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1. INTRODUCTION

Many problems which arise in a variety of disciplines may be expressed in
terms of the enumeration of sequences, over a finite alphabet, which possess
certain prescribed characteristics. Typical problems include the enumeration
of non-self-intersecting paths on a rectangular lattice (a problem from crystal
physics, Seymour and Welsh [16]), and the enumeration of sequences with
no substrings in a prescribed set (Guibas and Odlyzko [10]). The variety of
such problems is attributable to the observation that sequences often may be
used as a device for encoding combinatorial structures. For this reason, a
considerable amount of attention has been focused on the development of
general methods for sequence enumeration. A number of approaches to an
algebraic theory of sequence enumeration have been adopted by Cartier and
Foata [3], Cori and Richard [6], Doubilet et al. [7], Foata and Schiitzen-
berger [8], Gessel [9], Jackson and Goulden [12], Spears et al. [17],
Stanley [20], and several others.

Many of the problems which have been considered already belong to the
class in which the recognisable characteristics are those which are
expressible in terms of adjacent pairs of elements. Typically, this class has
been treated by a collection of special methods. However, the class may in
fact be treated more generally as follows. Let IT= (n,, 7,) be an arbitrary
bipartition of .#”2, where .#,, = {1,...,n}, and let 6 =0, --- 0, E 4" be called
a my-path if (0,,0,,,)€En, for i=1,.,I—1. Clearly, = -paths are
recognisable in terms of pairs of adjacent elements in a sequence. The
following is a general theorem for enumerating sequences with respect to
maximal x,-paths.

THEOREM 1.1. Let F(x)=1+fix+fox*+--- and G(x)=g,x+
g,x% + --- be generating functions in which f; and g,, for i > 1, are indeter-
minates marking nonterminal and terminal paths of length i, respectively. Let
¥= (o> Y1), Where y, is the generating function for m,-paths of length
k >0, where y,=1. Then

113
0001-8708/81/110113—-23$05.00/0

Copyright T 1981 by Academic Press, Inc.
All rights of reproduction in any form reserved.



114 JACKSON AND GOULDEN

(1) the number of sequences in #°; with i, occurrences of j, for
J = Lo, n, with m; maximal non-terminal ,-paths of length i for i > 1, and
with a terminal maximal m,-path of length k is [x'f™g](GF 'o¥y)
(F~'oy)™ !, wherei=(i,,...0i,) and m = (m,,...).

(2) Moreover, when Il =(<,>), the number of permutations on .7,
with j inversions, with m, maximal non-terminal increasing paths of length i
Jor i>1, and with a terminal maximal increasing path of length k is
£, g (x"/n! )] (1, x/11,, X*/2!,,...), where ®(y)=(GF 'oy)(F 'oy)™!
and k!, =TT-, (1 —¢').

The first part of this result was given by Jackson and Aleliunas [11], and
the second foliows from Gessel’s inversion homomorphism [9]. The
following is an example of the use of this theorem.

ExaMPLE 1.2, The number of permutations on .#, with k inversions and
no increasing paths of length p is

[ ]
‘q

Proof. Since the terminal maximal path is not distinguished we set
G(x)=F(x)— 1. Accordingly, from Theorem 1.1, we have 1+ ®=
(F~'oy)™', where @ is the required generating function. Since paths of
length greater than p — 1 do not occur then F(x) =1+ x+x*+ .. + x7~!
so Floy={(1—=x)(1—=x")""oy=320(¥,— ¥+ But for increasing
paths 7z, = <, and the result follows from Theorem 1.1.2.

—1

\02 xip xjp+l
((jp)!q b+ 1)!q>

Jj=0

The purpose of this paper is to consider generalisations in which
restrictions may be placed on elements which may or may not be adjacent.
An extreme example, but one which will not be considered further here, is
the enumeration of plane partitions with given shape. The configurations
which correspond to permutations in this case are Young’s tableaux. Both
plane partitions and Young’s tableaux have been considered elsewhere (see,
for example, Stanley [18,19]). They may be treated by the techniques
considered here. However, this is beyond the scope of the present paper.

Less extreme cases, however, may be treated. Although the problems may
appear to be artificial, they are of interest enumeratively because they
capture, in a concise way, the combinatorial characteristic which defeats the
classical methods of enumeration except in special cases. A particular
instance in the class we shall consider is the enumeration of the set of
permutations ¢ =g, :++ 0., such that

() Oupsr 204402 < 0320454 < Ogpys,

(1) Oupr1 < Oupys > 0upyss
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FiG. 1. The graphical representation of the pattern for permutations satisfying con-
dition (i).
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where 0 <k < K. We adopt the convention that the edge with label <
between o; and o; is represented by

while an edge with label > between o, and g; is represented by

0‘\'0’

with the understanding that the edges are directed from left to right. If o is
such that (0, 0,,,) € 7, for i = 1,.., K, where m; ---m, € II* then we say
that ¢ has pattern m, --- m, . Permutations which satisfy (i) alone have a
pattern which may be represented graphically. This is given in Fig. 1.

These permutations are contained in the set of alternating permutations
(André [1]) and we note that they may be enumerated by Theorem 1.1 with
G(x)=F(x)—1 and F(x)=1 + x2.

Permutations which satisfy conditions (i) and (ii) have a pattern which
may be represented graphically. This is done in Fig. 2.

We say that the pattern given in Fig. 2 is obtained by the operation of
triangling (denoted by V) the edges of the pattern given in Fig. 1. The
patterns obtained in the closure of IT* with respect to V are called T-graphs.
In this paper we consider the enumeration of sets of sequences whose
patterns belong to an arbitrary prescribed set of T-graphs. Clearly the
enumeration of plane partitions is excluded. This may be seen from Fig. 3,
giving the pattern for a plane partition of shape (4, 3% 2).

There is no pattern in I7* from which the pattern in Fig. 3 is derivable by
triangling, and consequently the pattern for plane partitions of shape
(4,3%2) is not a T-graph. Baxter sequences, treated by Chung, et al. [4] and
by Mallows [13], are similarly excluded.

0, 9, g, g, ag,
o, a, o, q,
FiG. 2. The graphical representation of the pattern for permutations satisfying conditions
(i) and (ii).

4K-1
o;
L)

g,
-
W’%,
0 CEK

4K-2
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FiG. 3. The pattern for a plane partition of shape (4, 3%, 2).

Section 2 contains the main enumerative theorems. A certain power series
in non-commutative indeterminates may be obtained as the solution to a
system of linear equations. This series may be transformed to obtain the
ordinary generating function for the enumeration of sequences whose
patterns belong to a prescribed set of T-graphs, or to obtain the Eulerian
generating function for the enumeration, with respect to inversions, of
permutations whose patterns belong to a prescribed set of T-graphs. The
system is given in Theorem 2.11. In Section 3 we demonstrate the use of the
material of Section 2 in detail, and apply it to a number of non-trivial
enumeration problems. Finally, in Section 4, we note that the generating
function for the enumeration of permutations whose patterns belong to a
prescribed set of T-graphs may be expressed as the solution to a system of
matrix Riccati equations.

The following notational apparatus is used throughout. If i = (i, ,..., {,) and
X = (X, ,..., X,,) then x' denotes x't ... xin. Moreover, if f(x) is a power series in
x then [x']f(x) denotes the coefficient of x' in f(x). If
gx)=g,+ g, x+ g,x++--, where x is an indeterminate, and if
Y= (Yo, V1) then goy= goy,+ g7, + -+, the umbral composition of g
and y. If A is an n X n matrix and k is a column vector with n components
then [A :k],, 1< p<n, denotes the matrix obtained from A by replacing
column p by k. The n X n identity matrix is denoted by e. A number of
matrices have rows and columns indexed from zero, instead of one. Attention
is not drawn further to this distinction since it is clear from the particular
context. J is the n X n matrix, each of whose elements is equal to one,
X =diag(x,,..., x,) and @ denotes the matrix XJ. Finally, [A]; denotes the
(i, j)-element of A, and ¢ denotes the empty sequence.

2. THE MAIN THEOREMS

If @ is a directed path with edge labels in 1T = (#,, n,) which, when listed
serially from origin to terminus are My s Ty, » then a is denoted by
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My, +* My,- If v is an isolated directed edge with origin u, terminus v and
edge label 7 € I1, then V denotes the operation of connecting u to v by a
directed path nin], where r, s > 1. We call the resulting graph the T-graph
obtained by triangling n with n;7;. The closure of a under V is denoted by
. This is the set of all T-graphs on a, and the latter is called the spine of
the T-graphs in this set. Let £ denote the set, (/T*)", of all T-graphs, where
IT* is the set of all directed paths with edge labels in I7.

If A€ &, then A has a unique directed Hamiltonian path, and suppose
now that the m vertices of 4 are labeled so that this path is v, ---v,,. Let
[} yens Iy € A, and suppose that i; is assigned to v;, for 1< j<m, in such a
way that if v v, is in the edge set of 4 and has label 7 then (i), i) € 7.
Then 0 =i, --- i, €47 is called a sequence with length |o|=m over ¥,
with pattern A. The length, |4}, of 4 is m.

For convenience in representing the elements of £ graphically, we
represent a directed edge with label #, by an edge drawn from bottom left to
top right, and a directed edge with label 7, by an edge drawn from top left to
bottom right, with the convention that the edges so drawn are directed from
left to right. Figure 4 gives a T-graph with spine n2n3, of length 19,
represented by this graphical convention.

The unique Hamiltonian path in this pattern is v, --- v, . If T=(<, >)
then the sequence 4 1129526 101918157 3 8 13 11 14 16 17 has the
pattern whose T-graph is given in Fig. 4. For example, (i,, ;)= (12, 19) € =,
since 12 < 19, and p,v, has label 7, according to the above convention.
Further use of this 7-graph is made in Section 3.

DeriniTION 2.1, (1) Let 6=0,-:-0,E.#"F. An inversion in ¢ is a
pair (i,/) with 1 i< j< m such that g; > 0,. The number of inversions in ¢
is denoted by I(0).

(2) Let acA,, f=4,—a and let 0 =0'0" € ¥, (the symmetric
group on n symbols) be such that ¢’ is a permutation on a and ¢” is a

FiG. 4. A T-graph with spine 7} 7.
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permutation on f. Then I(a, 8) denotes the number of inversions (i, j) in o
with i € a and j € 8, for any such a.

We note that I(a,f) is constant for all ¢ =0¢'¢" such that ¢' is a
permutation on « and ¢” is a permutation on §. Accordingly, I(a, f) is well-
defined.

The following proposition is well-known, but its proof is included since the
methods employed are used later in Proposition 2.7. The first part is
attributed to Rodrigues [15], while the second may be found in Gessel [9].

PROPOSITION 2.2. Let p,(n) be the number of permutations on ¥, with k
inversions. Then

M) Y g =1+ +g+g) - (L+g+--+g"""),

k>0

where q is an indeterminate.

\° @p _ (" "N ot (n— ) ) !
2) a;},q’ (m)q’ where (m)a nl (m! (n—m)! )

lal=m

(the q-binomial, or Gaussian, coefficient).

Proof. (1) Letf(q)=Z,c, ¢''”. We obtain a recurrence equation for
f4(q) as follows. Each element of 6, , may be constructed uniquely from an
element o of ¥, by inserting the number » + 1 into any one of the n + 1
gaps preceding or following elements in . We index these gaps sequentially
from right to left, beginning from zero. The insertion of the number
n+1 into gap i in any o€ .”, contributes an additional (disjoint)
set of 7/ inversions to the set of inversions of o. These contributions are
enumerated by 1+g+..-+¢" independently of o¢. Thus f,, ,(g)=
(I+qg+---+4")/f,(g) and f,(g) = 1. The result follows.

(2) Let act,, f=#,—a and oc=0'0"E€ ¥, where ¢’ is a
permutation on a and ¢” is a permutation on B. Then clearly I(g)=
I(0") + 1(c") + I(a, B), because the three sets of inversions are disjoint. Let
Z*(a) denote the set of permutations on a. Accordingly

\‘ ql(a') — N\ ql(a,B) v ql(a')+1(l7”)

P

o€ ¥, as. fy, g’'eFa)
lat=m o’ €.7(B)
I N IHa,B) \’ (o) +I(a™)
=N g > o 4

. =
as. f, fxe‘/,,,
= ’ e
lal=m "€ ym



ALGEBRAIC METHODS FOR PERMUTATIONS 119

since I(c") and I(¢") are invariant under monotonic functions of the elements
of a and B, respectively. Thus from (1) we have

(@®
nly=nm—m)lm, Y ¢

as. 4y,
lal=m

and the result follows. 1

We now consider the generating function for sequences with prescribed
patterns. Let W denote the graph consisting of a directed edge with label
m,Um,. If 4,BE & U {W} then AB denotes the configuration obtained by
identifying the right-most vertex of 4 with the left-most vertex of B. Let
€ = (€ U {W})*. If & < £ then {(4) denotes the set of all sequences in .#*
with pattern in &/ If 6 € #"; and 6 =0, --- 0, then p(g) denotes x, --- x
where x,,..., x, are non-commutative indeterminates.

o’

DEFINITION 2.3. Let A €£. The incidence matrix, 7 (4), of A is the
n X n matrix such that [7(4)];;= X 5ecay X5, *** X5,_,» Where [A]|=1.

We note that there is a [1 : 1] correspondence between incidence matrices
and the associated patterns, and accordingly we write 4 = ~'(a) when
a=J(A)

PROPOSITION 2.4. If A, BE € then 7 (AB) = (4) 7 (B).

Proof. If A,B€E € then ABEZ so AB has a unique directed
Hamiltonian path. The result then follows from Definition 2.3.

The following power series is central to the subsequent development and
may be specialised to yield the generating functions for the enumeration of
sequences and permutations whose patterns belong to a prescribed set of 7-
graphs.

DEeFINITION 2.5. (1) y,,.., ¥, are indeterminates and

7 =1 ma,| 7 '(a)EE, meQlyl}.
i»0

(2) Hu=3},,ma,E7 then Y)=73;50M; X se(r-1(ap P(O)

The following proposition gives an important property of ¥.

PROPOSITION 2.6. Let u, vEZ . Then ¥Y(uov)= ¥(u) ¥(v), where
o=7(W).

Proof. Clearly ¥(u)=truw. But tra,0a;w = (ir a,0)(tr a,0) and the
result follows. [
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Two further generating functions are needed. These are concerned with the
enumeration of sequences and the enumeration of permutations.

ProrosITION 2.7. If w€ 7" and w=3,,,ma, lee ¥ ()=
LizoM; Zaeu—l(a,)) x" and

xlv7—l(ai)l . q]( ,
vw= Y M Y g
: 5 1@, el T Uapy

where (A) =({A)MN A, the set of permutations with pattern A € €, and
7(0) = (i i), the type of o, where i, is the number of occurrences of j in o
Jor 1< j<n Let u,uy ,u, €77 and I = (<, >). Then the following holds
Jori=1,2:
(1) If Y(u,) + ¥(u,) = P(u;) then ¥i(u,) + ¥,(u,) = ¥(u,).
(2) If ¥(u,) Y(u,) = ¥(uy) then ¥,(u,) ¥;(u,) = ¥;(u;).
Proof. Letw;=3,,,m? a forj=1,2,3 andlet.” '(a)=4,fori>0.

(1) [i=2]. Now ¥(u,)+ ¥Y(u,)= ¥(u;) so retaining only the
contributions of permutations we have

2) _ (3)
S Y pe)+ Y m® Y po)y=3Y mP Y plo),
i>0 oelA)) i»0 oce{AN iz0 ocE(A)

whence

. . ql(a) ql(o)
Y om N + N mP ¥

iA;O ' aem,»)) 'Atl'q i»>0 06@,4)) 'Ai"q
(o)
=N m® 7
o —
i>0 oe(4) (Ail!q

and the result follows. The case i =1 is treated similarly.

(2) [i=2]. Now ¥(u,) Y(u,) = ¥(u,) so retaining the contribution of
permutations we have

nga) Z p(0)= Z mﬁ“m}z) Z p(o)

i»0 ge(d) i,j>0 c€{4;WA;)

by Propositions 2.6 and 2.4, whence

q!(fr)
Q v
¥y(uy) = z m® Z [4,!
i>0 age{dp) il*q
(o)
(1),,,(2) N qe

= N miy -
= i ; e T
I,?)O oce(A4,WA)) |AIWAj|‘q



ALGEBRAIC METHODS FOR PERMUTATIONS 121

We now construct each element of {4, WA,) by concatenating an element of

F(a) of shape 4, with an element of #(8) of shape 4,, for all choices of

@S A gway and f=A, 4, —a, where |a|=|4,| and, of course, || =|4;|.
Accordingly

ql(ﬂ’)+l(a")+1(a,ll)

ql(a) Z
p '
TEGA WA |Ai WAjl‘q a‘;/V]AIWAjl g'eP(a) {4 |Al WAIl!lI
lal=1d4; o"€PBIN4p

But there exists a bijective map o,: F(@)- S, :(amna;, )=

., . . 14
(ta(Ues 1,(J14,)),  Where  a= (@), a,,) with ¢ <--<a,, and
1,(a,) =k for k= 1,...,|4,|. Moreover, o, preserves the number of inversions
since IT = (<, >). Thus '

(o) (a,B) -
S a7 P g+
pa - 1
oel4;W4;) IAi WAjl!q “;-4-IA1WAJI |Ai WAJ"Q '€ 4, NK4p
lal =14l u"e&"MﬂF\(Aj)

so by Proposition 2.2.2 we have

ql(a) ql(a’) ql(a”)

oeimap [AIWAYy o &gy 1Ailly o0&y 14,1t

9
whence

N (D2 g’ q'”
V)= S mPm? 4 __ q__
)= T VAL, oty A,

and the result follows. The case i = 1 follows similarly. [

We now obtain the required generating function for sequences and
permutations as solutions to systems of linear equations. This is done by
representing the 7T-graphs equationally. It will be seen that certain T-graphs,
namely, the headed ones, may be treated indirectly and accordingly the
equational representation of the T-graphs is used to decompose the T-graphs
into headed T-graphs. Certain preliminary results are needed.

If A € 7", where m € IT then A4 is called elementary. In particular, if 4 is
the T-graph obtained by triangling n with 2} #5 and if B € 4" then B is called
an elementary T-graph with spine-type (r,s). We call (n;)" and (n))" the
sets of headed and non-headed T-graphs. If A €€ has the property that
|A|=1|B| for all 4, B € & then & is said to be homogeneous. Similarly if
u €7  is a linear combination of incidence matrices of headed T-graphs,
then u is called headed. Moreover, u is called homogeneous if it is a linear
combination of incidence matrices of T-graphs of the same length.
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PROPOSITION 2.8. Let A € (n,)" and let v(A) denote the element of (n,)"
obtained from A by replacing the label on the spine of A by mn,. Let A have
spine-type (r,s). Then there exist unique B,,.,B, € (n,)" and unique
C,y C, € (n,)" such that J(4A)+.7(W4))=7(B,) 7 (B,)7(C,) -
J(C,).

Proof. {AYN (y(A))=@ and (4)\U (m(4))= (D), where D € (m;n3)"
since A4 has spine-type (r, s). Clearly, D may be written uniquely in the form
B,---B,C, .- C,, where B,,..,B,E (n,)" and C,,..., C, € (n,)". Thus, from
Definition 2.3, we have J(4)+ 7 (v(4))=7(B,---B,C,--- C,) and the
result follows from Proposition 2.4. i

If 4 € (n,)" and B = v(4) then v~ '(B) denotes 4.

The following result gives the equational representation of the 7-graphs.

COROLLARY 2.9. Let A €& . Then
T(Ad)=w,,
a;+b=w Jor1<i<k,
a+b=o, wherea=.7(n,}and b = .7 (n,),

where
(i) a,=7((7"!(b;))) and b, are incidence matrices for headed and
non-headed elementary T-graphs, and are mutually distinct.
(ii) o, is a product of elements from {a, a,,...,a,,b,b,,...b,}.
(iii) For each i, 1 i<k, either a; or b; occurs in at least one w;,
where j # i, but not in w;.
(iv) The system of equations is unique, up to reordering of equations
and relabeling of matrices.
Proof. By repeated application of Proposition 2.8. 1

The system of equations in Corollary 2.9 is called the incidence system for
A.

LEmMA 2.10. Let HEE and let J(H)=h. Then h admits an
expansion of the form h=p—3"5_, Lwr; for some s >0 (empty sums are
zero), where

(1) p.l,,.... 1 are headed and homogeneous (for a left-expansion of h),

(2) p,ry,...r; are headed and homogeneous (for a right-expansion of
h).
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Proof. From Corollary 2.9, H has an incidence system. Suppose
Z(H)=my. This incidence system may be used to eliminate the incidence
matrix of the left-most (resp. right-most) non-headed elementary T-graph in
@,. This process of elimination may be applied successively to each term
generated in this fashion until the left-most (resp. right-most) expansion is
obtained. [

The following theorem gives the systems of linear equations for ¥, and ¥,
defined in Proposition 2.7.

THEOREM 2.11 (The linear system). Let H, C, DEE and let
h=JH),e=2(C),d=(D), ry=cand l,=0.
(1) Let h=p—73;_, Lor, be an expansion (left or right) of h. Then
Jor s=1,2 we have

¥, (e(e — k) 'd) = |[M® : k), | - |M®|,

where M@ is (1 + 1) X (£ + 1), kKO = (k.. ki), k¥ = ¥(r(e —p)~'d)
and

[M(S)]ijzéij Jfor 0<igt, j=0
=0+ Ve —p) ') for0O<i<es, 1<j<

(2) Moreover [x™]| ¥,(c(e —h)~'d) is the number of sequences in #"*
with type m and pattern in CH*D, and [¢*(x"/n!,)] ¥,(c(e —h)™'d) is the
number of permutations over #, with k inversions and pattern in CH*D.

Proof. (1) Now HEEZ so, from Lemma 2.10, h has an expansion
(left or right) of the form h=p-—3;_ Lor,. But r(e—p) 'd=
rfe—p)'(—he—h"'d so r(e—p)'d=re—h)'d+
Yi_otie —p) 'Lore—h)~'d for 0 i<t Thus, from Proposition 2.6 we
have

Pl —p) )= X (8,4 ¥lede —B) ")) Plefe b))

.,

Let E9= (&, &), where &= ¥ ((e—h)"'d). Thus from
Proposition 2.7 we have M®E® =k, But & = ¥,(c(e —h)~'d) and the
result follows by Cramer’s rule.

(2) Immediate. [

The power series in M) and k' involve only headed T-graphs or T-
graphs of bounded length which may or may not be headed. Both cases may
be treated and, accordingly, Theorem 2.11 may be regarded as a means for
transforming the generating function for a T-graph problem into an
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expression whose constituents are obtainable by other means. It will be
shown in Theorem 2.18 that another system of linear equations may be
obtained for headed T-graphs and for T-graphs of bounded length. The
system is constructed combinatorially by considering the largest element in a
permutation. The same device may be used to demonstrate that the
generating function for permutations, whose patterns belong to a prescribed
set of T-graphs, satisfies a matrix Riccati equation.

Attention is confined henceforth to the bipartition (<,>>) and to the
enumeration of permutations. We now consider the properties of y'”(m), a
combinatorial object, which is defined below. These properties are used to
derive the system of linear equations given in Theorem 2.18.

DerINITION 2,12, (1) If a=.7(4), where A €&, then y(m)=
Zaé((nf”“(a))) ql(o)
(2) If u=Y,,oma, 7 '(a)€EE for i>0 and m; € Q[y] then
W‘(.q)(m) =250 miV/;?)(m)'
(3) The edge-length, 1,(A), of A is |A|— 1. The vertex-length, I,(4), of
is |4|. Moreover, we write [(@)=1[/(4). If wE€}Y ,,,ma, €7 s
homogeneous then /,(u) = /,(a;).

The combinatorial interpretation of y'?(m) is given below. The notation
for edge-length and vertex-length is introduced to simplify certain
expressions.

PROPOSITIONS 2.13. Let & = {A4,;} be a homogeneous set of headed T-
graphs in which each T-graph has edge-length p. Let £ = {B,} be a set of T-
graphs. If u=35om7(4,) and v =73, ,m; 7 (B,), where m;, m; € Qly]
for i >0, then y'?(m) = y'?(m) y!?(m + p).

Proof. Now  y@(m)=Y, ,5ommiydi(m), where a,=.7(4,),
b; =7 (B;) for i >0. But each element of <? TA;B;) may be constructed

umquely from ((n'”“’B » by replacing the single string in {z7'*”) by an
element of (n7'4,)». Thus

@) — I(o) _ (o)
vigm= Y g ) x4
oeinTaBN a1l PB» ozE((’r, i»

However, I(g,)=1I(¢') + I(n}*?, B;), where o, is formed by identifying the
right-hand element of ¢’ with the left-hand element of ¢”, and where
o' € {n7**") and ¢” € ((B;). Accordingly I(g,) = I(c") + I(n['4;, B;). Thus
(o)) + I(0,) = I(c") + I(0,) + I(nA,, B;)=I(0), where o€ {n'4,B;).
Thus

am= T g N g =y 0m) ym+ p),

0‘|E«ﬂ"{'+pﬂj» a2€nTA )
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whence
v (m)= >

e
i,j>0

mym;y(m) y?(m + p) = y(m) v (m + p)

and this completes the proof. N

PROPOSITION 2.14. Let ¢, p, d €7 be homogeneous and let ¢, p be
headed. Then W,(c(e —p) 'd)=Y soc(x*A\,), where A,=1,(c)+
kip)+1.(d)+ 1 and -

a=¥"0) | 3 v ((e) + il.(p)) | P (U(e) + KL(p)).

Proof. From Proposition 2.7 we have
_ x
Py(e(e—p) 'd)= 3 wZy(0) T
k»0 k'q
and the result follows by repeated applications of Proposition 2.13. |

We now consider the evaluation of y@(m), where 7 ~'(a)=4 is an
elementary 7T-graph which may be headed of non-headed. For this purpose
we consider each maximum of A4 in turn and delete it and its incident edges.
As a result y!?(m) may be expressed as the solution of a system of linear
equations whose coefficient matrix contains y,”(0), where 7 ~'(b,) is a strict

subpattern of A. These objects may be evaluated directly.

DEFINITION 2.15. Let A € £. A maximum in A is a vertex in the spine
of A which is incident with a single edge in the spine and is
(i) the origin of an edge in the spine with label 7, or
(ii) the terminus of an edge in the spine with label x,;

or is incident with two edges in the spine and
(iii) both (i) and (ii) hold.

Clearly each element of £ has at least one maximum. Moreover, if a
maximum, u, is deleted from A together with its incident edges then A
decomposes into an ordered pair (4,(4),p,(4)). The set of maxima of 4 is
denoted by u(A4), and A(4) denotes A,(4), where w is the right-most
maximum of 4.

PROPOSITION 2.16. Let A€ € and 7 (A)=a. Then

1(0,(4))

m+1,(4)
(m +1,(2,(4))

(where 1(A) and 1 ,(A) are given in Definition 2.12.3)

vm)=

uecu(d)

) WS n ) ¥, 1n(0) g
q
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Proof. We construct each of the elements of (7’4 ) uniquely as follows.
Let |7{"4 | = p, and consider the position of p in o € {a7'4). This position is
any one of the maxima of 4. Let u € u(4) and suppose that p is assigned to
u. Let ac A, | and f=4, —a. Let 0,€ P(a)N (n74,(4)) and
0, € PB)N {p,(A4)) so o, is a permutation of the elements of a with pattern
ni4,(4) and o, is a permutation of the elements of § with pattern p,(4).
Thus o, po, € {4, and because the construction is [1: 1] we have

W= ¥ v ¥ S g
ueu(d) aS. .4, geP(ad(xllA 4)) o6 P(BINp,(A4))
But I(o, po,) =I(0,0,) + I,(p,(4)) since p is greater than every element in
o,. Thus I(o, po,) = I(o,) + I(0,) + I(e, B) + I,(p,(4)), whence
W.(,q)(m) — 2 ql,,(n.,(A) ! q(I(a,B)

L=
ueu(d) asS 1

X \ g by g'o?

Lt
T1E (2,0 AT A AN F26 % pyiay oyl 4))

- \ Iy(py(4) p—1 A\ q!(m) N ql(az)
= 2 9 |a| i -
ueu(d) 9 o e{nTA ) 0 €Lp (A

from Proposition 2.2.2
( m+1,(4)
uEﬁA) m+ lv(lu(A))

which completes the proof. 1

(@ (@) I(p (4
) V3 aan(m) V3 (ouan(0) g%
q

Since 1,(4) and p,(4) are in &, Proposition 2.16 may be applied to 1,(4)
for each u € u(4) to obtain a system of linear equations for y'”(m). The
following definition is needed.

DErFINITION 2.17. Let U;, V,€# for i=1,..,r and let K, (U, U,;
Vs V,) be the r X r matrix defined by

[Km]ij: 1 iij:Ui
m+1,(V) ) @ LouWm if th .
=— v 1(0) glttee@nif there exists 0 € uvy)
(m (V) Jg 7O such that A (U) =V,
=0 otherwise

and y'?(m) = 1.

The final result gives an explicit expression for y?(m). This expression, in
conjunction with Proposition 2.13, may be used to derive the matrix of the
linear system given in Theorem 2.11.
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THEOREM 2.18. Let A€ & and let A =a,, A(ag) =ay .., Ma,_) =0,
A(@,) = & where none of ag., a,_, is & Then wP(m) =
e |Km(ao,..., ap—l 3 €3 Ayyeney ap—l)l‘

Proof. Proposition 2.16 may be applied to a,,...,a,_; to give a set of p
equations for y,,(m) for i=1,., p—1. The coefficient matrix of this
system of linear equations is upper triangular with unit diagonal, after reor-
dering the equations if necessary. The result follows by Cramer’s rule.

3. AN APPLICATION

We now consider an application of the material of Section 2 to a specific
enumeration problem. Let H be the T-graph given in Fig. 4. We determine
the eulerian generating function for the number of permutations on .#,, with
pattern in H*. Figure 5 displays a set of T-graphs associated with H.

Consider the T-graphs given in Fig. 5. By Corollary 2.9 the incidence
system associated with H is

h=(H)=a,a,bb,,
a, +b, =ba,
82 + b2 = b84 a,

a;+ b, =bb,aaa,

a, +b,=b"’
a; + b, =b’a,
a, + b, = ba’,
at+b=o,

where a,= 7(4,), b,=7(v"'(4))) for i = 1,..., 6, a =7 (n,) and b =7 (r,).
We now apply Theorem 2.11, for which the right expansion of h is
required. Then eliminating the right-most occurrence of a b; in h we have

h=a, a,b’b,aa,a —a,a,ba,.

By continuing this process we obtain h=p—Y;_, L,or;, where t=4 and
p=a,a,a{a(a’—a,)aaga+a;}, [,=aa,, [,=aab [,=aa,b’
l,=aa,b’>, r,=a,+a@’®—a;)aaa, r,=(a,—a’)aasa, r,;=a’a;a,
r, = — a’a,a. Moreover, by inspection, we have [(p) =18, I,({,)=7 +i and
L(r)=10~ifor i=1,.., 4. Also [,(ry) = 0.

607/42/2-2
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Ay Ay Ag

FIG. 5. A set of T-graphs associated with the T-graph of Fig. 4.

We now consider the evaluation of M® and k‘¥. From Theorem 2.11 and
Proposition 2.14, with ¢ =r,=d =e, we have

M?), =8, for 0<ig<4, j=0
xle(ri)+le(1j)+ 18k+1
=8+ Y ¢, j

vt > (s ) @) + L) + 18k + 1)1,

for 0€ig<4, 1<j<4

and
, lerp +18k+1
P = N d.(i for 0<i<4,
L s "()(le(r,-)+l8k+l)!q SN
where

k—1
d()=v20) [] wP(@@E)+18)  for 0<i<4,
=0

el /) = v ((r) + 18k) dy (i) for 0ig4, 1<j<4

Moreover, by repeated application of Proposition 2.13 we have, letting
W:?)(m)= gi(m)9

v (m) =g,(m) g2(m + 2){g;(m + 9) + (1 — g5(m + 10) gs(m + 14))}
for m>0,
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v@0)=1,
vP(0) = (g5(0) — 1) g¢(4),

Also y;?(m)= g (m) g,(m +2) for m >0, and from Proposition 2.16, we

have

v (m) =

Now g,(m), for i = 1,..., 6, may be obtained directly from Theorem 2.18 and

g? (m *

1

W 9(0) = g5(0) + (1 — g5(1)) g(5),

T+i
1

vrr (0) = g¢(3),

Vel (0) = — £4(2).

) W;.q)(m) for i=2,3,4andm>0.
q

Proposition 2.16. We obtain the following expressions for them.

gi(m)=

g:(m)=

g3(m)=

—~
3 3

w
—_— 4+ o

I 7y §° 3 w+
TN

&~ 4 N + ~ 4 oo 4

——
3

o0

N

L)

~

R

o

[=))

e

Ky

S

e
0
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where
po=e (1) (1),+7 (1),(3), (1),
Pz(q):Ps(q)+q‘(?)q(g)qw“(i)q,
Pl(q)=P2(q)+q8(i)q(g)q—q**(?)q+q”(j)q,
gs(m)= O B =q’(m+2)
’ q3(m~2k2>q | 2 /g
0 -1 0

m+2 m+2 m+1
gs(m) = qz( ) > 1 -1 =q2< ) >+q< 1 )
q q q

1
q<m+) 0 1
1 q

This completes the determination of M and k. The required generating
function is, from Theorem 2.11,

(M kD], M

ExaMPLE 3.1. We next consider a simpler example which has been
treated previously by Carlitz [2] in the case g = 1. The example concerns the
enumeration of alternating permutations of .#, with i inversions and m rises
between successive maxima. Let 4, be the T-graph given previously in
Fig. 5. The incidence system for the problem is

h=za +b,,

al + b] = ba
and the required number is [z"g(x"/n!,)] ¥,((e —h)~"). The right expansion
of e—his e—~h=e—p—lor, where p=(z—1)a, —a’, I=e¢ and r=a.
Thus, by Theorem 2.11, we have
¥(e—p) ")

O R e AT
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The numerator and denominator may be obtained immediately from
Proposition 2.14, and the required generating function is Fy(x){1 — F,(x)} ",
where

© x2k+l+l k—1 21+ l+ 1
i e T e (100
@)= 2 vy el ),

since ¥,7(j) = q('}"), and ¥ (j) = L.
The material of Section 2 may be applied more generally as the following
example demonstrates.

EXAMPLE 3.2. We consider the enumeration of permutations of odd
lengths, with respect to the number of rises (between adjacent elements) and
the number of rises between elements in adjacent odd positions.

Let m; = 7 (M) for i = 1,..., 6, where the M, are given in Fig. 6. Then the
required generating function is ¥,((e —h)™'), where the incidence system is

h=rum, + r’um, + rum, + rm, + m, + rm,,

m, + m, =ba,

m; + m, = ab,

m, = a’,

m; =b?,
in which r marks rises, and u marks rises between elements in adjacent odd
positions. To see this, it suffices to note that if 6=0,-.- 0, ., then

0, _104;0,;,, has pattern M, for some i with 1 i< 6, and 1 i<k We
note also that M, represents a rise and a rise between adjacent odd positions,

M, M, M

3

R

Mg Mg

FIGURE 6
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M, represents two rises and a rise between adjacent odd positions, and so on
for M,,..., M. Accordingly the indeterminates ru, ru,..., r are associated
with M, M,,..., M.

Now h=r(u— 1)(m, + rm, + m,) + (ra+ b)’=p — [, or, — L or,,

where
p=r(u—1)(m, +rm, +m,)+ (r — 1)’a’,

l,=e, l,=ra+b, r,=—(r— 1a, r,=—¢.

Thus, from Theorem 2.11 we have

¥i((e—h)™")
_ ’ 1= (r—1) %@ —p)") —(r—1) w,(a(e—p)-"
_ —¥(e-p)H ~¥((e—p)""
‘ I—(r—1)¥(ae—p)~") —(—1)¥(ae—p) '(ra+b))
—¥(e-p)™") 1-¥(e~p)'(ratb))
=¥ ((e~p)")
‘ I—(r—=1)¥@e—p)") —»—(—1) ¥ak—p) ')
—¥(e—p)7") 1—(r—1)¥,((e—p) 'a)

by replacing b by w —a and by using elementary row and column
operations. Now M,.., M., are not T-graphs, and in particular
m, + rm, + m; is not headed, so Theorem 2.18 is not applicable. Instead, we
observe that m, + m,+m,=7,a by inspection. Moreover, m,=a’ so
p=r(u—1)y,a+ (r— 1)(ru— 1)a’. Now for s, t >0 we have

) Kk
¥ (a’(e — (z;a + z,a%)) " 'a’) = Z Z(l.)zllzlz(_lka+s+t+l—i

k20 i=0
SO

¥ (a'(e —p)”'a")

-y v ( ) = DY = D= D e

k>0 i=0
Let

2k+1+1

SO=t=1' 2, ; ( )(r(u_l))((r_l)(m Dy (2kil+1—i)!'

Thus the number of permutations in .#}, of odd length, with s rises and ¢ rises
between elements in adjacent odd positions is

[ru(x"/n)]®,  where @ = f(0){(1~f(1))" = f(O)x + f(2))} '
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4, CoNCLUDING COMMENTS

The generating function for the number of permutations whose patterns
belong to a prescribed set of 7T-graphs may also be obtained from the
solution to a matrix Riccati equation, whose general form is
Y' =YAY + BY + YC + D, where Y = {y,;],,» Vi are functions of x, and
A, B, C and D are p X p matrices which may depend on x. We demonstrate
the principle briefly with the patterns given in Fig. 2. Accordingly, let H, 4,
and B, be the patterns given in Fig. 7.

Let Yoo» Vois Yios V11 be the exponential generating functions for the
numbers of permutations with pattern in H*, H*B,, A, H* and A, H*B,,
respectively. Now (H*) = (HH*)U (¢), where {(€¢) =.#,. Thus, deleting the
first occurrence of a maximum from the right in H* we have (H*)=~
(H*B ) X {A,H*B ) {¢} since the deletion of the maximum in H yields
B, WA,. Accordingly, from the generating function reformulation of
Proposition 2.16 we have y), = yo, Vo + 1. Similarly (H*B) =
(HH*B,)\J(B,) = (H*B,) X (A, H*B,)U (¢), Wwhence yy, =po;yy +X.
Also (4, H*) = (A{HH*)U{A,) =~ (A, H*B,) X {A,H*B,)U{e) so
Yie = YuJi + X Finally, (4,H*B,) = (A\HH*B|) U (4,B,) =
(4 H*B,) X (A, H*B,) U () X (&) s0 y|, = yi, + x> Let

Y=[y°° J’m] i
Yie Yn

Thus Y satisfies the matrix Riccati equation Y’'=YPY +Q, where
P=|{ 9] and Q=) %:. This equation may be linearised as follows (see,
for example, Reid [14]). Let U, V be 2 X 2 matrices such that UY =V,
where U is non-singular. But Y(0)=0 so V(0) = 0 and we may set U(0) =L
Now V' =UY+UY =UY+VPY+UQ so VV-UQ— (U +VP)Y=0.
Let VV—UQ=0 and U’ + VP =0. Accordingly, we have linearised the
matrix Riccati equation. It follows that U”"=—VP=—UQP so
U” 4+ UQP = 0. This may be solved for U in power series by the method of
Frobenius, from which V may be determined by means of V' =UQ. But
Yoo =[U""'"V]eo=1[U :k]o| - |[U{~", where k is the Oth column of V, from

which y,, may be obtained.

H A, B,
FiG. 7. Subpatterns of the T-graph given in Fig. 2.



134 JACKSON AND GOULDEN

In general, it appears that the dimension of the linear system of equations
obtained by means of Theorem 2.11 is smaller than the dimension of the
matrix obtained on the corresponding matrix Riccati formulation. Indeed, we
have been unable to complete the hand calculations needed for deriving the
matrix Riccati equations for the pattern given in Fig. 4. However, for a
subclass of such problems the generating functions may be obtained by a
direct application of matrix Riccati equations. This is done elsewhere |5].

We conclude with the derivation of y,, by the methods in Section 2.
Instead of using Theorem 2.11, we proceed from first principles. Let
h=7(H), a,=7(4,), b=7(B,), a=7(n;) and b=7(n,). The
incidence system for h is, by Corollary 2.9,

h=ab,,
a, + b, =ba,
at+tb=o.

Thus, from Theorem 2.11, the required generating functions is, for g =1,

Yoo = ¥,(al(e —p)” {1 — P, (a(e —p) 'a)}!

since e—h=e—p—a,wa, where p=-—aj—aa’. Now y.m)=
Vo, (m)w,(m+2)=(m+1)(m+3) and y,.(m)=m+1. Thus, from
Proposition 2.14 we have

4k

k-2
Wae—p)la)=1+ (—1)"(4/«—2); (4j+2)(4j+5)§ X

k>1 Jj=0 (4k)!
and
k—1 4k+2
o —1 - \ 1Y)k 4 2 4 5 -

which completes the determination of the generating function.
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