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PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 115, Number 3, July 1992

IMMANANTS, SCHUR FUNCTIONS,
AND THE MACMAHON MASTER THEOREM

I. P. GOULDEN AND D. M. JACKSON

(Communicated by Jeffry N. Kahn)

ABSTRACT. The relationship between the immanant and the Schur symmetric
function is examined. Two expressions for the immanant are given in terms of
the determinant. Generalisations include Foata and Zeilberger’s f-extension of
the MacMahon Master theorem. The relationships to some little known results
of Littlewood and to idempotents constructed by Young are given.

1. INTRODUCTION

For the symmetric group &, on n symbols, let x*(g) denote the value,
at o, of the character y* of the irreducible representation associated with the
conjugacy class indexed by the partition 4 of n. The Ath immanant of the
n x n matrix A, with (i, j)-element a; ;, is defined by

n
Imm; A=Y x0)][]ai 00

o€G, i=1

For the purposes of this paper, a; 1, ai,2, ..., @s,» are commutative indeter-
minates. Immy;») A = detA and Imm,; A = perA, so Imm, A is a multilinear
function that interpolates between the determinant and the permanent. Some
of the combinatorial properties of immanants were considered in [3].

The purpose of this paper is to examine the relationship between the Schur
function and the immanant. Section 1 gives the necessary background on the
ring of symmetric functions. In §2, we give a result expressing the immanant of
A as the coefficient of z;---z, in the determinant of a designated matrix. It is
shown that this gives, in §3, a generalisation of the MacMahon Master theorem
[9]. We also show that the coefficient of z’lcl iy z’,f" in the same determinant is
expressible as the immanant of a matrix readily constructible from A. A further
extension, in which cycles are marked, yields a generalisation of Foata and
Zeilberger’s [1] B-extension of the MacMahon Master theorem. The connexion
of these results with those of Littlewood [6, 7] is given in §4 and with the Young
idempotents is given in §5.
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606 1. P. GOULDEN AND D. M. JACKSON

The reader is referred to [8] for further details on symmetric functions and
to [2] for further information about Young’s idempotents.

The following notation is needed. If A is a partition of », then we write
A+ n. The number of parts of A is denoted by /(). We also write A =
[142% ... pin], where A has i; parts equal to j, for j=1,..., n. The conju-
gate of the partition A = (;, A5, ...) isdenoted by A. The cycle-typeof o € &,
is 7(o) = (iy, iz, ...), where ¢ has i; cycles of length j. Since x* is a class

function, x} denotes x*(c) where 7(d) = u. Let 6, = (n—1,n-2,...,1,0).
Let R be a commutative ring, and let z= (zy, ..., z,), 1, =(1,..., 1), 0,
= (0,...,0), with » components. Also let k = (k;,..., k), a vector of

nonnegative integers. When no confusion arises, 1, and 0, are replaced by 1
and 0. Then z* denotes z\ ... z& and [z*]f denotes the coefficient of z in
feR[[z]]. Let k! =k;!---k,;! and a; = a;,0y,--- for any sequence {a; : i >
0} . The block matrix obtained from A by replacing each element a; ; with
the k; x k; matrix consisting entirely of a; ;’s is denoted by A® and is called
the k- replication of A. Let Z® = diag(zy 1, ..., Zy ks -+ s Zn,1s - > Zn.k,)
and Z = diag(z) =ZWY . For B C 4, ={1, ..., n}, let A[B] be the submatrix
of A with row and column labels in B. If the elements m; ; € R[[z]] of an
n x n matrix M have no constant terms, then a result of Jacobi, adapted to
this ring, states that

(1) tracelog(I — M)~! = logdet(I - M)~

We review some results from the theory of symmetric functions. Let Ag(y) =
R[[Vi, 2, ...]]° denote the ring of symmetric functions in y;, y,, ..., with
coefficient ring R where y = (¥, y2,...). Where convenient, the name of
this ring is abbreviated to A. It is graded by degree, so A = @,., A, where
A is the set of all symmetric functions of degree i in y. The elementary,
complete, monomial, power sum and Schur symmetric functions are denoted
by ex(y), hu(y), ma(y), pa(y), and s;(y), respectively. Note that 3=, hit' =
Mjs1(1=ty)~!' = {X,50€i(—1)'}~!. The Schur functions are given in terms of
the complete symmetric functions by the Jacobi-Trudi identity

(2) SA(Y) = det[hii—i+j(Y)]mxm s

where m = [(A). Cauchy’s theorem states that

(3) Zsl/(ula"')sl/(vla"')z H(l—u[’l}j)_l,
v i, j>1

where the sum is over all partitions.
Let (-, -) be an inner product defined on Ag by

(4) (hy, my) =0y 4,
where A, 4+ n, and it follows that
(5) (3, p0) =2, and  (hy,s) =K, ,,

where K, , are the Kostka numbers. The Schur functions are orthonormal
with respect to this inner product. Let @ be the ring homomorphism defined
by w: A — A: e — h extended linearly to A. Then w(s;) = 55 so w is
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an isometry, and, from (2), s;(y) = det[ezi_,- +j(Y)]l.xl.‘ More generally, if

ag, a, ... and by, by, ... are sequences related by
-1
(6) Soatt =S b(—n)k ,
k>0 k>0

then det[ay,—;4lmxm = det[b; _;, 1z, xs, - When 4 = [p?] + n, this is a result
due to Hadamard [4] concerning Hankel determinants.

2. THE IMMANANT AS A DETERMINANT

We begin by exploiting (5) in the enumeration of permutations to obtain the
following result, which gives expressions for an arbitrary immanant.

Theorem 2.1. Let 3, Ayt* = det(1— tZA)~! = {3, D (=0)*}~!. Then

(1) Imm; A = [2']det[A;, it Tmxm
(2) Imm; A = [2']det[D; _,, li,x4 -

Proof. (1) We work in Ag(y), where R is an appropriately chosen coefficient
ring whose choice will be clear from the context, so no further comment will be
made about its selection. From (5),

Imm1A=< Zpr (Y)Hata >

0ES,

Now 3 ces, Pr()(¥) [1i-, @i o) is the (ordinary) generating function for per-
mutations in &, with respect to cycle-type in which a; ; marks the occurrence
of i~ j and pi(y) marks the occurrence of a cycle of length k. This is possi-
ble since the p,(y) are algebraically independent. Then the generating function
for all cycles containing {«a, ... a,-} c A, is

[Za, - Za,]z: —Di(y) trace(ZA )~
k>1

Now a permutation is uniquely expressible as a product of disjoint (and there-
fore commuting) cycles, so it can be viewed as an unordered collection of cycles,
the disjoint union of whose elements is .#, . Thus

d 1
> o™ [[ @00 = [2"]exp ) 7Py trace((ZA)*,

7€S, i=1 k>1
)
(7 Imm;, A = [2'] <s,1(y) , €Xp Z trace log(I — y,~ZA)‘1>
i>1
(8) =[2'] <S/1(Y) , [ et - }"iZA)—1> ,
i>1

by (1); but [],,,det(I — y,ZA)~" = 37 ,A,m,(y), where the sum is over all
partitions. Substituting this and (2) into the expression for the immanant and
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608 I. P. GOULDEN AND D. M. JACKSON

then applying (4) and the bilinearity of the inner product gives

Imm; A = [2'] Y sen(0) > Ap(hazs,tai6m(Y) > M,(¥))
gEG,, p

=[2'] > sen(0)Ai—s,+0(6,) = [2'1detA; 14 Jmxm.
gEG,,

(2) Direct from (1) and (6). O
A special case of the MacMahon Master theorem now follows.

Corollary 2.2. perA = [z']det(I — ZA)~!
Proof. From Theorem 2.1(1), per A = Immy,; A = [z!#"]det(I — tZA)™! =
[z']det(I-ZA)~!. O

Corollary 2.2 enables us to reexpress Theorem 2.1(1) in terms of permanents.

Corollary 2.3. Let ¥, Pit* = per(1+tZA). Then

Imm; A = [2']det[P;, it lmxm.

Proof. By Corollary 2.2, the squarefree terms in det(I — tZA)~! agree with the
squarefree terms in per (I—¢tZA), and the result follows from the Theorem 2.1
(. O

By specialising A it is possible to use these results directly to derive the
familiar expressions for particular character evaluations. For example, let o =
[191222...], 7(0) = a, and w, be an n-cycle. Let C; be the i x i{0, 1}-
matrix corresponding to an i-cycle, and let

B=(Cio---0C) o0 (Cho---0Cy) .
[y — —————

a an

Then x[""(g) = Immy;, B, x!"(6) = Imm;, B, x*(w,) = Imm, C,. The de-
tails of evaluating these immanants are left to the reader.

By equating coefficients of []i_, a; () in Corollary 2.3, we obtain the ex-
pression . (s3, My) - {hy, Dy)) for x*(o) ; however, this expression is also an
immediate consequence of (4) and (5).

The immanant can be also expressed as a Schur function at particular argu-

ments. To see this, let w,, ..., w, be the eigenvalues of the n x » matrix
ZA . Then 1 - yw; are eigenvalues of I— y,ZA for j=1,...,n, so from
(3), ;> detI-y:ZA)~! = Hz)l ((I=yiwj)~t = Z Su Y)S;t(’wl y oo Wp).

Since (s;(y), su(¥)) = 6,1, > the desued expression is, from (8),

(9) Imml [zl]s}.(wl 3 e wn)-

3. IMMANANTS OF k-REPLICATIONS

In §2, expressions for Imm; A were given as the coefficient of z! in various
power series. The general coefficient is given by means of the following lemma
for the k-replication of A.

Lemma 3.1. If Y., D¢ = det(1 + tZ(")A(")) and f is a power series, then

(i1 21k 21 Zn i /(DX DX ) = [2/KNf(Dy, Ds,s ... ).
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Proof. Let U = diag(u;, ..., u,) and u; = z; 1+ -+ z; , . By expanding
the determinant of the sum, we have det(I + tZ®MA®) = det(I + tUA). Then
[z1,1° 21k " 20,1 -"z,,,kn]u’l‘l .- ufn = X!, giving the result. O

Comparing this with the results in §2 gives the following corollaries.

Corollary 3.2. Let A= (A1, ..., Am) - N and ky+---+k, = N. Then
(1) Imml A(k) = [zk/k!] det[Al,—Hj]mxm s
(2) Imm; A® = [z¥/K!] det[D; _;, Jixa, -

Proof. (2) From Theorem 2.1(2),

k)

Immy; A =[z; 12y g, - Zn,1 "'Zn,k,,]det[Di_i_‘_jh,xll-

The result follows from Lemma 3.1.
(1) This follows from Theorem 2.1(1) and Lemma 3.1, since a power series
in the A; is a power series in the D;, from (6). O

An immediate consequence is the following.

Theorem 3.3 (MacMahon Master theorem).

k,
[24] H (Z ai,ij) = [Z%]det(I — ZA)~!.

i=1 \ j=1
Proof. From Corollary 3.2(1), with A = [N], we have

kl
K[ ]] (Z a;, jzj) = [2%/K!} det(I — ZA)™!,

i=1 \ j=1

since both are equal to per A®) . The factor k! arises since, in the permanent,
the columns are distinguishable. O

Let1=(/,,...,1l,) and [y +---+1, =k, +---+k,. The (k, I)-replication of
A is the matrix obtained from A by replacing each a; ; witha k; x/; block of
a;,;’s and is denoted by A®-V . From [5], the exponential generating function
for k, l-replications of the permanent of A is

<yl
Z per A("")F:’! = exp XAy’,
k,1>0

where x = (x;, ..., X,). We have been unable to find an extension of this
result to the case of an arbitrary immanant, although Corollary 3.2 serves this
purpose for the “diagonal” of this series.

Finally, we consider

n
Immﬁ“) A= Z x'{(a)ul(’(”)) H ai,,,(i) .
oES, i=1

a generalisation of the immanant in which an indeterminate # marks the num-
ber of (disjoint) cycles.
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610 I. P. GOULDEN AND D. M. JACKSON

Corollary 3.4. Let Y, Atk = det(I — tZA)™* = {3, DI (—t)*}~". Then

(1) Imm{" A® = [2%/KI] det[AL" ,, 1mxm

(2) Imm{” A® = /K det[D{" ;x4 -
Proof. Follows from the methods of proof of Theorem 2.1 and Corollary 3.2,
having replaced (7) by

Immgu) A =[] <s,1(y) , €Xp {u Ztrace log(I — y;ZA) ™! }> o

i>1

The special case A = [n] of Corollary 3.4 has been previously obtained com-
binatorially by Foata and Zeilberger [1].

4. LITTLEWOODS’S RESULTS

The results that we have given are related to the following little known theo-
rems of Littlewood [7, §6.5].

Theorem I [7, p. 118]. Corresponding to any relation between S-functions of total
weight n, we may replace each S-function by the corresponding immanant of
complementary coaxial minors of [as ], provided that every product is summed
for all sets of complementary coaxial minors.

In the following two theorems, Littlewood generalised the concept of a minor

. . . —rp1y 2
to permit arbitrary repetition of rows and columns. Thus A has (") r-
rowed minors. He also attached a factor of 1/r! to every immanant of a minor

for each row that is repeated r times in the minor.

Theorem II [7, p. 120]. Corresponding to any relation between S-functions we
may replace each S-function by the corresponding immanant of a coaxial minor
of las:], provided that we sum with respect to all coaxial minors of the appropriate
order.

Theorem III [7, p. 121). The S-function {A} of weight p of the characteristic
roots of a matrix [as] is equal to the sum of immanants corresponding to the
partition {A} of all p-rowed coaxial minors of [as].

The next proposition is an alternative presentation of Theorem 2.1 adapted
to the action of ¢, , the linear mappings defined on A" by ¢ag(p)p, =
Zae% [T, @i 0(), where &, is the conjugacy class indexed by x4 + n and
g(u) = |8ul/n!.

Proposition 4.1. Let f € R[[h;, hy,...]] and g € R[[e;, ez, ...1]1. Then
(1) Pasy =Immy A,
(2) af(his hyy..)=[2'1f(Pr, ...) = [2'1f(Ars .. 0),s
(3) ¢agler,er,...)=[2"18(Dy, ...).

Proof. (1) Follows from (5).

(2) and (3) These follow by adapting the proof of Theorem 2.1 to show that
dahy, = [2']1A; = [2'1P; and that ¢ae; = [z']D;, and by then using the linearity
of ¢po. O
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Lemma 4.2. Let o+ [ and B+ m. Then, with the convention that the unions
that appear below are to be disjoint,

PASiSu = D APk
aUp=1;
lal=L, |fl=m

Proof. From Proposition 4.1(2) and the Jacobi-Trudi identity,
¢Aslsu = [zl] det[P).,—i+j]l><l det[P,u,—Hj]mxm
= Z [zo)det[ Py, iy jLixi[zpldet[ Py, — it jlmxm
aup=A;

> Imm,;Ala]Imm, A[] (from Corollary 2.3),
aUf=4,

and the result follows from Proposition 4.2(1). O

More generally, if f € AY, g € A»=)  then it follows immediately that
dafg = Z INSWEINT Y-

|| C A
=i

Theorem I, in which Littlewood used the terms “ S-function” for Schur func-
tion and “coaxial minor” for principal minor, is obtained by applying Lemma
4.2 to an arbitrary relation between Schur functions of total weight # . In par-
ticular, Lemma 4.2 contains Theorem 2.1 as a special case. The appearance of
principal minors and the role of complementarity is clear.

Littlewood’s conventions for Theorems II and III entail k-replications. Al-
though Corollary 3.2 follows by this means from Theorem II, it is not clear how
Littlewood would have handled Corollary 3.4.

Remark (9) follows from Theorem III by replacing each a; ; with z;a; ;
and by applying [z!]. Littlewood’s convention allows repeated rows, so the
extraction of the linear term ensures that each row appears exactly once.

Note that Corollary 2.2 is recovered by applying Theorem I to the relation
S oeihn—i(—1)) =0, n >0 with the identification of e, = s, and hy =
sxy - Littlewood [7, p. 119] did this for n = 4. Had Littlewood given an example
of the use of Theorem II of the type he gave for Theorem I with #n = 4, he would
have obtained an instance of the MacMahon Master theorem involving the
coefficient of the general term xF ... x rather than the coefficient of x; ---x4.
It therefore appears that Littlewood [6] had, implicitly, a symmetric function
proof of the MacMahon Master theorem. Merris and Watkins [10] have used
Theorem I to obtain bounds for generalised matrix functions.

5. THE YOUNG IDEMPOTENTS

The action of the mapping ¢, , defined in §4, is related to certain idem-
potents in C&,, for which Young [11] gave an explicit construction. Any
f € CB, may be regarded as a function f: &, — C or as a formal sum
Y ses, J(0)a . The centre Z, is the set of all class functions so {Ki:AF n} is

a basis of .Z,, where K; = Y, .z 0. Also, x* € Z,. Let yao = [I_, a4 00)>
extended linearly to CS,. Then w,x* = Imm; A. But the Frobenius map
is F: 2, > AW: K, — g(upu, so ¢a = F~ly, and, from the above,
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612 I. P. GOULDEN AND D. M. JACKSON

x*=F~ls;. Let p* = F~'h; and n* = F~le;. Then p*, nt, x* are idempo-
tents. From §2, these have power series representations
(10)

wart = [2'1A;,  vant =[2'1D,, waxt = [2']det[A;, _i\ ] = [2']det[D; _,, /]
and are constructed as follows [11]. Let A+ n, be an arbitrary (ordered) parti-
tion of .#, whose ith block has size A;,for i=1, ..., m, and Fixz be the
set of all permutations in &, that fix every block of n. Thus Fix n = &, x---x
6,, - Let Al =411, An!, P,, =Y scrixz 0/A,and Ny =37 . o sgn(g)wa/A!,
and Nz = 35, cpix 7 sgn(o) 8R(0)0 /Al If 7 is any Young tableau of shape 4,
its rows and columns, respectively, induce (set) partitions p, k of .4, whose
block sizes are listed by A, A. Then

= Z oP,,a“l, nt = z oNo !,

cEG, o€EG,

1,5 _
A — ml!ﬂ!x'{(e) Z oP,Nea™ !,
’ gEG,
independent of the choices of 7 and 7 .
It would be of interest to derive the power series representations (10) for
wax* from Young’s constructions, but we have been unable to do so.
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