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TODA EQUATIONS AND PIECEWISE POLYNOMIALITY FOR
MIXED DOUBLE HURWITZ NUMBERS

I. P. GOULDEN, MATHIEU GUAY-PAQUET, AND JONATHAN NOVAK

ABSTRACT. This article introduces mized double Hurwitz numbers, which in-
terpolate combinatorially between the classical double Hurwitz numbers stud-
ied by Okounkov and the monotone double Hurwitz numbers introduced re-
cently by Goulden, Guay-Paquet and Novak. Generalizing a result of Ok-
ounkov, we prove that a certain generating series for the mixed double Hur-
witz numbers solves the 2-Toda hierarchy of partial differential equations. We
also prove that the mixed double Hurwitz numbers are piecewise polynomial,
thereby generalizing a result of Goulden, Jackson and Vakil.

1. INTRODUCTION

Consider the right Cayley graph of the symmetric group S(d), as generated by
the full conjugacy class of transpositions. This is a ($)-regular graded graph with
levels Lo, L1, ..., Lq—1, where Ly is the set of permutations with d — k cycles. Each
level Ly, decomposes as the disjoint union of those conjugacy classes in S(d) labelled
by Young diagrams with d — k rows.

Let us introduce an edge labelling of the Cayley graph by marking each edge
corresponding to the transposition 7 = (s t) with ¢, the larger of the two elements
interchanged by 7. This edge labelling was used by Stanley [20] and Biane [I] to
study various connections between permutations, parking functions, and noncross-
ing partitionsﬂ.

Given integers k,l > 0 and partitions «, 8 - d, let W*!(a, 3) denote the number
of (k + 1)-step walks

o=p (81 ty)... (Sk tr) (Sk41 fk+1) . (Sk—i-l tk-‘,—l)
k l

on the Cayley graph beginning in the conjugacy class C, and ending in the conju-
gacy class Cjg which satisfy

t < <y

In words, this monotonicity condition states that the labels of the edges traversed
in the first k steps of the walk form a weakly increasing sequence.

While elementary to define, the numbers W*!(a, 8) are related to some rather
sophisticated mathematics. Let z,t,u,a1,a9,...,b1,b2,... be commuting indeter-
minates, and form the generating function

1Stan10y and Biane use s as the edge label instead of ¢, but this is a minor difference.
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Wiz t,u, A, B) =1+ = > tkﬁ > Whl(a, B)pa(A)ps(B),
d=1"" kl=0 a,BHd
where p,(A) and pg(B) denote the power-sum symmetric functions in the variables
A={aj,aa,...} and B = {b1,bo, ...}, respectively. The series

H(z,t,u, A, B) =log W(z,t,u, A, B)
is a well-defined element of Q[[z,¢,u, A, B]]. Set
u

!
T Da(A)ps(B) | H(z, t,u, A, B),

where [X]Y denotes the coefficient of the term X in a series Y.

The numbers H%!(a, ) were first studied by Okounkov [I3], who called them
the double Hurwitz numbers. By a classical construction due to Hurwitz — the
monodromy construction — H%!(«, 8) is a weighted count of degree d branched
covers of the Riemann sphere by a compact, connected Riemann surface such that
the covering map has profile a over 0, 8 over oo, and simple ramification over each
of the [th roots of unity. The Riemann-Hurwitz formula determines the genus of
the covering surface in terms of the ramification data of the covering map:

I+2—4(a) —2(B)
9= B .

Verifying and extending a conjecture of Pandharipande [I§] in Gromov-Witten
theory, Okounkov proved that the generating function H(z, 0, u, A, B) is a solution
of the 2-Toda hierarchy of Ueno and Takasaki. The 2-Toda hierarchy is a countable
collection of partial differential equations, each of which yields a recurrence relation
satisfied by the double Hurwitz numbers. A construction of the Toda hierarchy
may be found in [I5] §4]. Kazarian and Lando [12] subsequently showed that, when
combined with the ELSV formula [4], Okounkov’s result yields a streamlined proof
of the Kontsevich-Witten theorem relating intersection theory in moduli spaces of
curves to integrable hierarchies.

Goulden, Jackson and Vakil [I0] gave an alternative interpretation of the double
Hurwitz number H%!(«, 8) as counting lattice points in a certain integral polytope.
As a consequence of this interpretation and Ehrhart’s theorem, it was shown in [10]
that, after a simple rescaling, H%!(a, 3) is a piecewise polynomial function of the
parts of @ and 3, when £(«) and £(3) are held fixed. Detailed structural properties
of this piecewise polynomial behaviour were postulated in [10], and subsequently
shown to hold by Johnson [II] using the combinatorics of the infinite wedge rep-
resentation of gl(co). Shadrin, Spitz and Zvonkine [19] have recently generalized
double Hurwitz numbers to the setting of the completed cycle theory introduced by
Okounkov and Pandharipande [I4]. It is shown in [19] that piecewise polynomiality
of double Hurwitz numbers with completed cycle insertions follows from a suitable
modification of Johnson’s arguments.

The monotone double Hurwitz numbers H*°(a, ) were introduced by the present
authors in [6], where it was shown that they are the combinatorial objects under-
lying the asymptotic expansion of the Harish-Chandra-Itzykson-Zuber integral, an
important special function in random matrix theory. Structural properties of the
monotone single Hurwitz numbers H*?(a) = H*%(a, 1) were studied in detail in

Hk’l(a, B) = 20k
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[7, 8], where it was shown that they enjoy a high degree of structural similarity
with the classical single Hurwitz numbers H%!(a) = H%! (o, 19).

In this article, we extend the theorems of Okounkov and Goulden-Jackson-Vakil
to the more general setting of the mized double Hurwitz numbers H’“l(a, B), which
interpolate between the classical double Hurwitz numbers (k = 0) and the monotone
double Hurwitz numbers (I = 0).

Theorem 1. The generating function H is a solution of the 2-Toda hierarchy.

Theorem 2. The mixzed double Hurwitz numbers are piecewise polynomial.

2. TODA EQUATIONS

Let us group the transposition generators of S(d) into a matrix,

12) (13) ... (1d)
(23) (2 d)
T= :
(d—14d)
Denote by
J2=(12)
Js=(13)+(23)

Ji=1d)+2d)+---+(d—-14d),

the column sums of this matrix, viewed as elements of the group algebra QS(d).
These elements commute. Set J; := 0, and introduce the multiset

Za={{/,...,J4,0,0,... }}.

Let A denote the Q-algebra of symmetric functions. We will consider the evalu-
ation of the complete symmetric function h, € A indexed by the (k,!)-hook Young
diagram p = (k,1') on the alphabet =;. From the definition of the complete sym-
metric functions, we have

heay(Ea) = hi(Ea)hi(Za)!

= ( > Jtl...th)(thy

2<t <<ty <d

(LE(Zen)(Sen)(Z 5o

2<t1 <Lty <d N s1<ty s <tk 2<t<d s<t
d
= Z (81 tl) SN (Sk tk)(SkJrl tk+1) SN (SkJrl tk+l)'
t1,.tpp1=2
t1<---<tp
8i<ti

Thus
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WH (@, B) = [Caa)Cahr1t) (Ea)Cs,
where we have identified each conjugacy class in S(d) with the formal sum of
its elements in QS(d). In other words, W*!(a, 3) is the normalized character
of Coh,11y(Za)Cp in the regular representation of QS(d).

The columns sums of T" are known as the Jucys-Murphy elements of QS(d). It
was observed by Jucys and Murphy (see [3] for a proof) that e,(Z4), the rth ele-
mentary symmetric function evaluated on the alphabet of Jucys-Murphy elements,
is precisely the sum of the permutations on level L, of the Cayley graph:

e(Ea)= >, Cu

pHd
L(p)y=d—r

In particular, e, (Z4) belongs to the center Z(d) of QS(d). Since A = Qley, ea,...],
the substitution f +— f(E4) defines a specialization A — Z(d). In fact, since the
levels of the Cayley graph generate Z(d), this specialization is surjective [5].

Since Cohy,11y(Ea)Cp belongs to the centre of QS(d), we can calculate its char-
acter in the regular representation using the Fourier transform. Let (V*, p*), A I d,
be pairwise non-isomorphic irreducible representations of QS(d), so that the map

o (pMo): A Fd)

defines an algebra isomorphism

QS(d) » @ End V.
A-d
The normalized character of Coh, 11)(E24)Cp in the regular representation of QS(d)
is thus

_ _ dim V*
[C10)Cali11)(Ea)Cs = Y Tr PA(Oah(k,u)(:d)Cﬁ)T
AHd
_ dim V*
=> Tr PN (Ca)p* (heaty (Ba))p™(Co)——
A-d ’
_ dim V*)?
= ST (G ey B (€5) T
A-d ’

where, for any C' € Z(d), we denote by w*(C) the unique eigenvalue of the scalar
operator p*(C) € End V*, ie. p*(C) = w*(C)Iyx. The eigenvalue w*(C) is known
as the central character of C in the representation (V*, p*).

The central character of any conjugacy class C,, is given, in terms of the usual
character

A =Tr (o), o€
by the formula
A
A _ Xu
wH(Cy) = |CH|dimV>"

The central character of any symmetric function f evaluated on =4 is simply
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w(f(Eq)) = f(Conty),

the evaluation of f on the multiset of contents of the Young diagram A. This
remarkable result is due to Jucys and Murphy, see [3] for a proof.
Recalling that the Schur functions have the expansion

|
SA—Z XpPu

pHd
where A | d, the generating function W may be rewritten as follows:

(Z t u, A B —1+Z d Z tku Z Wk)l(avﬁ)pa(A)p,@(B)

d=1 k,l=0 " a,B,\Hd

ST S S (S Caldan Com )i ) (Aa(B)

d=1 'kl 0 aB)\Fd A-d
130 S Y b (Cont) (Z W )(Z'
d=1 k,l=0 ARd akd Brd

oo o0 l
u
=1+ E 24 E tkl_' E h(kylz)(ContA)s,\(A)s,\(B)

d=1 k=0 " ARd

Csl s
dl Xﬁpﬁ

=1+ i 21 " sa(A)sa(B) ( i fkhk(CODtA)) (g ?—;hl(Con‘c,\)l>

d=1 AFd

=) Y(N)sa(A)sx(B).

AEY

k=0

Here Y is the set of all Young diagrams (including the empty diagram) and

zec(@u
OeX

where for any Young diagram A and cell O in A, ¢(O) denotes the content of this
cell, i.e. its column index less its row index. By convention, an empty product
equals 1.

In order to complete the proof of Theorem [Il we appeal to the following result
of Orlov and Scherbin [17], and Carrell [2].

Theorem 3. Let {y; : k € Z} be a set of variables indexed by the integers, and set

N = 1T ve

Oex
for each A € Y. The series

oz (X Y (ss ()52 (5)

A€Y
is a solution of the 2-Toda lattice hierarchy in the variables pi1(A),p2(A),... and

pl(B)aPQ(B),.. ..

)
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Solutions of the Toda equations of the form described in Theorem [3] are known
as diagonal content-product solutions. Our computations above show that the gen-
erating function

H(z,t,u, A, B) = logW(z, t,u, A, B)

of the mixed double Hurwitz numbers is a diagonal content-product solution, with

Zeku

11—kt
In particular, Okounkov’s generating function H(z, 0, u, A, B) for the classical dou-
ble Hurwitz numbers is the diagonal content product solution with

Yk = Yk(z, t,u) =

_ ku
Y = z€ -,
while the generating function H(z, ¢, 0, A, B) for the monotone double Hurwitz num-
bers is the diagonal content product solution with

- z
T 1—kt

Yk

3. PIECEWISE POLYNOMIALITY

To prove Theorem 2], let us begin by formulating precisely the relationship be-
tween the numbers W’“l(a, B) and H’“l(a, B). To this end, consider the generating
functions W and H as elements of Q[[t,u, A, B]][[z]] by writing

X _d > _d
W) =1+ %Wd(t, wAB), H(z) =Y %Hd(t,u, A, B),
d=1 " d=1

where, for each d > 1,

Walt,u, 4,B) = 3 00 30 W (o, Bpa(A)pa(B)

k,l1=0 ©a,BHd
o0 l
U
Hy(t,u, A, B) =di Y %50 > H (0, B)pa(A)ps(B).
k,1=0 a,BHd

Then, by the exponential formula, we have

d r
Wat,u, A, B) =Y " Y []IP|Hp,(tu A B)

r=1 PjU--UP, j=1
for each d > 1, as an identity in Q[[t,u, A, B]]. In this identity, the inner sum is
over partitions P, U--- U P, of {1,...,d} into r disjoint nonempty sets. Equating
the coefficient of t’“l‘—!l on either side of this identity, we obtain

d T
> WH . Bpa(Mps(B) =" Y [T Y. HY( )y (A)pa (B),

a,Bd r=1 PU---UP,. j=1 ¢Imitk| Py

for each d > 1 and k,l > 0, as an identity in Q[[A, B]]. Note that the sum on
the right hand side depends only on the overall block structure of the set partition
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P U---U Py, and not on the internal structure of the individual blocks. We can
thus replace the right hand side by a sum over integer partitions,

£(0)
S W B (Aps(B) =S e S Y (nHw,nn)pw...wm<A>pnlu...unw<3>,
a,BHd OFd (41,---7C“9)) (771»---777[(9)) 7j=1
¢k, 77F6;

where the coefficient ¢y is given by

£(0)
co=110) T 0!
=1

and f denotes the surjection

PU---UP. < max |Pj|,..., min |Pj|)
1<j<r 1<j<r

from set partitions of {1,...,d} onto integer partitions of d. The internal sums
run over sequences of partitions whose jth element is a partition of the jth part of
6, and if (u',...,u*) is any sequence of partitions then p' U--- U p¥ denotes the
partition obtained by arranging the parts of u!, ..., u* in weakly decreasing order.

Extracting the coefficient of po(A)pg(B) on each side of the above identity in
Q[[4, B]], we obtain the numerical identity

£(0)
Wk’l(a,ﬁ) — ZCG Z Z H Hk’l(C]ﬂ?J)-
oFd (€ Oy (gt ") T
o, ko,
CIU"'UCE(B):Q ’OIU'”U’OZ(B):ﬂ

The sum on the right hand side receives non-zero contributions from Young dia-
grams 6 whose rows can be obtained by gluing together rows of «, and by gluing
together rows of 5. This is possible if and only if, for each row 6 of 6, there exist

subsets I, Jr C {1,...,d} such that

(3.1) Y ai= ) Bj =0

i€}, JE€Jk

In the case of the one-row Young diagram 6 = (d), the required sets are simply
L =J1={1,...,d}, so we have

Whl(a,B) = dlH" (a, ) + . ..,
where the ellipsis stands for contributions from Young diagrams 6 that have at least
two rows. These contributions are zero unless the constraint B.1] is met for each
row of #. We thus conclude that W*!(a, 3) and H*!(«, 8) typically agree, up to a
factor of d!.
We can give a geometric interpretation of the above as follows. Fix two positive
integers m and n and consider the convex region

m n
mm,n:{(xla"'axmuylw"ayn)::EI2"'2xm>07 ylZZyn>Oaz$z:Zyg}
=1 j=1
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in Euclidean space R™*". Pairs of partitions (c, 3) such that

lal =B8], la)=m, {B)=n

may be identified with lattice points in R,, , via

(a7ﬂ) = (ala"'aaﬂhﬂla"'vﬂn)-

Given proper nonempty subsets I C {1,...,m} and J C {1,...,n}, define a hy-
perplane 2077 in R™*" by

Wiy ={(z1,- s T, Y1, -+ Yn) GRer"iZﬂ?i:Zyj}-

i€l jed
The hyperplanes 207, as I ranges over proper nonempty subsets of {1,...,m}
and J ranges over proper nonempty subsets of {1,...,n}, constitute the resonance

arrangement of [1I]. A chamber ¢ of the resonance arrangement is a connected
component of the complement of a hyperplane 20;; in R, ,,. On any chamber ¢ of
the resonance arrangement, we have that

Wl (a, B) = d'H" (o, B)
for all lattice points («, 3) € c.

Theorem 2] claims that for each chamber ¢ there exists a polynomial pf’l inm+n
variables such that

Hkl(a ﬂ) (Oﬂ,--wam;ﬂlv"'aﬂn)

for all lattice points («, ) € c. From the above discussion and Section 2] we know
that H"!(a, ) is given by the character formula

C
62 B8 = SO S ah gy Cont)d, d=lal =18

AFd

on any chamber of the resonance arrangement. In order to deduce Theorem [2] from
this character formula, we appeal to a recent result of Shadrin, Spitz and Zvonkine
[19] which asserts the piecewise polynomiality of a general class of sums of the above
form.

Let CY denote the algebra of all functions ) — C. Following Olshanski [16],
Proposition 2.4], we define the algebra A of regular functions on Young diagrams
to be the subalgebra of CY generated by the functions

A= f(Conty), f €A,
together with the function A — |A|. Consider the transform

S:CY — VY
from functions on Young diagrams to functions on pairs of Young diagrams defined
by

' (a, B) = - |Oﬁ|z CEO

AFd
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where d = |a] = |f]. This definition assumes that «, have the same size; if

e

| > |B] or vice versa, complete the smaller diagram by adding unicellular rows.

The result of Shadrin, Spitz and Zvonkine that we need may be stated as follows:

if

f € A is a regular function, then S/ is piecewise polynomial with respect to the

resonance arrangement .

Theorem 4. Given a reqular function f € A, positive integers m and n, and a
chamber ¢ of the resonance arrangement in Ry, , there exists a polynomial p{ n

m

fo

+ n wvariables such that

Sf(a7ﬁ) :p{(alu"'uamaﬁlu"'uﬁn)
r all lattice points (a, B) € c.

From the character formula B2 we see that Theorem [ follows by applying

Theorem [] with f the regular function

N =

10.

11.
12.

13.
14.

15.

16.

17.

18.

19.

20.

A= h(kyll) (Conty).
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