! wm, where it is maximum. It is also interesting to
study the particular case of a resonant Fabry-Perot cav-
ity, ∆ = 0, which is always stable (see Eqs. (9)) and
it is easier to realize experimentally. Fig. 1 shows that
the system is not entangled at ∆ = 0 for the parameter
choice made above. However, this is not true in general
and, in fact, it is possible to find a parameter region in
which the system possesses steady state entanglement for
∆ = 0. This is shown in Fig. 2, where EN is plotted as
a function of the mirror temperature in the case of an
optical cavity with a lower finesse, F = 2000, so that
now κ ! 4.7 × 108 s−1. The other parameter values are
the same as in Fig. 1. What is relevant is that the en-
tanglement persists up to T ! 1.2 K, even though the
comparison between Figs. 1 and 2 shows that the entan-
glement achievable for ∆ = 0 is much smaller than that
achievable at nonzero detuning.

1 2 3 4 5 6 7 8 9 10

0.05
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0.15

0.2
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!/wm

FIG. 1: Plot of the logarithmic negativity EN as a function
of the normalized detuning ∆/wm in the case of an optical
cavity of length L = 1 mm, finesse F = 10000, driven by a
laser with wavelength 1064 nm and power P = 90 mW. The
mechanical oscillator has a frequency wm/2π = 10 MHz, a
damping rate γm/2π = 500 Hz, a mass m = 10 ng and its
temperature is T = 400 mK.

We finally discuss the experimental detection of the
generated mesoscopic optomechanical entanglement. In
order to experimentally measure EN at the steady state,
one has to measure all the ten independent entries of the
CM. This has been recently experimentally realized (see
Ref. [8] and references therein) for the case of two entan-
gled optical modes at the output of a parametric oscilla-
tor. In our case, the measurement of the field quadratures
of the cavity mode can be straightforwardly performed by
homodyning the cavity output light using a local oscilla-
tor with an appropriate phase, while it is not clear how
to measure the mechanical mode. However if we con-
sider a second Fabry-Perot cavity, adjacent to the first
one and formed by the movable mirror and a third fixed

1 2 3 4
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0.000012
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FIG. 2: Plot of the logarithmic negativity EN versus the
mirror temperature in the case of a resonant optical cavity
(∆ = 0) with finesse F = 2000. The other parameter values
are the same as in Fig. 1.

mirror (see Fig. 3), it is possible to adjust the parameters
of this second cavity so that both position and momen-
tum of the mirror can be experimentally determined by
homodyning the cavity output light [9]. In fact, the an-
nihilation operator of this second “detection” cavity, a2,
obeys, in the linearized regime, an equation analogous to
that of Eq. (5),

δȧ2 = −(κ2 + i∆2)δa2 + iG2α2δq +
√

2κ2a
in
2 (t), (17)

where κ2, ∆2, α2, and ain
2 (t) are respectively the band-

width, the effective detuning, the intracavity field am-
plitude, and the input noise of the second cavity, and
G2 = (wc2/L2)

√
h̄/mwm, where wc2 and L2 are respec-

tively the frequency and the length of the second cavity.
The presence of the second cavity affects the mirror dy-
namics, which is no more exactly described by Eqs. (6).
However, if the second cavity is driven by a much weaker
laser so that one has |α2| % |αs|, the back-action of
the second cavity on the mechanical mode can be ne-
glected, and the relevant dynamics is still well described
by Eqs. (6).

movable mirror

a a2 a2
in

laser

a2
outa

out

a
in

laser

fixed mirror fixed mirror

FIG. 3: Schematic description of the system, including the
second Fabry-Perot cavity on the right for the detection of
the mechanical motion. This second cavity is driven by a
much weaker laser so that its effect on the dynamics of the
movable mirror and the cavity of interest is negligible.

If we now choose parameters so that ∆2 = wm &
k2, G2|α2|, we can rewrite Eq. (17) in the frame ro-

D. Vitali,et al. PRL 104, 243602 (2007)
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FIG. 2: Mechanical Laser Cooling. a Sketch of the setup that was used to perform resolved sideband cooling of a microme-
chanical resonator in a cryogenic Fabry-Pérot cavity (from [66]). The cavity is pumped by two laser fields at orthogonal
polarizations, derived from an ultralow phase-noise laser source (at 1064 nm). A weak, resonant beam (red) is used to lock the
laser to the cavity resonance frequency ωc. Its phase quadrature is modulated by the mechanical motion, which can be read
out via homodyne detection of the reflected resonant pump field. This allows, e.g., to infer the effective temperature of the
mechanical mode from the noise-power spectrum of the cavity-field phase quadrature. A second, stronger beam is red detuned
by the mechanical resonator frequency (∆ = ωm) and is used to cool the center of mass motion of this resonator mode. The
cooling process (inset in b) takes place because the rate (A−) at which photons are scattered into the anti-Stokes sideband at
the cavity resonance under extraction of a phonon is dominant compared to heating by scattering into the off-resonant Stokes
sideband (A+). b The plot shows the calibrated effective mechanical mode temperature Teff versus the observed mechanical
damping Γeff for various power and detuning values of the cooling beam. No deviations from the theoretically expected power-
law dependence (red solid line) can be observed, which demonstrates the absence of residual heating effects. In this experiment
the fundamental mode of the micromechanical resonator has been cooled down to a mean occupation of 〈n〉 = 32 phonons,
only limited by the unavoidable thermal coupling of the resonator to its environment. c Cross section of the 4He cryostat to
precool the optomechanical system. The optical access is provided through a thermal radiation shield. The bulk input coupler
is mounted inside the cryostat. The chip (green), with the mechanical resonator (ωm ∼ 2π × 950 kHz, Q ∼ 30000) is cooled
to 5 K. It can be aligned with respect to the second mirror forming the Fabry-Pérot cavity (F = 3900) with a bandwidth of
2π × 770 kHz, allowing operation in the moderately resolved sideband regime.

the optomechanical case, as long as photons can leave
the cavity, this interaction can be used to actually cool
the mechanical mode (see below). It is an essential fea-
ture that we can now ”tune in” the type of interaction
by simply choosing the right detuning ∆ between pump
laser and optical cavity (see Fig. 1c). Let us consider the
three most relevant cases:

For resonant driving (∆ = 0) both terms con-
tribute equally and the interaction resembles a quantum-
nondemolition (QND) interaction (see, e.g., [53]). For ex-
ample, this is the basis of high-sensitivity position mea-
surements of the mechanical oscillator, and of proposals
to perform a nondemolition measurement of the inten-
sity of an optical beam passing through an optomechan-
ical cavity [28, 29]. In essence, length changes that are
induced by optomechanical coupling of different photon

numbers do not affect the intensity response of the cav-
ity, i.e., the light intensity remains unaltered. However,
they leave a detectable signature in the cavity’s phase
response. In that way one can monitor the photon num-
ber without disturbing it. Some first experiments in this
direction have been recently reported [54]. Another in-
teresting application of this scenario is the generation of
optical squeezing (see references above).

For detuned driving at ∆ = −ωm (+ωm) the first
(second) term in Eq. (1) becomes resonant. For weak
coupling (g < κ) the strength of the nonresonant terms
is suppressed by the factor (κ/ωm) [55]; therefore, op-
eration in the so-called resolved sideband regime, i.e.,
κ " ωm, is necessary for separating the two interactions.
For increasing coupling strength the rotating-wave ap-
proximation will break down and one will have to take
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present only within a finite interval of values of ∆ around
∆ ! wm, where it is maximum. It is also interesting to
study the particular case of a resonant Fabry-Perot cav-
ity, ∆ = 0, which is always stable (see Eqs. (9)) and
it is easier to realize experimentally. Fig. 1 shows that
the system is not entangled at ∆ = 0 for the parameter
choice made above. However, this is not true in general
and, in fact, it is possible to find a parameter region in
which the system possesses steady state entanglement for
∆ = 0. This is shown in Fig. 2, where EN is plotted as
a function of the mirror temperature in the case of an
optical cavity with a lower finesse, F = 2000, so that
now κ ! 4.7 × 108 s−1. The other parameter values are
the same as in Fig. 1. What is relevant is that the en-
tanglement persists up to T ! 1.2 K, even though the
comparison between Figs. 1 and 2 shows that the entan-
glement achievable for ∆ = 0 is much smaller than that
achievable at nonzero detuning.
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FIG. 1: Plot of the logarithmic negativity EN as a function
of the normalized detuning ∆/wm in the case of an optical
cavity of length L = 1 mm, finesse F = 10000, driven by a
laser with wavelength 1064 nm and power P = 90 mW. The
mechanical oscillator has a frequency wm/2π = 10 MHz, a
damping rate γm/2π = 500 Hz, a mass m = 10 ng and its
temperature is T = 400 mK.

We finally discuss the experimental detection of the
generated mesoscopic optomechanical entanglement. In
order to experimentally measure EN at the steady state,
one has to measure all the ten independent entries of the
CM. This has been recently experimentally realized (see
Ref. [8] and references therein) for the case of two entan-
gled optical modes at the output of a parametric oscilla-
tor. In our case, the measurement of the field quadratures
of the cavity mode can be straightforwardly performed by
homodyning the cavity output light using a local oscilla-
tor with an appropriate phase, while it is not clear how
to measure the mechanical mode. However if we con-
sider a second Fabry-Perot cavity, adjacent to the first
one and formed by the movable mirror and a third fixed
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FIG. 2: Plot of the logarithmic negativity EN versus the
mirror temperature in the case of a resonant optical cavity
(∆ = 0) with finesse F = 2000. The other parameter values
are the same as in Fig. 1.

mirror (see Fig. 3), it is possible to adjust the parameters
of this second cavity so that both position and momen-
tum of the mirror can be experimentally determined by
homodyning the cavity output light [9]. In fact, the an-
nihilation operator of this second “detection” cavity, a2,
obeys, in the linearized regime, an equation analogous to
that of Eq. (5),

δȧ2 = −(κ2 + i∆2)δa2 + iG2α2δq +
√

2κ2a
in
2 (t), (17)

where κ2, ∆2, α2, and ain
2 (t) are respectively the band-

width, the effective detuning, the intracavity field am-
plitude, and the input noise of the second cavity, and
G2 = (wc2/L2)

√
h̄/mwm, where wc2 and L2 are respec-

tively the frequency and the length of the second cavity.
The presence of the second cavity affects the mirror dy-
namics, which is no more exactly described by Eqs. (6).
However, if the second cavity is driven by a much weaker
laser so that one has |α2| % |αs|, the back-action of
the second cavity on the mechanical mode can be ne-
glected, and the relevant dynamics is still well described
by Eqs. (6).
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a
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FIG. 3: Schematic description of the system, including the
second Fabry-Perot cavity on the right for the detection of
the mechanical motion. This second cavity is driven by a
much weaker laser so that its effect on the dynamics of the
movable mirror and the cavity of interest is negligible.

If we now choose parameters so that ∆2 = wm &
k2, G2|α2|, we can rewrite Eq. (17) in the frame ro-
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FIG. 2: Mechanical Laser Cooling. a Sketch of the setup that was used to perform resolved sideband cooling of a microme-
chanical resonator in a cryogenic Fabry-Pérot cavity (from [66]). The cavity is pumped by two laser fields at orthogonal
polarizations, derived from an ultralow phase-noise laser source (at 1064 nm). A weak, resonant beam (red) is used to lock the
laser to the cavity resonance frequency ωc. Its phase quadrature is modulated by the mechanical motion, which can be read
out via homodyne detection of the reflected resonant pump field. This allows, e.g., to infer the effective temperature of the
mechanical mode from the noise-power spectrum of the cavity-field phase quadrature. A second, stronger beam is red detuned
by the mechanical resonator frequency (∆ = ωm) and is used to cool the center of mass motion of this resonator mode. The
cooling process (inset in b) takes place because the rate (A−) at which photons are scattered into the anti-Stokes sideband at
the cavity resonance under extraction of a phonon is dominant compared to heating by scattering into the off-resonant Stokes
sideband (A+). b The plot shows the calibrated effective mechanical mode temperature Teff versus the observed mechanical
damping Γeff for various power and detuning values of the cooling beam. No deviations from the theoretically expected power-
law dependence (red solid line) can be observed, which demonstrates the absence of residual heating effects. In this experiment
the fundamental mode of the micromechanical resonator has been cooled down to a mean occupation of 〈n〉 = 32 phonons,
only limited by the unavoidable thermal coupling of the resonator to its environment. c Cross section of the 4He cryostat to
precool the optomechanical system. The optical access is provided through a thermal radiation shield. The bulk input coupler
is mounted inside the cryostat. The chip (green), with the mechanical resonator (ωm ∼ 2π × 950 kHz, Q ∼ 30000) is cooled
to 5 K. It can be aligned with respect to the second mirror forming the Fabry-Pérot cavity (F = 3900) with a bandwidth of
2π × 770 kHz, allowing operation in the moderately resolved sideband regime.

the optomechanical case, as long as photons can leave
the cavity, this interaction can be used to actually cool
the mechanical mode (see below). It is an essential fea-
ture that we can now ”tune in” the type of interaction
by simply choosing the right detuning ∆ between pump
laser and optical cavity (see Fig. 1c). Let us consider the
three most relevant cases:

For resonant driving (∆ = 0) both terms con-
tribute equally and the interaction resembles a quantum-
nondemolition (QND) interaction (see, e.g., [53]). For ex-
ample, this is the basis of high-sensitivity position mea-
surements of the mechanical oscillator, and of proposals
to perform a nondemolition measurement of the inten-
sity of an optical beam passing through an optomechan-
ical cavity [28, 29]. In essence, length changes that are
induced by optomechanical coupling of different photon

numbers do not affect the intensity response of the cav-
ity, i.e., the light intensity remains unaltered. However,
they leave a detectable signature in the cavity’s phase
response. In that way one can monitor the photon num-
ber without disturbing it. Some first experiments in this
direction have been recently reported [54]. Another in-
teresting application of this scenario is the generation of
optical squeezing (see references above).

For detuned driving at ∆ = −ωm (+ωm) the first
(second) term in Eq. (1) becomes resonant. For weak
coupling (g < κ) the strength of the nonresonant terms
is suppressed by the factor (κ/ωm) [55]; therefore, op-
eration in the so-called resolved sideband regime, i.e.,
κ " ωm, is necessary for separating the two interactions.
For increasing coupling strength the rotating-wave ap-
proximation will break down and one will have to take

S. Groeblacher, et al., Nature 460, 724 (2009)

Wednesday, 8 June 2011



Using a stick and a carrot..

3

present only within a finite interval of values of ∆ around
∆ ! wm, where it is maximum. It is also interesting to
study the particular case of a resonant Fabry-Perot cav-
ity, ∆ = 0, which is always stable (see Eqs. (9)) and
it is easier to realize experimentally. Fig. 1 shows that
the system is not entangled at ∆ = 0 for the parameter
choice made above. However, this is not true in general
and, in fact, it is possible to find a parameter region in
which the system possesses steady state entanglement for
∆ = 0. This is shown in Fig. 2, where EN is plotted as
a function of the mirror temperature in the case of an
optical cavity with a lower finesse, F = 2000, so that
now κ ! 4.7 × 108 s−1. The other parameter values are
the same as in Fig. 1. What is relevant is that the en-
tanglement persists up to T ! 1.2 K, even though the
comparison between Figs. 1 and 2 shows that the entan-
glement achievable for ∆ = 0 is much smaller than that
achievable at nonzero detuning.
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FIG. 1: Plot of the logarithmic negativity EN as a function
of the normalized detuning ∆/wm in the case of an optical
cavity of length L = 1 mm, finesse F = 10000, driven by a
laser with wavelength 1064 nm and power P = 90 mW. The
mechanical oscillator has a frequency wm/2π = 10 MHz, a
damping rate γm/2π = 500 Hz, a mass m = 10 ng and its
temperature is T = 400 mK.

We finally discuss the experimental detection of the
generated mesoscopic optomechanical entanglement. In
order to experimentally measure EN at the steady state,
one has to measure all the ten independent entries of the
CM. This has been recently experimentally realized (see
Ref. [8] and references therein) for the case of two entan-
gled optical modes at the output of a parametric oscilla-
tor. In our case, the measurement of the field quadratures
of the cavity mode can be straightforwardly performed by
homodyning the cavity output light using a local oscilla-
tor with an appropriate phase, while it is not clear how
to measure the mechanical mode. However if we con-
sider a second Fabry-Perot cavity, adjacent to the first
one and formed by the movable mirror and a third fixed
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FIG. 2: Plot of the logarithmic negativity EN versus the
mirror temperature in the case of a resonant optical cavity
(∆ = 0) with finesse F = 2000. The other parameter values
are the same as in Fig. 1.

mirror (see Fig. 3), it is possible to adjust the parameters
of this second cavity so that both position and momen-
tum of the mirror can be experimentally determined by
homodyning the cavity output light [9]. In fact, the an-
nihilation operator of this second “detection” cavity, a2,
obeys, in the linearized regime, an equation analogous to
that of Eq. (5),

δȧ2 = −(κ2 + i∆2)δa2 + iG2α2δq +
√

2κ2a
in
2 (t), (17)

where κ2, ∆2, α2, and ain
2 (t) are respectively the band-

width, the effective detuning, the intracavity field am-
plitude, and the input noise of the second cavity, and
G2 = (wc2/L2)

√
h̄/mwm, where wc2 and L2 are respec-

tively the frequency and the length of the second cavity.
The presence of the second cavity affects the mirror dy-
namics, which is no more exactly described by Eqs. (6).
However, if the second cavity is driven by a much weaker
laser so that one has |α2| % |αs|, the back-action of
the second cavity on the mechanical mode can be ne-
glected, and the relevant dynamics is still well described
by Eqs. (6).
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FIG. 3: Schematic description of the system, including the
second Fabry-Perot cavity on the right for the detection of
the mechanical motion. This second cavity is driven by a
much weaker laser so that its effect on the dynamics of the
movable mirror and the cavity of interest is negligible.

If we now choose parameters so that ∆2 = wm &
k2, G2|α2|, we can rewrite Eq. (17) in the frame ro-
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FIG. 2: Mechanical Laser Cooling. a Sketch of the setup that was used to perform resolved sideband cooling of a microme-
chanical resonator in a cryogenic Fabry-Pérot cavity (from [66]). The cavity is pumped by two laser fields at orthogonal
polarizations, derived from an ultralow phase-noise laser source (at 1064 nm). A weak, resonant beam (red) is used to lock the
laser to the cavity resonance frequency ωc. Its phase quadrature is modulated by the mechanical motion, which can be read
out via homodyne detection of the reflected resonant pump field. This allows, e.g., to infer the effective temperature of the
mechanical mode from the noise-power spectrum of the cavity-field phase quadrature. A second, stronger beam is red detuned
by the mechanical resonator frequency (∆ = ωm) and is used to cool the center of mass motion of this resonator mode. The
cooling process (inset in b) takes place because the rate (A−) at which photons are scattered into the anti-Stokes sideband at
the cavity resonance under extraction of a phonon is dominant compared to heating by scattering into the off-resonant Stokes
sideband (A+). b The plot shows the calibrated effective mechanical mode temperature Teff versus the observed mechanical
damping Γeff for various power and detuning values of the cooling beam. No deviations from the theoretically expected power-
law dependence (red solid line) can be observed, which demonstrates the absence of residual heating effects. In this experiment
the fundamental mode of the micromechanical resonator has been cooled down to a mean occupation of 〈n〉 = 32 phonons,
only limited by the unavoidable thermal coupling of the resonator to its environment. c Cross section of the 4He cryostat to
precool the optomechanical system. The optical access is provided through a thermal radiation shield. The bulk input coupler
is mounted inside the cryostat. The chip (green), with the mechanical resonator (ωm ∼ 2π × 950 kHz, Q ∼ 30000) is cooled
to 5 K. It can be aligned with respect to the second mirror forming the Fabry-Pérot cavity (F = 3900) with a bandwidth of
2π × 770 kHz, allowing operation in the moderately resolved sideband regime.

the optomechanical case, as long as photons can leave
the cavity, this interaction can be used to actually cool
the mechanical mode (see below). It is an essential fea-
ture that we can now ”tune in” the type of interaction
by simply choosing the right detuning ∆ between pump
laser and optical cavity (see Fig. 1c). Let us consider the
three most relevant cases:

For resonant driving (∆ = 0) both terms con-
tribute equally and the interaction resembles a quantum-
nondemolition (QND) interaction (see, e.g., [53]). For ex-
ample, this is the basis of high-sensitivity position mea-
surements of the mechanical oscillator, and of proposals
to perform a nondemolition measurement of the inten-
sity of an optical beam passing through an optomechan-
ical cavity [28, 29]. In essence, length changes that are
induced by optomechanical coupling of different photon

numbers do not affect the intensity response of the cav-
ity, i.e., the light intensity remains unaltered. However,
they leave a detectable signature in the cavity’s phase
response. In that way one can monitor the photon num-
ber without disturbing it. Some first experiments in this
direction have been recently reported [54]. Another in-
teresting application of this scenario is the generation of
optical squeezing (see references above).

For detuned driving at ∆ = −ωm (+ωm) the first
(second) term in Eq. (1) becomes resonant. For weak
coupling (g < κ) the strength of the nonresonant terms
is suppressed by the factor (κ/ωm) [55]; therefore, op-
eration in the so-called resolved sideband regime, i.e.,
κ " ωm, is necessary for separating the two interactions.
For increasing coupling strength the rotating-wave ap-
proximation will break down and one will have to take
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FIG. 1: Optomechanical System. a, Level-diagram picture, showing three “levels” representing the optical mode â, me-
chanical mode b̂ and the “bath” of optical waveguide modes. b, The control beam at ωc drives the transition between the
optical and mechanical mode, dressing the optical and mechanical modes, resulting in the dressed state picture with dressed
modes âd and b̂d. c, Scanning electron micrographs (SEM) of an array of optomechanical crystal nanocavities. d, From top to
bottom: scanning electron micrograph (SEM) of a zoomed-in region showing the OMC defect region; FEM simulation results
for the optical field showing the electrical field intensity |E(r)|; FEM simulated mechanical mode with the total displacement
|Q(r)| shown.

and in any material which is of high optical and mechanical quality (indeed, recent circuit cavity electromechanics
experiments in the strong-coupling regime have demonstrated group velocity control at microwave frequencies [21]).
Additionally, the on-chip nature and Si compatibility of many optomechanical systems [22] suggest that arrays of such
structures may be possible [23], allowing for the dynamic slowing and storage of light pulses [10].

EIT in optomechanical systems can be understood physically as follows. The conventional radiation pressure
interaction between a near-resonant cavity light field and mechanical motion is modeled by the nonlinear Hamiltonian
Hint = !gâ†â(b̂+b̂†), where â and b̂ are the annihilation operators of photon and phonon resonator quanta, respectively,
and g is the optomechanical coupling rate corresponding physically to the shift in the optical mode’s frequency due to
the zero-point fluctuations of the phonon mode. By driving the system with an intense red-detuned optical “control”
beam at frequency ωc, as shown in Fig. 1a, the form of the effective interaction changes (in the resolved sideband
limit) to that of a beam-splitter-like Hamiltonian Hint = !G(â†b̂+ âb̂†). Here, the zero-point-motion coupling rate g
is replaced by a much stronger parametric coupling rate G = g

√
〈nc〉 between light and mechanics, where 〈nc〉 is the

stored intracavity photon number induced by the control beam. Viewed in a dressed-state picture, with the control
beam detuning set to ∆OC ≡ ωo − ωc

∼= ωm, the optical and mechanical modes â and b̂ become coupled (denoted
âd and b̂d in Fig. 1b). The dressed mechanical mode, now effectively a phonon-photon polariton, takes on a weakly
photonic nature, coupling it to the optical loss channels at a rate γom ≡ Cγi, where the optomechanical cooperativity
is defined as C ≡ 4G2/κγi for an optical cavity decay rate of κ.

The drive-dependent loss rate γom has been viewed in most previous studies as an incoherent, quantum-limited loss
channel, and was used in recent experiments to cool the mechanical resonator close to its quantum ground state [24]. In
the dressed mode picture, in analogy to the dressed state view of EIT [3], it becomes clear that a coherent cancellation
of the loss channels in the dressed optical and mechanical modes is possible, and can be used to switch the system
from absorptive to transmittive in a narrowband around cavity resonance. Much as in atomic EIT, this effect causes
an extremely steep dispersion for the transmitted probe photons, with a group delay on resonance of (see Appendix
A)

τ (T)|ω=ωm =
2

γi

(κe/κ)C

(1 + C)(1− (κe/κ) + C)
, (1)

where κe is the optical coupling rate between the external optical waveguide and the optical cavity, and the delay is
dynamically tunable via the control beam intensity through C.

Nano- and micro-optomechanical resonators take a variety of forms, among which optomechanical crystals (OMC)
have been used to demonstrate large radiation-pressure-induced interaction strengths between gigahertz mechanical
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present only within a finite interval of values of ∆ around
∆ ! wm, where it is maximum. It is also interesting to
study the particular case of a resonant Fabry-Perot cav-
ity, ∆ = 0, which is always stable (see Eqs. (9)) and
it is easier to realize experimentally. Fig. 1 shows that
the system is not entangled at ∆ = 0 for the parameter
choice made above. However, this is not true in general
and, in fact, it is possible to find a parameter region in
which the system possesses steady state entanglement for
∆ = 0. This is shown in Fig. 2, where EN is plotted as
a function of the mirror temperature in the case of an
optical cavity with a lower finesse, F = 2000, so that
now κ ! 4.7 × 108 s−1. The other parameter values are
the same as in Fig. 1. What is relevant is that the en-
tanglement persists up to T ! 1.2 K, even though the
comparison between Figs. 1 and 2 shows that the entan-
glement achievable for ∆ = 0 is much smaller than that
achievable at nonzero detuning.
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FIG. 1: Plot of the logarithmic negativity EN as a function
of the normalized detuning ∆/wm in the case of an optical
cavity of length L = 1 mm, finesse F = 10000, driven by a
laser with wavelength 1064 nm and power P = 90 mW. The
mechanical oscillator has a frequency wm/2π = 10 MHz, a
damping rate γm/2π = 500 Hz, a mass m = 10 ng and its
temperature is T = 400 mK.

We finally discuss the experimental detection of the
generated mesoscopic optomechanical entanglement. In
order to experimentally measure EN at the steady state,
one has to measure all the ten independent entries of the
CM. This has been recently experimentally realized (see
Ref. [8] and references therein) for the case of two entan-
gled optical modes at the output of a parametric oscilla-
tor. In our case, the measurement of the field quadratures
of the cavity mode can be straightforwardly performed by
homodyning the cavity output light using a local oscilla-
tor with an appropriate phase, while it is not clear how
to measure the mechanical mode. However if we con-
sider a second Fabry-Perot cavity, adjacent to the first
one and formed by the movable mirror and a third fixed
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FIG. 2: Plot of the logarithmic negativity EN versus the
mirror temperature in the case of a resonant optical cavity
(∆ = 0) with finesse F = 2000. The other parameter values
are the same as in Fig. 1.

mirror (see Fig. 3), it is possible to adjust the parameters
of this second cavity so that both position and momen-
tum of the mirror can be experimentally determined by
homodyning the cavity output light [9]. In fact, the an-
nihilation operator of this second “detection” cavity, a2,
obeys, in the linearized regime, an equation analogous to
that of Eq. (5),

δȧ2 = −(κ2 + i∆2)δa2 + iG2α2δq +
√

2κ2a
in
2 (t), (17)

where κ2, ∆2, α2, and ain
2 (t) are respectively the band-

width, the effective detuning, the intracavity field am-
plitude, and the input noise of the second cavity, and
G2 = (wc2/L2)

√
h̄/mwm, where wc2 and L2 are respec-

tively the frequency and the length of the second cavity.
The presence of the second cavity affects the mirror dy-
namics, which is no more exactly described by Eqs. (6).
However, if the second cavity is driven by a much weaker
laser so that one has |α2| % |αs|, the back-action of
the second cavity on the mechanical mode can be ne-
glected, and the relevant dynamics is still well described
by Eqs. (6).
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FIG. 3: Schematic description of the system, including the
second Fabry-Perot cavity on the right for the detection of
the mechanical motion. This second cavity is driven by a
much weaker laser so that its effect on the dynamics of the
movable mirror and the cavity of interest is negligible.

If we now choose parameters so that ∆2 = wm &
k2, G2|α2|, we can rewrite Eq. (17) in the frame ro-
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FIG. 2: Mechanical Laser Cooling. a Sketch of the setup that was used to perform resolved sideband cooling of a microme-
chanical resonator in a cryogenic Fabry-Pérot cavity (from [66]). The cavity is pumped by two laser fields at orthogonal
polarizations, derived from an ultralow phase-noise laser source (at 1064 nm). A weak, resonant beam (red) is used to lock the
laser to the cavity resonance frequency ωc. Its phase quadrature is modulated by the mechanical motion, which can be read
out via homodyne detection of the reflected resonant pump field. This allows, e.g., to infer the effective temperature of the
mechanical mode from the noise-power spectrum of the cavity-field phase quadrature. A second, stronger beam is red detuned
by the mechanical resonator frequency (∆ = ωm) and is used to cool the center of mass motion of this resonator mode. The
cooling process (inset in b) takes place because the rate (A−) at which photons are scattered into the anti-Stokes sideband at
the cavity resonance under extraction of a phonon is dominant compared to heating by scattering into the off-resonant Stokes
sideband (A+). b The plot shows the calibrated effective mechanical mode temperature Teff versus the observed mechanical
damping Γeff for various power and detuning values of the cooling beam. No deviations from the theoretically expected power-
law dependence (red solid line) can be observed, which demonstrates the absence of residual heating effects. In this experiment
the fundamental mode of the micromechanical resonator has been cooled down to a mean occupation of 〈n〉 = 32 phonons,
only limited by the unavoidable thermal coupling of the resonator to its environment. c Cross section of the 4He cryostat to
precool the optomechanical system. The optical access is provided through a thermal radiation shield. The bulk input coupler
is mounted inside the cryostat. The chip (green), with the mechanical resonator (ωm ∼ 2π × 950 kHz, Q ∼ 30000) is cooled
to 5 K. It can be aligned with respect to the second mirror forming the Fabry-Pérot cavity (F = 3900) with a bandwidth of
2π × 770 kHz, allowing operation in the moderately resolved sideband regime.

the optomechanical case, as long as photons can leave
the cavity, this interaction can be used to actually cool
the mechanical mode (see below). It is an essential fea-
ture that we can now ”tune in” the type of interaction
by simply choosing the right detuning ∆ between pump
laser and optical cavity (see Fig. 1c). Let us consider the
three most relevant cases:

For resonant driving (∆ = 0) both terms con-
tribute equally and the interaction resembles a quantum-
nondemolition (QND) interaction (see, e.g., [53]). For ex-
ample, this is the basis of high-sensitivity position mea-
surements of the mechanical oscillator, and of proposals
to perform a nondemolition measurement of the inten-
sity of an optical beam passing through an optomechan-
ical cavity [28, 29]. In essence, length changes that are
induced by optomechanical coupling of different photon

numbers do not affect the intensity response of the cav-
ity, i.e., the light intensity remains unaltered. However,
they leave a detectable signature in the cavity’s phase
response. In that way one can monitor the photon num-
ber without disturbing it. Some first experiments in this
direction have been recently reported [54]. Another in-
teresting application of this scenario is the generation of
optical squeezing (see references above).

For detuned driving at ∆ = −ωm (+ωm) the first
(second) term in Eq. (1) becomes resonant. For weak
coupling (g < κ) the strength of the nonresonant terms
is suppressed by the factor (κ/ωm) [55]; therefore, op-
eration in the so-called resolved sideband regime, i.e.,
κ " ωm, is necessary for separating the two interactions.
For increasing coupling strength the rotating-wave ap-
proximation will break down and one will have to take
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FIG. 1: Optomechanical System. a, Level-diagram picture, showing three “levels” representing the optical mode â, me-
chanical mode b̂ and the “bath” of optical waveguide modes. b, The control beam at ωc drives the transition between the
optical and mechanical mode, dressing the optical and mechanical modes, resulting in the dressed state picture with dressed
modes âd and b̂d. c, Scanning electron micrographs (SEM) of an array of optomechanical crystal nanocavities. d, From top to
bottom: scanning electron micrograph (SEM) of a zoomed-in region showing the OMC defect region; FEM simulation results
for the optical field showing the electrical field intensity |E(r)|; FEM simulated mechanical mode with the total displacement
|Q(r)| shown.

and in any material which is of high optical and mechanical quality (indeed, recent circuit cavity electromechanics
experiments in the strong-coupling regime have demonstrated group velocity control at microwave frequencies [21]).
Additionally, the on-chip nature and Si compatibility of many optomechanical systems [22] suggest that arrays of such
structures may be possible [23], allowing for the dynamic slowing and storage of light pulses [10].

EIT in optomechanical systems can be understood physically as follows. The conventional radiation pressure
interaction between a near-resonant cavity light field and mechanical motion is modeled by the nonlinear Hamiltonian
Hint = !gâ†â(b̂+b̂†), where â and b̂ are the annihilation operators of photon and phonon resonator quanta, respectively,
and g is the optomechanical coupling rate corresponding physically to the shift in the optical mode’s frequency due to
the zero-point fluctuations of the phonon mode. By driving the system with an intense red-detuned optical “control”
beam at frequency ωc, as shown in Fig. 1a, the form of the effective interaction changes (in the resolved sideband
limit) to that of a beam-splitter-like Hamiltonian Hint = !G(â†b̂+ âb̂†). Here, the zero-point-motion coupling rate g
is replaced by a much stronger parametric coupling rate G = g

√
〈nc〉 between light and mechanics, where 〈nc〉 is the

stored intracavity photon number induced by the control beam. Viewed in a dressed-state picture, with the control
beam detuning set to ∆OC ≡ ωo − ωc

∼= ωm, the optical and mechanical modes â and b̂ become coupled (denoted
âd and b̂d in Fig. 1b). The dressed mechanical mode, now effectively a phonon-photon polariton, takes on a weakly
photonic nature, coupling it to the optical loss channels at a rate γom ≡ Cγi, where the optomechanical cooperativity
is defined as C ≡ 4G2/κγi for an optical cavity decay rate of κ.

The drive-dependent loss rate γom has been viewed in most previous studies as an incoherent, quantum-limited loss
channel, and was used in recent experiments to cool the mechanical resonator close to its quantum ground state [24]. In
the dressed mode picture, in analogy to the dressed state view of EIT [3], it becomes clear that a coherent cancellation
of the loss channels in the dressed optical and mechanical modes is possible, and can be used to switch the system
from absorptive to transmittive in a narrowband around cavity resonance. Much as in atomic EIT, this effect causes
an extremely steep dispersion for the transmitted probe photons, with a group delay on resonance of (see Appendix
A)

τ (T)|ω=ωm =
2

γi

(κe/κ)C

(1 + C)(1− (κe/κ) + C)
, (1)

where κe is the optical coupling rate between the external optical waveguide and the optical cavity, and the delay is
dynamically tunable via the control beam intensity through C.

Nano- and micro-optomechanical resonators take a variety of forms, among which optomechanical crystals (OMC)
have been used to demonstrate large radiation-pressure-induced interaction strengths between gigahertz mechanical
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M. Aspelmeyer, and A. Zeilinger, Nature 444, 67 (2006).

[17] O. Arcizet, P.-F. Cohadon, T. Briant, M. Pinard, and
A. Heidmann, Nature 444, 71 (2006).

[18] J. D. Thompson, B. M. Zwickl, A. M. Jayich, F. Mar-
quardt, S. M. Girvin, and J. G. E. Harris, Nature 452,
72 (2008).

[19] C. A. Regal, J. D. Teufel, and K. W. Lehnert, Nature
Phys. 4, 555 (2008).

[20] C. K. Law, Phys. Rev. A 49, 433 (1 1994).
[21] M. Li, W. H. P. Pernice, C. Xiong, T. Baehr-Jones,

M. Hochberg, and H. X. Tang, Nature 456, 480 (2008).
[22] M. Eichenfield, R. Camacho, J. Chan, K. J. Vahala, and

O. Painter, Nature 459, 550 (2009).
[23] J. Roels, I. De Vlaminck, L. Lagae, B. Maes, D. Van

Thourhout, and R. Baets, Nature Nanotech. 4, 510
(2009).

[24] G. Anetsberger, O. Arcizet, Q. P. Unterreithmeier,

R. Rivière, A. Schliesser, E. M. Weig, J. P. Kotthaus,
and T. J. Kippenberg, Nature Phys. 5, 909 (2009).

[25] V. B. Braginsky, A. B. Manukin, and M. Y. Tikhonov,
Sov. Phys. JETP 31, 829 (1970).

[26] C. Fabre, M. Pinard, S. Bourzeix, A. Heidmann, E. Gia-
cobino, and S. Reynaud, Phys. Rev. A 49, 1337 (1994).

[27] S. Mancini and P. Tombesi, Phys. Rev. A 49, 4055 (5
1994).

[28] G. J. Milburn, K. Jacobs, and D. F. Walls, Phys. Rev.
A 50, 5256 (Dec 1994).

[29] M. Pinard, C. Fabre, and A. Heidmann, Phys. Rev. A
51, 2443 (1995).

[30] S. Mancini, D. Vitali, and P. Tombesi, Phys. Rev. Lett.
80, 688 (1998).

[31] P.-F. Cohadon, A. Heidmann, and M. Pinard, Phys.
Rev. Lett. 83, 3174 (10 1999).

[32] S. Bose, K. Jacobs, and P. L. Knight, Phys. Rev. A 56,
4175 (1997).

[33] S. Mancini, V. I. Man’ko, and P. Tombesi, Phys. Rev.
A 55, 3042 (1997).

[34] A. Dorsel, J. McCullen, P. Meystre, E. Vignes, and
H. Walther, Phys. Rev. Lett. 51, 1550 (10 1983).

[35] C. H. Metzger and K. Karrai, Nature 432, 1002 (12
2004).

[36] T. J. Kippenberg and K. J. Vahala, Science 321, 1172
(2008).

[37] M. Aspelmeyer and K. C. Schwab, New J. Phys. 10,
095001 (2008).

[38] I. Favero and K. Karrai, Nature Photon. 3, 201 (2009).
[39] F. Marquardt and S. M. Girvin, Physics 2, 40 (2009).
[40] C. Genes, A. Mari, D. Vitali, and P. Tombesi, Adv. At.

Mol. Opt. Phys. 57, 33 (2009).
[41] K. W. Murch, K. L. Moore, S. Gupta, and D. M.

Stamper-Kurn, Nature Phys. 4, 561 (2008).
[42] F. Brennecke, S. Ritter, T. Donner, and T. Esslinger,

Science 322, 235 (2008).
[43] I. Wilson-Rae, N. Nooshi, W. Zwerger, and T. J. Kip-

penberg, Phys. Rev. Lett. 99, 093901 (2007).
[44] F. Marquardt, J. P. Chen, A. A. Clerk, and S. M. Girvin,

Phys. Rev. Lett. 99, 093902 (2007).
[45] C. Genes, D. Vitali, P. Tombesi, S. Gigan, and M. As-

pelmeyer, Phys. Rev. A 77, 033804 (2008).
[46] J. Zhang, K. Peng, and S. L. Braunstein, Phys. Rev. A

68, 013808 (2003).
[47] U. Leonhardt, Measuring the Quantum State of Light

(Cambridge University Press, 1997).
[48] D. Vitali, S. Gigan, A. Ferreira, H. R. Böhm,

P. Tombesi, A. Guerreiro, V. Vedral, A. Zeilinger, and
M. Aspelmeyer, Phys. Rev. Lett. 98, 030405 (2007).

[49] L.-A. Wu, M. Xiao, and H. J. Kimble, J. Opt. Soc. Am.
B 4, 1465 (1987).

[50] A. S. Parkins and H. J. Kimble, J. Opt. B: Quantum
Semiclassical Opt. 1, 496 (1999).

[51] M. D. Lukin, S. F. Yelin, and M. Fleischhauer, Phys.
Rev. Lett. 84, 4232 (2000).

[52] B. Julsgaard, J. Sherson, J. I. Cirac, J. Fiurášek, and
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Non-classical states of a massive mechanical mode operating at non-zero temperature are achieved in a
scheme that combines radiation-pressure coupling to a light field and photon subtraction. The scheme em-
bodies an original and experimentally realistic way to obtain mesoscopic quantumness by putting together two
mature technologies for quantum control. The protocol is basically insensitive to detection inefficiency and
mechanical damping.
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At the eye of the layman, quantumness is usually synony-
mous of atomic-size, well-protected and weakly energetic sys-
tems. Yet, abundant are nowadays the suggestions that, al-
though certainly true, this picture might be too restrictive [1].
The idea that non-classicality might extend its domains well
beyond the boundaries of the microscopic world is, at the
same time, fascinating and challenging. Demonstrating non-
classicality already at the mesoscopic level would be a ma-
jor achievement in this respect. Among the systems that
have been explored for such a task, those involving mechan-
ical modes coupled to electromagnetic fields offer unprece-
dented promises [2]. The control on nano/micro-mechanical
systems is such that the achievement of genuine quantum
regimes in devices fairly away from microscopic conditions
is now possible or so will be in a close future, although at the
price of dealing with very low temperatures and quite “expen-
sive” experimental conditions. Entanglement induced by the
radiation-pressure coupling between a mechanical mode and a
light field has been predicted [6–8] and considerable steps to-
wards its experimental demonstration have been recently per-
formed [9]. However, such a rudimental light-matter inter-
action does not seem to be able to naturally generate non-
classical states of the mechanical mode itself [10]. In this
paper we propose an experimentally viable protocol for quan-
tum state engineering of a massive mechanical mode based on
the combination of radiation-pressure coupling [2] and photon
subtraction from a light field [3, 4]. We show the existence of
a dynamical regime where non-classical states of the mechan-
ical oscillator are achieved under non-demanding conditions:
cooling of the oscillator down to its ground-state energy is not
required as the scheme prepares non-classical states for op-
erating temperatures in the range of 1 K and inefficiencies at
the photon-subtraction stage d not seem to hinder the effec-
tiveness of the method put forward here. Our proposal thus
embodies a new way to enforce mesoscopic non-classicality
through mature and well-understood technological tools.

We consider a prototypical opto-mechanical setting consist-
ing of a cavity driven by an intense light field of frequency ωl
and endowed with a highly reflecting end-mirror that can os-
cillate around an equilibrium position. The vibrating mirror is
modeled as a mechanical harmonic oscillator (frequency ωm).
It experiences displacements in phase-space dependent on the
intensity of the cavity field (which has frequency ωc) and due

to the radiation-pressure coupling. In the following, m is used
to label the the mechanical oscillator, while f indicates the
field mode. For a cavity having a large enough free spectral
range, such interaction is modeled by the Hamiltonian [5]

Ĥmc = −!χn̂ f Q̂m (1)

with χ=ωcL−1 the optomechanical coupling rate (L is the
length of the cavity), n̂ f = f̂ † f̂ the photon-number operator
of the cavity field [ f̂ ( f̂ †) is the corresponding annihilation
(creation) operator] and Q̂m=

√
!/(2µωm)q̂m the position op-

erator of the mechanical oscillator, whose associated dimen-
sionless quadrature is q̂m=(m̂ + m̂†)/

√
2 [µ is the mass of the

oscillator, while m̂ and m̂† are its bosonic operators]. Another
important parameter of the problem is the detuning ∆ between
the pumping field and the cavity mode. Solving the dynamics
induced by Ĥmc when photon-leakage from the cavity, me-
chanical damping and chaotic thermal motion of the mechan-
ical oscillator at non-zero temperature are considered is con-
veniently done by linearizing Eq. (1) around steady-state val-
ues of field intensity and position of the mirror. The resulting
model is quadratic in the system’s bosonic operators and is
easily solved for the statistical properties of the system par-
ties. Starting with a coherent state of the pumping field and a
thermal state of the mechanical mode, the linearized coupling
maintains the Gaussian nature of the initial optomechanical
state which, under proper working conditions, could even ex-
hibit entanglement at non-zero temperature [6, 7].

The initial point of our analysis is such correlated field-
oscillator state, whose properties are conveniently char-
acterized by its covariance matrix σ having elements
σi j=〈q̂iq̂ j+q̂ jq̂i〉/2 (i, j=1, .., 4) with q=(q̂m, p̂m, x̂ f , ŷ f ). In
this expression we have introduced the field quadratures
x̂ f=( f̂+ f̂ †)/

√
2, ŷ f= − i( f̂− f̂ †)/

√
2 and the mechanical out-

of-phase quadrature p̂m such that [q̂m, p̂m] = i. The covariance
matrix of the system can in general be written as

σ =

(
m c
cT f

)
(2)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)
em-

bodying either the field’s properties [for j= f ] or the correla-
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EXPLICIT ELEMENTS OF THE OPTO-MECHANICAL
COVARIANCE MATRIX AND ANALYSIS OF

ENTANGLEMENT

Here we provide the explicit form of the elements of the co-
variance matrix σ for the opto-mechanical system at the basis
of the proposal put forward in the main Letter. We remind that
σ has the structure

σ =

(
m c
cT f

)
(1)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)

embodying either the field’s properties [for j= f ] or the corre-
lations between the two subsystems [when j=c]. Matrix σ re-
sults from the steady-state solution of the Langevin-like equa-
tions regulating the open-system dynamics undergone by the
mechanical and optical modes. The latter can be compactly
written as a Lyapunov equation [1, 2]

Kσ + σK t = −D (2)

where we have introduced the matrix
D=diag[0, γm(2n+1), κ, κ], which accounts for the noise
affecting the system, and the dynamical kernel matrix

K =




0 ωm 0 0
−ωm −γm G 0

0 0 −κ ∆
G 0 −∆ −κ



. (3)

In these expressions G = χ
√
!/(2µωm) is the effective opto-

mechanical coupling rate, κ = πc/(2LF) is the cavity decay
rate that depends on the finesse F and cavity length L, ωm
is the mechanical mode frequency and γm is the mechanical
damping rate. Finally, n = (e

!ωm
kBT − 1)−1 is the mean thermal

phonon number of the mechanical state prepared at tempera-
ture T (kB is the Boltzmann constant).

Solving Eq. (2) is straightforward, although the form of the
elements of σ is quite cumbersome. The explicit calculation
leads us to

m11=
−κG4(γm+2κ)ω2

m∆+2G2ωmκ∆2
[
κγ2

m+2γmκ2+2κ3+ω2
m(γm + κ)

]
+G2ωm

[
2κ3(γm+κ)

(
κγm+κ2+ω2

m

)
−γmκNωm∆

(
3γmκ+4κ2+2ω2

m

)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
γmG2Nω2

m∆
3(γm+4κ) + 2κ2G2∆4ωm + 2ωmγmκN

(
κ2 + ∆2

) [
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+ ∆4
]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

m22=
G2
[
2κ2
(
κγm + κ2 + ω2

m

)
+ γmNωm∆(γm + 2κ)+2κ∆2(γm + κ)

]
+ 2γmκN

[
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+∆4
]

2G2ωm∆(γm + 2κ)2 + 4γmκ∆2 (γ2
m + 2γmκ + 2κ2−2ω2

m
)
+ 4γmκ

(
κγm + κ2 + ω2

m
)2
+ 4γmκ∆4

,

f11=
2γmκωm∆

4
(
G2N + γ2

m + 2γmκ + 3κ2 − 2ω2
m
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+κG2∆3
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mγm + 4ω2
mκ − 2γ3
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ωmκ2 + ωm∆2−G2∆
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G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
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κγm + κ2 + ω2

m
)2
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G2κ∆
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κω2

m
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m
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m
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m
)
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m
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−κG4(γm + 2κ) +G2γmN

[
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m
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2γ2
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(
2κ2 + ω2

m

)
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m
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2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2
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m
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At the eye of the layman, quantumness is usually synony-
mous of atomic-size, well-protected and weakly energetic sys-
tems. Yet, abundant are nowadays the suggestions that, al-
though certainly true, this picture might be too restrictive [1].
The idea that non-classicality might extend its domains well
beyond the boundaries of the microscopic world is, at the
same time, fascinating and challenging. Demonstrating non-
classicality already at the mesoscopic level would be a ma-
jor achievement in this respect. Among the systems that
have been explored for such a task, those involving mechan-
ical modes coupled to electromagnetic fields offer unprece-
dented promises [2]. The control on nano/micro-mechanical
systems is such that the achievement of genuine quantum
regimes in devices fairly away from microscopic conditions
is now possible or so will be in a close future, although at the
price of dealing with very low temperatures and quite “expen-
sive” experimental conditions. Entanglement induced by the
radiation-pressure coupling between a mechanical mode and a
light field has been predicted [6–8] and considerable steps to-
wards its experimental demonstration have been recently per-
formed [9]. However, such a rudimental light-matter inter-
action does not seem to be able to naturally generate non-
classical states of the mechanical mode itself [10]. In this
paper we propose an experimentally viable protocol for quan-
tum state engineering of a massive mechanical mode based on
the combination of radiation-pressure coupling [2] and photon
subtraction from a light field [3, 4]. We show the existence of
a dynamical regime where non-classical states of the mechan-
ical oscillator are achieved under non-demanding conditions:
cooling of the oscillator down to its ground-state energy is not
required as the scheme prepares non-classical states for op-
erating temperatures in the range of 1 K and inefficiencies at
the photon-subtraction stage d not seem to hinder the effec-
tiveness of the method put forward here. Our proposal thus
embodies a new way to enforce mesoscopic non-classicality
through mature and well-understood technological tools.

We consider a prototypical opto-mechanical setting consist-
ing of a cavity driven by an intense light field of frequency ωl
and endowed with a highly reflecting end-mirror that can os-
cillate around an equilibrium position. The vibrating mirror is
modeled as a mechanical harmonic oscillator (frequency ωm).
It experiences displacements in phase-space dependent on the
intensity of the cavity field (which has frequency ωc) and due

to the radiation-pressure coupling. In the following, m is used
to label the the mechanical oscillator, while f indicates the
field mode. For a cavity having a large enough free spectral
range, such interaction is modeled by the Hamiltonian [5]

Ĥmc = −!χn̂ f Q̂m (1)

with χ=ωcL−1 the optomechanical coupling rate (L is the
length of the cavity), n̂ f = f̂ † f̂ the photon-number operator
of the cavity field [ f̂ ( f̂ †) is the corresponding annihilation
(creation) operator] and Q̂m=

√
!/(2µωm)q̂m the position op-

erator of the mechanical oscillator, whose associated dimen-
sionless quadrature is q̂m=(m̂ + m̂†)/

√
2 [µ is the mass of the

oscillator, while m̂ and m̂† are its bosonic operators]. Another
important parameter of the problem is the detuning ∆ between
the pumping field and the cavity mode. Solving the dynamics
induced by Ĥmc when photon-leakage from the cavity, me-
chanical damping and chaotic thermal motion of the mechan-
ical oscillator at non-zero temperature are considered is con-
veniently done by linearizing Eq. (1) around steady-state val-
ues of field intensity and position of the mirror. The resulting
model is quadratic in the system’s bosonic operators and is
easily solved for the statistical properties of the system par-
ties. Starting with a coherent state of the pumping field and a
thermal state of the mechanical mode, the linearized coupling
maintains the Gaussian nature of the initial optomechanical
state which, under proper working conditions, could even ex-
hibit entanglement at non-zero temperature [6, 7].

The initial point of our analysis is such correlated field-
oscillator state, whose properties are conveniently char-
acterized by its covariance matrix σ having elements
σi j=〈q̂iq̂ j+q̂ jq̂i〉/2 (i, j=1, .., 4) with q=(q̂m, p̂m, x̂ f , ŷ f ). In
this expression we have introduced the field quadratures
x̂ f=( f̂+ f̂ †)/

√
2, ŷ f= − i( f̂− f̂ †)/

√
2 and the mechanical out-

of-phase quadrature p̂m such that [q̂m, p̂m] = i. The covariance
matrix of the system can in general be written as

σ =

(
m c
cT f

)
(2)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)
em-

bodying either the field’s properties [for j= f ] or the correla-
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EXPLICIT ELEMENTS OF THE OPTO-MECHANICAL
COVARIANCE MATRIX AND ANALYSIS OF

ENTANGLEMENT

Here we provide the explicit form of the elements of the co-
variance matrix σ for the opto-mechanical system at the basis
of the proposal put forward in the main Letter. We remind that
σ has the structure

σ =

(
m c
cT f

)
(1)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)

embodying either the field’s properties [for j= f ] or the corre-
lations between the two subsystems [when j=c]. Matrix σ re-
sults from the steady-state solution of the Langevin-like equa-
tions regulating the open-system dynamics undergone by the
mechanical and optical modes. The latter can be compactly
written as a Lyapunov equation [1, 2]

Kσ + σK t = −D (2)

where we have introduced the matrix
D=diag[0, γm(2n+1), κ, κ], which accounts for the noise
affecting the system, and the dynamical kernel matrix

K =




0 ωm 0 0
−ωm −γm G 0

0 0 −κ ∆
G 0 −∆ −κ



. (3)

In these expressions G = χ
√
!/(2µωm) is the effective opto-

mechanical coupling rate, κ = πc/(2LF) is the cavity decay
rate that depends on the finesse F and cavity length L, ωm
is the mechanical mode frequency and γm is the mechanical
damping rate. Finally, n = (e

!ωm
kBT − 1)−1 is the mean thermal

phonon number of the mechanical state prepared at tempera-
ture T (kB is the Boltzmann constant).

Solving Eq. (2) is straightforward, although the form of the
elements of σ is quite cumbersome. The explicit calculation
leads us to

m11=
−κG4(γm+2κ)ω2

m∆+2G2ωmκ∆2
[
κγ2

m+2γmκ2+2κ3+ω2
m(γm + κ)

]
+G2ωm

[
2κ3(γm+κ)

(
κγm+κ2+ω2

m

)
−γmκNωm∆

(
3γmκ+4κ2+2ω2

m

)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
γmG2Nω2

m∆
3(γm+4κ) + 2κ2G2∆4ωm + 2ωmγmκN

(
κ2 + ∆2

) [
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+ ∆4
]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

m22=
G2
[
2κ2
(
κγm + κ2 + ω2

m

)
+ γmNωm∆(γm + 2κ)+2κ∆2(γm + κ)

]
+ 2γmκN

[
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+∆4
]

2G2ωm∆(γm + 2κ)2 + 4γmκ∆2 (γ2
m + 2γmκ + 2κ2−2ω2

m
)
+ 4γmκ

(
κγm + κ2 + ω2

m
)2
+ 4γmκ∆4

,

f11=
2γmκωm∆

4
(
G2N + γ2

m + 2γmκ + 3κ2 − 2ω2
m

)
+κG2∆3

(
5ω2

mγm + 4ω2
mκ − 2γ3

m − 4γ2
mκ − 4γmκ2

)

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
G2κ∆

[
κω2

m

(
−2γ2

m + γmκ + 4κ2
)
− 2γmκ2(γm + κ)2 − γmω4

m

]
− 2G2γmκ∆5 + 2γmκ3ωm

(
κγm + κ2 + ω2

m

)2
+2γmκωm∆

6

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
ωm∆

2
{
−κG4(γm + 2κ) +G2γmN

[
2κ(γm + κ)2 + γmω2

m

]
+ 2γmκ

[
2γ2

mκ
2 + 2γmκ

(
2κ2 + ω2

m

)
+ 3κ4 + ω4

m

]}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

(4)
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with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(
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embodying either the field’s properties [for j= f ] or the corre-
lations between the two subsystems [when j=c]. Matrix σ re-
sults from the steady-state solution of the Langevin-like equa-
tions regulating the open-system dynamics undergone by the
mechanical and optical modes. The latter can be compactly
written as a Lyapunov equation [1, 2]

Kσ + σK t = −D (2)

where we have introduced the matrix
D=diag[0, γm(2n+1), κ, κ], which accounts for the noise
affecting the system, and the dynamical kernel matrix

K =



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In these expressions G = χ
√
!/(2µωm) is the effective opto-

mechanical coupling rate, κ = πc/(2LF) is the cavity decay
rate that depends on the finesse F and cavity length L, ωm
is the mechanical mode frequency and γm is the mechanical
damping rate. Finally, n = (e

!ωm
kBT − 1)−1 is the mean thermal

phonon number of the mechanical state prepared at tempera-
ture T (kB is the Boltzmann constant).

Solving Eq. (2) is straightforward, although the form of the
elements of σ is quite cumbersome. The explicit calculation
leads us to

m11=
−κG4(γm+2κ)ω2

m∆+2G2ωmκ∆2
[
κγ2

m+2γmκ2+2κ3+ω2
m(γm + κ)

]
+G2ωm
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2κ3(γm+κ)

(
κγm+κ2+ω2

m

)
−γmκNωm∆

(
3γmκ+4κ2+2ω2

m

)]
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ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
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+ 2γmκ

(
κγm + κ2 + ω2
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γmG2Nω2

m∆
3(γm+4κ) + 2κ2G2∆4ωm + 2ωmγmκN
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(
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m + 2γmκ + 2κ2 − 2ω2
m
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m
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m22=
G2
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2κ2
(
κγm + κ2 + ω2

m

)
+ γmNωm∆(γm + 2κ)+2κ∆2(γm + κ)

]
+ 2γmκN

[
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+∆4
]

2G2ωm∆(γm + 2κ)2 + 4γmκ∆2 (γ2
m + 2γmκ + 2κ2−2ω2

m
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+ 4γmκ
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κγm + κ2 + ω2

m
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+ 4γmκ∆4
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G2N + γ2
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m
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5ω2
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m
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κγm + κ2 + ω2

m
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m
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)
− 2γmκ2(γm + κ)2 − γmω4

m
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At the eye of the layman, quantumness is usually synony-
mous of atomic-size, well-protected and weakly energetic sys-
tems. Yet, abundant are nowadays the suggestions that, al-
though certainly true, this picture might be too restrictive [1].
The idea that non-classicality might extend its domains well
beyond the boundaries of the microscopic world is, at the
same time, fascinating and challenging. Demonstrating non-
classicality already at the mesoscopic level would be a ma-
jor achievement in this respect. Among the systems that
have been explored for such a task, those involving mechan-
ical modes coupled to electromagnetic fields offer unprece-
dented promises [2]. The control on nano/micro-mechanical
systems is such that the achievement of genuine quantum
regimes in devices fairly away from microscopic conditions
is now possible or so will be in a close future, although at the
price of dealing with very low temperatures and quite “expen-
sive” experimental conditions. Entanglement induced by the
radiation-pressure coupling between a mechanical mode and a
light field has been predicted [6–8] and considerable steps to-
wards its experimental demonstration have been recently per-
formed [9]. However, such a rudimental light-matter inter-
action does not seem to be able to naturally generate non-
classical states of the mechanical mode itself [10]. In this
paper we propose an experimentally viable protocol for quan-
tum state engineering of a massive mechanical mode based on
the combination of radiation-pressure coupling [2] and photon
subtraction from a light field [3, 4]. We show the existence of
a dynamical regime where non-classical states of the mechan-
ical oscillator are achieved under non-demanding conditions:
cooling of the oscillator down to its ground-state energy is not
required as the scheme prepares non-classical states for op-
erating temperatures in the range of 1 K and inefficiencies at
the photon-subtraction stage d not seem to hinder the effec-
tiveness of the method put forward here. Our proposal thus
embodies a new way to enforce mesoscopic non-classicality
through mature and well-understood technological tools.

We consider a prototypical opto-mechanical setting consist-
ing of a cavity driven by an intense light field of frequency ωl
and endowed with a highly reflecting end-mirror that can os-
cillate around an equilibrium position. The vibrating mirror is
modeled as a mechanical harmonic oscillator (frequency ωm).
It experiences displacements in phase-space dependent on the
intensity of the cavity field (which has frequency ωc) and due

to the radiation-pressure coupling. In the following, m is used
to label the the mechanical oscillator, while f indicates the
field mode. For a cavity having a large enough free spectral
range, such interaction is modeled by the Hamiltonian [5]

Ĥmc = −!χn̂ f Q̂m (1)

with χ=ωcL−1 the optomechanical coupling rate (L is the
length of the cavity), n̂ f = f̂ † f̂ the photon-number operator
of the cavity field [ f̂ ( f̂ †) is the corresponding annihilation
(creation) operator] and Q̂m=

√
!/(2µωm)q̂m the position op-

erator of the mechanical oscillator, whose associated dimen-
sionless quadrature is q̂m=(m̂ + m̂†)/

√
2 [µ is the mass of the

oscillator, while m̂ and m̂† are its bosonic operators]. Another
important parameter of the problem is the detuning ∆ between
the pumping field and the cavity mode. Solving the dynamics
induced by Ĥmc when photon-leakage from the cavity, me-
chanical damping and chaotic thermal motion of the mechan-
ical oscillator at non-zero temperature are considered is con-
veniently done by linearizing Eq. (1) around steady-state val-
ues of field intensity and position of the mirror. The resulting
model is quadratic in the system’s bosonic operators and is
easily solved for the statistical properties of the system par-
ties. Starting with a coherent state of the pumping field and a
thermal state of the mechanical mode, the linearized coupling
maintains the Gaussian nature of the initial optomechanical
state which, under proper working conditions, could even ex-
hibit entanglement at non-zero temperature [6, 7].

The initial point of our analysis is such correlated field-
oscillator state, whose properties are conveniently char-
acterized by its covariance matrix σ having elements
σi j=〈q̂iq̂ j+q̂ jq̂i〉/2 (i, j=1, .., 4) with q=(q̂m, p̂m, x̂ f , ŷ f ). In
this expression we have introduced the field quadratures
x̂ f=( f̂+ f̂ †)/

√
2, ŷ f= − i( f̂− f̂ †)/

√
2 and the mechanical out-

of-phase quadrature p̂m such that [q̂m, p̂m] = i. The covariance
matrix of the system can in general be written as

σ =

(
m c
cT f

)
(2)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)
em-

bodying either the field’s properties [for j= f ] or the correla-

2

tions between the two subsystems [when j=c]. The analytical
expressions for the entries of σ are reported in Ref. [11].

We now pass to the description of the scheme proposed
in this paper. The field reflected by the mechanical mirror
undergoes a single photon-subtraction process. The idea be-
hind our proposal is that the correlations set between the me-
chanical oscillator and the field are enough to “transfer” the
non-classicality induced in the conditional state of the field by
the photon-subtraction process to the state of the mechanical
mode. In this respect, our proposal is along the lines of the
scheme by Dakna et al. [12], where a photon-number mea-
surement on one arm of an entangled two-mode state projects
the other one into a highly non-classical state. While here we
are interested in the formal aspects of such the mechanism
behind our proposal, a physical protocol will be addressed
later on. Given the covariance matrix of the bipartite state
of the system, we calculate the Weyl characteristic function as
χ(η, λ)=e−

1
2 q̃σq̃t with η=ηr+iηi, λ=λr+iλi and q̃=(ηr, ηi, λr, λi)

the vector of complex phase-space variables. With this, the
density matrix of the joint file-oscillator system can be written
as $ f m=π−2

∫
χ(η, λ)D̂†m(η)⊗D̂†f (λ)d

2η d2λ [13]. Here, D̂ j(α) is
the displacement operator of mode j=m, f of amplitude α∈C.
The mechanical state resulting from the subtraction of a sin-
gle quantum from the field is then described by the reduced
density matrix

$m = Nπ−2
∫
χ(η, λ)D̂†m(η) tr[ f̂ D̂†f (λ) f̂ †]d2η d2λ. (3)

Eq. (3) can be manipulated so as to get rid of the de-
grees of freedom of the cavity field by using the transfor-
mation rule of f̂ induced by D̂†f (λ) and the closure relation
π−1
∫

d2α |α〉 f 〈α|=1̂1 f , where |α〉 is a coherent state of apli-
tude α [13]. After straightforward algebraic manipulations,
one gets

tr[ f̂ D̂†f (λ) f̂ †]=π−1
∫

(|α|2−|λ|2+λ∗α−λα∗+1)e−
1
2 |λ|2+λ∗α−λα∗d2α.

(4)
We now first perform the integration over
the dummy variable λ, introduce the function
C(α, η, λ)=χ(η, λ)(|α|2−|λ|2+λ∗α−λα∗+1)e−

1
2 |λ|2 and cast

the state of the mechanical mode as

$m = Nπ−3
∫

D̂†m(η)F [C(η, λ)]d2ηd2α (5)

with F [C(η, λ)] the Fourier transform of C(α, η, λ). Such
function encompasses any effects that the photon subtraction
might have on the state of the mechanical system. As dis-
cussed before, the idea behind our proposal is that the correla-
tions shared by the field and the mechanical oscillator would
be sufficient for the latter to experience the effects of the de-
Gaussification induced by the photon subtraction. In what fol-
lows, we show that this is indeed the case.

In order to determine the features of $m, we address its
Wigner function (Wf) W(δr, δi)=π−2

∫
Ξ(γ)eγ∗δ−γδ∗d2γ (with

δ=δr+iδi), which is calculated using the characteristic func-
tion Ξ(γ)=tr[D̂m(γ)$m] evaluated at the phase-space point γ ∈
C. A lengthy yet straightforward calculation leads to

W(δr, δi) = πNA(σ) exp
[
−2
(
δ2i /m11 − δ2r/m22

)]
(6)

with N=2/[(det m)5/2( f22+ f11−2)] and

A(σ)=m2
22[( f11+ f22−2)m2

11+(4δ2i −m11)(c2
11+c2

12)]

+m2
11(4δ2r−m22)(c2

22+c2
21)−8m11m22(c11c21+c12c22)δrδi.

(7)

The polynomial dependence of A(σ) on δ entails the non-
Gaussian nature of the reduced mechanical state. We now
seek evidences of non-classicality. A rather stringent crite-
rion for deviations from classicality is the negativity of the
Wf associated with a given state. This embodies the fail-
ure to interpret it as a classical probability distribution, which
is instead possible whenever the Wf is positive [15]. Build-
ing on the so-called Hudson theorem [14], which proves that
only multi-mode coherent and squeezed-vacuum states have
non-negative Wigner functions, measures of non-classicality
based on the negativity of the Wf have been formulated [15].
More recently, operational criteria for inferring quantum-
ness through the negative regions in the Wf have been pro-
posed [16]. By inspection, we find that Eq. (6) can indeed be
non-positive and achieves its most negative value at the ori-
gin of the phase-space, i.e. for δr,i = 0. Assuming that none
of the variances of the mechanical oscillator and the field are
squeezed below the vacuum limit (i.e. for kii≥1 with i=1, 2
and k=m, f ), we have W(0, 0)<0 for

m11

m22
>

f11 + f22 − 2
c2

22 + c2
21

m11 −
c2

11 + c2
12

c2
22 + c2

21
. (8)

This result is quite interesting. First it shows that the non-
classicality of the mechanical oscillator depends on its ini-
tial degree of squeezing given by the ratio m11/m22 (the fact
that the block matrix m is always diagonal implies that any
squeezing of the mechanical state has to occur along one of
the quadrature axes of the corresponding phase space). Sec-
ond, we remark the “plug&play” nature of Eq. (8): by deter-
mining the matrix σ of the two modes under scrutiny, which
can be performed as described in [6, 7, 16], one can determine

FIG. 1: Wigner function of the mechanical mode for ∆/ωm=0.05,
T=0.4 K and µ=5 × 10−12 Kg. Moreover, we have taken a cavity
of length L=1 mm, frequency ωc/2π)4×1014 Hz and finesse 104,
pumped with 20 mW. In line with current experimental values [2],
the mechanical damping rate is as small as ∼ 10 Hz.
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EXPLICIT ELEMENTS OF THE OPTO-MECHANICAL
COVARIANCE MATRIX AND ANALYSIS OF

ENTANGLEMENT

Here we provide the explicit form of the elements of the co-
variance matrix σ for the opto-mechanical system at the basis
of the proposal put forward in the main Letter. We remind that
σ has the structure

σ =

(
m c
cT f

)
(1)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)

embodying either the field’s properties [for j= f ] or the corre-
lations between the two subsystems [when j=c]. Matrix σ re-
sults from the steady-state solution of the Langevin-like equa-
tions regulating the open-system dynamics undergone by the
mechanical and optical modes. The latter can be compactly
written as a Lyapunov equation [1, 2]

Kσ + σK t = −D (2)

where we have introduced the matrix
D=diag[0, γm(2n+1), κ, κ], which accounts for the noise
affecting the system, and the dynamical kernel matrix

K =




0 ωm 0 0
−ωm −γm G 0

0 0 −κ ∆
G 0 −∆ −κ



. (3)

In these expressions G = χ
√
!/(2µωm) is the effective opto-

mechanical coupling rate, κ = πc/(2LF) is the cavity decay
rate that depends on the finesse F and cavity length L, ωm
is the mechanical mode frequency and γm is the mechanical
damping rate. Finally, n = (e

!ωm
kBT − 1)−1 is the mean thermal

phonon number of the mechanical state prepared at tempera-
ture T (kB is the Boltzmann constant).

Solving Eq. (2) is straightforward, although the form of the
elements of σ is quite cumbersome. The explicit calculation
leads us to

m11=
−κG4(γm+2κ)ω2

m∆+2G2ωmκ∆2
[
κγ2

m+2γmκ2+2κ3+ω2
m(γm + κ)

]
+G2ωm

[
2κ3(γm+κ)

(
κγm+κ2+ω2

m

)
−γmκNωm∆

(
3γmκ+4κ2+2ω2

m

)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
γmG2Nω2

m∆
3(γm+4κ) + 2κ2G2∆4ωm + 2ωmγmκN

(
κ2 + ∆2

) [
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+ ∆4
]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

m22=
G2
[
2κ2
(
κγm + κ2 + ω2

m

)
+ γmNωm∆(γm + 2κ)+2κ∆2(γm + κ)

]
+ 2γmκN

[
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+∆4
]

2G2ωm∆(γm + 2κ)2 + 4γmκ∆2 (γ2
m + 2γmκ + 2κ2−2ω2

m
)
+ 4γmκ

(
κγm + κ2 + ω2

m
)2
+ 4γmκ∆4

,

f11=
2γmκωm∆

4
(
G2N + γ2

m + 2γmκ + 3κ2 − 2ω2
m

)
+κG2∆3

(
5ω2

mγm + 4ω2
mκ − 2γ3

m − 4γ2
mκ − 4γmκ2

)

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
G2κ∆

[
κω2

m

(
−2γ2

m + γmκ + 4κ2
)
− 2γmκ2(γm + κ)2 − γmω4

m

]
− 2G2γmκ∆5 + 2γmκ3ωm

(
κγm + κ2 + ω2

m

)2
+2γmκωm∆

6

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
ωm∆

2
{
−κG4(γm + 2κ) +G2γmN

[
2κ(γm + κ)2 + γmω2

m

]
+ 2γmκ

[
2γ2

mκ
2 + 2γmκ

(
2κ2 + ω2

m

)
+ 3κ4 + ω4

m

]}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

(4)
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Here we provide the explicit form of the elements of the co-
variance matrix σ for the opto-mechanical system at the basis
of the proposal put forward in the main Letter. We remind that
σ has the structure

σ =

(
m c
cT f

)
(1)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)

embodying either the field’s properties [for j= f ] or the corre-
lations between the two subsystems [when j=c]. Matrix σ re-
sults from the steady-state solution of the Langevin-like equa-
tions regulating the open-system dynamics undergone by the
mechanical and optical modes. The latter can be compactly
written as a Lyapunov equation [1, 2]

Kσ + σK t = −D (2)

where we have introduced the matrix
D=diag[0, γm(2n+1), κ, κ], which accounts for the noise
affecting the system, and the dynamical kernel matrix

K =




0 ωm 0 0
−ωm −γm G 0

0 0 −κ ∆
G 0 −∆ −κ



. (3)

In these expressions G = χ
√
!/(2µωm) is the effective opto-

mechanical coupling rate, κ = πc/(2LF) is the cavity decay
rate that depends on the finesse F and cavity length L, ωm
is the mechanical mode frequency and γm is the mechanical
damping rate. Finally, n = (e

!ωm
kBT − 1)−1 is the mean thermal

phonon number of the mechanical state prepared at tempera-
ture T (kB is the Boltzmann constant).

Solving Eq. (2) is straightforward, although the form of the
elements of σ is quite cumbersome. The explicit calculation
leads us to

m11=
−κG4(γm+2κ)ω2

m∆+2G2ωmκ∆2
[
κγ2

m+2γmκ2+2κ3+ω2
m(γm + κ)

]
+G2ωm

[
2κ3(γm+κ)

(
κγm+κ2+ω2

m

)
−γmκNωm∆

(
3γmκ+4κ2+2ω2

m

)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
γmG2Nω2

m∆
3(γm+4κ) + 2κ2G2∆4ωm + 2ωmγmκN

(
κ2 + ∆2

) [
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+ ∆4
]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

m22=
G2
[
2κ2
(
κγm + κ2 + ω2

m

)
+ γmNωm∆(γm + 2κ)+2κ∆2(γm + κ)

]
+ 2γmκN

[
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+∆4
]

2G2ωm∆(γm + 2κ)2 + 4γmκ∆2 (γ2
m + 2γmκ + 2κ2−2ω2

m
)
+ 4γmκ

(
κγm + κ2 + ω2

m
)2
+ 4γmκ∆4

,

f11=
2γmκωm∆

4
(
G2N + γ2

m + 2γmκ + 3κ2 − 2ω2
m

)
+κG2∆3

(
5ω2

mγm + 4ω2
mκ − 2γ3

m − 4γ2
mκ − 4γmκ2

)

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
G2κ∆

[
κω2

m

(
−2γ2

m + γmκ + 4κ2
)
− 2γmκ2(γm + κ)2 − γmω4

m

]
− 2G2γmκ∆5 + 2γmκ3ωm

(
κγm + κ2 + ω2

m

)2
+2γmκωm∆

6

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
ωm∆

2
{
−κG4(γm + 2κ) +G2γmN

[
2κ(γm + κ)2 + γmω2

m

]
+ 2γmκ

[
2γ2

mκ
2 + 2γmκ

(
2κ2 + ω2

m

)
+ 3κ4 + ω4

m

]}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

(4)

Fair enough..
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Non-classical states of a massive mechanical mode operating at non-zero temperature are achieved in a
scheme that combines radiation-pressure coupling to a light field and photon subtraction. The scheme em-
bodies an original and experimentally realistic way to obtain mesoscopic quantumness by putting together two
mature technologies for quantum control. The protocol is basically insensitive to detection inefficiency and
mechanical damping.
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At the eye of the layman, quantumness is usually synony-
mous of atomic-size, well-protected and weakly energetic sys-
tems. Yet, abundant are nowadays the suggestions that, al-
though certainly true, this picture might be too restrictive [1].
The idea that non-classicality might extend its domains well
beyond the boundaries of the microscopic world is, at the
same time, fascinating and challenging. Demonstrating non-
classicality already at the mesoscopic level would be a ma-
jor achievement in this respect. Among the systems that
have been explored for such a task, those involving mechan-
ical modes coupled to electromagnetic fields offer unprece-
dented promises [2]. The control on nano/micro-mechanical
systems is such that the achievement of genuine quantum
regimes in devices fairly away from microscopic conditions
is now possible or so will be in a close future, although at the
price of dealing with very low temperatures and quite “expen-
sive” experimental conditions. Entanglement induced by the
radiation-pressure coupling between a mechanical mode and a
light field has been predicted [6–8] and considerable steps to-
wards its experimental demonstration have been recently per-
formed [9]. However, such a rudimental light-matter inter-
action does not seem to be able to naturally generate non-
classical states of the mechanical mode itself [10]. In this
paper we propose an experimentally viable protocol for quan-
tum state engineering of a massive mechanical mode based on
the combination of radiation-pressure coupling [2] and photon
subtraction from a light field [3, 4]. We show the existence of
a dynamical regime where non-classical states of the mechan-
ical oscillator are achieved under non-demanding conditions:
cooling of the oscillator down to its ground-state energy is not
required as the scheme prepares non-classical states for op-
erating temperatures in the range of 1 K and inefficiencies at
the photon-subtraction stage d not seem to hinder the effec-
tiveness of the method put forward here. Our proposal thus
embodies a new way to enforce mesoscopic non-classicality
through mature and well-understood technological tools.

We consider a prototypical opto-mechanical setting consist-
ing of a cavity driven by an intense light field of frequency ωl
and endowed with a highly reflecting end-mirror that can os-
cillate around an equilibrium position. The vibrating mirror is
modeled as a mechanical harmonic oscillator (frequency ωm).
It experiences displacements in phase-space dependent on the
intensity of the cavity field (which has frequency ωc) and due

to the radiation-pressure coupling. In the following, m is used
to label the the mechanical oscillator, while f indicates the
field mode. For a cavity having a large enough free spectral
range, such interaction is modeled by the Hamiltonian [5]

Ĥmc = −!χn̂ f Q̂m (1)

with χ=ωcL−1 the optomechanical coupling rate (L is the
length of the cavity), n̂ f = f̂ † f̂ the photon-number operator
of the cavity field [ f̂ ( f̂ †) is the corresponding annihilation
(creation) operator] and Q̂m=

√
!/(2µωm)q̂m the position op-

erator of the mechanical oscillator, whose associated dimen-
sionless quadrature is q̂m=(m̂ + m̂†)/

√
2 [µ is the mass of the

oscillator, while m̂ and m̂† are its bosonic operators]. Another
important parameter of the problem is the detuning ∆ between
the pumping field and the cavity mode. Solving the dynamics
induced by Ĥmc when photon-leakage from the cavity, me-
chanical damping and chaotic thermal motion of the mechan-
ical oscillator at non-zero temperature are considered is con-
veniently done by linearizing Eq. (1) around steady-state val-
ues of field intensity and position of the mirror. The resulting
model is quadratic in the system’s bosonic operators and is
easily solved for the statistical properties of the system par-
ties. Starting with a coherent state of the pumping field and a
thermal state of the mechanical mode, the linearized coupling
maintains the Gaussian nature of the initial optomechanical
state which, under proper working conditions, could even ex-
hibit entanglement at non-zero temperature [6, 7].

The initial point of our analysis is such correlated field-
oscillator state, whose properties are conveniently char-
acterized by its covariance matrix σ having elements
σi j=〈q̂iq̂ j+q̂ jq̂i〉/2 (i, j=1, .., 4) with q=(q̂m, p̂m, x̂ f , ŷ f ). In
this expression we have introduced the field quadratures
x̂ f=( f̂+ f̂ †)/

√
2, ŷ f= − i( f̂− f̂ †)/

√
2 and the mechanical out-

of-phase quadrature p̂m such that [q̂m, p̂m] = i. The covariance
matrix of the system can in general be written as

σ =

(
m c
cT f

)
(2)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)
em-

bodying either the field’s properties [for j= f ] or the correla-

2

tions between the two subsystems [when j=c]. The analytical
expressions for the entries of σ are reported in Ref. [11].

We now pass to the description of the scheme proposed
in this paper. The field reflected by the mechanical mirror
undergoes a single photon-subtraction process. The idea be-
hind our proposal is that the correlations set between the me-
chanical oscillator and the field are enough to “transfer” the
non-classicality induced in the conditional state of the field by
the photon-subtraction process to the state of the mechanical
mode. In this respect, our proposal is along the lines of the
scheme by Dakna et al. [12], where a photon-number mea-
surement on one arm of an entangled two-mode state projects
the other one into a highly non-classical state. While here we
are interested in the formal aspects of such the mechanism
behind our proposal, a physical protocol will be addressed
later on. Given the covariance matrix of the bipartite state
of the system, we calculate the Weyl characteristic function as
χ(η, λ)=e−

1
2 q̃σq̃t with η=ηr+iηi, λ=λr+iλi and q̃=(ηr, ηi, λr, λi)

the vector of complex phase-space variables. With this, the
density matrix of the joint file-oscillator system can be written
as $ f m=π−2

∫
χ(η, λ)D̂†m(η)⊗D̂†f (λ)d

2η d2λ [13]. Here, D̂ j(α) is
the displacement operator of mode j=m, f of amplitude α∈C.
The mechanical state resulting from the subtraction of a sin-
gle quantum from the field is then described by the reduced
density matrix

$m = Nπ−2
∫
χ(η, λ)D̂†m(η) tr[ f̂ D̂†f (λ) f̂ †]d2η d2λ. (3)

Eq. (3) can be manipulated so as to get rid of the de-
grees of freedom of the cavity field by using the transfor-
mation rule of f̂ induced by D̂†f (λ) and the closure relation
π−1
∫

d2α |α〉 f 〈α|=1̂1 f , where |α〉 is a coherent state of apli-
tude α [13]. After straightforward algebraic manipulations,
one gets

tr[ f̂ D̂†f (λ) f̂ †]=π−1
∫

(|α|2−|λ|2+λ∗α−λα∗+1)e−
1
2 |λ|2+λ∗α−λα∗d2α.

(4)
We now first perform the integration over
the dummy variable λ, introduce the function
C(α, η, λ)=χ(η, λ)(|α|2−|λ|2+λ∗α−λα∗+1)e−

1
2 |λ|2 and cast

the state of the mechanical mode as

$m = Nπ−3
∫

D̂†m(η)F [C(η, λ)]d2ηd2α (5)

with F [C(η, λ)] the Fourier transform of C(α, η, λ). Such
function encompasses any effects that the photon subtraction
might have on the state of the mechanical system. As dis-
cussed before, the idea behind our proposal is that the correla-
tions shared by the field and the mechanical oscillator would
be sufficient for the latter to experience the effects of the de-
Gaussification induced by the photon subtraction. In what fol-
lows, we show that this is indeed the case.

In order to determine the features of $m, we address its
Wigner function (Wf) W(δr, δi)=π−2

∫
Ξ(γ)eγ∗δ−γδ∗d2γ (with

δ=δr+iδi), which is calculated using the characteristic func-
tion Ξ(γ)=tr[D̂m(γ)$m] evaluated at the phase-space point γ ∈
C. A lengthy yet straightforward calculation leads to

W(δr, δi) = πNA(σ) exp
[
−2
(
δ2i /m11 − δ2r/m22

)]
(6)

with N=2/[(det m)5/2( f22+ f11−2)] and

A(σ)=m2
22[( f11+ f22−2)m2

11+(4δ2i −m11)(c2
11+c2

12)]

+m2
11(4δ2r−m22)(c2
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The polynomial dependence of A(σ) on δ entails the non-
Gaussian nature of the reduced mechanical state. We now
seek evidences of non-classicality. A rather stringent crite-
rion for deviations from classicality is the negativity of the
Wf associated with a given state. This embodies the fail-
ure to interpret it as a classical probability distribution, which
is instead possible whenever the Wf is positive [15]. Build-
ing on the so-called Hudson theorem [14], which proves that
only multi-mode coherent and squeezed-vacuum states have
non-negative Wigner functions, measures of non-classicality
based on the negativity of the Wf have been formulated [15].
More recently, operational criteria for inferring quantum-
ness through the negative regions in the Wf have been pro-
posed [16]. By inspection, we find that Eq. (6) can indeed be
non-positive and achieves its most negative value at the ori-
gin of the phase-space, i.e. for δr,i = 0. Assuming that none
of the variances of the mechanical oscillator and the field are
squeezed below the vacuum limit (i.e. for kii≥1 with i=1, 2
and k=m, f ), we have W(0, 0)<0 for
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This result is quite interesting. First it shows that the non-
classicality of the mechanical oscillator depends on its ini-
tial degree of squeezing given by the ratio m11/m22 (the fact
that the block matrix m is always diagonal implies that any
squeezing of the mechanical state has to occur along one of
the quadrature axes of the corresponding phase space). Sec-
ond, we remark the “plug&play” nature of Eq. (8): by deter-
mining the matrix σ of the two modes under scrutiny, which
can be performed as described in [6, 7, 16], one can determine

FIG. 1: Wigner function of the mechanical mode for ∆/ωm=0.05,
T=0.4 K and µ=5 × 10−12 Kg. Moreover, we have taken a cavity
of length L=1 mm, frequency ωc/2π)4×1014 Hz and finesse 104,
pumped with 20 mW. In line with current experimental values [2],
the mechanical damping rate is as small as ∼ 10 Hz.
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EXPLICIT ELEMENTS OF THE OPTO-MECHANICAL
COVARIANCE MATRIX AND ANALYSIS OF

ENTANGLEMENT

Here we provide the explicit form of the elements of the co-
variance matrix σ for the opto-mechanical system at the basis
of the proposal put forward in the main Letter. We remind that
σ has the structure

σ =

(
m c
cT f

)
(1)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)

embodying either the field’s properties [for j= f ] or the corre-
lations between the two subsystems [when j=c]. Matrix σ re-
sults from the steady-state solution of the Langevin-like equa-
tions regulating the open-system dynamics undergone by the
mechanical and optical modes. The latter can be compactly
written as a Lyapunov equation [1, 2]

Kσ + σK t = −D (2)

where we have introduced the matrix
D=diag[0, γm(2n+1), κ, κ], which accounts for the noise
affecting the system, and the dynamical kernel matrix

K =




0 ωm 0 0
−ωm −γm G 0

0 0 −κ ∆
G 0 −∆ −κ



. (3)

In these expressions G = χ
√
!/(2µωm) is the effective opto-

mechanical coupling rate, κ = πc/(2LF) is the cavity decay
rate that depends on the finesse F and cavity length L, ωm
is the mechanical mode frequency and γm is the mechanical
damping rate. Finally, n = (e

!ωm
kBT − 1)−1 is the mean thermal

phonon number of the mechanical state prepared at tempera-
ture T (kB is the Boltzmann constant).

Solving Eq. (2) is straightforward, although the form of the
elements of σ is quite cumbersome. The explicit calculation
leads us to

m11=
−κG4(γm+2κ)ω2

m∆+2G2ωmκ∆2
[
κγ2

m+2γmκ2+2κ3+ω2
m(γm + κ)

]
+G2ωm

[
2κ3(γm+κ)

(
κγm+κ2+ω2

m

)
−γmκNωm∆

(
3γmκ+4κ2+2ω2

m

)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
γmG2Nω2

m∆
3(γm+4κ) + 2κ2G2∆4ωm + 2ωmγmκN

(
κ2 + ∆2

) [
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+ ∆4
]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

m22=
G2
[
2κ2
(
κγm + κ2 + ω2

m

)
+ γmNωm∆(γm + 2κ)+2κ∆2(γm + κ)

]
+ 2γmκN

[
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+∆4
]

2G2ωm∆(γm + 2κ)2 + 4γmκ∆2 (γ2
m + 2γmκ + 2κ2−2ω2

m
)
+ 4γmκ

(
κγm + κ2 + ω2

m
)2
+ 4γmκ∆4

,

f11=
2γmκωm∆

4
(
G2N + γ2

m + 2γmκ + 3κ2 − 2ω2
m

)
+κG2∆3

(
5ω2

mγm + 4ω2
mκ − 2γ3

m − 4γ2
mκ − 4γmκ2

)

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
G2κ∆

[
κω2

m

(
−2γ2

m + γmκ + 4κ2
)
− 2γmκ2(γm + κ)2 − γmω4

m

]
− 2G2γmκ∆5 + 2γmκ3ωm

(
κγm + κ2 + ω2

m

)2
+2γmκωm∆

6

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
ωm∆

2
{
−κG4(γm + 2κ) +G2γmN

[
2κ(γm + κ)2 + γmω2

m

]
+ 2γmκ

[
2γ2

mκ
2 + 2γmκ

(
2κ2 + ω2

m

)
+ 3κ4 + ω4

m

]}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

(4)
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Fair enough..
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2

as a harmonic oscillator with quadratures q̂ = (m̂† + m̂)/
√

2
and p̂ = i(m̂†−m̂)/

√
2 and bosonic operators m̂, m̂†. More-

over, E is the coupling rate between an external driving field
(with frequency ωo # ωc) and the cavity field and G0 is
the radiation-pressure coupling strength. Starting from Ĥ,
Refs. [2, 5, 18] show how to obtain a set of linear Langevin
equations useful to the reconstruction of the dynamics of the
optomechanical system. This can be done by focusing our
attention on the fluctuations of the relevant operators in the
problem. The dynamics of the system is formally described
by the integral matrix equation

f(t) = eKtf(0) +
∫ t

0
eKτn(t− τ)dτ, (2)

where f(t) = (δq δp δx δy)T is the vector of the quadra-
ture fluctuations and n(t) = (0 ξ(t)

√
2κδxin

√
2κδyin)T

accounts for the noise entering the system. Here, ξ(t) de-
scribes the Brownian motion of the mirror due to its cou-
pling with a phononic bath at temperature T and δxin =
(δain† + δain)/

√
2 and δyin = i(δain† − δain)/

√
2 are the

quadrature fluctuations of the input noise to the cavity, which
has an amplitude decay rate κ. In the ordered basis given by
{δq, δp, δx, δy}, matrix K reads

K =





0 ωm 0 0
−ωm −γm G 0

0 0 −κ ∆
G 0 −∆ −κ



 , (3)

where G = G0E/
√

κ2 + ∆2 is a modified mirror-field cou-
pling rate and ∆ is the radiation-pressure affected system de-
tuning [2, 5]. In the parameter regime where the eigenval-
ues of K have negative real part, Eq. (2) can be solved at the
steady state defined by limt→∞ eKt = 0. The linear nature
of the problem at hand guarantees the Gaussian-preserving
character of the map defined by Eq. (2). This allows us to
focus on the entries of the covariance matrix V defined as
Vij = limt→∞

1
2 〈{fi(t), fj(t)}〉 [19, 20], where the expecta-

tion value is calculated over the mirror-field state. The explicit
form of V is

V =
(

M C
CT F

)
=





m11 0 c11 c12

0 m22 c21 c22

c11 c21 f11 f12

c12 c22 f12 f22



 , (4)

where M (F ) is the 2 × 2 block matrix describing the lo-
cal properties of the mirror (field) and C accounts for the
mirror-field correlations. By assuming a large mechanical
quality factor and a Ohmic spectral density of the background
phononic bath [2, 8, 18], analytic expressions of the elements
entering V can be easily found. They are however too lengthy
to be reported here. As discussed above, Eq. (2) does not af-
fect the Gaussian nature of any input mirror-field state. In
Refs. [2, 18], this property has been used to show the en-
tangling properties of the radiation pressure coupling in the
presence of noise. Here, we concentrate on the phase-space
properties of the reduced state of each subsystem.

FIG. 1: Wigner function associated with the mirror state plotted
against the rescaled detuning ∆ = jωm/10 (j ∈ Z). Each panel
corresponds to a set value of j. We have taken j = 0 (a), 4 (b),
7 (c), 10 (d), 13 (e), 16 (f), 19 (g) and 20 (h).

II. RECONSTRUCTION OF THE WIGNER FUNCTIONS

In this Section we give an effective description of the lo-
cal states of the mirror and the field in terms of equivalent
linear optics transformations applied to proper input Gaussian
states. An analogous study performed with respect to the joint
two-mode state described by Eq. (4) is made difficult by the
fact that V describes a mixed state. Finding the corresponding
linear-optics interferometer from which the state would be de-
rived is, in general, a demanding task which goes beyond the
scopes of our investigation. A complete and self-contained ac-
count of the quantum correlations within V has already been
provided [2]. Here we concentrate on the reduced state of the
mirror and the field as resulting from the radiation pressure-
induced evolution. The inspection of Eq. (4) is quite reveal-
ing. Indeed, by looking at the form of M , one notices that
the mirror could be in a squeezed state with squeezing factor
1
4 ln(m22

m11
). In the phase space, such squeezing would neces-

sarily be along the direction of one of the two mirror quadra-
tures (i.e. the squeezing parameter must be real). On the other
hand, the state of the field could be squeezed as well, but this
has to occur along a direction that can be completely gen-
eral. A formal account of such effects is given in Appendix
A. Here, we make our expectations quantitative and concen-
trate on the behavior of the Wigner function associated with
each reduced subsystem. These are related to the covariance
matrices introduced in Eq. (4) by the expression

WJ =
e−

1
2 fJJ−1fT

J

π
√

det J
, (5)

where J = M,F . Here, fM = (δq̃ δp̃), fF = (δx̃ δỹ)
are complex vectors for the mirror and field quadrature vari-
ables. For the mirror, we have taken δq̃ = (α + α∗)/

√
2 and

δp̃ = i(α∗ − α)/
√
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tions between the two subsystems [when j=c]. The analytical
expressions for the entries of σ are reported in Ref. [11].

We now pass to the description of the scheme proposed
in this paper. The field reflected by the mechanical mirror
undergoes a single photon-subtraction process. The idea be-
hind our proposal is that the correlations set between the me-
chanical oscillator and the field are enough to “transfer” the
non-classicality induced in the conditional state of the field by
the photon-subtraction process to the state of the mechanical
mode. In this respect, our proposal is along the lines of the
scheme by Dakna et al. [12], where a photon-number mea-
surement on one arm of an entangled two-mode state projects
the other one into a highly non-classical state. While here we
are interested in the formal aspects of such the mechanism
behind our proposal, a physical protocol will be addressed
later on. Given the covariance matrix of the bipartite state
of the system, we calculate the Weyl characteristic function as
χ(η, λ)=e−

1
2 q̃σq̃t with η=ηr+iηi, λ=λr+iλi and q̃=(ηr, ηi, λr, λi)

the vector of complex phase-space variables. With this, the
density matrix of the joint file-oscillator system can be written
as $ f m=π−2

∫
χ(η, λ)D̂†m(η)⊗D̂†f (λ)d

2η d2λ [13]. Here, D̂ j(α) is
the displacement operator of mode j=m, f of amplitude α∈C.
The mechanical state resulting from the subtraction of a sin-
gle quantum from the field is then described by the reduced
density matrix

$m = Nπ−2
∫
χ(η, λ)D̂†m(η) tr[ f̂ D̂†f (λ) f̂ †]d2η d2λ. (3)

Eq. (3) can be manipulated so as to get rid of the de-
grees of freedom of the cavity field by using the transfor-
mation rule of f̂ induced by D̂†f (λ) and the closure relation
π−1
∫

d2α |α〉 f 〈α|=1̂1 f , where |α〉 is a coherent state of apli-
tude α [13]. After straightforward algebraic manipulations,
one gets

tr[ f̂ D̂†f (λ) f̂ †]=π−1
∫

(|α|2−|λ|2+λ∗α−λα∗+1)e−
1
2 |λ|2+λ∗α−λα∗d2α.

(4)
We now first perform the integration over
the dummy variable λ, introduce the function
C(α, η, λ)=χ(η, λ)(|α|2−|λ|2+λ∗α−λα∗+1)e−

1
2 |λ|2 and cast

the state of the mechanical mode as

$m = Nπ−3
∫

D̂†m(η)F [C(η, λ)]d2ηd2α (5)

with F [C(η, λ)] the Fourier transform of C(α, η, λ). Such
function encompasses any effects that the photon subtraction
might have on the state of the mechanical system. As dis-
cussed before, the idea behind our proposal is that the correla-
tions shared by the field and the mechanical oscillator would
be sufficient for the latter to experience the effects of the de-
Gaussification induced by the photon subtraction. In what fol-
lows, we show that this is indeed the case.

In order to determine the features of $m, we address its
Wigner function (Wf) W(δr, δi)=π−2

∫
Ξ(γ)eγ∗δ−γδ∗d2γ (with

δ=δr+iδi), which is calculated using the characteristic func-
tion Ξ(γ)=tr[D̂m(γ)$m] evaluated at the phase-space point γ ∈
C. A lengthy yet straightforward calculation leads to

W(δr, δi) = πNA(σ) exp
[
−2
(
δ2i /m11 − δ2r/m22

)]
(6)

with N=2/[(det m)5/2( f22+ f11−2)] and

A(σ)=m2
22[( f11+ f22−2)m2

11+(4δ2i −m11)(c2
11+c2

12)]

+m2
11(4δ2r−m22)(c2

22+c2
21)−8m11m22(c11c21+c12c22)δrδi.

(7)

The polynomial dependence of A(σ) on δ entails the non-
Gaussian nature of the reduced mechanical state. We now
seek evidences of non-classicality. A rather stringent crite-
rion for deviations from classicality is the negativity of the
Wf associated with a given state. This embodies the fail-
ure to interpret it as a classical probability distribution, which
is instead possible whenever the Wf is positive [15]. Build-
ing on the so-called Hudson theorem [14], which proves that
only multi-mode coherent and squeezed-vacuum states have
non-negative Wigner functions, measures of non-classicality
based on the negativity of the Wf have been formulated [15].
More recently, operational criteria for inferring quantum-
ness through the negative regions in the Wf have been pro-
posed [16]. By inspection, we find that Eq. (6) can indeed be
non-positive and achieves its most negative value at the ori-
gin of the phase-space, i.e. for δr,i = 0. Assuming that none
of the variances of the mechanical oscillator and the field are
squeezed below the vacuum limit (i.e. for kii≥1 with i=1, 2
and k=m, f ), we have W(0, 0)<0 for

m11

m22
>

f11 + f22 − 2
c2

22 + c2
21

m11 −
c2

11 + c2
12

c2
22 + c2

21
. (8)

This result is quite interesting. First it shows that the non-
classicality of the mechanical oscillator depends on its ini-
tial degree of squeezing given by the ratio m11/m22 (the fact
that the block matrix m is always diagonal implies that any
squeezing of the mechanical state has to occur along one of
the quadrature axes of the corresponding phase space). Sec-
ond, we remark the “plug&play” nature of Eq. (8): by deter-
mining the matrix σ of the two modes under scrutiny, which
can be performed as described in [6, 7, 16], one can determine

FIG. 1: Wigner function of the mechanical mode for ∆/ωm=0.05,
T=0.4 K and µ=5 × 10−12 Kg. Moreover, we have taken a cavity
of length L=1 mm, frequency ωc/2π)4×1014 Hz and finesse 104,
pumped with 20 mW. In line with current experimental values [2],
the mechanical damping rate is as small as ∼ 10 Hz.
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tions between the two subsystems [when j=c]. The analytical
expressions for the entries of σ are reported in Ref. [11].

We now pass to the description of the scheme proposed
in this paper. The field reflected by the mechanical mirror
undergoes a single photon-subtraction process. The idea be-
hind our proposal is that the correlations set between the me-
chanical oscillator and the field are enough to “transfer” the
non-classicality induced in the conditional state of the field by
the photon-subtraction process to the state of the mechanical
mode. In this respect, our proposal is along the lines of the
scheme by Dakna et al. [12], where a photon-number mea-
surement on one arm of an entangled two-mode state projects
the other one into a highly non-classical state. While here we
are interested in the formal aspects of such the mechanism
behind our proposal, a physical protocol will be addressed
later on. Given the covariance matrix of the bipartite state
of the system, we calculate the Weyl characteristic function as
χ(η, λ)=e−

1
2 q̃σq̃t with η=ηr+iηi, λ=λr+iλi and q̃=(ηr, ηi, λr, λi)

the vector of complex phase-space variables. With this, the
density matrix of the joint file-oscillator system can be written
as $ f m=π−2

∫
χ(η, λ)D̂†m(η)⊗D̂†f (λ)d

2η d2λ [13]. Here, D̂ j(α) is
the displacement operator of mode j=m, f of amplitude α∈C.
The mechanical state resulting from the subtraction of a sin-
gle quantum from the field is then described by the reduced
density matrix

$m = Nπ−2
∫
χ(η, λ)D̂†m(η) tr[ f̂ D̂†f (λ) f̂ †]d2η d2λ. (3)

Eq. (3) can be manipulated so as to get rid of the de-
grees of freedom of the cavity field by using the transfor-
mation rule of f̂ induced by D̂†f (λ) and the closure relation
π−1
∫

d2α |α〉 f 〈α|=1̂1 f , where |α〉 is a coherent state of apli-
tude α [13]. After straightforward algebraic manipulations,
one gets

tr[ f̂ D̂†f (λ) f̂ †]=π−1
∫

(|α|2−|λ|2+λ∗α−λα∗+1)e−
1
2 |λ|2+λ∗α−λα∗d2α.

(4)
We now first perform the integration over
the dummy variable λ, introduce the function
C(α, η, λ)=χ(η, λ)(|α|2−|λ|2+λ∗α−λα∗+1)e−

1
2 |λ|2 and cast

the state of the mechanical mode as

$m = Nπ−3
∫

D̂†m(η)F [C(η, λ)]d2ηd2α (5)

with F [C(η, λ)] the Fourier transform of C(α, η, λ). Such
function encompasses any effects that the photon subtraction
might have on the state of the mechanical system. As dis-
cussed before, the idea behind our proposal is that the correla-
tions shared by the field and the mechanical oscillator would
be sufficient for the latter to experience the effects of the de-
Gaussification induced by the photon subtraction. In what fol-
lows, we show that this is indeed the case.

In order to determine the features of $m, we address its
Wigner function (Wf) W(δr, δi)=π−2

∫
Ξ(γ)eγ∗δ−γδ∗d2γ (with

δ=δr+iδi), which is calculated using the characteristic func-
tion Ξ(γ)=tr[D̂m(γ)$m] evaluated at the phase-space point γ ∈
C. A lengthy yet straightforward calculation leads to

W(δr, δi) = πNA(σ) exp
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(
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(6)
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21)−8m11m22(c11c21+c12c22)δrδi.

(7)

The polynomial dependence of A(σ) on δ entails the non-
Gaussian nature of the reduced mechanical state. We now
seek evidences of non-classicality. A rather stringent crite-
rion for deviations from classicality is the negativity of the
Wf associated with a given state. This embodies the fail-
ure to interpret it as a classical probability distribution, which
is instead possible whenever the Wf is positive [15]. Build-
ing on the so-called Hudson theorem [14], which proves that
only multi-mode coherent and squeezed-vacuum states have
non-negative Wigner functions, measures of non-classicality
based on the negativity of the Wf have been formulated [15].
More recently, operational criteria for inferring quantum-
ness through the negative regions in the Wf have been pro-
posed [16]. By inspection, we find that Eq. (6) can indeed be
non-positive and achieves its most negative value at the ori-
gin of the phase-space, i.e. for δr,i = 0. Assuming that none
of the variances of the mechanical oscillator and the field are
squeezed below the vacuum limit (i.e. for kii≥1 with i=1, 2
and k=m, f ), we have W(0, 0)<0 for
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>

f11 + f22 − 2
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This result is quite interesting. First it shows that the non-
classicality of the mechanical oscillator depends on its ini-
tial degree of squeezing given by the ratio m11/m22 (the fact
that the block matrix m is always diagonal implies that any
squeezing of the mechanical state has to occur along one of
the quadrature axes of the corresponding phase space). Sec-
ond, we remark the “plug&play” nature of Eq. (8): by deter-
mining the matrix σ of the two modes under scrutiny, which
can be performed as described in [6, 7, 16], one can determine

FIG. 1: Wigner function of the mechanical mode for ∆/ωm=0.05,
T=0.4 K and µ=5 × 10−12 Kg. Moreover, we have taken a cavity
of length L=1 mm, frequency ωc/2π)4×1014 Hz and finesse 104,
pumped with 20 mW. In line with current experimental values [2],
the mechanical damping rate is as small as ∼ 10 Hz.
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FIG. 2: (a) Conditional Wigner function of mode m after photon subtraction on mode f for T = 4× 10−3 K and mechanical mass 5× 10−12 Kg.
(b) Same as panel (a) but assuming that modes m and f are initially in a pure two-mode squeezed vacuum state of squeezing factor ζ=0.4.
(c)-(f) Snap-shot of the phase-space dynamics of the Wigner function of the mechanical mode for increasing values of the temperature. We
have taken T = 0.1, 0.2, 0.3, 0.4 K in going from panel (c) to (f). Other parameters as in Fig. 1.

Ξ(γ, ε). Therefore, |Φ(γ, 1)−Φ(γ, ε)| provides a quantitative
estimate of the differences due to a non-ideal detector. Nu-
merically, for ε ≥ 0.7 we have found negligible values of this
quantity (∼10−2), almost uniformly with respect to τ. The per-
formance of our scheme is thus not compromised: for ε ≥ 0.7,
Fig. 3 is reproduced without noticeable differences.

We have put forward a scheme for the conditional prepa-
ration of genuinely non-classical states of a mechanical sys-
tem achieved by combining the paradigm for photon subtrac-
tion from optical fields and a standard cavity-optomechanical
setup. By using parameters well within the range of val-
ues currently achievable in the lab, we have demonstrated
non-classicality (as witnessed by negativity of the Wf associ-
ated with the state of the mechanical system) robust to both
the effects of a non-zero operating temperature and imper-
fections at the photon-subtraction stage. The latter can be
performed either intra-cavity, exploiting the interaction be-
tween the cavity field and a two-level system [4] (such as
an atom trapped within the cavity volume, along the lines of
some suggestions that have been put forward recently [22]), or
extra-cavity by using well-established all-optical techniques
for the reconstruction of the optomechanical covariance ma-
trix [2, 6, 7, 16]. It would also be interesting to quanti-
tatively study the regime suggested in [7] for effective bi-
lateral subtraction of excitations from both f and, indirectly,
the mechanical mode. The readily implementable nature of
our proposal, combined with the fundamental character of the
problem addressed here, adheres very well with the current
quest for quantumness at the mesoscopic/macroscopic level
and could represent a useful strategy for its achievement.

FIG. 3: Negativity of W(0, 0) against temperature T for ∆/ωm =
0.05. Other parameters as in Fig. 1.
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FIG. 2: (a) Conditional Wigner function of mode m after photon subtraction on mode f for T = 4× 10−3 K and mechanical mass 5× 10−12 Kg.
(b) Same as panel (a) but assuming that modes m and f are initially in a pure two-mode squeezed vacuum state of squeezing factor ζ=0.4.
(c)-(f) Snap-shot of the phase-space dynamics of the Wigner function of the mechanical mode for increasing values of the temperature. We
have taken T = 0.1, 0.2, 0.3, 0.4 K in going from panel (c) to (f). Other parameters as in Fig. 1.

Ξ(γ, ε). Therefore, |Φ(γ, 1)−Φ(γ, ε)| provides a quantitative
estimate of the differences due to a non-ideal detector. Nu-
merically, for ε ≥ 0.7 we have found negligible values of this
quantity (∼10−2), almost uniformly with respect to τ. The per-
formance of our scheme is thus not compromised: for ε ≥ 0.7,
Fig. 3 is reproduced without noticeable differences.

We have put forward a scheme for the conditional prepa-
ration of genuinely non-classical states of a mechanical sys-
tem achieved by combining the paradigm for photon subtrac-
tion from optical fields and a standard cavity-optomechanical
setup. By using parameters well within the range of val-
ues currently achievable in the lab, we have demonstrated
non-classicality (as witnessed by negativity of the Wf associ-
ated with the state of the mechanical system) robust to both
the effects of a non-zero operating temperature and imper-
fections at the photon-subtraction stage. The latter can be
performed either intra-cavity, exploiting the interaction be-
tween the cavity field and a two-level system [4] (such as
an atom trapped within the cavity volume, along the lines of
some suggestions that have been put forward recently [22]), or
extra-cavity by using well-established all-optical techniques
for the reconstruction of the optomechanical covariance ma-
trix [2, 6, 7, 16]. It would also be interesting to quanti-
tatively study the regime suggested in [7] for effective bi-
lateral subtraction of excitations from both f and, indirectly,
the mechanical mode. The readily implementable nature of
our proposal, combined with the fundamental character of the
problem addressed here, adheres very well with the current
quest for quantumness at the mesoscopic/macroscopic level
and could represent a useful strategy for its achievement.

FIG. 3: Negativity of W(0, 0) against temperature T for ∆/ωm =
0.05. Other parameters as in Fig. 1.
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FIG. 2: (a) Conditional Wigner function of mode m after photon subtraction on mode f for T = 4× 10−3 K and mechanical mass 5× 10−12 Kg.
(b) Same as panel (a) but assuming that modes m and f are initially in a pure two-mode squeezed vacuum state of squeezing factor ζ=0.4.
(c)-(f) Snap-shot of the phase-space dynamics of the Wigner function of the mechanical mode for increasing values of the temperature. We
have taken T = 0.1, 0.2, 0.3, 0.4 K in going from panel (c) to (f). Other parameters as in Fig. 1.

Ξ(γ, ε). Therefore, |Φ(γ, 1)−Φ(γ, ε)| provides a quantitative
estimate of the differences due to a non-ideal detector. Nu-
merically, for ε ≥ 0.7 we have found negligible values of this
quantity (∼10−2), almost uniformly with respect to τ. The per-
formance of our scheme is thus not compromised: for ε ≥ 0.7,
Fig. 3 is reproduced without noticeable differences.

We have put forward a scheme for the conditional prepa-
ration of genuinely non-classical states of a mechanical sys-
tem achieved by combining the paradigm for photon subtrac-
tion from optical fields and a standard cavity-optomechanical
setup. By using parameters well within the range of val-
ues currently achievable in the lab, we have demonstrated
non-classicality (as witnessed by negativity of the Wf associ-
ated with the state of the mechanical system) robust to both
the effects of a non-zero operating temperature and imper-
fections at the photon-subtraction stage. The latter can be
performed either intra-cavity, exploiting the interaction be-
tween the cavity field and a two-level system [4] (such as
an atom trapped within the cavity volume, along the lines of
some suggestions that have been put forward recently [22]), or
extra-cavity by using well-established all-optical techniques
for the reconstruction of the optomechanical covariance ma-
trix [2, 6, 7, 16]. It would also be interesting to quanti-
tatively study the regime suggested in [7] for effective bi-
lateral subtraction of excitations from both f and, indirectly,
the mechanical mode. The readily implementable nature of
our proposal, combined with the fundamental character of the
problem addressed here, adheres very well with the current
quest for quantumness at the mesoscopic/macroscopic level
and could represent a useful strategy for its achievement.

FIG. 3: Negativity of W(0, 0) against temperature T for ∆/ωm =
0.05. Other parameters as in Fig. 1.
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FIG. 2: (a) Conditional Wigner function of mode m after photon subtraction on mode f for T = 4× 10−3 K and mechanical mass 5× 10−12 Kg.
(b) Same as panel (a) but assuming that modes m and f are initially in a pure two-mode squeezed vacuum state of squeezing factor ζ=0.4.
(c)-(f) Snap-shot of the phase-space dynamics of the Wigner function of the mechanical mode for increasing values of the temperature. We
have taken T = 0.1, 0.2, 0.3, 0.4 K in going from panel (c) to (f). Other parameters as in Fig. 1.

Ξ(γ, ε). Therefore, |Φ(γ, 1)−Φ(γ, ε)| provides a quantitative
estimate of the differences due to a non-ideal detector. Nu-
merically, for ε ≥ 0.7 we have found negligible values of this
quantity (∼10−2), almost uniformly with respect to τ. The per-
formance of our scheme is thus not compromised: for ε ≥ 0.7,
Fig. 3 is reproduced without noticeable differences.

We have put forward a scheme for the conditional prepa-
ration of genuinely non-classical states of a mechanical sys-
tem achieved by combining the paradigm for photon subtrac-
tion from optical fields and a standard cavity-optomechanical
setup. By using parameters well within the range of val-
ues currently achievable in the lab, we have demonstrated
non-classicality (as witnessed by negativity of the Wf associ-
ated with the state of the mechanical system) robust to both
the effects of a non-zero operating temperature and imper-
fections at the photon-subtraction stage. The latter can be
performed either intra-cavity, exploiting the interaction be-
tween the cavity field and a two-level system [4] (such as
an atom trapped within the cavity volume, along the lines of
some suggestions that have been put forward recently [22]), or
extra-cavity by using well-established all-optical techniques
for the reconstruction of the optomechanical covariance ma-
trix [2, 6, 7, 16]. It would also be interesting to quanti-
tatively study the regime suggested in [7] for effective bi-
lateral subtraction of excitations from both f and, indirectly,
the mechanical mode. The readily implementable nature of
our proposal, combined with the fundamental character of the
problem addressed here, adheres very well with the current
quest for quantumness at the mesoscopic/macroscopic level
and could represent a useful strategy for its achievement.

FIG. 3: Negativity of W(0, 0) against temperature T for ∆/ωm =
0.05. Other parameters as in Fig. 1.
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FIG. 2: (a) Conditional Wigner function of mode m after photon subtraction on mode f for T = 4× 10−3 K and mechanical mass 5× 10−12 Kg.
(b) Same as panel (a) but assuming that modes m and f are initially in a pure two-mode squeezed vacuum state of squeezing factor ζ=0.4.
(c)-(f) Snap-shot of the phase-space dynamics of the Wigner function of the mechanical mode for increasing values of the temperature. We
have taken T = 0.1, 0.2, 0.3, 0.4 K in going from panel (c) to (f). Other parameters as in Fig. 1.

Ξ(γ, ε). Therefore, |Φ(γ, 1)−Φ(γ, ε)| provides a quantitative
estimate of the differences due to a non-ideal detector. Nu-
merically, for ε ≥ 0.7 we have found negligible values of this
quantity (∼10−2), almost uniformly with respect to τ. The per-
formance of our scheme is thus not compromised: for ε ≥ 0.7,
Fig. 3 is reproduced without noticeable differences.

We have put forward a scheme for the conditional prepa-
ration of genuinely non-classical states of a mechanical sys-
tem achieved by combining the paradigm for photon subtrac-
tion from optical fields and a standard cavity-optomechanical
setup. By using parameters well within the range of val-
ues currently achievable in the lab, we have demonstrated
non-classicality (as witnessed by negativity of the Wf associ-
ated with the state of the mechanical system) robust to both
the effects of a non-zero operating temperature and imper-
fections at the photon-subtraction stage. The latter can be
performed either intra-cavity, exploiting the interaction be-
tween the cavity field and a two-level system [4] (such as
an atom trapped within the cavity volume, along the lines of
some suggestions that have been put forward recently [22]), or
extra-cavity by using well-established all-optical techniques
for the reconstruction of the optomechanical covariance ma-
trix [2, 6, 7, 16]. It would also be interesting to quanti-
tatively study the regime suggested in [7] for effective bi-
lateral subtraction of excitations from both f and, indirectly,
the mechanical mode. The readily implementable nature of
our proposal, combined with the fundamental character of the
problem addressed here, adheres very well with the current
quest for quantumness at the mesoscopic/macroscopic level
and could represent a useful strategy for its achievement.

FIG. 3: Negativity of W(0, 0) against temperature T for ∆/ωm =
0.05. Other parameters as in Fig. 1.
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FIG. 2: (a) Conditional Wigner function of mode m after photon subtraction on mode f for T = 4× 10−3 K and mechanical mass 5× 10−12 Kg.
(b) Same as panel (a) but assuming that modes m and f are initially in a pure two-mode squeezed vacuum state of squeezing factor ζ=0.4.
(c)-(f) Snap-shot of the phase-space dynamics of the Wigner function of the mechanical mode for increasing values of the temperature. We
have taken T = 0.1, 0.2, 0.3, 0.4 K in going from panel (c) to (f). Other parameters as in Fig. 1.

Ξ(γ, ε). Therefore, |Φ(γ, 1)−Φ(γ, ε)| provides a quantitative
estimate of the differences due to a non-ideal detector. Nu-
merically, for ε ≥ 0.7 we have found negligible values of this
quantity (∼10−2), almost uniformly with respect to τ. The per-
formance of our scheme is thus not compromised: for ε ≥ 0.7,
Fig. 3 is reproduced without noticeable differences.

We have put forward a scheme for the conditional prepa-
ration of genuinely non-classical states of a mechanical sys-
tem achieved by combining the paradigm for photon subtrac-
tion from optical fields and a standard cavity-optomechanical
setup. By using parameters well within the range of val-
ues currently achievable in the lab, we have demonstrated
non-classicality (as witnessed by negativity of the Wf associ-
ated with the state of the mechanical system) robust to both
the effects of a non-zero operating temperature and imper-
fections at the photon-subtraction stage. The latter can be
performed either intra-cavity, exploiting the interaction be-
tween the cavity field and a two-level system [4] (such as
an atom trapped within the cavity volume, along the lines of
some suggestions that have been put forward recently [22]), or
extra-cavity by using well-established all-optical techniques
for the reconstruction of the optomechanical covariance ma-
trix [2, 6, 7, 16]. It would also be interesting to quanti-
tatively study the regime suggested in [7] for effective bi-
lateral subtraction of excitations from both f and, indirectly,
the mechanical mode. The readily implementable nature of
our proposal, combined with the fundamental character of the
problem addressed here, adheres very well with the current
quest for quantumness at the mesoscopic/macroscopic level
and could represent a useful strategy for its achievement.

FIG. 3: Negativity of W(0, 0) against temperature T for ∆/ωm =
0.05. Other parameters as in Fig. 1.
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FIG. 2: (a) Conditional Wigner function of mode m after photon subtraction on mode f for T = 4× 10−3 K and mechanical mass 5× 10−12 Kg.
(b) Same as panel (a) but assuming that modes m and f are initially in a pure two-mode squeezed vacuum state of squeezing factor ζ=0.4.
(c)-(f) Snap-shot of the phase-space dynamics of the Wigner function of the mechanical mode for increasing values of the temperature. We
have taken T = 0.1, 0.2, 0.3, 0.4 K in going from panel (c) to (f). Other parameters as in Fig. 1.

Ξ(γ, ε). Therefore, |Φ(γ, 1)−Φ(γ, ε)| provides a quantitative
estimate of the differences due to a non-ideal detector. Nu-
merically, for ε ≥ 0.7 we have found negligible values of this
quantity (∼10−2), almost uniformly with respect to τ. The per-
formance of our scheme is thus not compromised: for ε ≥ 0.7,
Fig. 3 is reproduced without noticeable differences.

We have put forward a scheme for the conditional prepa-
ration of genuinely non-classical states of a mechanical sys-
tem achieved by combining the paradigm for photon subtrac-
tion from optical fields and a standard cavity-optomechanical
setup. By using parameters well within the range of val-
ues currently achievable in the lab, we have demonstrated
non-classicality (as witnessed by negativity of the Wf associ-
ated with the state of the mechanical system) robust to both
the effects of a non-zero operating temperature and imper-
fections at the photon-subtraction stage. The latter can be
performed either intra-cavity, exploiting the interaction be-
tween the cavity field and a two-level system [4] (such as
an atom trapped within the cavity volume, along the lines of
some suggestions that have been put forward recently [22]), or
extra-cavity by using well-established all-optical techniques
for the reconstruction of the optomechanical covariance ma-
trix [2, 6, 7, 16]. It would also be interesting to quanti-
tatively study the regime suggested in [7] for effective bi-
lateral subtraction of excitations from both f and, indirectly,
the mechanical mode. The readily implementable nature of
our proposal, combined with the fundamental character of the
problem addressed here, adheres very well with the current
quest for quantumness at the mesoscopic/macroscopic level
and could represent a useful strategy for its achievement.

FIG. 3: Negativity of W(0, 0) against temperature T for ∆/ωm =
0.05. Other parameters as in Fig. 1.
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=




0 ωi
m 0 0

−ωi
m −γi

m 2gi$[ci
s] −2gi%[ci

s]
−2gi%[ci

s] 0 −κi ∆i
−2igi$[ci

s] 0 −∆i −κi




(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/
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!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/
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2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads
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√
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m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i
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in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi
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√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ
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in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to
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FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-

1. Non-classicality by photon-subtraction

2. Entanglement and diagnostics through 
cold-atom induced dynamics

3. Quantum opto-mechanical networking

Second course

Wednesday, 8 June 2011



Cold atoms for nonclassicality

Wednesday, 8 June 2011



F. Brennecke et al., Nature 450, 268 (2007); Y. Colombe et al.,  Nature 450, 272 (2007) ar
X

iv
:0

7
0

6
.3

4
1

1
v

2
  

[q
u

an
t-

p
h

] 
 6

 N
o

v
 2

0
0

7

Cavity QED with a Bose-Einstein condensate
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Cavity quantum electrodynamics (cavity QED)
describes the coherent interaction between mat-
ter and an electromagnetic field confined within
a resonator structure, and is providing a use-
ful platform for developing concepts in quan-
tum information processing1. By using high-
quality resonators, a strong coupling regime can
be reached experimentally in which atoms co-
herently exchange a photon with a single light-
field mode many times before dissipation sets
in. This has led to fundamental studies with
both microwave2,3 and optical resonators4. To
meet the challenges posed by quantum state
engineering5 and quantum information process-
ing, recent experiments have focused on laser
cooling and trapping of atoms inside an optical
cavity6,7,8. However, the tremendous degree of
control over atomic gases achieved with Bose-
Einstein condensation9 has so far not been used
for cavity QED. Here we achieve the strong cou-
pling of a Bose-Einstein condensate to the quan-
tized field of an ultrahigh-finesse optical cavity
and present a measurement of its eigenenergy
spectrum. This is a conceptually new regime of
cavity QED, in which all atoms occupy a single
mode of a matter-wave field and couple identi-
cally to the light field, sharing a single excitation.
This opens possibilities ranging from quantum
communication10,11,12 to a wealth of new phe-
nomena that can be expected in the many-body
physics of quantum gases with cavity-mediated
interactions13,14.

The coherent coupling of a single two-level atom with
one mode of the quantized light field leads to a splitting
of the energy eigenstates of the combined system and
is described by the Jaynes-Cummings model15. For the
experimental realization the strong coupling regime has
to be reached, where the maximum coupling strength g0

between atom and light field is larger than both the am-
plitude decay rate of the excited state γ and that of the
intracavity field κ. In the case of a thermal ensemble of
atoms coupled to a cavity mode, the individual, position-
dependent coupling for each atom has to be taken into
account.

To capture the physics of a Bose-Einstein condensate
(BEC) coupled to the quantized field of a cavity, we con-
sider N atoms occupying a single wave function. Because
the atoms are in the same motional quantum state, the
coupling g to the cavity mode is identical for all atoms.
Moreover, bosonic stimulation into the macroscopically

BEC

transport

probe light

dipole trap

detector

x

z
y

150μmz x

y
BEC between the 
mirrors after resonant 
probing  and 8 ms 
time of flight

a

b

FIG. 1: Experimental situation. a, 36mm above the cav-
ity, 3.5 × 106 ultracold atoms are loaded into the dipole po-
tential of a vertically oriented one-dimensional optical lat-
tice. This trumpet-shaped standing wave has its waist inside
the ultrahigh-finesse cavity and is composed of two counter-
propagating laser beams. A translation of the lattice trans-
ports the atoms into the cavity mode. There, they are loaded
into a crossed-beam dipole trap formed by a focused beam
oriented along the y axis and one of the transport beams. b,
Almost pure condensates with 2.2 × 105 atoms are obtained.

populated ground state should largely reduce the scat-
tering of atoms into higher momentum states during the
coherent evolution. This situation is therefore well de-
scribed by the Tavis-Cummings model16, where N two-
level atoms are assumed to identically couple to a single
field mode. A single cavity photon resonantly interact-
ing with the atoms then leads to a collective coupling of
g
√

N .
A key characteristic of the coupled BEC-cavity system

is its eigenenergy spectrum, which we map out with a
single excitation present. An ensemble of thermal atoms
does not fulfill the requirement of identical coupling, but
it shows a similar energy spectrum, which can be mod-
elled by the Tavis-Cummings hamiltonian with an effec-
tive collective coupling17. In previous measurements18,19

4

Figure 1: Experimental setup. a, Layout of the atom chip. “A” indicates the 
location of the first magnetic trap, loaded from a magneto-optical trap. b,
Close-up view of the two fibre-Fabry-Perot (FFPs) optical cavities that are 
mounted on the chip. Cavity modes are drawn to scale in red. The BEC is 
produced in a magnetic trap and positioned in the FFP1 mode (“B”). c,
Geometry of the FFP1 cavity. d, Overlay of three CCD time-of-flight (TOF) 
absorption images showing the anisotropic expansion of a BEC having 
interacted during 50ms with the cavity field under conditions similar to Fig. 4. 
The optical fibres are outlined for clarity. 

In the following, we describe three experiments that explore the main aspects of 
atoms-field interaction in our system. First, we study the position dependence of gN(x)
and show that a full control is achieved. Second, we observe the dependence of gN on 
atom number and map out the energies of the dressed states. Finally, we investigate the 
heating of a condensate by the intracavity field. 

To study the position dependence of gN(x), we start by placing a BEC containing 
N 1000 atoms at a position xa on the cavity axis in a magnetic trap oriented along y
( x,z=2.7kHz, y=230Hz, bias field By 1G). We then ramp up a tight optical lattice 
with trapping frequencies vx=50kHz, vy,z=2.4kHz. The loaded atoms are now strongly 
confined in the combined trap, even though no longer Bose-condensed due to the 
technical heating. As the lattice and the probed cavity mode have different wavelengths 

D and L, their overlap is modulated with a period D L/2( D- L)=6.4 m (Fig. 2a). 
We measure gN(xa) by sweeping the probe laser detuning 

L= L- A=2 (+1…-13)GHz in 50ms, with cavity detuning C C A=0 A 
transmission peak occurs at L =g  when the lower dressed state is excited. Figure 2b 
shows the result for xa values spanning the full cavity length. We are able to reproduce 
the observed gN(xa) by calculating the coupling of a Gaussian cloud centred on a single 

BEC in a cavity
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The system.– The system we consider in these notes is
made of a cavity where one of the two mirrors is free to move
in the direction parallel to the cavity axis. In absence of radi-
ation pressure from the cavity, the mirror moves harmonically
with a frequency ωm and is at equilibrium at a temperature
T . The cavity is pumped through the fixed mirror by a laser
of strength η. Furthermore the cavity contains a Bose-Einstein
condensate (BEC) to which it is coupled. We assume the BEC
to be in the weakly interacting regime [1] where, according to
the Bogliubov expansion, we can expand the field operator in
a classical part representing the condensate wave function and
a quantum part representing quantum fluctuations which are
conveniently expressed in terms of Bogoliubov modes. It has
been shown in the experiment in Esslinger’s group [2] that the
only Bogoliubov mode which is significantly coupled to the
cavity is the one with momentum 2kc where kc is the cavity
mode momentum. We also assume that the condensate is es-
sentially at zero temperature so that thermal fluctuations are
negligible. We write the Hamiltonian of the system made of
the cavity field, the movable mirror and the BEC

Ĥ = ĤM + ĤC + ĤA + ĤAC + ĤMC (1)

where the mirror, cavity and BEC Hamiltonians are given re-
spectively by

ĤM =
1
2

mω2
mq̂2 +

p̂2

2m
, ĤA=!Ωĉ†ĉ,

ĤC = !(ωC − ωL)â†â − i!η(â − â†),
(2)

where q and p are the mirror displacement and momentum
operators while m and ωm are its effective mass and its oscil-
lation frequency. The cavity and pump laser frequencies are
respectively ωC and ωL and a is the cavity mode annihilation
operator. The term proportional to η is the pumping term and
the pumping strength η =

√
2κR/!ωL is related to the laser

power R and to the cavity decay rate κ. Finally, Ω and c are
the frequency and the corresponding bosonic annihilation op-
erator of the Bogoliubov mode.

For small mirror displacements, the mirror-cavity interac-
tion Hamiltonian can be linearized [3]:

ĤMC = −!χq̂â†â. (3)

It is useful to introduce the quadrature operators for the Bo-
goliubov mode Q̂=(ĉ+ĉ†)/

√
2 and P̂=i(ĉ†−ĉ)/

√
2. Using this

definition the atoms-cavity interaction reads ĤAC=!
g2N0
2∆a

â†â+
!ζQ̂â†â. The first term in this expression comes from the con-
densate, while the second from the Bogoliubov mode. We
assume that the condensate wave function is not affected by
the coupling to the cavity field. In ĤAC , g is the vacuum Rabi
frequency, N0 is the condensate fraction, ∆a is the detuning of
the atomic transition from the cavity frequency and the cou-
pling constant ζ depends on the Bogoliubov mode function
[4].

Any realistic description of the problem at hand should in-
clude the most relevant sources of noise affecting the over-
all device, i. e. energy leakage from the cavity and
thermal Brownian motion at temperature T undergone by
the cavity end-mirror. The resulting open-system dynamics
can be efficiently described by means of a set of Langevin
equations for the vector of operators φ̂T=(x̂ ŷ q̂ p̂ Q̂ P̂),
where x̂=(â+â†)/

√
2 and ŷ=i(â†−â)/

√
2 are the position-

and momentum-like quadrature operators of the cavity field.
Under the experimentally reasonable assumption of an in-
tense pumping field, we expand the relevant operators around
the respective classical mean values φs, j as φ̂ j=φs, j+δφ̂ j,
where δφ̂ j’s are zero-mean fluctuation operators. The mean
values are easily determined by solving the steady-state
Langevin equations, which readily lead to qs=!χ|αs|2/mω2

m,
Qs= − ζ |αs|2/Ω with |αs|2=η2/(∆2+κ2) (that also allows to
determine xs and ys) [5] and the effective cavity detuning
∆=ωC−ωL+g2N0/(2∆a)−χqs+ζQs.

At this point of our analysis, we find convenient to define
dimensionless position and momentum operators for the mir-
ror as ˆ̃q=

√
!/mωmq̂ and ˆ̃p=

√
!mωm p̂ and cast the Langevin

equations for the system’s fluctuations into form

∂tδφ̂=Kδφ̂+N̂ (4)

where we have defined the vector of the fluctua-
tions δφ̂T=(δx̂, δŷ, δ̂̃q, δ̂̃p, δQ̂, δP̂), the noise vector
N̂T=(

√
2κδx̂in,

√
2κδŷin, 0, ξ̂/

√
!mωm, 0, 0) and the cou-

pling matrix

K =




−κ ∆ 0 0 0 0
−∆ −κ

√
2χ′αs 0 −

√
2ζαs 0

0 0 0 ωm 0 0
!
√

2χ′αs 0 −ωm −γ 0 0
0 0 0 0 0 Ω

−
√

2ζαs 0 0 0 −Ω 0




(5)
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The system.– The system we consider in these notes is
made of a cavity where one of the two mirrors is free to move
in the direction parallel to the cavity axis. In absence of radi-
ation pressure from the cavity, the mirror moves harmonically
with a frequency ωm and is at equilibrium at a temperature
T . The cavity is pumped through the fixed mirror by a laser
of strength η. Furthermore the cavity contains a Bose-Einstein
condensate (BEC) to which it is coupled. We assume the BEC
to be in the weakly interacting regime [1] where, according to
the Bogliubov expansion, we can expand the field operator in
a classical part representing the condensate wave function and
a quantum part representing quantum fluctuations which are
conveniently expressed in terms of Bogoliubov modes. It has
been shown in the experiment in Esslinger’s group [2] that the
only Bogoliubov mode which is significantly coupled to the
cavity is the one with momentum 2kc where kc is the cavity
mode momentum. We also assume that the condensate is es-
sentially at zero temperature so that thermal fluctuations are
negligible. We write the Hamiltonian of the system made of
the cavity field, the movable mirror and the BEC

Ĥ = ĤM + ĤC + ĤA + ĤAC + ĤMC (1)

where the mirror, cavity and BEC Hamiltonians are given re-
spectively by

ĤM =
1
2

mω2
mq̂2 +

p̂2

2m
, ĤA=!Ωĉ†ĉ,

ĤC = !(ωC − ωL)â†â − i!η(â − â†),
(2)

where q and p are the mirror displacement and momentum
operators while m and ωm are its effective mass and its oscil-
lation frequency. The cavity and pump laser frequencies are
respectively ωC and ωL and a is the cavity mode annihilation
operator. The term proportional to η is the pumping term and
the pumping strength η =

√
2κR/!ωL is related to the laser

power R and to the cavity decay rate κ. Finally, Ω and c are
the frequency and the corresponding bosonic annihilation op-
erator of the Bogoliubov mode.

For small mirror displacements, the mirror-cavity interac-
tion Hamiltonian can be linearized [3]:

ĤMC = −!χq̂â†â. (3)

It is useful to introduce the quadrature operators for the Bo-
goliubov mode Q̂=(ĉ+ĉ†)/

√
2 and P̂=i(ĉ†−ĉ)/

√
2. Using this

definition the atoms-cavity interaction reads ĤAC=!
g2N0
2∆a

â†â+
!ζQ̂â†â. The first term in this expression comes from the con-
densate, while the second from the Bogoliubov mode. We
assume that the condensate wave function is not affected by
the coupling to the cavity field. In ĤAC , g is the vacuum Rabi
frequency, N0 is the condensate fraction, ∆a is the detuning of
the atomic transition from the cavity frequency and the cou-
pling constant ζ depends on the Bogoliubov mode function
[4].

Any realistic description of the problem at hand should in-
clude the most relevant sources of noise affecting the over-
all device, i. e. energy leakage from the cavity and
thermal Brownian motion at temperature T undergone by
the cavity end-mirror. The resulting open-system dynamics
can be efficiently described by means of a set of Langevin
equations for the vector of operators φ̂T=(x̂ ŷ q̂ p̂ Q̂ P̂),
where x̂=(â+â†)/

√
2 and ŷ=i(â†−â)/

√
2 are the position-

and momentum-like quadrature operators of the cavity field.
Under the experimentally reasonable assumption of an in-
tense pumping field, we expand the relevant operators around
the respective classical mean values φs, j as φ̂ j=φs, j+δφ̂ j,
where δφ̂ j’s are zero-mean fluctuation operators. The mean
values are easily determined by solving the steady-state
Langevin equations, which readily lead to qs=!χ|αs|2/mω2

m,
Qs= − ζ |αs|2/Ω with |αs|2=η2/(∆2+κ2) (that also allows to
determine xs and ys) [5] and the effective cavity detuning
∆=ωC−ωL+g2N0/(2∆a)−χqs+ζQs.

At this point of our analysis, we find convenient to define
dimensionless position and momentum operators for the mir-
ror as ˆ̃q=

√
!/mωmq̂ and ˆ̃p=

√
!mωm p̂ and cast the Langevin

equations for the system’s fluctuations into form

∂tδφ̂=Kδφ̂+N̂ (4)

where we have defined the vector of the fluctua-
tions δφ̂T=(δx̂, δŷ, δ̂̃q, δ̂̃p, δQ̂, δP̂), the noise vector
N̂T=(

√
2κδx̂in,

√
2κδŷin, 0, ξ̂/

√
!mωm, 0, 0) and the cou-

pling matrix

K =




−κ ∆ 0 0 0 0
−∆ −κ

√
2χ′αs 0 −

√
2ζαs 0

0 0 0 ωm 0 0
!
√

2χ′αs 0 −ωm −γ 0 0
0 0 0 0 0 Ω

−
√

2ζαs 0 0 0 −Ω 0




(5)

2

frequency and â (â†) is the corresponding annihilation (cre-
ation) operator. Finally, ω̃ and ĉ (ĉ†) are the frequency and
the bosonic annihilation (creation) operator of the Bogoliubov
mode. We have incorporated a displacing term −i!η(â− â†)
in the cavity Hamiltonian. This arises from the pump-cavity
coupling, which shifts the cavity field in phase space (and,
in turn, the equilibrium position of the vibrating end-mirror)
proportionally to the coupling parameter η=

√
2κR/!ωL (R

is the laser power and κ is the cavity decay rate). For small
mirror displacements and large cavity free spectral range with
respect to ωm (so as to neglect scattering of photons into other
mechanical modes), the mirror-cavity interaction can be put in
the linearized form ĤMC=− !χq̂â†â with χ=ωC/L. On the
other hand, the atoms-cavity interaction reads

ĤAC = (!g2N0)/(2∆a)â†â + !
√

2ζQ̂â†â, (1)

which contains two contributions: one is from the condensate
only while the second is related to the position-like operator
Q̂=(ĉ + ĉ†)/

√
2 of the Bogoliubov mode (we have assumed

that the condensate wave function is not affected by the cou-
pling to the cavity field). In Eq. (1), g is the vacuum Rabi
frequency for the dipole-like transition connecting the atomic
ground and excited states, N0 is the number of condensed
atoms, ∆a is the detuning of the atomic transition from the
cavity frequency and the coupling rate ζ∝

√
N0g2/∆a. As

discussed in [16], a rigorous calculation shows that ζ also
depends on the Bogoliubov mode-function and can be con-
veniently tuned. While the first term in Eq. (1) embodies
a cavity-frequency pull, the second is formally analogous to
ĤMC and shows that, under the above working conditions,
the BEC dynamics mimics that of a mechanical mode under-
going radiation-pressure effects. A similar result, for a BEC
coupled to a static cavity, has been found in [10]. Our ap-
proach can be extended to include higher-order momentum
modes in the expansion above.

In general, the dynamics encompassed by Ĥ is made diffi-
cult by the non-linearity inherent in ĤMC and Eq. (1). How-
ever, for an intense pump laser, the problem can be lin-
earized by introducing quantum fluctuations as Ô→Os+δÔ
with Ô any of the operators entering Ĥ, Os its mean value
and δÔ the associated first-order quantum fluctuation [15].
We define the cavity quadratures x̂=â+â† and ŷ=i(â†−â)
and the operator P̂=i(ĉ†−ĉ)/

√
2 that is canonically conju-

gated to the position-like atomic operator Q̂. The dynami-
cal equations of the coupled three-mode system can then be
cast into a compact form. Any realistic description of the
problem at hand should include the most relevant sources of
noise affecting the overall device, i.e. energy leakage from
the cavity and thermal Brownian motion at temperature T
undergone by the cavity end-mirror. We thus consider the
Langevin equation ∂tφ̂=Kφ̂+N̂ , where we have introduced
the vector of fluctuations φ̂T =(δx̂ δŷ δq̂ δp̂ δQ̂ δP̂ ), the
noise vector N̂ T =(

√
κ(δâ†in+âin) i

√
κδ(â†in−âin) 0 ξ̂ 0 0)

and the dynamical coupling matrix K, which is given
in Ref. [16]. The evolution of the system depends on
a few crucial parameters, including the total detuning

∆=ωC−ωL−χqs+
√

2ζQs+g2N0/2∆a between the cavity
and the pump laser. This consists of the steady pull-off
term in Eq. (1) as well as both the opto-mechanical contri-
butions proportional to the displaced equilibrium positions
of the mechanical and Bogoliubov modes. These are re-
spectively given by the stationary values qs=!χα2

s/mω2
m

and Qs= −
√

2ζα2
s/ω̃, which are in turn determined by

the mean intra-cavity field amplitude αs=η/
√

∆2 + κ2.
The interlaced nature of such stationary parameters (no-
tice the dependence of αs on the detuning) is at the ori-
gin of bistability and chaotic effects [10–12]. As for
the noise-related part of the dynamics, we have intro-
duced δâin and δâ†in as zero-average [〈ain(t)〉=〈a†in(t)〉=0],
delta-correlated [〈ain(t)a†in(t′)〉=δ(t−t′)] operators describ-
ing white noise entering the cavity from the leaky mirror.
Dissipation of the mechanical mirror energy is, on the other
hand, associated with the decay rate γ and the correspond-
ing zero-mean Langevin-force operator ξ̂(t) having non-
Markovian correlations (βB=!/2kBT ) [13] 〈ξ̂(t)ξ̂(t′)〉 =
(!γm/2π)

∫
ωe−iω(t−t′)[coth(βBω)+1]dω. Although the

non-Markovianity of the mechanical Brownian motion could
be retained in our approach, for large mechanical qual-
ity factors (γ→0), a condition that is met in current ex-
periments on micro-mechanical systems [6], one can take
〈ξ̂(t)ξ̂(t′)〉'[!γm/βB+i∂t]δ(t−t′) [13]. As our analysis re-
lies on symmetrized two-time correlators, the antisymmetric
part in the above expression, proportional to ∂tδ(t−t′), is in-
effective, thus making our description fully Markovian. Here
we show that the model above results in an interesting back-
action dynamics where the state of the mechanical mode is
strongly intertwined with the BEC. The physical properties of
the mirror are altered by the cavity-BEC coupling. Evidences
of such interaction, strong enough to inhibit the cooling ca-
pabilities of the radiation-pressure mechanism under scrutiny,
are found in the noise properties of the mechanical mode.

We start considering the modification in the mirror dy-
namics due to the coupling to the cavity and indirectly to the
BEC. The Langevin equations are solved in the frequency
domain, where we should ensure stability of the solutions.
This implies negativity of the real part of the eigenvalues of
K. Numerically, we have fount that stability is given for ∆>0
and weak coupling of the mirror and the BEC to the cavity,
i.e. for {χ

√
!/mωm, ζ}(κ, which are conditions fulfilled

throughout this work. We find the mirror displacement
δq̂(ω)=[AM (ω)δŷin(ω) + BM (ω)δx̂in(ω) + CM (ω)ξ̂(ω)],
with AM (ω)=B(ω)∆/(κ−iω)= −!χαs

√
2κ∆/dM (ω),

CM (ω)= −{(ω2−ω̃2)[(κ−iω)2+∆2]+4ω̃∆α2
sζ

2}/dM (ω)
and dM (ω) that is related to the effective susceptibility
function of the mechanical mode [16]. We now compute
the density noise spectrum (DNS) of δq̂(ω). For a generic
operator Ô(ω) in the frequency domain, the DNS is defined as
SO(ω)=(1/4π)

∫
dΩe−i(ω+Ω)t〈Ô(ω)Ô(Ω)+Ô(Ω)Ô(ω)〉.

Using the correlation properties of the input and Brownian
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frequency and â (â†) is the corresponding annihilation (cre-
ation) operator. Finally, ω̃ and ĉ (ĉ†) are the frequency and
the bosonic annihilation (creation) operator of the Bogoliubov
mode. We have incorporated a displacing term −i!η(â− â†)
in the cavity Hamiltonian. This arises from the pump-cavity
coupling, which shifts the cavity field in phase space (and,
in turn, the equilibrium position of the vibrating end-mirror)
proportionally to the coupling parameter η=

√
2κR/!ωL (R

is the laser power and κ is the cavity decay rate). For small
mirror displacements and large cavity free spectral range with
respect to ωm (so as to neglect scattering of photons into other
mechanical modes), the mirror-cavity interaction can be put in
the linearized form ĤMC=− !χq̂â†â with χ=ωC/L. On the
other hand, the atoms-cavity interaction reads

ĤAC = (!g2N0)/(2∆a)â†â + !
√

2ζQ̂â†â, (1)

which contains two contributions: one is from the condensate
only while the second is related to the position-like operator
Q̂=(ĉ + ĉ†)/

√
2 of the Bogoliubov mode (we have assumed

that the condensate wave function is not affected by the cou-
pling to the cavity field). In Eq. (1), g is the vacuum Rabi
frequency for the dipole-like transition connecting the atomic
ground and excited states, N0 is the number of condensed
atoms, ∆a is the detuning of the atomic transition from the
cavity frequency and the coupling rate ζ∝

√
N0g2/∆a. As

discussed in [16], a rigorous calculation shows that ζ also
depends on the Bogoliubov mode-function and can be con-
veniently tuned. While the first term in Eq. (1) embodies
a cavity-frequency pull, the second is formally analogous to
ĤMC and shows that, under the above working conditions,
the BEC dynamics mimics that of a mechanical mode under-
going radiation-pressure effects. A similar result, for a BEC
coupled to a static cavity, has been found in [10]. Our ap-
proach can be extended to include higher-order momentum
modes in the expansion above.

In general, the dynamics encompassed by Ĥ is made diffi-
cult by the non-linearity inherent in ĤMC and Eq. (1). How-
ever, for an intense pump laser, the problem can be lin-
earized by introducing quantum fluctuations as Ô→Os+δÔ
with Ô any of the operators entering Ĥ, Os its mean value
and δÔ the associated first-order quantum fluctuation [15].
We define the cavity quadratures x̂=â+â† and ŷ=i(â†−â)
and the operator P̂=i(ĉ†−ĉ)/

√
2 that is canonically conju-

gated to the position-like atomic operator Q̂. The dynami-
cal equations of the coupled three-mode system can then be
cast into a compact form. Any realistic description of the
problem at hand should include the most relevant sources of
noise affecting the overall device, i.e. energy leakage from
the cavity and thermal Brownian motion at temperature T
undergone by the cavity end-mirror. We thus consider the
Langevin equation ∂tφ̂=Kφ̂+N̂ , where we have introduced
the vector of fluctuations φ̂T =(δx̂ δŷ δq̂ δp̂ δQ̂ δP̂ ), the
noise vector N̂ T =(

√
κ(δâ†in+âin) i

√
κδ(â†in−âin) 0 ξ̂ 0 0)

and the dynamical coupling matrix K, which is given
in Ref. [16]. The evolution of the system depends on
a few crucial parameters, including the total detuning

∆=ωC−ωL−χqs+
√

2ζQs+g2N0/2∆a between the cavity
and the pump laser. This consists of the steady pull-off
term in Eq. (1) as well as both the opto-mechanical contri-
butions proportional to the displaced equilibrium positions
of the mechanical and Bogoliubov modes. These are re-
spectively given by the stationary values qs=!χα2

s/mω2
m

and Qs= −
√

2ζα2
s/ω̃, which are in turn determined by

the mean intra-cavity field amplitude αs=η/
√

∆2 + κ2.
The interlaced nature of such stationary parameters (no-
tice the dependence of αs on the detuning) is at the ori-
gin of bistability and chaotic effects [10–12]. As for
the noise-related part of the dynamics, we have intro-
duced δâin and δâ†in as zero-average [〈ain(t)〉=〈a†in(t)〉=0],
delta-correlated [〈ain(t)a†in(t′)〉=δ(t−t′)] operators describ-
ing white noise entering the cavity from the leaky mirror.
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hand, associated with the decay rate γ and the correspond-
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Markovian correlations (βB=!/2kBT ) [13] 〈ξ̂(t)ξ̂(t′)〉 =
(!γm/2π)

∫
ωe−iω(t−t′)[coth(βBω)+1]dω. Although the

non-Markovianity of the mechanical Brownian motion could
be retained in our approach, for large mechanical qual-
ity factors (γ→0), a condition that is met in current ex-
periments on micro-mechanical systems [6], one can take
〈ξ̂(t)ξ̂(t′)〉'[!γm/βB+i∂t]δ(t−t′) [13]. As our analysis re-
lies on symmetrized two-time correlators, the antisymmetric
part in the above expression, proportional to ∂tδ(t−t′), is in-
effective, thus making our description fully Markovian. Here
we show that the model above results in an interesting back-
action dynamics where the state of the mechanical mode is
strongly intertwined with the BEC. The physical properties of
the mirror are altered by the cavity-BEC coupling. Evidences
of such interaction, strong enough to inhibit the cooling ca-
pabilities of the radiation-pressure mechanism under scrutiny,
are found in the noise properties of the mechanical mode.

We start considering the modification in the mirror dy-
namics due to the coupling to the cavity and indirectly to the
BEC. The Langevin equations are solved in the frequency
domain, where we should ensure stability of the solutions.
This implies negativity of the real part of the eigenvalues of
K. Numerically, we have fount that stability is given for ∆>0
and weak coupling of the mirror and the BEC to the cavity,
i.e. for {χ

√
!/mωm, ζ}(κ, which are conditions fulfilled

throughout this work. We find the mirror displacement
δq̂(ω)=[AM (ω)δŷin(ω) + BM (ω)δx̂in(ω) + CM (ω)ξ̂(ω)],
with AM (ω)=B(ω)∆/(κ−iω)= −!χαs

√
2κ∆/dM (ω),

CM (ω)= −{(ω2−ω̃2)[(κ−iω)2+∆2]+4ω̃∆α2
sζ

2}/dM (ω)
and dM (ω) that is related to the effective susceptibility
function of the mechanical mode [16]. We now compute
the density noise spectrum (DNS) of δq̂(ω). For a generic
operator Ô(ω) in the frequency domain, the DNS is defined as
SO(ω)=(1/4π)

∫
dΩe−i(ω+Ω)t〈Ô(ω)Ô(Ω)+Ô(Ω)Ô(ω)〉.

Using the correlation properties of the input and Brownian
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We consider an optical cavity with a light vibrating end-mirror and containing a Bose-Einstein condensate
(BEC). The mediation of the cavity field induces a non-trivial interplay between the mirror and the collective
oscillations of the intra-cavity atomic density. We explore the thermodynamical implications of this dynamics
and highlight the possibilities for indirect diagnostic. The effects we discuss can be observed in a set-up that is
well within reach of current experimental capabilities and is central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this paper, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by physical
systems of different nature. We consider the interplay between
a BEC and the vibrating end-mirror of an optical cavity. We
show a non-trivial intertwined dynamics between collective
atomic modes, coupled to the cavity field, and the mechanical
one, which experiences radiation-pressure forces. By focus-
ing on noise properties, important signatures of one subsys-
tem in the dynamics of the other can be revealed by looking
at experimentally accessible quantities. We characterize the
atom-induced back-action that modifies the cooling capabili-
ties of the opto-mechanical system and show that our predic-
tions can be tested with current state of the art. The movable
end-mirror of the optical cavity of length L is assumed to per-
form harmonic oscillations at frequency ωm along the cavity
axis. The mirror is in contact with a background of phononic
modes in equilibrium at temperature T . The cavity is pumped
through its (steady) input mirror by a laser of tunable fre-
quency. The BEC is confined in a large-volume trap within the
cavity [7, 10] [cfr. Fig. 1 (a)]. Alternatively, the BEC could
be sitting in a 1D optical-lattice generated by a trapping mode
sustained by a bimodal cavity [11]. The atom-cavity interac-
tion is insensitive to the details of the trapping and our study
holds in both cases. In the weakly interacting regime [9], the
atomic field operator can be split into a classical part (the con-
densate wave function) and a quantum one (the fluctuations)

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The trans-
mitted part is phase-modulated by an electro-optic modulator (EOM)
and enters an opto-mechanical cavity coupled to a BEC. The (weak)
reflected part of the pump laser probes the BEC. The signals from
the cavity and the BEC go to a detection stage consisting of a switch
(selecting the signal to analyze), a photodiode and a spectrum ana-
lyzer (SA). (b) DNS of the mirror displacement for an empty cavity
against ∆ and ω for L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q
with Q=105 and T=300K and κ!5MHz. The pumping light athas
wavelength 1064nm and input power 4mW. The DNS is rescaled to
its value at ω=ωm and ∆=0. (c) We include the effects of the atomic
coupling by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

conveniently expressed in terms of Bogoliubov modes. Re-
cent experiments coupling a BEC to an optical resonator [10]
suggest that the only Bogoliubov modes that interact signifi-
cantly with the cavity field are those with momentum ±2kc (kc
is the cavity-mode momentum) while the condensate can be
considered to be initially at zero temperature. While the cav-
ity end-mirror experiences radiation pressure, optical forces
excite superpositions of atomic momentum modes. Interfer-
ence between momentum-excited atoms and condensate cre-
ates a periodic density grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
ity and BEC Hamiltonians are ĤM = mω2

mq̂2/2 + p̂2/(2m),
ĤC=!(ωC−ωL)â†â−i!η(â − â†) and ĤA=!ω̃ĉ†ĉ, respectively.
Here q̂ ( p̂) is the mirror displacement (momentum), m is its
effective mass, ωC (ωL) is the cavity (pump laser) frequency
and â (â†) is the corresponding annihilation (creation) opera-
tor. Finally, ω̃ and ĉ (ĉ†) are the frequency and the bosonic
annihilation (creation) operator of the Bogoliubov mode. We
have incorporated a displacing term −i!η(â − â†) in the cav-
ity Hamiltonian. This arises from the pump-cavity coupling,

3

For an empty cavity, the mechanical-mode spectrum is obvi-
ously identical to what has been found in Ref. [14] (the use
of that case as a milestone in our quantitative study motivates
the choice of the parameters used throughout this work). Both
the optical spring effect in a detuned optical cavity and a cool-
ing/heating mechanism are evident: height, width and peak-
frequency of Sq(ω) change with the detuning ∆. At ∆ ! κ/2
optimal cooling is achieved with a considerable shrink in the
height of the spectrum. However, as soon as the Bogoliubov
mode enters the dynamics, major modifications appear. The
optical spring effect is magnified (the red-shift of the peak
frequency of Sq(ω) is larger than at ζ=0) and a secondary
structure appears in the spectrum, unaffected by any change
of ∆. Such a structure is a second Lorentzian peak centered
in ω=ωm and is a signature of the back-action induced by the
atoms, an effect that comes from a three-mode coupling and,
as discussed later, is determined by ω̃ and ζ.

In fact, by studying the dependence of Sq(ω) on the fre-
quency of the Bogoliubov mode, we see that the secondary
peak identified above is always centered exactly at ω̃. For
ζ " χ√!/(mωm), i.e. for weak back-action from the atomic
mode onto the mechanical one, the signature of the former
in the spectrum of the latter is very small, as shown by a
tiny structure subjected to rather negligible detuning-induced
modifications. The picture changes for ω̃ close to the me-
chanical frequency. In this case, as seen in Fig. 1 (c), the
influence of the atomic medium is considerable and present at
any value of ∆. While the mechanical mode experiences en-
hanced optical spring effect (an effect easily seen by looking
at the effective susceptibility of the mechanical mode [16]),
the secondary structure persists even at ∆∼κ/2, the working
point here optimizing the mechanical cooling.

A better understanding is provided by studying Sq(ω,∆)
against the atomic opto-mechanical rate ζ [cfr. Fig. 2 (a)].
At the optimal detuning and for ω̃!ωm, both the effects high-
lighted above are clearly seen: the contribution of the sec-
ondary structure centered at ω̃ grows with ζ due to the increas-
ing atomic back-action while a large red-shift and shrinking
of the mechanical-mode contribution to the DNS shows the
enhanced spring effect. An intuitive explanation for all this

(a) (b) (c)

FIG. 2: (a) DNS of the mechanical mode against ω and ζ for ω̃!ωm
and ∆=κ/2. The structure centered atωm and with amplitude growing
with ζ is due to atomic back-action. Inset: same plot for ω̃=0.8ωm.
Similar but less important features are found away from the reso-
nance betwen mechanical and atomic mode. (b) Effective tempera-
ture of the mechanical mode against ∆/κ. Solid (Dashed) lines are
for ω̃=0.1ωm (ω̃!ωm). (c) SQ(ω,∆) for ω̃!ωm and ζ=50Hz.

comes from taking a normal-mode description, where the di-
agonalization of Ĥ passes through the introduction of new
modes that are linear combinations of the mechanical and Bo-
goliubov one. The weight of the latter increases with ζ, thus
determining a strong influence of the atomic part of the system
over the noise properties of the mechanical mode.

The consequences of the atomic back-action are not re-
stricted to the effects highlighted above. Strikingly, the cou-
pling between the atomic medium and the cavity field acts
as a switch for the cooling experienced by the mechanical
mode in an empty cavity [cfr. Fig. 2 (b)]. That is, the
coupling to the collective oscillations of the atomic den-
sity is crucial in determining the number of thermal exci-
tations in the state of the mechanical mode, regulating the
mean energy of the cavity end-mirror. A way to clearly
see it is to consider the effective temperature Teff=〈U〉/kB,
where 〈U〉=mω2

m〈δq̂2〉/2+〈δ p̂2〉/(2m) is the mean energy of
the mechanical mode. 〈U〉 is experimentally easily de-
termined by measuring just the area underneath Sq(ω,∆),
as acquired by a spectrum analyzer. In fact, we have
〈δr̂2〉=

∫
dωSr(ω,∆) (r=q, p) with Sp(ω,∆)=m2ω2

mSq(ω,∆).
Such temperature-regulating mechanism is explained in terms
of a simple thermodynamic argument. The exchange of exci-
tations behind passive mechanical cooling [5, 14] occurs at the
optical sideband centered at ωm. When the frequency of the
Bogoliubov mode does not match this sideband, mirror and
cavity field interact with only minimum disturbance from the
BEC. Thus, mechanical cooling occurs as in an empty cavity:
even for relatively large values of ζ the cooling capabilities of
the detuned opto-mechanical process are, for all practical pur-
poses, unaffected [see Fig. 2 (b)]. However, by tuning ω̃ on
resonance with the relevant optical sideband, we introduce a
well-source mechanism for the recycling of phonons extracted
from the mechanical mode and transferred to the cavity field.
The BEC can now absorb some excitations taken from the
mirror by the field, thus acting as a phononic well and re-
lease them into the field at a frequency matched with ωm. The
mirror can take the excitations back, as in the presence of a
phononic source: thermodynamical equilibrium is established
at a temperature set by ζ. For strong atomic back-action, the
mirror does not experience any cooling [Fig. 2 (b)].

Analogously, one finds the atomic DNS associated with
the position-like operator of the Bogoliubov mode, which
reads δQ̂(ω) = [AA(ω)δŷin + BA(ω)δx̂in + CA(ω)ξ̂(ω)] with
AA(ω)=∆B(ω)/[ω̃(κ−iω)]=2iαsζ∆

√
κω(iγω+ω2−ω2

m)/dA,
CA(ω) = −2

√
2iα2

s∆ζχωω̃/mdA and dA having a rather
lengthy expression. The spectrum SQ(ω,∆) is then eas-
ily determined using the appropriate input-noise correlation
functions and sketched in Fig. 3. Clearly, in light of the formal
equivalence of Eq. (1) with a radiation pressure mechanism,
by setting up the proper working point, the BEC should
undergo a cooling dynamics similar to the one experienced by
the mirror. The starting temperature of the Bogoliubov mode
depends on the values taken by ω̃ and ζ. At ζ=0, regardless
of the atomic-mode frequency, its effective temperature is
very low, as it should be. For a set value of ζ, the temperature
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We consider an optical cavity with a light vibrating end-mirror and containing a Bose-Einstein condensate
(BEC). The mediation of the cavity field induces a non-trivial interplay between the mirror and the collective
oscillations of the intra-cavity atomic density. We explore the thermodynamical implications of this dynamics
and highlight the possibilities for indirect diagnostic. The effects we discuss can be observed in a set-up that is
well within reach of current experimental capabilities and is central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this paper, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by physical
systems of different nature. We consider the interplay between
a BEC and the vibrating end-mirror of an optical cavity. We
show a non-trivial intertwined dynamics between collective
atomic modes, coupled to the cavity field, and the mechanical
one, which experiences radiation-pressure forces. By focus-
ing on noise properties, important signatures of one subsys-
tem in the dynamics of the other can be revealed by looking
at experimentally accessible quantities. We characterize the
atom-induced back-action that modifies the cooling capabili-
ties of the opto-mechanical system and show that our predic-
tions can be tested with current state of the art. The movable
end-mirror of the optical cavity of length L is assumed to per-
form harmonic oscillations at frequency ωm along the cavity
axis. The mirror is in contact with a background of phononic
modes in equilibrium at temperature T . The cavity is pumped
through its (steady) input mirror by a laser of tunable fre-
quency. The BEC is confined in a large-volume trap within the
cavity [7, 10] [cfr. Fig. 1 (a)]. Alternatively, the BEC could
be sitting in a 1D optical-lattice generated by a trapping mode
sustained by a bimodal cavity [11]. The atom-cavity interac-
tion is insensitive to the details of the trapping and our study
holds in both cases. In the weakly interacting regime [9], the
atomic field operator can be split into a classical part (the con-
densate wave function) and a quantum one (the fluctuations)

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The trans-
mitted part is phase-modulated by an electro-optic modulator (EOM)
and enters an opto-mechanical cavity coupled to a BEC. The (weak)
reflected part of the pump laser probes the BEC. The signals from
the cavity and the BEC go to a detection stage consisting of a switch
(selecting the signal to analyze), a photodiode and a spectrum ana-
lyzer (SA). (b) DNS of the mirror displacement for an empty cavity
against ∆ and ω for L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q
with Q=105 and T=300K and κ!5MHz. The pumping light athas
wavelength 1064nm and input power 4mW. The DNS is rescaled to
its value at ω=ωm and ∆=0. (c) We include the effects of the atomic
coupling by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

conveniently expressed in terms of Bogoliubov modes. Re-
cent experiments coupling a BEC to an optical resonator [10]
suggest that the only Bogoliubov modes that interact signifi-
cantly with the cavity field are those with momentum ±2kc (kc
is the cavity-mode momentum) while the condensate can be
considered to be initially at zero temperature. While the cav-
ity end-mirror experiences radiation pressure, optical forces
excite superpositions of atomic momentum modes. Interfer-
ence between momentum-excited atoms and condensate cre-
ates a periodic density grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
ity and BEC Hamiltonians are ĤM = mω2

mq̂2/2 + p̂2/(2m),
ĤC=!(ωC−ωL)â†â−i!η(â − â†) and ĤA=!ω̃ĉ†ĉ, respectively.
Here q̂ ( p̂) is the mirror displacement (momentum), m is its
effective mass, ωC (ωL) is the cavity (pump laser) frequency
and â (â†) is the corresponding annihilation (creation) opera-
tor. Finally, ω̃ and ĉ (ĉ†) are the frequency and the bosonic
annihilation (creation) operator of the Bogoliubov mode. We
have incorporated a displacing term −i!η(â − â†) in the cav-
ity Hamiltonian. This arises from the pump-cavity coupling,
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Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this paper, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by physical
systems of different nature. We consider the interplay between
a BEC and the vibrating end-mirror of an optical cavity. We
show a non-trivial intertwined dynamics between collective
atomic modes, coupled to the cavity field, and the mechanical
one, which experiences radiation-pressure forces. By focus-
ing on noise properties, important signatures of one subsys-
tem in the dynamics of the other can be revealed by looking
at experimentally accessible quantities. We characterize the
atom-induced back-action that modifies the cooling capabili-
ties of the opto-mechanical system and show that our predic-
tions can be tested with current state of the art. The movable
end-mirror of the optical cavity of length L is assumed to per-
form harmonic oscillations at frequency ωm along the cavity
axis. The mirror is in contact with a background of phononic
modes in equilibrium at temperature T . The cavity is pumped
through its (steady) input mirror by a laser of tunable fre-
quency. The BEC is confined in a large-volume trap within the
cavity [7, 10] [cfr. Fig. 1 (a)]. Alternatively, the BEC could
be sitting in a 1D optical-lattice generated by a trapping mode
sustained by a bimodal cavity [11]. The atom-cavity interac-
tion is insensitive to the details of the trapping and our study
holds in both cases. In the weakly interacting regime [9], the
atomic field operator can be split into a classical part (the con-
densate wave function) and a quantum one (the fluctuations)

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The trans-
mitted part is phase-modulated by an electro-optic modulator (EOM)
and enters an opto-mechanical cavity coupled to a BEC. The (weak)
reflected part of the pump laser probes the BEC. The signals from
the cavity and the BEC go to a detection stage consisting of a switch
(selecting the signal to analyze), a photodiode and a spectrum ana-
lyzer (SA). (b) DNS of the mirror displacement for an empty cavity
against ∆ and ω for L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q
with Q=105 and T=300K and κ!5MHz. The pumping light athas
wavelength 1064nm and input power 4mW. The DNS is rescaled to
its value at ω=ωm and ∆=0. (c) We include the effects of the atomic
coupling by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

conveniently expressed in terms of Bogoliubov modes. Re-
cent experiments coupling a BEC to an optical resonator [10]
suggest that the only Bogoliubov modes that interact signifi-
cantly with the cavity field are those with momentum ±2kc (kc
is the cavity-mode momentum) while the condensate can be
considered to be initially at zero temperature. While the cav-
ity end-mirror experiences radiation pressure, optical forces
excite superpositions of atomic momentum modes. Interfer-
ence between momentum-excited atoms and condensate cre-
ates a periodic density grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
ity and BEC Hamiltonians are ĤM = mω2

mq̂2/2 + p̂2/(2m),
ĤC=!(ωC−ωL)â†â−i!η(â − â†) and ĤA=!ω̃ĉ†ĉ, respectively.
Here q̂ ( p̂) is the mirror displacement (momentum), m is its
effective mass, ωC (ωL) is the cavity (pump laser) frequency
and â (â†) is the corresponding annihilation (creation) opera-
tor. Finally, ω̃ and ĉ (ĉ†) are the frequency and the bosonic
annihilation (creation) operator of the Bogoliubov mode. We
have incorporated a displacing term −i!η(â − â†) in the cav-
ity Hamiltonian. This arises from the pump-cavity coupling,
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For an empty cavity, the mechanical-mode spectrum is obvi-
ously identical to what has been found in Ref. [14] (the use
of that case as a milestone in our quantitative study motivates
the choice of the parameters used throughout this work). Both
the optical spring effect in a detuned optical cavity and a cool-
ing/heating mechanism are evident: height, width and peak-
frequency of Sq(ω) change with the detuning ∆. At ∆ ! κ/2
optimal cooling is achieved with a considerable shrink in the
height of the spectrum. However, as soon as the Bogoliubov
mode enters the dynamics, major modifications appear. The
optical spring effect is magnified (the red-shift of the peak
frequency of Sq(ω) is larger than at ζ=0) and a secondary
structure appears in the spectrum, unaffected by any change
of ∆. Such a structure is a second Lorentzian peak centered
in ω=ωm and is a signature of the back-action induced by the
atoms, an effect that comes from a three-mode coupling and,
as discussed later, is determined by ω̃ and ζ.

In fact, by studying the dependence of Sq(ω) on the fre-
quency of the Bogoliubov mode, we see that the secondary
peak identified above is always centered exactly at ω̃. For
ζ " χ√!/(mωm), i.e. for weak back-action from the atomic
mode onto the mechanical one, the signature of the former
in the spectrum of the latter is very small, as shown by a
tiny structure subjected to rather negligible detuning-induced
modifications. The picture changes for ω̃ close to the me-
chanical frequency. In this case, as seen in Fig. 1 (c), the
influence of the atomic medium is considerable and present at
any value of ∆. While the mechanical mode experiences en-
hanced optical spring effect (an effect easily seen by looking
at the effective susceptibility of the mechanical mode [16]),
the secondary structure persists even at ∆∼κ/2, the working
point here optimizing the mechanical cooling.

A better understanding is provided by studying Sq(ω,∆)
against the atomic opto-mechanical rate ζ [cfr. Fig. 2 (a)].
At the optimal detuning and for ω̃!ωm, both the effects high-
lighted above are clearly seen: the contribution of the sec-
ondary structure centered at ω̃ grows with ζ due to the increas-
ing atomic back-action while a large red-shift and shrinking
of the mechanical-mode contribution to the DNS shows the
enhanced spring effect. An intuitive explanation for all this

(a) (b) (c)

FIG. 2: (a) DNS of the mechanical mode against ω and ζ for ω̃!ωm
and ∆=κ/2. The structure centered atωm and with amplitude growing
with ζ is due to atomic back-action. Inset: same plot for ω̃=0.8ωm.
Similar but less important features are found away from the reso-
nance betwen mechanical and atomic mode. (b) Effective tempera-
ture of the mechanical mode against ∆/κ. Solid (Dashed) lines are
for ω̃=0.1ωm (ω̃!ωm). (c) SQ(ω,∆) for ω̃!ωm and ζ=50Hz.

comes from taking a normal-mode description, where the di-
agonalization of Ĥ passes through the introduction of new
modes that are linear combinations of the mechanical and Bo-
goliubov one. The weight of the latter increases with ζ, thus
determining a strong influence of the atomic part of the system
over the noise properties of the mechanical mode.

The consequences of the atomic back-action are not re-
stricted to the effects highlighted above. Strikingly, the cou-
pling between the atomic medium and the cavity field acts
as a switch for the cooling experienced by the mechanical
mode in an empty cavity [cfr. Fig. 2 (b)]. That is, the
coupling to the collective oscillations of the atomic den-
sity is crucial in determining the number of thermal exci-
tations in the state of the mechanical mode, regulating the
mean energy of the cavity end-mirror. A way to clearly
see it is to consider the effective temperature Teff=〈U〉/kB,
where 〈U〉=mω2

m〈δq̂2〉/2+〈δ p̂2〉/(2m) is the mean energy of
the mechanical mode. 〈U〉 is experimentally easily de-
termined by measuring just the area underneath Sq(ω,∆),
as acquired by a spectrum analyzer. In fact, we have
〈δr̂2〉=

∫
dωSr(ω,∆) (r=q, p) with Sp(ω,∆)=m2ω2

mSq(ω,∆).
Such temperature-regulating mechanism is explained in terms
of a simple thermodynamic argument. The exchange of exci-
tations behind passive mechanical cooling [5, 14] occurs at the
optical sideband centered at ωm. When the frequency of the
Bogoliubov mode does not match this sideband, mirror and
cavity field interact with only minimum disturbance from the
BEC. Thus, mechanical cooling occurs as in an empty cavity:
even for relatively large values of ζ the cooling capabilities of
the detuned opto-mechanical process are, for all practical pur-
poses, unaffected [see Fig. 2 (b)]. However, by tuning ω̃ on
resonance with the relevant optical sideband, we introduce a
well-source mechanism for the recycling of phonons extracted
from the mechanical mode and transferred to the cavity field.
The BEC can now absorb some excitations taken from the
mirror by the field, thus acting as a phononic well and re-
lease them into the field at a frequency matched with ωm. The
mirror can take the excitations back, as in the presence of a
phononic source: thermodynamical equilibrium is established
at a temperature set by ζ. For strong atomic back-action, the
mirror does not experience any cooling [Fig. 2 (b)].

Analogously, one finds the atomic DNS associated with
the position-like operator of the Bogoliubov mode, which
reads δQ̂(ω) = [AA(ω)δŷin + BA(ω)δx̂in + CA(ω)ξ̂(ω)] with
AA(ω)=∆B(ω)/[ω̃(κ−iω)]=2iαsζ∆

√
κω(iγω+ω2−ω2

m)/dA,
CA(ω) = −2

√
2iα2

s∆ζχωω̃/mdA and dA having a rather
lengthy expression. The spectrum SQ(ω,∆) is then eas-
ily determined using the appropriate input-noise correlation
functions and sketched in Fig. 3. Clearly, in light of the formal
equivalence of Eq. (1) with a radiation pressure mechanism,
by setting up the proper working point, the BEC should
undergo a cooling dynamics similar to the one experienced by
the mirror. The starting temperature of the Bogoliubov mode
depends on the values taken by ω̃ and ζ. At ζ=0, regardless
of the atomic-mode frequency, its effective temperature is
very low, as it should be. For a set value of ζ, the temperature
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noise operators, after a little algebra one gets

Sq(ω)=
∑

J=A,B
|JM (ω)|2 + !γm [1+coth(βω)] |CM (ω)|2.

(2)
Some interesting features emerge from the study of Sq(ω). In
Fig. 1 we compare the case of an empty opto-mechanical cav-
ity [panel (b)] and one where a weak coupling with the atomic
Bogoliubov mode of frequency ω̃=ωm is included [panel (c)].
For an empty cavity, the mechanical-mode spectrum is obvi-
ously identical to what has been found in Ref. [14] (the use
of that case as a milestone in our quantitative study motivates
the choice of the parameters used throughout this work). Both
the optical spring effect in a detuned optical cavity and a cool-
ing/heating mechanism are evident: height, width and peak-
frequency of Sq(ω) change with the detuning ∆. At ∆ ! κ/2
optimal cooling is achieved with a considerable shrink in the
height of the spectrum. However, as soon as the Bogoliubov
mode enters the dynamics, major modifications appear. The
optical spring effect is magnified (the red-shift of the peak
frequency of Sq(ω) is larger than at ζ=0) and a secondary
structure appears in the spectrum, unaffected by any change
of ∆. Such a structure is a second Lorentzian peak centered
in ω!ωm and is a signature of the back-action induced by the
atoms, an effect that comes from a three-mode coupling and,
as discussed later, is determined by ω̃ and ζ. In fact, by study-
ing the dependence of Sq(ω) on the frequency of the Bogoli-
ubov mode, we see that the secondary peak identified above
is centered at ω̃. For ζ " χ

√
!/(mωm), i.e. for weak back-

action from the atomic mode onto the mechanical one, the
signature of the former in the spectrum of the latter is small.
A quantitative assessment reveals, in fact, that it only consists
of a tiny structure subjected to negligible detuning-induced
changes. The picture changes for ω̃ close to the mechanical
frequency. In this case, as seen in Fig. 1 (c), the influence of
the atomic medium is considerable and present at any value of
∆. While the mechanical mode experiences enhanced optical
spring effect (as easily seen by looking at the effective suscep-
tibility of the mechanical mode [16]), the secondary structure
persists even at ∆∼κ/2, the working point that for our choice
of parameters optimizes the mechanical cooling at empty cav-
ity. However, as demonstrated later on, here the strong optical
spring effect is not accompanied by an effective mechanical
cooling.

A better understanding is provided by studying Sq(ω,∆)
against the atomic opto-mechanical rate ζ [cfr. Fig. 2 (a)]. At
the optimal empty-cavity detuning and for ω̃!ωm, both the
effects highlighted above are clearly seen: the contribution
of the secondary structure centered at ω̃ grows with ζ due to
the increasing atomic back-action while a large red-shift and
shrinking of the mechanical-mode contribution to the DNS
shows the enhanced spring effect. An intuitive explanation for
all this comes from taking a normal-mode description, where
the diagonalization of Ĥ passes through the introduction of
new modes that are linear combinations of the mechanical and
Bogoliubov one. The weight of the latter increases with ζ,

thus determining a strong influence of the atomic part of the
system over the noise properties of the mechanical mode.

The consequences of the atomic back-action are not re-
stricted to the effects highlighted above. Strikingly, the
coupling between the atomic medium and the cavity field
acts as a switch for the cooling experienced by the me-
chanical mode in an empty cavity [cfr. Fig. 2 (b)]. That
is, the coupling to the collective oscillations of the atomic
density is crucial in determining the number of thermal
excitations in the state of the mechanical mode, regulat-
ing the mean energy of the cavity end-mirror. A way
to clearly see it is to consider the effective tempera-
ture Teff=〈U〉/kB , where 〈U〉=mω2

m〈δq̂2〉/2+〈δp̂2〉/(2m)
is the mean energy of the mechanical mode. 〈U〉 is
experimentally easily determined by measuring just the
area underneath Sq(ω,∆), as acquired by a spectrum ana-
lyzer. In fact, we have 〈δr̂2〉=

∫
dωSr(ω,∆) (r=q, p) with

Sp(ω,∆)=m2ω2
mSq(ω,∆). Such temperature-regulating

mechanism is explained in terms of a simple thermodynamic
argument. The exchange of excitations behind passive me-
chanical cooling [5, 14] occurs at the optical sideband cen-
tered at ωm. When the frequency of the Bogoliubov mode
does not match this sideband, mirror and cavity field inter-
act with only minimum disturbance from the BEC. Thus, me-
chanical cooling occurs as in an empty cavity: even for rela-
tively large values of ζ the cooling capabilities of the detuned
opto-mechanical process are, for all practical purposes, unaf-
fected [see Fig. 2 (b)]. However, by tuning ω̃ on resonance
with the relevant optical sideband, we introduce a well-source
mechanism for the recycling of phonons extracted from the
mechanical mode and transferred to the cavity field. The BEC
can now absorb some excitations taken from the mirror by the
field, thus acting as a phononic well and release them into the
field at a frequency matched with ωm. The mirror can take
the excitations back, as in the presence of a phononic source:
thermodynamical equilibrium is established at a temperature
set by ζ. For strong atomic back-action, the mirror does not
experience any cooling [Fig. 2 (b)].

Analogously, one finds the atomic DNS associated with
the position-like operator of the Bogoliubov mode, which

(a) (b) (c)

TemperaturaSpecchiosmall.pdf

FIG. 2: (a) DNS of the mechanical mode against ω and ζ for ω̃!ωm

and ∆=κ/2. The structure centered at ωm and with amplitude
growing with ζ is due to atomic back-action. Inset: same plot for
ω̃=0.8ωm. Similar but less important features are found away from
the resonance betwen mechanical and atomic mode. (b) Temperature
of the mechanical mode against ∆/κ. Solid (Dashed) lines are for
ω̃=0.1ωm (ω̃!ωm). (c) SQ(ω, ∆) for ω̃!ωm and ζ=50Hz.
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height of the spectrum. However, as soon as the Bogoliubov
mode enters the dynamics, major modifications appear. The
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frequency of Sq(ω) is larger than at ζ=0) and a secondary
structure appears in the spectrum, unaffected by any change
of ∆. Such a structure is a second Lorentzian peak centered
in ω!ωm and is a signature of the back-action induced by the
atoms, an effect that comes from a three-mode coupling and,
as discussed later, is determined by ω̃ and ζ. In fact, by study-
ing the dependence of Sq(ω) on the frequency of the Bogoli-
ubov mode, we see that the secondary peak identified above
is centered at ω̃. For ζ " χ
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!/(mωm), i.e. for weak back-

action from the atomic mode onto the mechanical one, the
signature of the former in the spectrum of the latter is small.
A quantitative assessment reveals, in fact, that it only consists
of a tiny structure subjected to negligible detuning-induced
changes. The picture changes for ω̃ close to the mechanical
frequency. In this case, as seen in Fig. 1 (c), the influence of
the atomic medium is considerable and present at any value of
∆. While the mechanical mode experiences enhanced optical
spring effect (as easily seen by looking at the effective suscep-
tibility of the mechanical mode [16]), the secondary structure
persists even at ∆∼κ/2, the working point that for our choice
of parameters optimizes the mechanical cooling at empty cav-
ity. However, as demonstrated later on, here the strong optical
spring effect is not accompanied by an effective mechanical
cooling.

A better understanding is provided by studying Sq(ω,∆)
against the atomic opto-mechanical rate ζ [cfr. Fig. 2 (a)]. At
the optimal empty-cavity detuning and for ω̃!ωm, both the
effects highlighted above are clearly seen: the contribution
of the secondary structure centered at ω̃ grows with ζ due to
the increasing atomic back-action while a large red-shift and
shrinking of the mechanical-mode contribution to the DNS
shows the enhanced spring effect. An intuitive explanation for
all this comes from taking a normal-mode description, where
the diagonalization of Ĥ passes through the introduction of
new modes that are linear combinations of the mechanical and
Bogoliubov one. The weight of the latter increases with ζ,

thus determining a strong influence of the atomic part of the
system over the noise properties of the mechanical mode.

The consequences of the atomic back-action are not re-
stricted to the effects highlighted above. Strikingly, the
coupling between the atomic medium and the cavity field
acts as a switch for the cooling experienced by the me-
chanical mode in an empty cavity [cfr. Fig. 2 (b)]. That
is, the coupling to the collective oscillations of the atomic
density is crucial in determining the number of thermal
excitations in the state of the mechanical mode, regulat-
ing the mean energy of the cavity end-mirror. A way
to clearly see it is to consider the effective tempera-
ture Teff=〈U〉/kB , where 〈U〉=mω2
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dωSr(ω,∆) (r=q, p) with

Sp(ω,∆)=m2ω2
mSq(ω,∆). Such temperature-regulating

mechanism is explained in terms of a simple thermodynamic
argument. The exchange of excitations behind passive me-
chanical cooling [5, 14] occurs at the optical sideband cen-
tered at ωm. When the frequency of the Bogoliubov mode
does not match this sideband, mirror and cavity field inter-
act with only minimum disturbance from the BEC. Thus, me-
chanical cooling occurs as in an empty cavity: even for rela-
tively large values of ζ the cooling capabilities of the detuned
opto-mechanical process are, for all practical purposes, unaf-
fected [see Fig. 2 (b)]. However, by tuning ω̃ on resonance
with the relevant optical sideband, we introduce a well-source
mechanism for the recycling of phonons extracted from the
mechanical mode and transferred to the cavity field. The BEC
can now absorb some excitations taken from the mirror by the
field, thus acting as a phononic well and release them into the
field at a frequency matched with ωm. The mirror can take
the excitations back, as in the presence of a phononic source:
thermodynamical equilibrium is established at a temperature
set by ζ. For strong atomic back-action, the mirror does not
experience any cooling [Fig. 2 (b)].

Analogously, one finds the atomic DNS associated with
the position-like operator of the Bogoliubov mode, which
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FIG. 2: (a) DNS of the mechanical mode against ω and ζ for ω̃!ωm

and ∆=κ/2. The structure centered at ωm and with amplitude
growing with ζ is due to atomic back-action. Inset: same plot for
ω̃=0.8ωm. Similar but less important features are found away from
the resonance betwen mechanical and atomic mode. (b) Temperature
of the mechanical mode against ∆/κ. Solid (Dashed) lines are for
ω̃=0.1ωm (ω̃!ωm). (c) SQ(ω, ∆) for ω̃!ωm and ζ=50Hz.
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FIG. 1: (a) Skecth of the possible detection scheme. The probe field has the same periodicity of the cavity field. A laser beam (arrow) is
reflected by a mirror (black), creating a standing wave. Part of the probe light is transmitted and then jointly measured with the output light of
the cavity. (b) Logarithmic negativity EAC between the atomic Bogoliubov mode and the cavity field as a function of the effective detuning ∆
(in units of ωm = 2π × 3 × 106s−1) and the cavity-mirror coupling χ. (c) The same plot for the logarithmic negativity EMC between the mirror
and the cavity. Parameters: T = 10µK, Q = 3× 104, m = 50 ng, input power 50mW, cavity finesse F = 104, cavity length L = 1 mm. We fixed
ζ = χ. (d) Logarithmic negativity EAC (solid) and EMC (dashed) as a function of the mirror equilibrium temperature. We choose ∆ = 2ωm and
χ = 100 (what units?). The rest of parameters as in panels (b) and (c).

temperature T = 1µK and larger cavity finesse F = 4×104. In
this regime we observe interesting results [see Fig. 2 (b)]. The
two entanglements EMC and EAC coincides when their proper
frequencies are equal. For this special value the two functions
EMC and EAC have a very sharp peak. The entanglement EMC
increases slowly with the ratio Ω/ωm because the BEC mode
goes out of resonance from the cavity and thus gets dynami-
cally decoupled. On the other hand the entanglement EAC has
a maximum at Ω/ωm ≈ 2.

Multipartite entanglement.– In this section we study the
existence of genuine multipartite entanglement in our system.
We therefore consider the logarithmic negativity in each one-
vs-two bipartition. When the logarithmic negativity differs
from zero in the three bipartitions A|MC, M|AC and C|AM
then the state contains genuine multipartite entanglement [14].
The results, shown in Fig. 3, confirm the presence multipartite
entanglement up to very high temperatures. Indeed it seems
that multipartite entanglement resists to temperature of the or-
der of 0.01K much larger than the critical temperature for bi-
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FIG. 2: (a) Logarithmic negativity EAC (solid) and EMC (dashed) as
a function of the coupling constant ζ between the Bogoliubov mode
of the BEC and the cavity field. We choose ∆ = 2ωm and χ = 100
(what units?). The rest of parameters as in Fig. 1. (b) Logarithmic
negativity EAC (line) and EMC (dots) as a function of the frequencies
ratio Ω/ωm. Inset: the same plot restricted around the resonance for
Ω = ωm. We choose ∆ = 2ωm and χ = 100 (what units?). We also
choose T = 1µK and F = 4×104. The rest of parameters as in Fig. 1.

partite entanglement which is of the order of 8 × 10−5K.
We are thus in a position to determine the genuine tripartite-

entanglement content of the state of the overall system. This
can be effectively done using the approach developed in
Ref. [15] which, for pure multipartite states, is based on the
formulation of entanglement monogamy inequalities valid for
the squared logarithmic negativity, which turns out to be a
proper entanglement monotone. For mixed states, the convex-
roof extension of such a measure, albeit restricted to the class
of Gaussian states, is required in order to have a faithful ac-
count of the genuine entanglement content of a multipartite
state. More explicitly, we aim at determining

Gtri= min
Π(i jk)

[Gi| jk−Gi j−Gik] (8)

with Π(i jk) the permutation of indices i, j, k=A,M,C and G
the convex roof of the squared logarithmic negativity for a
given bipartition of the system. In general, the evaluation
of Gtri is computationally very demanding. However, at the
working point used in this Section and regardless of the tem-
perature, the covariance matrix V is basically symmetric un-
der the permutation of systems A and M), it is possible to
significantly simplify the calculation of the residual tripartite
entanglement and quantitatively determine it against the ef-
fects of an increasing mechanical temperature. The results
are shown in Fig. 3 (b). The genuine tripartite entanglement
exhibits a non monotonic behavior against T . To understand
such effect, let us consider the case of i=C, j=M and k=A,
even though any other combination is equally useful. As the
temperature increases, we already know that EAC and EMC
decay very quickly. The same occurs to GC|A,M therefore bias-
ing the competition between GC|MA and GC|A + GC|M entering
Eq. (8) towards the former. This, analogously to EC|AM de-
creases very slowly with T , therefore determining an overall
increase of the residual entanglement. However, as the tem-
perature is raised further the system tends towards two-mode
biseparability and, therefore, any genuine tripartite entangle-
ment in the state of the system is washed out.
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=




0 ωi
m 0 0

−ωi
m −γi

m 2gi$[ci
s] −2gi%[ci

s]
−2gi%[ci

s] 0 −κi ∆i
−2igi$[ci

s] 0 −∆i −κi




(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=


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0 ωi
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(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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We consider an optical cavity with a light vibrating end-mirror containing a trapped Bose-Einstein condensate
(BEC). We show that the mediation of the cavity field induces a non-trivial interplay between the vibrating-
mirror and the collective oscillations of the intra-cavity atomic density. We explore the thermodynamical impli-
cations of this complex dynamics and highlight the interesting possibilities for indirect diagnostic. The effects
we discuss can be observed in a set-up that is well within reach of current experimental capabilities and is thus
central in the quest for mesoscopic quantumness.

Achieving quantum control over a system endowed with
macroscopic degrees of freedom is a long-sought goal of mod-
ern physics. The accomplishment of such a task will help
us shifting the domain of applicability and exploitation of
quantum technology from the context of microscopic sys-
tems fulfilling stringent criteria for quantumness to the meso-
scopic world [1–3]. Important fundamental and technologi-
cal progresses have been performed, recently, along these di-
rections: the gap separating current experimental possibilities
from the observation of genuine quantum mechanical effects
at the meso-scale is now only a few quanta wide [4]. In such
a quest, a few physical systems have emerged as well-suited
for the observation of interesting quantum effects at a magni-
fied scale: mechanical devices in optical and microwave res-
onators [5, 6], collective excitations of ultracold atomic en-
sembles [7] and arrays of superconducting devices [8].

In this Letter, we demonstrate mutual back-action dynamics
of two macroscopic degrees of freedom embodied by phys-
ical systems of different nature. We consider the interplay
between a Bose-Einstein condensate and the vibrating end-
mirror of an optical cavity. We show a highly non-trivial
intertwined dynamics between collective atomic modes, cou-
pled to the cavity field, and the mechanical one, which expe-
riences radiation-pressure forces. By focusing on noise prop-
erties of the system, important signatures of one subsystem in
the dynamics of the other can be revealed by looking at exper-
imentally accessible quantities. We characterize the atomic-
induced back-action that modifies the cooling capabilities of
the opto-mechanical system. Our predictions can all be tested
using current state of the art. The movable end-mirror of the
optical cavity of length L is assumed to perform harmonic
oscillations at frequency ωm along a direction parallel to the
cavity axis. The mirror is in contact with a background of
phononic modes in equilibrium at temperature T . The cav-
ity is pumped through its (steady) input mirror by a laser of
adjustable input power and tunable frequency. The BEC is as-
sumed to be confined in a large-volume trap within the cavity
volume [7, 10] [cfr. Fig. 1 (a)]. An alternative configuration
sees the BEC as trapped in a 1D optical-lattice potential gen-
erated by a trapping mode sustained by a bimodal cavity [11].
The effective atom-cavity interaction model is insensitive to

(a) (b) (c)

FIG. 1: (a) A laser is split by an umbalanced beam splitter. The
transmitted part is phase-modulated by an electro-optic modulator
(EOM) and enters an opto-mechanical cavity coupled to a BEC. The
(weak) reflected part of the pump laser is used to probe the BEC.
The signals from the cavity and the BEC then go to a detection stage
consisting of a switch (used to select the signal to analyze), a photo-
diode and a spectrum analyzer (SA). (b) DNS of the mirror displace-
ment for an empty optomechanical cavity against ∆ and ω. We have
used L=2.5cm, m=15ng, ωm/2π=275Hz, γ=ωm/Q with Q=105 and
T=300K. The cavity has κ!5MHz and is pumped by light at 1064nm
wavelength and 4mW input power. The DNS is rescaled to its value
at ω=ωm and ∆=0. (c) We include the effects of the atomic coupling
by taking ω̃=ωm and ζ!0.7χ

√
!/(mωm).

the details of the trapping and our results would hold in both
the configurations. In the weakly interacting regime [9], a
Bogoliubov expansion can be used to split the atomic field
operator into a classical part (the condensate wave function)
and a quantum one (the fluctuations), which is conveniently
expressed in terms of Bogoliubov modes. In light of recently
reported experimental evidences based on the coupling of a
homogeneous BEC to a static optical resonator [10], the only
Bogoliubov modes to be significantly interacting with the cav-
ity field are those with momentum ±2kc with kc the cavity-
mode momentum. Moreover, it is justified to assume that the
condensate is essentially at zero temperature so that thermal
fluctuations are negligible. While the cavity end-mirror expe-
riences radiation pressure-induced driving, optical forces ex-
cite the atoms into a superposition of momentum modes. In-
terference between momentum-excited atoms and underlying
condensate creates a spatially and temporally periodic density
grating that is sensed via the cavity.

We write the Hamiltonian of the system made out
of the cavity field, the movable mirror and the BEC
as Ĥ=∑ j=M,C,A Ĥ j+ĤAC+ĤMC where the mirror, cav-
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FIG. 1: Quantum networks from abstract to physical. (a) A quantum network composed of quantum nodes for processing and
storing quantum states and quantum channels for the distribution of quantum information. Such a network can alternatively be
viewed as a strongly correlated many-particle system. (b) Quantum interface between matter and light. Coherent interactions
within the node are characterized by the rate χ, while κ specifies the rate for coupling between the node and photons in the
external channel. Parasitic losses occur at rate γ. (c) Quantum state transfer and entanglement distribution from node A to
B within the setting of cavity QED [7]. At node A the control pulse Ωout

A (t) affects the transformation of atomic state |ψ〉
to the state of a propagating optical field (i.e., a ‘flying photon’). At node B the pulse Ωin

B (t) is applied to map the state
of the flying photon into an atom within the cavity, thereby realizing the transfer of the state |ψ〉 from A to B [22]. (d)
Distribution of entanglement using ensembles of a large number of atoms [16]. A single-photon pulse at node A is coherently

split into two entangled components that propagate to nodes B, C and are there coherently mapped by control fields Ω(in)
B,C(t)

into an entangled state between ensembles at B, C. At later times, components of the entangled state can be retrieved from
the quantum memories by separate control fields Ω(out)

B,C (t) [23].
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external channel. Parasitic losses occur at rate γ. (c) Quantum state transfer and entanglement distribution from node A to
B within the setting of cavity QED [7]. At node A the control pulse Ωout

A (t) affects the transformation of atomic state |ψ〉
to the state of a propagating optical field (i.e., a ‘flying photon’). At node B the pulse Ωin
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split into two entangled components that propagate to nodes B, C and are there coherently mapped by control fields Ω(in)
B,C(t)

into an entangled state between ensembles at B, C. At later times, components of the entangled state can be retrieved from
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FIG. 1: (Color online) Scheme of principle: two optomechanical
cavities pumped by classical laser fields (not shown in the figure)
and two-mode squeezed light, generated by feeding a non-liner crys-
tal. The symbols for polarization beam splitters (PBSs) and quarter
wave-plates (QWPs) are shown.

The system is affected by cavity losses and decoherence
induced by the thermal Brownian motion of the mechanical
oscillators, which are damped at a rate γi

m. The model em-
bodied by Eq. (1) encompasses a dynamics of non-trivial so-
lution due to the explicitly non-linear nature of the radiation-
pressure term. A considerable simplification, though, comes
from having intense fields feeding the cavities, thus allowing
us to linearize the fields’ and mirrors’ operators around their
respective steady-state. The equations of motion can then be
cast into the compact form [24]

∂t f̂i = Ki f̂i + n̂i, (i = 1, 2) (2)

where f̂T
i =(δQ̂i, δP̂i, δx̂i, δŷi) is the ordered vector of the fluc-

tuations of the dimensionless quadrature operators Q̂i =

q̂i
√

miωi
m/! and P̂i = p̂i/

√
!miωi

m for mechanical mode i and
δx̂i = (δĉ†i + δĉi)/

√
2, δŷi = i(δĉ†i − δĉi)/

√
2 for the corre-

sponding cavity fields. Each 4 × 4 kernel matrix Ki reads

Ki=




0 ωi
m 0 0

−ωi
m −γi

m 2gi$[ci
s] −2gi%[ci

s]
−2gi%[ci

s] 0 −κi ∆i
−2igi$[ci

s] 0 −∆i −κi




(i = 1, 2) (3)

with gi=χi
√
!/(2miωi

m) being an effective coupling rate,
ci

s=Ei/(κi + i∆i) the amplitude of cavity field i and
∆i=ωi

C−ωL−χqi
s the corresponding effective cavity-laser de-

tuning. Finally qi
s=
!χi |ci

s |2
miωi2

m
is the steady state displacement of

the mechanical mode i. The last term in Eq. (2) is the vector
of input noise nT

j =(0, ξ̂i,
√

2κiδx̂i
in,
√

2κiδŷi
in), where ξ̂i is the

zero-mean Langevin force operator accounting for the Brow-
nian motion affecting the mechanical mode i. For large me-
chanical quality factors, such term is delta-correlated accort-
ing to the expression 〈ξ̂i(t)ξ̂i(t′)〉 = (2γi

mkBTi)δ(t−t′)/ωi
m, with

kB the Boltzmann constant and Ti the temperature of the ith
mechanical bath. On the other hand, δx̂i

in = (δĉi†
in + δĉ

i
in)/
√

2
and δŷi

in = i(δĉi†
in − δĉi

in)/
√

2 are the quadratures of the input
noise to a cavity.

Clearly, the dynamics encompassed by Eq. (2) would
give rise to two independent evolutions, one for each opto-
mechanical device. This seemingly prevents the establish-
ment of any quantum correlation between the two mechani-
cal modes, unless a pre-available resource is used. In fact,
as proven in Refs. [25, 26], the sharing of an off-line pre-
pared entangled resource can be used in order to set entan-
glement between remote and non-interacting subsystems, sub-
jected to bilocal interactions with the components of such en-
tangled aid. We thus consider the two cavities as pumped
by non-classically correlated light as embodied by a two-
mode squeezed vacuum state. Each mode of such pump has
frequency ωS=ωL+ωm so that the corresponding input-noise
correlations C j = (〈δĉ j†

in δĉ
j
in〉, 〈δĉ

j
inδĉ

j†
in 〉, 〈δĉ

j
inδĉ

k
in〉, 〈δĉ

j†
in δĉ

k†
in 〉)

[for j!k=1, 2] can be expressed as

C j = R(t, t′)δ(t − t′) (4)

with R(t, t′)=(N,N, e−iωm(t−t′)M, eiωm(t−t′)M∗) a vector deter-
mined by the parameters N= sinh2 r and M= sinh r cosh reiφ

that characterize the squeezed state(r and φ are the modulus
and phase of the squeezing parameter). From now on (and
without affecting the generality of our study) we take φ = 0.

Although the analytic expressions of the elements of f̂i can
be found straightforwardly, they are too lengthy to be reported
here. However, they can be handly used so as to calculate the
correlation functions of the relevant operators of the system as

Vαβ(t) =
1

4π2

∫
dω
∫

dΩe−i(ω+Ω)tVαβ(ω,Ω) (5)

with Vαβ(ω,Ω) = 〈{ĝα(ω), ĝβ(Ω)}〉/2 (α, β=1, .., 8) the
frequency-domain correlation function between elements α
and β of ĝ=(δQ̂1, δP̂1, δQ̂2, δP̂2, δx̂1, δŷ1, δx̂2, δŷ2). The matrix
V(t) with elements defined as in Eq. (5) embodies the time-
dependent covariance matrix of the double opto-mechanical
system studied here. This is an important remark as the en-
forced linearity of the model treated here guarantees that the
dynamical map arising from the solution of Eq. (2) preserves
the Gaussian nature of any input state. We consider a Gaussian
input noise (the two-mode squeezed vacuum state) and a ther-
mal state of the mechanical modes determined by the quantum
Brownian motion. As Gaussian states are fully determined by
their associated covariance matrix, the convenience of such
description is apparent.
Non-classical correlations.-We are now in a position to as-
sess the non-classical correlations settled between the two me-
chanical modes. We do this using a twofold approach: first
we quantify the entanglement shared by mechanical modes
1 and 2, demonstrating the effectiveness of the process put
forward here. Second, we demonstrate that the parameter-
domain where purely mechanical non-classical correlations
can be observed extends far beyond the one where entangle-
ment is non-zero.

Let us start studying the degree of entanglement between
the mechanical modes. Clearly, while the achievement of a
non-zero degree of entanglement would show the plausible
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FIG. 2: (Color online) (a) Logaritmic negativity against effective detuning and squeezing, the maximum is in proximity of the mechanical

frequency ωm. (b) Entanglement (blue surface) and discord red surface as function of squeezing and temperature, non-classicality of mirrors
is demonstrated up to T = 0.1 K. (c) Entanglement input-output relation showing the mapping of mechanical entanglement onto optical
entanglement of the auxiliary modes.

their associated covariance matrix, the convenience of such

description is apparent.

Non-classical correlations.-We are now in a position to assess

the non-classical correlations settled between the twomechan-

ical modes. We do this using a twofold approach: first we

quantify the entanglement shared by mechanical modes 1 and

2, demonstrating the effectiveness of the process put forward

here. Second, we demonstrate that the parameter-domain

where purely mechanical non-classical correlations can be ob-

served extends far beyond the one where entanglement is non-

zero. Let us start studying the degree of entanglement be-

tween the mechanical modes. Clearly, while the achievement

of a non-zero degree of entanglement would show the plausi-

ble nature of our proposal as a way to distribute mechanical

entanglement across a network of opto-mechanical nodes, its

effectiveness will be evaluated in terms of the ratio between

the set mechanical entanglement and the amount consumed as

a resource. We use the logarithmic negativity as a measure

of entanglement in the state of our system. Given the covari-

ance matrix Vm of the mechanical system (obtained fromV by

taking the first four rows and columns), the logarithmic neg-

ativity is found as E=max[0,− ln 2(ν−)] with ν− the smallest
eigenvalue of the symplectic spectrum of VP

m = PVmP with

P=11⊕σz (σi is the i-Pauli matrix and i = x, y, z) [17].
As we aim at proposing a viable strategy for the settlement

of all-mechanical entanglement, it is important to test our pro-

tocol against current experimental capabilities. Therefore,

in our simulations we have used parameters taken directly

from a very recent experiment [6]. In particular, we have

taken identical mechanical modes with ωm/2π = 947 KHz,

m1,2 = 145 ng and γ1,2m /2π = 140 Hz and cavities hav-

ing length L1,2 = 25 mm, wavelength 1064 nm, decay rate

κ/2π = 215 KHz and pumped by laser fields of 11 mW

power [18]. The free variables in our simulations are the ex-

perimentally tunable detuning ∆1,2=∆, the squeezing param-

eter r and the initial temperature of the mechanical mirrors.

Fig. 2 (a) shows the logarithmic negativity for T = 2 mK and

reveals that the mechanical entanglement is maximum in cor-

respondence of the mechanical frequencyωm and non-zero in

a region of ∆ that is wide roughly twice κ. A non-trivial de-

pendence on r is also observed. As the squeezing increases,

the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at

r # 1 and quickly decreasing for larger values (E disappears
completely for r ! 1.6). This behavior reminds of the anal-

ogous features observed for the case of entanglement transfer

to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-

nations lies on the fact that, with increasing squeezing value

also the thermal noise entering each cavity is enhanced, given

that, for a two-mode squeezed state, the reduced state of each

input light mode is a thermal state having an average number

of photons proportional to the squeezing parameter.

We now investigate the behaviour of mechanical non-

classical correlations beyond entanglement assessed by Gaus-

sian quantum discord [19]. Quantum discord is defined from

the discrepancy that two classically equivalent expressions of

mutual information attain when extended to the quantum do-

main [20]. It is connected to the information on a system that

cannot be retrieved by performing measurements only on a

part of it. The evaluation of quantum discord relies on an

optimization procedure over the set of all measurements on

a given subsystem; single-mode Gaussian measurements in

the case of Gaussian discord. For a two-mode Gaussian state

having covariance matrix σ=

[

α1 γ
γT α2

]

, where α1 (α2) and γ

are 2 × 2 matrices accounting for the local variances of mode
1 (2) and the inter-mode correlations, the Gaussian quantum

discord is D = f (
√
A2) − f (µ−) − f (µ+) + infσ0

f (
√
detε).

Here, f (x) = ( x+1
2
) log[ x+1

2
] − ( x−1

2
) log[ x−1

2
], A2 = detα2, µ±

are the symplectic eigenvalues ofσ, ε = α1−γ(α2+σ0)
−1γT

is the Schur complement of α1, and σ0 is a single-mode ro-

tated squeezed state. Fig. 2 (b) compares the behavior of D
and E for the two mechanical modes when studied against T

and r for ∆ = ωm. The two indicators of non-classicality re-

veal rather different trends when analyzed against the squeez-

ing parameter. At low temperatures, the maximum of D is

attained for r # 1, while for T!10 mK (when entanglement
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ance matrix Vm of the mechanical system (obtained fromV by

taking the first four rows and columns), the logarithmic neg-

ativity is found as E=max[0,− ln 2(ν−)] with ν− the smallest
eigenvalue of the symplectic spectrum of VP

m = PVmP with

P=11⊕σz (σi is the i-Pauli matrix and i = x, y, z) [17].
As we aim at proposing a viable strategy for the settlement

of all-mechanical entanglement, it is important to test our pro-

tocol against current experimental capabilities. Therefore,

in our simulations we have used parameters taken directly

from a very recent experiment [6]. In particular, we have

taken identical mechanical modes with ωm/2π = 947 KHz,

m1,2 = 145 ng and γ1,2m /2π = 140 Hz and cavities hav-

ing length L1,2 = 25 mm, wavelength 1064 nm, decay rate

κ/2π = 215 KHz and pumped by laser fields of 11 mW

power [18]. The free variables in our simulations are the ex-

perimentally tunable detuning ∆1,2=∆, the squeezing param-

eter r and the initial temperature of the mechanical mirrors.

Fig. 2 (a) shows the logarithmic negativity for T = 2 mK and

reveals that the mechanical entanglement is maximum in cor-

respondence of the mechanical frequencyωm and non-zero in

a region of ∆ that is wide roughly twice κ. A non-trivial de-

pendence on r is also observed. As the squeezing increases,

the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at

r # 1 and quickly decreasing for larger values (E disappears
completely for r ! 1.6). This behavior reminds of the anal-

ogous features observed for the case of entanglement transfer

to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-

nations lies on the fact that, with increasing squeezing value

also the thermal noise entering each cavity is enhanced, given

that, for a two-mode squeezed state, the reduced state of each

input light mode is a thermal state having an average number

of photons proportional to the squeezing parameter.
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description is apparent.

Non-classical correlations.-We are now in a position to assess

the non-classical correlations settled between the twomechan-

ical modes. We do this using a twofold approach: first we

quantify the entanglement shared by mechanical modes 1 and

2, demonstrating the effectiveness of the process put forward

here. Second, we demonstrate that the parameter-domain

where purely mechanical non-classical correlations can be ob-

served extends far beyond the one where entanglement is non-

zero. Let us start studying the degree of entanglement be-

tween the mechanical modes. Clearly, while the achievement

of a non-zero degree of entanglement would show the plausi-

ble nature of our proposal as a way to distribute mechanical
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a resource. We use the logarithmic negativity as a measure
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taking the first four rows and columns), the logarithmic neg-
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from a very recent experiment [6]. In particular, we have
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respondence of the mechanical frequencyωm and non-zero in

a region of ∆ that is wide roughly twice κ. A non-trivial de-
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the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at
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ogous features observed for the case of entanglement transfer

to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-
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also the thermal noise entering each cavity is enhanced, given

that, for a two-mode squeezed state, the reduced state of each
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sian quantum discord [19]. Quantum discord is defined from

the discrepancy that two classically equivalent expressions of
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main [20]. It is connected to the information on a system that

cannot be retrieved by performing measurements only on a

part of it. The evaluation of quantum discord relies on an

optimization procedure over the set of all measurements on

a given subsystem; single-mode Gaussian measurements in

the case of Gaussian discord. For a two-mode Gaussian state

having covariance matrix σ=

[
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]

, where α1 (α2) and γ

are 2 × 2 matrices accounting for the local variances of mode
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Non-classical correlations.-We are now in a position to assess
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ical modes. We do this using a twofold approach: first we

quantify the entanglement shared by mechanical modes 1 and

2, demonstrating the effectiveness of the process put forward
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served extends far beyond the one where entanglement is non-
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the set mechanical entanglement and the amount consumed as
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ativity is found as E=max[0,− ln 2(ν−)] with ν− the smallest
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m = PVmP with

P=11⊕σz (σi is the i-Pauli matrix and i = x, y, z) [17].
As we aim at proposing a viable strategy for the settlement

of all-mechanical entanglement, it is important to test our pro-

tocol against current experimental capabilities. Therefore,

in our simulations we have used parameters taken directly

from a very recent experiment [6]. In particular, we have

taken identical mechanical modes with ωm/2π = 947 KHz,

m1,2 = 145 ng and γ1,2m /2π = 140 Hz and cavities hav-

ing length L1,2 = 25 mm, wavelength 1064 nm, decay rate

κ/2π = 215 KHz and pumped by laser fields of 11 mW

power [18]. The free variables in our simulations are the ex-

perimentally tunable detuning ∆1,2=∆, the squeezing param-

eter r and the initial temperature of the mechanical mirrors.

Fig. 2 (a) shows the logarithmic negativity for T = 2 mK and

reveals that the mechanical entanglement is maximum in cor-

respondence of the mechanical frequencyωm and non-zero in

a region of ∆ that is wide roughly twice κ. A non-trivial de-

pendence on r is also observed. As the squeezing increases,

the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at

r # 1 and quickly decreasing for larger values (E disappears
completely for r ! 1.6). This behavior reminds of the anal-

ogous features observed for the case of entanglement transfer

to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-

nations lies on the fact that, with increasing squeezing value

also the thermal noise entering each cavity is enhanced, given

that, for a two-mode squeezed state, the reduced state of each

input light mode is a thermal state having an average number

of photons proportional to the squeezing parameter.
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classical correlations beyond entanglement assessed by Gaus-

sian quantum discord [19]. Quantum discord is defined from

the discrepancy that two classically equivalent expressions of
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main [20]. It is connected to the information on a system that

cannot be retrieved by performing measurements only on a

part of it. The evaluation of quantum discord relies on an

optimization procedure over the set of all measurements on

a given subsystem; single-mode Gaussian measurements in

the case of Gaussian discord. For a two-mode Gaussian state

having covariance matrix σ=

[
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γT α2

]

, where α1 (α2) and γ

are 2 × 2 matrices accounting for the local variances of mode
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Non-classical correlations.-We are now in a position to assess

the non-classical correlations settled between the twomechan-

ical modes. We do this using a twofold approach: first we

quantify the entanglement shared by mechanical modes 1 and

2, demonstrating the effectiveness of the process put forward

here. Second, we demonstrate that the parameter-domain

where purely mechanical non-classical correlations can be ob-

served extends far beyond the one where entanglement is non-

zero. Let us start studying the degree of entanglement be-

tween the mechanical modes. Clearly, while the achievement

of a non-zero degree of entanglement would show the plausi-

ble nature of our proposal as a way to distribute mechanical
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m = PVmP with
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m1,2 = 145 ng and γ1,2m /2π = 140 Hz and cavities hav-
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κ/2π = 215 KHz and pumped by laser fields of 11 mW

power [18]. The free variables in our simulations are the ex-
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Fig. 2 (a) shows the logarithmic negativity for T = 2 mK and

reveals that the mechanical entanglement is maximum in cor-
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a region of ∆ that is wide roughly twice κ. A non-trivial de-

pendence on r is also observed. As the squeezing increases,

the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at

r # 1 and quickly decreasing for larger values (E disappears
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to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-

nations lies on the fact that, with increasing squeezing value

also the thermal noise entering each cavity is enhanced, given

that, for a two-mode squeezed state, the reduced state of each

input light mode is a thermal state having an average number
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cannot be retrieved by performing measurements only on a
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optimization procedure over the set of all measurements on

a given subsystem; single-mode Gaussian measurements in

the case of Gaussian discord. For a two-mode Gaussian state

having covariance matrix σ=

[
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]

, where α1 (α2) and γ

are 2 × 2 matrices accounting for the local variances of mode
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their associated covariance matrix, the convenience of such

description is apparent.

Non-classical correlations.-We are now in a position to assess

the non-classical correlations settled between the twomechan-

ical modes. We do this using a twofold approach: first we

quantify the entanglement shared by mechanical modes 1 and

2, demonstrating the effectiveness of the process put forward

here. Second, we demonstrate that the parameter-domain

where purely mechanical non-classical correlations can be ob-

served extends far beyond the one where entanglement is non-

zero. Let us start studying the degree of entanglement be-

tween the mechanical modes. Clearly, while the achievement

of a non-zero degree of entanglement would show the plausi-

ble nature of our proposal as a way to distribute mechanical

entanglement across a network of opto-mechanical nodes, its

effectiveness will be evaluated in terms of the ratio between

the set mechanical entanglement and the amount consumed as

a resource. We use the logarithmic negativity as a measure
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taking the first four rows and columns), the logarithmic neg-

ativity is found as E=max[0,− ln 2(ν−)] with ν− the smallest
eigenvalue of the symplectic spectrum of VP

m = PVmP with

P=11⊕σz (σi is the i-Pauli matrix and i = x, y, z) [17].
As we aim at proposing a viable strategy for the settlement

of all-mechanical entanglement, it is important to test our pro-

tocol against current experimental capabilities. Therefore,

in our simulations we have used parameters taken directly

from a very recent experiment [6]. In particular, we have

taken identical mechanical modes with ωm/2π = 947 KHz,

m1,2 = 145 ng and γ1,2m /2π = 140 Hz and cavities hav-

ing length L1,2 = 25 mm, wavelength 1064 nm, decay rate

κ/2π = 215 KHz and pumped by laser fields of 11 mW

power [18]. The free variables in our simulations are the ex-

perimentally tunable detuning ∆1,2=∆, the squeezing param-

eter r and the initial temperature of the mechanical mirrors.

Fig. 2 (a) shows the logarithmic negativity for T = 2 mK and

reveals that the mechanical entanglement is maximum in cor-

respondence of the mechanical frequencyωm and non-zero in

a region of ∆ that is wide roughly twice κ. A non-trivial de-

pendence on r is also observed. As the squeezing increases,

the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at

r # 1 and quickly decreasing for larger values (E disappears
completely for r ! 1.6). This behavior reminds of the anal-

ogous features observed for the case of entanglement transfer

to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-

nations lies on the fact that, with increasing squeezing value

also the thermal noise entering each cavity is enhanced, given

that, for a two-mode squeezed state, the reduced state of each

input light mode is a thermal state having an average number
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the case of Gaussian discord. For a two-mode Gaussian state

having covariance matrix σ=
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, where α1 (α2) and γ
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and E for the two mechanical modes when studied against T
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ing parameter. At low temperatures, the maximum of D is
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their associated covariance matrix, the convenience of such

description is apparent.

Non-classical correlations.-We are now in a position to assess

the non-classical correlations settled between the twomechan-

ical modes. We do this using a twofold approach: first we

quantify the entanglement shared by mechanical modes 1 and

2, demonstrating the effectiveness of the process put forward

here. Second, we demonstrate that the parameter-domain

where purely mechanical non-classical correlations can be ob-

served extends far beyond the one where entanglement is non-

zero. Let us start studying the degree of entanglement be-

tween the mechanical modes. Clearly, while the achievement

of a non-zero degree of entanglement would show the plausi-

ble nature of our proposal as a way to distribute mechanical

entanglement across a network of opto-mechanical nodes, its

effectiveness will be evaluated in terms of the ratio between

the set mechanical entanglement and the amount consumed as

a resource. We use the logarithmic negativity as a measure

of entanglement in the state of our system. Given the covari-

ance matrix Vm of the mechanical system (obtained fromV by

taking the first four rows and columns), the logarithmic neg-

ativity is found as E=max[0,− ln 2(ν−)] with ν− the smallest
eigenvalue of the symplectic spectrum of VP

m = PVmP with

P=11⊕σz (σi is the i-Pauli matrix and i = x, y, z) [17].
As we aim at proposing a viable strategy for the settlement

of all-mechanical entanglement, it is important to test our pro-

tocol against current experimental capabilities. Therefore,

in our simulations we have used parameters taken directly

from a very recent experiment [6]. In particular, we have

taken identical mechanical modes with ωm/2π = 947 KHz,

m1,2 = 145 ng and γ1,2m /2π = 140 Hz and cavities hav-

ing length L1,2 = 25 mm, wavelength 1064 nm, decay rate

κ/2π = 215 KHz and pumped by laser fields of 11 mW

power [18]. The free variables in our simulations are the ex-

perimentally tunable detuning ∆1,2=∆, the squeezing param-

eter r and the initial temperature of the mechanical mirrors.

Fig. 2 (a) shows the logarithmic negativity for T = 2 mK and

reveals that the mechanical entanglement is maximum in cor-

respondence of the mechanical frequencyωm and non-zero in

a region of ∆ that is wide roughly twice κ. A non-trivial de-

pendence on r is also observed. As the squeezing increases,

the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at

r # 1 and quickly decreasing for larger values (E disappears
completely for r ! 1.6). This behavior reminds of the anal-

ogous features observed for the case of entanglement transfer

to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-
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ing parameter. At low temperatures, the maximum of D is

attained for r # 1, while for T!10 mK (when entanglement
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FIG. 2: (Color online) (a) Logaritmic negativity against effective detuning and squeezing, the maximum is in proximity of the mechanical

frequency ωm. (b) Entanglement (blue surface) and discord red surface as function of squeezing and temperature, non-classicality of mirrors
is demonstrated up to T = 0.1 K. (c) Entanglement input-output relation showing the mapping of mechanical entanglement onto optical
entanglement of the auxiliary modes.

their associated covariance matrix, the convenience of such

description is apparent.

Non-classical correlations.-We are now in a position to assess

the non-classical correlations settled between the twomechan-

ical modes. We do this using a twofold approach: first we

quantify the entanglement shared by mechanical modes 1 and

2, demonstrating the effectiveness of the process put forward

here. Second, we demonstrate that the parameter-domain

where purely mechanical non-classical correlations can be ob-

served extends far beyond the one where entanglement is non-

zero. Let us start studying the degree of entanglement be-

tween the mechanical modes. Clearly, while the achievement

of a non-zero degree of entanglement would show the plausi-

ble nature of our proposal as a way to distribute mechanical

entanglement across a network of opto-mechanical nodes, its

effectiveness will be evaluated in terms of the ratio between

the set mechanical entanglement and the amount consumed as

a resource. We use the logarithmic negativity as a measure

of entanglement in the state of our system. Given the covari-

ance matrix Vm of the mechanical system (obtained fromV by

taking the first four rows and columns), the logarithmic neg-

ativity is found as E=max[0,− ln 2(ν−)] with ν− the smallest
eigenvalue of the symplectic spectrum of VP

m = PVmP with

P=11⊕σz (σi is the i-Pauli matrix and i = x, y, z) [17].
As we aim at proposing a viable strategy for the settlement

of all-mechanical entanglement, it is important to test our pro-

tocol against current experimental capabilities. Therefore,

in our simulations we have used parameters taken directly

from a very recent experiment [6]. In particular, we have

taken identical mechanical modes with ωm/2π = 947 KHz,

m1,2 = 145 ng and γ1,2m /2π = 140 Hz and cavities hav-

ing length L1,2 = 25 mm, wavelength 1064 nm, decay rate

κ/2π = 215 KHz and pumped by laser fields of 11 mW

power [18]. The free variables in our simulations are the ex-

perimentally tunable detuning ∆1,2=∆, the squeezing param-

eter r and the initial temperature of the mechanical mirrors.

Fig. 2 (a) shows the logarithmic negativity for T = 2 mK and

reveals that the mechanical entanglement is maximum in cor-

respondence of the mechanical frequencyωm and non-zero in

a region of ∆ that is wide roughly twice κ. A non-trivial de-

pendence on r is also observed. As the squeezing increases,

the region of values of ∆ where E ! 0 narrows. At the same

time, E first slowly increases with r, reaching a maximum at

r # 1 and quickly decreasing for larger values (E disappears
completely for r ! 1.6). This behavior reminds of the anal-

ogous features observed for the case of entanglement transfer

to two remote qubits [15]. However, while in that case it was

the mismatch in the Hilbert-space dimensions, here the expla-

nations lies on the fact that, with increasing squeezing value

also the thermal noise entering each cavity is enhanced, given

that, for a two-mode squeezed state, the reduced state of each

input light mode is a thermal state having an average number

of photons proportional to the squeezing parameter.

We now investigate the behaviour of mechanical non-

classical correlations beyond entanglement assessed by Gaus-

sian quantum discord [19]. Quantum discord is defined from

the discrepancy that two classically equivalent expressions of

mutual information attain when extended to the quantum do-

main [20]. It is connected to the information on a system that

cannot be retrieved by performing measurements only on a

part of it. The evaluation of quantum discord relies on an

optimization procedure over the set of all measurements on

a given subsystem; single-mode Gaussian measurements in

the case of Gaussian discord. For a two-mode Gaussian state

having covariance matrix σ=

[

α1 γ
γT α2

]

, where α1 (α2) and γ

are 2 × 2 matrices accounting for the local variances of mode
1 (2) and the inter-mode correlations, the Gaussian quantum

discord is D = f (
√
A2) − f (µ−) − f (µ+) + infσ0

f (
√
detε).

Here, f (x) = ( x+1
2
) log[ x+1

2
] − ( x−1

2
) log[ x−1

2
], A2 = detα2, µ±

are the symplectic eigenvalues ofσ, ε = α1−γ(α2+σ0)
−1γT

is the Schur complement of α1, and σ0 is a single-mode ro-

tated squeezed state. Fig. 2 (b) compares the behavior of D
and E for the two mechanical modes when studied against T

and r for ∆ = ωm. The two indicators of non-classicality re-

veal rather different trends when analyzed against the squeez-

ing parameter. At low temperatures, the maximum of D is

attained for r # 1, while for T!10 mK (when entanglement
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Dear Mr. Referee...

Supporting material on
“Engineering non-classicality in a mechanical system through photon subtraction”

Mauro Paternostro
School of Mathematics and Physics, Queen’s University, Belfast BT7 1NN, United Kingdom

EXPLICIT ELEMENTS OF THE OPTO-MECHANICAL
COVARIANCE MATRIX AND ANALYSIS OF

ENTANGLEMENT

Here we provide the explicit form of the elements of the co-
variance matrix σ for the opto-mechanical system at the basis
of the proposal put forward in the main Letter. We remind that
σ has the structure

σ =

(
m c
cT f

)
(1)

with m=Diag[m11,m22] a diagonal matrix encompassing the

local properties of the mechanical mode and j =
(

j11 j12
j21 j22

)

embodying either the field’s properties [for j= f ] or the corre-
lations between the two subsystems [when j=c]. Matrix σ re-
sults from the steady-state solution of the Langevin-like equa-
tions regulating the open-system dynamics undergone by the
mechanical and optical modes. The latter can be compactly
written as a Lyapunov equation [1, 2]

Kσ + σK t = −D (2)

where we have introduced the matrix
D=diag[0, γm(2n+1), κ, κ], which accounts for the noise
affecting the system, and the dynamical kernel matrix

K =




0 ωm 0 0
−ωm −γm G 0

0 0 −κ ∆
G 0 −∆ −κ



. (3)

In these expressions G = χ
√
!/(2µωm) is the effective opto-

mechanical coupling rate, κ = πc/(2LF) is the cavity decay
rate that depends on the finesse F and cavity length L, ωm
is the mechanical mode frequency and γm is the mechanical
damping rate. Finally, n = (e

!ωm
kBT − 1)−1 is the mean thermal

phonon number of the mechanical state prepared at tempera-
ture T (kB is the Boltzmann constant).

Solving Eq. (2) is straightforward, although the form of the
elements of σ is quite cumbersome. The explicit calculation
leads us to

m11=
−κG4(γm+2κ)ω2

m∆+2G2ωmκ∆2
[
κγ2

m+2γmκ2+2κ3+ω2
m(γm + κ)

]
+G2ωm

[
2κ3(γm+κ)

(
κγm+κ2+ω2

m

)
−γmκNωm∆

(
3γmκ+4κ2+2ω2

m

)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
γmG2Nω2

m∆
3(γm+4κ) + 2κ2G2∆4ωm + 2ωmγmκN

(
κ2 + ∆2

) [
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+ ∆4
]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm + 2κ)2 + 2γmκ∆2 (γm2 + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

m22=
G2
[
2κ2
(
κγm + κ2 + ω2

m

)
+ γmNωm∆(γm + 2κ)+2κ∆2(γm + κ)

]
+ 2γmκN

[
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+∆4
]

2G2ωm∆(γm + 2κ)2 + 4γmκ∆2 (γ2
m + 2γmκ + 2κ2−2ω2

m
)
+ 4γmκ

(
κγm + κ2 + ω2

m
)2
+ 4γmκ∆4

,

f11=
2γmκωm∆

4
(
G2N + γ2

m + 2γmκ + 3κ2 − 2ω2
m

)
+κG2∆3

(
5ω2

mγm + 4ω2
mκ − 2γ3

m − 4γ2
mκ − 4γmκ2

)

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
G2κ∆

[
κω2

m

(
−2γ2

m + γmκ + 4κ2
)
− 2γmκ2(γm + κ)2 − γmω4

m

]
− 2G2γmκ∆5 + 2γmκ3ωm

(
κγm + κ2 + ω2

m

)2
+2γmκωm∆

6

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
ωm∆

2
{
−κG4(γm + 2κ) +G2γmN

[
2κ(γm + κ)2 + γmω2

m

]
+ 2γmκ

[
2γ2

mκ
2 + 2γmκ

(
2κ2 + ω2

m

)
+ 3κ4 + ω4

m

]}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

(4)
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2

f22=
G4ωm

[
−γmNωm∆(γm + 2κ) + 2κ2(γm + κ)2 + γmκωm

2 − κ∆2(3γm + 4κ)
]
+G2κ∆3

[
7γmω2

m + 4κω2
m − 2γm

(
γm

2 + 2γmκ + 2κ2
)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
G2
[
γmNωm∆

2
(
ω2

mγm + 2κω2
m + 2κ3

)
+ 2γmκ2Nωm(γm + κ)

(
κγm + κ2 + ω2

m

)]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
−κG2∆

[
2γmκ2(γm + κ)2 + κω2

m(2γm − κ)(3γm + 4κ) + 3γmω4
m

]
− 2γmκG2∆5

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
2γmκωm

(
κ2 + ∆2

) [
∆2
(
γ2

m + 2γmκ + 2κ2 − 2ω2
m

)
+
(
κγm + κ2 + ω2

m

)2
+ ∆4
]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

f12=
G2κωm

(
∆
(
G2(γm + κ)(γm + 2κ) + γmN

(
2κ(γm + κ)2 + γmωm

2
))
+ 2γmκN∆3 + γmκωm

(
κ(γm + κ) + ωm

2
)
− γmωm∆

2(γm + 3κ)
)

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

c11=
Gωm

{
κ∆
[
2κ2(γm + κ)

(
G2 + γ2

mN + κγmN
)
− γmω2

m

(
G2 + 2κ2N

)]
+ 2γmκ3ωm

(
κγm + κ2 + ω2

m

)
+ 2γmκN∆5 − 2γmκωm∆

4
}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
Gωm

{
2κ∆3

(
G2(γm + κ) + γmN

[
γ2

m + 2γmκ + 2κ2 − ω2
m

)]
+ γmωm∆

2
[
γm
(
G2N + 2κ2

)
+ 2κ
(
G2N + ω2

m

)]}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

c12 =
G3κωm

{
−γmNωm∆(γm + 2κ) +

[
2κ2(γm + κ)2 + γmκω2

m

]
+ 2∆2(γm + κ)2

}

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

]

+
2γmGκωm

(
κ2 + ∆2

) [
N(γm + κ)

(
κγm + κ2 + ω2

m

)
− ωm∆(γm + 2κ) + κN∆2

]

2
(
ωmκ2 + ωm∆2−G2∆

) [
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] ,

c21 =
Gγmκ

[
−Nωm∆(γm + 2κ) + κ

(
κγm + κ2 + ωm

2
)
+ ∆2(γm + κ)

]

G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2
m + 2γmκ + 2κ2 − 2ω2

m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

,

c22 = −
G3κωm(γm + 2κ) + 2γmGκ

[
γmκNωm + κ2(Nωm + ∆) + (ω2

m − ∆2)(Nωm − ∆)
]

2
[
G2ωm∆(γm+2κ)2 + 2γmκ∆2 (γ2

m + 2γmκ + 2κ2 − 2ω2
m
)
+ 2γmκ

(
κγm + κ2 + ω2

m
)2
+ 2γmκ∆4

] .

(5)

In these expressions we have introduced N = 2n+1 for brevity.
While these expressions provide the steady-state elements

of the covariance matrix of the opto-mechanical system, it is
well informative to provide their full time-dependent version,
achieved upon considering the differential equation

dσ

dt
=Kσ + σK t +D (6)

with initial conditions having the mechanical mode as pre-
pared in a thermal state at temperature T and the electromag-
netic field in a coherent state. By solving the corresponding
set of equations, the behavior of the covariance matrix ele-
ments is gathered. A typical example of such quantities is dis-
played in Fig. 1 for a choice of the relevant set of parameters in
our problem. The stability of the dynamical equations is guar-
anteed throughout the whole evolution. The system reaches
its steady-state on a timescale roughly dictated by ωm.

With these tools at hand, it is straightforward to evaluate the

entanglement within the opto-mechanical device. This is con-
veniently done by means of the logarithmic negativity, which
is an entanglement monotone [3]. For a bipartite continuous-
variable Gaussian state having covariance matrix V, the log-
arithmic negativity is given by max[0,− ln 2(n−)] where n− is
the minimum symplectic eigenvalue of the matrix σP = PσP
with P = 1⊕σz (with σi the i-Pauli matrix and i = x, y, z). The
symplectic spectrum of a cvariance matrix σ is given by the
eigenvalues of |⊕iσyσ|. The results of such calculations are
shown in Fig. 2 for the same situation shown in Fig. 2 of the
Letter. No entanglement is found for the value of the detuning
∆ considered in our example, thus proving the validity of the
state engineering scheme also in the absence of entanglement.
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