SPECIAL K
Saturday November 3, 2012
10:00 am - 1:00 pm

: Let f(x) = 2* + 223. Find the equation of a line which is tangent to the curve y = f(x)
at two distinct points.

: Find the area of the region

R={(z,y) e R?*|(2® +y*)® < 42” and z(z* + y°) < 2\/§:cy}

: Let x,, be the number of 2 X n matrices with entries in {0, 1} which do not contain the

2 % 2 block (1 0). Find lim —2FL.
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: Let k > 3 be an integer. Let n = ™) 1ot § C Z,, with |S| = k. Show that S+ # Z,.
Note that |S| denotes the cardinality of S and S+ S = {z +y|z € S,y € S}.

: Let f: R — R. Suppose that lim f(z) = f(0) = 0 and lim J@22) = @) ) Show that

z—0 T
f is differentiable at 0 with f’(0) = 0.

: Let Z™ be the set of positive integers. Show that there exists a bijection f : ZT — Z7T
n

with the property that H f(k) is an n*® power for every n € Z+.
k=1
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: Find the volume of the region

R={(z,y,2) € R*| (2® + y* + 2*)® < 42® and z(z* + ) < z2” }.

: Find the number of 3 x n matrices with entries in {0, 1} which do not contain the 2 x 2
10
block ( 0 1 ) .

: Let k£ > 3 be an integer. Let n = @ Let S C Z,, with |S| = k. Show that S+ S # Z,.
Note that |S| denotes the cardinality of S and S+ S = {z + y’:zc €S, yesS}.

: Let f : R? — R. Suppose that f is continuous and that / fla+ tu)dt = 0 for every

point a € R? and every vector u € R? with |u| = 1. Show that f is constant.

: Let Z™" be the set of positive integers. Show that there exists a bijection f : ZT — ZT
n

with the property that H f(k) is an n*® power for every n € Z+.
k=1

: Let A be an n x n matrix. Let u be an eigenvector of A for the eigenvalue 1. Suppose that
all of the entries of A and all of the entries of u are positive. Show that the eigenspace for
the eigenvalue 1 is 1-dimensional.



