A CORRESPONDENCE BETWEEN PLANE PLANTED
CHROMATIC TREES AND GENERALISED DERANGEMENTS

I. P. GOULDEN anp D. M. JACKSON

§1. The correspondence

A tree in which adjacent vertices are of different colours is called a chromatic tree.
If L is a matrix with element [;; equal to the number of non-root vertices of colour i
and degree j in a chromatic tree t, then L is called the chromatic partition of t.

We demonstrate the existence of a remarkable and tantalising correspondence
between two apparently unrelated combinatorial sets, namely plane planted
chromatic trees and generalised derangements. The derangement may, of course, be
used to construct a graph in which no two vertices of the same colour are joined by
an edge, but we cannot guarantee that this graph is in fact a tree. Indeed, we have
been unable to give a combinatorial characterisation of this one-to-one
correspondence.

The correspondence allows us to enumerate K-chromatic trees with given
chromatic partition. This is a new result. The case K = 2 has been given previously
by Tutte [4].

Throughout this paper we use the following notation: the number of vertices of
colouriisn, = ) |, j» the sum of the out-degrees (edges are directed away from the

jzl
root) of non-root vertices of colour i is g; = ) (j—1)l;;; the number of non-root
jz1
vertices is N+1 = n; +...+ny, where K is the number of colours.

We now define the two combinatorial numbers which appear in the
correspondence. Let y¥(L) denote the number of K-chromatic plane planted trees
with root colour ¢ and chromatic partition L. Let p*(n, q) denote the number
of permutations of g; indistinguishable objects of type 1 < i < K in m—1+9,
positions of type 1 < i < K, the remaining positions being of no type, such that no
object is in a position of the same type. The following relationship holds between

these two numbers (we delay the proof).

THEOREM 1.1,
< l_[ lij!)X(cKl(L) = ( l_[ ‘Ii!)P[cK’(na q).

Suppose, for example, that we consider 3-chromatic plane planted trees with root
colour 1 on 8 non-root vertices. Suppose that there are 4 vertices of colour 1 and
degree 1, 1 vertex of colour 2 and degree 1, 2 vertices of colour 2 and degree 3, and |
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vertex of colour 3 and degree 4. Thus n, =4, n, =3, ny;=1,49, =0, q, = 4,
q; = 3 and N = 7. It follows that ¥*(L) = 15, and these are given in Figure 1.
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For the derangements, there are 0, 4 and 3 objects of types 1, 2 and 3 respectively,
and 4, 2 and 0 positions of type 1, 2 and 3 respectively. Let * denote a position of no
type. Accordingly, the positions 1,2,...,7 have type 1,1,1,1,2,2,*. The
derangements are accordingly 3222332, 2322332, 2232332, 2223332 and 2222333, so
p(n,q) = 5.

Now []/;! = 412! and [] ¢;! = 4!3! and Theorem 1.1 is confirmed in this case.

L i

In fact the left-hand side and the right-hand side of the equation given in
Theorem 1.1 admit a combinatorial interpretation by supposing that vertices of the
same colour are distinguishable and that objects of the same type are distinguishable.
The two sides of the equation give the number of trees and generalised derangements
under this convention. It is reasonable to expect that this one-to-one correspondence
may be characterised combinatorially.

As a corollary we obtain the following correspondence between sequences with
distinct adjacent elements and generalised derangements, a result previously given by
Reilly [3].

CoroLLARY 1.2. The number of sequences over {1,...,K} beginning with «,
ending with B, with m; occurrences of i, for 1 < i < K, and with distinct adjacent

elements is p{(n, q) where n; = m;— 6, and q; = m;—6,— 8,1 < i < K.

Proof. For sequences beginning with a and ending with B we set ¢ = a and
Iy = 1. Since there are m; occurrences of i then l;; = m;—4§,—d; for 1 <i < K.
Thus, from Theorem 1.1, ¥*(L) counts sequences beginning with « and ending with
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B, with distinct adjacent elements, and with m; occurrences of i for 1 < i < K. But
[T%;! =[] ¢:! in this case, and the result follows.
ij i

We have been unable to obtain a combinatorial characterisation even in this
strikingly simpler case.

For example,let K =3, m; =3,my, =3,n; =2,anda = f = 1. Thus n, = 2,
n,=3,ny=2,49, =1,q, =3, and g3 = 2. Accordingly there are eight sequences
satisfying Corollary 1.2, namely 12123231, 12132321, 12312321, 12321231,
12321321, 12323121, 13212321, 13232121. The eight derangements, with positions of
type 11223* in that order are 223321, 223123, 221323, 223312, 323122, 321322,
231322, and 233122.

§2. The proof of the correspondence

The following notational conventions are adopted.
If A is a K x K matrix with elements a;;, we write A = [a;;]x.x and a;; = [A];;.
Let M = [m;;]«.«be a non-negative integer matrix. Then

AM = l—[ a,»j"'ij, M' = l_[ mij!,

1<ij<K 1<ij<K

and [{] =j'i""", the multinomial coefficient, where j =i, +...+i, and
i =(iy,..., i,). If f(x)is a formal power series in X = (x, ..., x,,) then [x'] f(x) denotes
the coefficient of x|...x" in f(x), [x] denotes the operator [x,...x,] and
Z,f(x) = f(0)

To prove the correspondence we use the following specialisation of the
multivariate Lagrange theorem.

THeOREM 2.1. (See Jackson and Goulden [2]). Let ¢ = (¢,,..., ¢,) and y be

formal power series in the indeterminates & = (&,,...,£,) and with no terms with
negative exponents. Suppose that { = ({,, ..., {,) satisfies & = {;p(§) for i =1,...,k
and that ¢(&) is independent of &; for each (i,j)e & < A2 Then

[0 = vy o v) ™ 2 N0 — mill l:I (KSRl )]

where the summation is over all non-negative integer kxk matrices such that

'—21 pij=v;—rj, j=1,..,kand p; = 0 for each (i,j)e &.

Proof of Theorem 1.1. Let €, be the set of plane planted K-chromatic (K > 1)
trees with root colour i. Then we have immediately that

Q (1)

*"C =
IIl

J
J
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by noting that the vertex adjacent to the root has degree k41, and colour jfor k = 0

and j # i.
Let [X];; = x;;and a = (a, ..., ax) and let

z ¥¥(L)
Thus, from (1) we have

h(a) = ajgj(hj(a))

e
W0 ™M=

where g(1) = Y x,A*7! for i =1,..,K. Let a; = a;gj(hja)), so h{a) = A—q
k=21

where 4 = o, +...+0,. Thus (L) = [X"a"})(4 —a,), where «; = a;g(A—a;). Thus

from Theorem 2.1 we have

[X"a"}(4—a)

= (m)™ Y T m ,,n{[l ---][aY’“---a',’é’“]gé"(A—a.-)}

r=1M
r¥c
K
where the summation is over all M such that ) m; = n;—9,; and m;; = 0 for
j=1,...,K. Thus i=1
K K q;
[X"a")(4-a,) = (LY)" Y D ldyn—mi [1 [ ' }
roim i=1 M- Mig

where the summation is over all M satisfying, as well, the further condition

K
Y. m; = g;. Let 8, = (8,,, ..., d,). Accordingly
j=1

[X"a"}(A —a,)

K
= q!(n-NHILH™! Z [u*v"~*] Z 5.,(5 it Z mlj>-mu | (u;v)™
:;l f’:l!l/#j 1=1 1<ijgK
K K
q!(n—1YLY" Z [udv=*] (0 (',j+ y u,vj>—u,vj exp{ Y vJu—uj)},
;;l =1 j=1
(since ) g(l = g(x)exp Y x;, when g(x) is multilinear), where u = u, +... +uy.

i20 ji=1
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Noting that det (I+A) = 1 +trace A for A with rank one, we have

K K
[X'a"J(A—0a) = q!(n—DYLH " "[uv "] ¥ u,u""zexp{ Y L'j(u—uj)}
J

r=1 j=1
r¥c

SO

2L) = QLY =l [ (!

jtc

But, by considering the exclusion of objects from each position we have

pEm, q) = [uJ(w—u)u* "> ﬁ (w—u)

j=
i#

" —_

and the result follows.

By expanding the appropriate permanent (see Jackson [1]) for the generalised
derangement, it follows from the correspondence that

L) = @H™' Y (N =X P(—x)

- a4\ (RO ., ;
where p(i) = n;+6,—1fori=1,..,K and P(x) = [] ( Y, ,‘) j jix].
i=1 \jzo\J
The above representation of y*(L) allows us to conclude that this number may

be computed in time O(M(log M)?) where M is the number of non-root vertices.
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