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THE APPLICATION OF LAGRANGIAN METHODS 
TO THE ENUMERATION OF LABELLED TREES 

WITH RESPECT TO EDGE PARTITION 

I. P. GOULDEN AND D. M. JACKSON 

1. Introduction. In an earlier paper [6] we considered the application 
of Lagrangian methods to the enumeration of plane rooted trees with 
given colour partition. We obtained an expression which generalised 
Tutte's result [9], and a correspondence, which, when specialised, gives 
the de Bruijn-van Aardenne Ehrenfest-Smith-Tutte Theorem [1]. A 
corollary of these results is a one-to-one correspondence [4], between 
trees and generalised derangements, for which no combinatorial descrip
tion has yet been found. 

In this paper we extend these methods to the enumeration of rooted 
labelled trees to demonstrate how another pair of well-known and 
apparently unrelated theorems may be obtained as the result of a single 
enumerative approach. In particular, we show that a generalisation of 
Good's result [3], also considered by Knuth [7], and the matrix tree 
theorem [8] have a common origin in a single system of functional 
equations, and that they correspond to different coefficients in the power 
series solution. We observe that this system of functional equations is a 
multivariate generalisation of the familiar functional equation T(x) = 
x exp T(x), associated with Cayley's result for labelled rooted trees. 

By considering the enumeration of paths in a graph we may also derive 
the numbers of Eulerian and Hamiltonian circuits of a graph. Again, 
these results correspond to different terms in the power series solution of 
a single functional equation. The details are oblique to the present paper, 
and are given elsewhere [5]. 

We use a familiar decomposition of rooted trees to obtain a system of 
functional equations. This system is solved by means of the Lagrange 
Theorem (Theorem 2.2) and a specialisation (Corollary 2.3) which 
appears to be of considerable utility in this connexion. 

A i£-coloured rooted tree is said to have edge-partition D if D is a 
K X K matrix whose (i, j)-element, dijy is the number of edges directed 
away from the root, from a vertex of colour i to a vertex of colour j . 
Throughout this paper, the number of vertices of colour i in a tree with 
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root colour c is 
K 

Ki = 2 ^ d'il + ^ic 

i - i 

and N = n\ + . . . + % , the number of vertices in the tree. Let 
n = («i, . . . , nK), and q = (qu . . . , qK) where g* = 2 f - i ^o f o r 

The following notational conventions are used. If A is a X X K matrix 
with elements aij} we write A = [aij]KxK and a*,- = [A]^. The deter
minant of A is denoted by |A| or ||a^||, and the (s, /)"c°factor of A by 
cofSffA. If M = [nti^KXK is a non-negative integer matrix then 

AM = I I ai3
ma and M! = I I mtj\ 

where the products are over i and j such that 1 ^ i, j ^ K. If / (A) is a 
power series in the elements of A, then [AM]/(A) denotes the coefficient of 
AM i n / (A) . Let 1 denote the unit vector with K components, and [x] 
denote [x1] where x = (xi, . . . , xK). 

2. The system of functional equations. We now set up the system 
of functional equations which will be used throughout this paper. 

Let dc(
K)(D) denote the number of i£-coloured labelled trees rooted 

at a vertex of colour c, and having edge-partition D. We obtain a system 
of functional equations for 6c

iK)(D) by using a familiar decomposition of 
rooted labelled trees. 

LEMMA 2.1. 

A X N\ 
6™(P) = [ A D x n ^ | / e(A fx f*) 

where fi, . . . , fK satisfy 

ft = zx{ exp | X aijfjf fori = 1, . . . , K. 

Proof. Consider a i£-coloured rooted labelled tree, t, with root degree k 
and root colour i. The tree t consists of a set {h, . . . , tk} of k i£-coloured 
rooted labelled trees whose roots are joined to a vertex of colour i. Let 
aPtQ be an indeterminate marking an edge from a vertex of colour p to a 
vertex of colour q. Let xt mark a vertex of colour i, and z mark any vertex. 
These trees are enumerated by zXifaafi + . . . + aiKfK)k/k\ since each of 
the different orderings of tu . . . , tk, of which these are k\, since the trees 
are labelled, corresponds to t. The result follows. 

The following two results are used in the solution of this system of 
functional equations. The first is the multivariate extension of the 
Lagrange theorem, and the second is a specialisation to the monomial 
case. 
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THEOREM 2.2. ([2], [10]). Let <> = (fa, . . . , fa) and y be formal power 
series in the indeterminates % = (£i, . . . , £*) and with no terms with 
negative exponents. Suppose that < = (fi, • • • , f*) satisfies £t = £,•</> *(0 
for i — 1, ... , K. Then where v = (Vi, . . . , J \ ) , 

Kv]7«(0) = K*1T«)* V «) fail) d& 
The next corollary is useful in allowing us to avoid the extraction of 

coefficients from the determinant in Theorem 2.2. 

COROLLARY 2.3. ([6]). Under the conditions of Theorem 2.2 further 
suppose that 0y(C) is independent of ^j for each (i, j) G S^ Q {1, . . . , /c}2. 
Then 

[CV = ( * i . . . y.r1 £ ||*«F« - M«|| I I (tèiMil... */"]*/ ') 

w/^r£ /fee summation is over all non-negative integer K X K matrices such 
that 

K 

]C Mïj = Vj — rjtj = 1 K and /x^ = 0 for each (i,j) 6 5^. 

3. i£-coloured trees with given edge partition. The number 
6C

(K)(D) may be given explicitly. The result is given in Theorem 3.1, 
and a specialisation in Corollary 3.2. 

THEOREM 3.1. 

0cc*>(D) = Nit!*-* (D!)-icofcc[*</», ~ <M*x*. 

Proof. From Lemma 2.1 and Corollary 2.3 we obtain 

0C(*)(D) = iV!(»i. . . nKTl £ | | 5 ^ - M<i|| 

X ft {[««i*1 . . . a«d<*][/iwi . • . / /<*] exp ( » , g a , , / , ) } 

where 

K 

and the result follows. 

Next we consider labelled abstract i£-coloured trees rooted at a vertex 
of colour c, with nt non-root vertices of colour i and in which there are 
arbitrary restrictions on colour adjacencies. The number of such trees 
is denoted by \c

iK)(n, T) , where [ T ] 0 = Ttj — 1 if edges directed from 
a vertex of colour i to a vertex of colour j are allowed and T{j = 0 other
wise. In the next corollary we obtain \c

(K)(n, T) , a result given by 
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Good [3]. Knuth [7] later gave a combinatorial proof of the result by 
means of Prtifer codes. We obtain the result by summing dc

(K) (D) over D. 

COROLLARY 3.2. 

Xc
( i°(n,T) = N\(nir1coicc\èJJ2nlTl) - niTtj\ 

K / K \nj~ 1 

Proof. The required number is clearly, from Theorem 3.1, 

X<(K)(n,T) = I > / X ) ( D ) 
D 

where the sum is over all D such that 

K 

Z^dij = rij — djC and dtj = 0 when Ttj = 0. 

Thus, if 5C = (ôci, . . . , ôcK), 

Ac
(i°(n, T) = N\(m . . . « ^ " V 8 ' ] E { ft ft ( » < * « " ' ( d , , ! ) " 1 } 

r /K \ -I 
X cofcc 8ij\ 2L/ diji ij J dfjl fj 

L \i=l / -JKXK 

= N\(m... nKT\xn-h'] expi't'L n*,Tt\ 

X cofcc àiA^niXjTij) — tiiXjTij 

since 

^ x l ( i ! ) - 1 g ( i ) = g ( x ) e x p ( i : ^ ) , 

where g(x) is multilinear. Accordingly we have 

Xc
(K)(n,T) = JV!(»i. . . nKyx œ f J S „ ( f > , r M ) - n^A 

L \i=l / JKXK 

( K K \ 

and the result follows. 

4. The matrix tree theorem. We now obtain an enumerative proof of 
the matrix tree theorem. Although a number of proofs ([8], [3], among 
others) are available we include this proof since it may be obtained 
directly from Lemma 2.1. We consider first the stronger form of the 
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theorem in which edges are directed and may be marked with indeter-
minates. 

THEOREM 4.1. (The matrix tree theorem.) The number of trees rooted 
at c on the vertex set {1, . . . , K\ with mti occurrences of the edge ij directed 
away from the root is 

K 

[AM] coiccloijQij — ai:j]KXK where <Xj = ]£ atj. 

Proof. Let /<(A, x, 1) = F*(A, x), so the required number is 
[AMx]Fc(A, x) since {{zK/K\) x]fc = K\[x]Fc and we remove the label
ling. From Lemma 2.1 and Theorem 2.2 we have 

[x]Fc = [F]F<Aexp ]£) $*(||5i;- - Ffi^W where $* = ] £ a^Fj. 

Thus 

[x]Fc = [ F ] F e | | ô ^ « / - atiFfiFi"*\\ 

= mFcWtiMc, + F ft,) - aM 

= [F]Fe cofeclàtjFjaj - atjF^KXK 

= cofcc[àij<Xj — aij\KXK. 

By setting K = 1, an = 1, z = 1 and Xi = x in Lemma 2.1, we note 
that the number of rooted labelled trees on n vertices is [xn/n\]T(x) 
where T{x) = xeT(x). This is, of course, well-known and yields immedi
ately Cayley's result that there are nn~l rooted labelled trees on n non-
root vertices, a fact which, at the functional equation level at least, makes 
a striking connexion between two classical, and apparently unconnected, 
results. 

The last corollary gives the result when the matrix A of indeterminates 
a-ij marking the edge ij is replaced by the adjacency matrix of a graph. 
This is perhaps the more familiar form of the matrix tree theorem. 

COROLLARY 4.2. The number of out-directed spanning arborescences, 
rooted at c, of a directed graph on the vertex set {1, . . . , K] with adjacentcy 
matrix A = [X^-J^x^ is 

co f c J 8ij[ 2_j XPjJ — Xij 

\For the in-directed case the number is cofcc 8tA ]T) X^ ) — X^ .1 

Proof. This follows straightforwardly from Theorem 4.1. 

For undirected graphs, for which A is symmetric, the result follows 
immediately. 

KXK 
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