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Abstract. Weobtainanexplicit expressionfor thenumberof ramifiedcoveringsof thesphereby
thetoruswith givenramificationtypefor a smallnumberof ramificationpoints,andconjecture
this to betruefor anarbitrarynumberof ramificationpoints.In addition,theconjectureis proved
for simplecoveringsof thesphereby thetorus.Weobtaincorrespondingexpressionsfor surfaces
of highergenerafor smallnumberof ramificationpoints,andconjecturethegeneralform for this
numberin termsof a symmetricpolynomialthatappearsto benew. Theapproachinvolvesthe
analysisof theactionof a transpositionto derive a systemof linearpartialdifferentialequations
thatgive thegeneratingseriesfor thedesirednumbers.

Keywords: ramifiedcovering, Riemannsurface,Hurwitz Problem,factorizationinto transposi-
tions,generatingseries

1. Intr oduction

1.1. BackgroundandNew Results

Let f : ^`_ba 2 be a non-constantmeromorphicfunction on a compactconnected
Riemannsurface ^ of genusg c 0 d Thenthereexistsanintegern c 1, calledthedegree
of f e suchthat f f g 1 h pi8f�j n for all but a finite numberof pointsp kla 2 calledcritical
values; f is calleda ramifiedn-foldcoveringof a 2 d

Therearetwo definitionsof topologicalequivalenceof ramifiedcoverings.In one
of them,two coverings f1 and f2 areconsideredequivalentif thereexist homeomor-
phismsπ : ^m_5^ andρ : a 2 _na 2 suchthatρ f1 j f2π d Theequivalenceclassesunder
this definition correspondto the connectedcomponentsof the spaceof meromorphic
functions.For thedescriptionandenumerationof suchequivalenceclassessee[14,20].o
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28 I.P. Goulden,D.M. Jackson,andA. Vainshtein

In the second,morerestrictive definition, two coverings f1 and f2 areconsidered
equivalentif thereexistsahomeomorphismπ : ^p_q^ suchthat f1 j f2π d In thispaper
we addresstheproblemof determiningthenumberof equivalenceclassesof ramified
coveringsunderthis morerestrictive equivalence.This problemaroseoriginally in the
classicpaperof Hurwitz [12] andis oftencalledHurwitz’sEnumerationProblem.

Recallthata critical value p of f is calledsimpleif f f g 1 h pi8f�j n r 1 d A covering
f is calledsimpleif all of its critical valuesaresimple,andalmostsimpleif at most
onecritical value,which is assumedto be equalto ∞ e is non-simple.The preimages
of ∞ arecalledthepolesof f d Let α1 cts,s,suc αm c 1 betheordersof thepoles;since
α1 v s,s's v αm j n e wegetapartitionα of n e which is indicatedby α w n d Thenumberof
partsis denotedby l h α i#d Thespecificquestionaddressedin this paperis thatof giving

anexplicit expressionfor thenumberµx gym
h α i of almostsimpleramifiedn-fold coverings

with a prescribeddistribution α of ramificationorders.We call α the ramificationtype
of f d

A generalanswerto this questionhasbeengiven by a numberof authors(see,

for example,[12,19]). Theseanswersallow us to determineµx gym
h α i in principle, but

do not give explicit information,andare largely intractablebecauseof the character
sumsthey contain.For example,thefollowing generatingseries(see[8]), in principle,

givescompleteinformationabouttheµ x gy
m

h α i#d It givesµ x gy
m

h α i'z h n v m v 2g r 2i ! asthe
coefficientof xnun{ m{ 2g g 2pα in

log

|
∑
n } 0

∑
θ ~ n

xn

n!
χθ�

1n � sθeuη x θ y�� d
In this seriespk is thepowersumsymmetricfunctionof degreek e pα j pα1 pα2 s,s's�e χθ

is thecharacterof theordinaryirreduciblerepresentationof � n (thesymmetricgroup
onn symbols)indexedby θ e

sθ j 1
n! ∑

α ~ n

f�� α f χθ
α pα e

theSchurfunction indexedby θ eZf�� α f is thesizeof theconjugacy classof � n indexed
by α e and

η h θ i>j ∑
i � θi

2 � r ∑
i � θ̃i

2 � e
whereθ j h θ1 e,d,d'd�i#e θ̃ j h θ̃1 e,d,d'd�i#e is theconjugateof θ d

A differentapproachto thisproblemcomesfrom thesingularitytheoryandis based
on thenotionof theLyashko–Looijengamap(see[1]). This maptakesa meromorphic
function f to the polynomialwhoseroots are the critical valuesof f d It was shown
in [17] that, for ^�jma 2 and the genericpolynomial f e the Lyashko–Looijengamap

is a finite covering whosedegreecoincideswith µx 0y1
h,h ni,i up to a factor of n. This

approachwas extendedto genericLaurentpolynomialson the spherein [2], and to
genericmeromorphicfunctionson the spherein [11]. Thecaseof polynomialson a 2

with severalnon-simplecritical valuesis treatedin [25].
A further approachto the problemcomesfrom enumerative algebraicgeometry.

Recall that the characteristicnumberRd
h a e bi (with a v b j 3d r 1) is definedasthe

numberof irreducibledegreed rationalcurvespassingthrougha fixedgeneralpoints,
andtangentto b fixed generallines. Kontsevich andManin [15,16] werethe first to
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relatethe characteristicnumbers(in the caseb j 0) to Chernclassesof the moduli
spaceof stablemapsandto give recursionsfor thesenumbers.Their resultswerelater
extendedin [21] to the caseof arbitrary bd A further extensionto the characteristic
numbersRd

h a e b e ci of curves that satisfy the above conditionsand, in addition, are
tangentto c fixedgenerallinesat fixedgeneralpointsof tangency canbefoundin [5].

Thesameapproachallows the finding of recurrenceequationsof thenumberµ x gy
n

h 1n i
of simplecoverings,at leastin thecasesg j 0 andg j 1 (see[24]). Thecaseof general
almostsimplecoveringshasnotyetbeenstudiedfrom thispointof view. Thefirst steps

in this directionhave beencarriedout in [4], whereµx gyn
h α i is relatedto thetop Segre

classof acertainbundleover themoduli spaceof stablecurves.

It is convenientto rescaleµx gym
h α i by writing it in termsof aquantity, f x gy

m
h α i�e which

we introducein this paper, where

µx gy
m

h α i>j 1
n!

f�� α f h n v m v 2g r 2i ! m

∏
j � 1

αα j
jh α j r 1i ! f x gy

m
h α i#d (1.1)

Much of this paperis concernedwith determiningexplicit expressionsandproperties

of f x gym
h α i definedby this rescaling. In termsof this rescaling,the presentstateof

knowledgeof µ x gy
m

h α i is summarizedasfollows:

f x 0y
m

h α i�j nmg 3 e α w n e l h α i$j me (1.2)

f x gy1
h,h ni'i�j 1

22gn2g g 2 � x2g � � sinhx
x � n g 1 e n c 1 e (1.3)

f x 1y
2

h'h n r r e r i,i�j 1
24 � n2 r h r v 1i n v r2 � e r j 1 e 2 e 3 e n r r �j r e (1.4)

where � xr � g h xi is thecoefficientof xr in g h xi#d
Althoughit hasa strikingly simpleform, result(1.2),which is dueto Hurwitz [12]

(seealso[8,11,23]), is a remarkableone.Thecaseα j�� 1n � wasrediscoveredrecently
by CrescimannoandTaylor [3]. Result(1.3) wasobtainedby Shapiro,Shapiroand
Vainshtein[22], whoalsoshowedthatit couldbeobtainedfrom aresultof Jackson[13]
onorderedfactorizationsof permutationsinto transpositions.Result(1.4)wasobtained
by Shapiro,Shapiro,andVainshtein[22].

Thus,for the sphere, completeinformationis known; for the torus informationis
known only for ramificationtypes h ni and h n r r e r i�e r j 1 e 2 e 3 andn r r � r; andfor
all surfaces, explicit informationis known only for oneramificationpoint.

In thispaperwedetermineseveralnew explicit resultsfor µ x gy
m

h α i�d First,wefind the
numberof simplecoveringsof a sphereby a torus,thusgeneralizingHurwitz’s result
for thesphere.

Theorem1.1. For n c 1 e
f x 1y
n

h 1n i>j 1
24

|
nn r nn g 1 r n

∑
i � 2 � n

i � h i r 2i !nn g i � d
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Next, we consideralmostsimplecoveringsof thesphereby a torus.We prove that
result(1.4) remainsvalid for arbitrarycoveringswith two ramificationpoints.

Theorem1.2. For n c 1 and0 � r � n e
f x 1y2

h'h n r r e r i,i$j 1
24 � n2 r h r v 1i n v r2 � d

Moreover, wefind explicit expressionsfor thenumberof almostsimplecoveringsof
aspherebyatoruswith upto six ramificationpoints(seeAppendix).Theseexpressions,
togetherwith Theorem1.1,allow usto conjecturethegeneralexplicit resultthatgives
completeinformationfor the torus,andcanthereforebe regardedasan extensionof
result(1.2).

Conjecture1.3. For m c 1 e
f x 1y
m

h α i�j 1
24

|
nm r nmg 1 r m

∑
i � 2

h i r 2i !ein
mg i � e (1.5)

whereei is theith elementarysymmetricfunctionin α1 e,d'd,d�e αm e ande1 j n j α1 v s's,s v
αm d

Furthermore,we determinenew explicit resultsfor µ x gy
m

h α i in thecasesm v g � 6 e
me g c 2 d Theseresultsconsistof explicit expressionsfor thecorrespondingf x gy

m
h α i and

arecollectedtogetherin theAppendix.Eachresult f x gym
h α i is a symmetricpolynomial

in α1 e,d'd,d�e αm d We have foundthat thesepolynomialsareexpressedmorecompactlyin
termsof theelementarysymmetricfunctionsek e k j 1 e'd,d'd�e me and,for this reason,this

is thepresentationof f x gym
h α i that is givenin theAppendix(cf. Conjecture1.3). In all

caseswe alsoobserve that the total degreeof f x gy
m

h α i is m v 3g r 3 andwe therefore
makethefollowing conjecture.

Conjecture1.4. For g j 0 e m c 3 e andm c 1 e g c 1 e f x gy
m

h α1 e,d'd,d�e αm i is a symmetric
polynomialin α1 e'd,d'd�e αm of total degreem v 3g r 3 d

Conjecture1.4 is alsoin agreementwith thepreviously known results(1.2), (1.3),
and(1.4). Note that, for α w n e we have n j e1 e so Hurwitz’s result (1.2) is rewrit-
ten in thesetermsas f x 0y

m j emg 3
1 e which is a (symmetric)polynomialfor m c 3 d For

result(1.3),we have� x2g � � sinhx
x � n g 1 j�� tg � |

∑
i } 0

t ih 2i v 1i ! � n g 1

j ∑
i1 � � � � � ig � 0

i1 � 2i2 ��      � gig ¡ g

h n r 1i i1 {�¢ ¢ ¢ { ig

g

∏
j � 1

1

i j ! h 2 j v 1i ! i j
e

where h ui i j u h u r 1ius's,s h u r i v 1i for anon-negativeintegeri d Thus, f x gy1 is apolyno-
mial of degree3g r 2 in n j e1 e in agreementwith Conjecture1.4for g c 1 d
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Although we have beenunableto usethis approachto prove Conjectures1.3 and

1.4,webelievethatthesymmetricfunctions f x gy
m areof considerableinterestandwould

rewardfurtherstudy. Explicit expressionsfor a few of themaregivenin theAppendix
in termsof theelementarysymmetricfunctions.It maybethat thereis a morenatural

basisfor the f x gy
m e but we havebeenunableto determineit.

1.2. New MethodsandtheOrganizationof thePaper

OurapproachusesHurwitz reductionof thequestionto theorderedfactorizationof per-
mutationsin � n into transpositionsthatgenerate� n d We obtaina differentialequation
for thegeneratingseriesby ananalysisthatliesatthecenterof Hurwitz’sapproach.Our
point of departurefrom Hurwitz’s approachis to show that thesymmetrizationof this
seriessatisfiesa differentialequationin a new setof variables,andthatits solutionis a
rationalfunctionin thetransformedvariables.This enablesusnot only to obtainaddi-
tional explicit resultsthatextendwhatis currentlyknown but alsoto makeconjectures

aboutthegeneralform of µx gym
h α i#d

In Section2 thedeterminationof µ x gy
m

h α i is expressedin termsof orderedfactoriza-
tionsof permutationsin � n into transpositionssuchthatthetranspositionsgenerate� n d
A differentialequationfor the generatingseriesfor the numbercg

h α i of suchfactor-
izationsis givenin Section3 by combinatoriallyanalyzingtheactionof transpositions.
Section4 givesa partialdifferentialequationinducedby symmetrizingthe portionof
thegeneratingseriesrelatingto givengenusg anda prescribednumberm of ramifica-
tion points. A generalform for thesolutionof this systemis conjecturedin Section5.
Section6 givesbrief detailsaboutthecomputationof theresultsin theAppendixanda
proofof Theorem1.2. Section7 givesa proofof Theorem1.1andmakesuseof oneof
thenew variablesthatwasintroducedin Section4.

2. TransitiveOrderedFactorizations

The questionof determiningthe numberµ x gy
m

h α i of almost simple ramified n-fold
coverings,by a surfaceof genusg e with a prescribedramificationtypeα, canbetrans-
latedinto oneconcerningproductsof transpositions,andthe constructionis given by
Hurwitz [12]. Let cg

h α i be the numberof j-tuplesof permutationsh σ1 e,d'd,d�e σ j i such
that,for anarbitrarybut fixedπ k£� α e theconjugacy classof � n indexedby α w n e the
following conditionshold:

(1) π j σ1 s,s,s σ j ;
(2) σ1 e'd,d'd�e σ j k£� �

21n ¤ 2 � ;
(3) σ1 e'd,d'd�e σ j generate� n;
(4) j j µ h α i v 2g e whereµ h α i$j n v l h α i¥r 2 d
Wenotethatµ h α i is theminimumvalueof j for whichconditions(1)–(3)hold. Wecallh σ1 e'd,d'd�e σr i anorderedtransitivefactorizationof π into transpositions,which is saidto

beminimal if g j 0 d Thenumbersµx gy
m

h α i andcg
h α i arerelatedby

µ x gy
m

h α i$j 1
n!

f�� α f cg
h α i#d (2.1)
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Condition(1) ensuresthat the ramificationtype is α j¦� 1a1 e 2a2 e'd,d'd � e whereak is the
numberof ramificationpointsof orderk d Condition (2) ensuresthat the ramification
pointsaresimple. Condition(3) ensuresthat the surfaceis connected.Condition(4)
ensuresthatthesphereis coveredby a surfaceof genusg d

It is this reformulationof the original questionthat we now considerin detail.
Goulden[6] showed that suchproblemscan be consideredby analyzingthe combi-
natorialactionof a transpositionon a permutationthroughthe useof differentialop-
eratorsactingon monomialsthat encodethe cycle structureof a permutation.These
techniqueswereextendedin [7] to factorizationsinto cyclesof lengthk alone.Werefer
to thistechniqueasthecut-and-joinanalysisof theactionof ak-cycle. Thecut-and-join
analysisis appliedto a graphicalencodingof transitive orderedfactorizationsascon-
nectededge-labeledandvertex-labeledgraphs.Theseappearin thework of Arnold [2],
andindependentlyin [6,7], andarecalledthemonodromygraphof theorderedfactor-
ization. For thequestionaddressedin this paper, it is necessaryto relax thecondition
of minimality in thecut-and-joinanalysis.

3. A Partial Differ ential Equation

Let p1 e p2 e,d'd,d be indeterminatesand p j h p1 e p2 e,d'd,d§i�d For α j h α1 e,d,d'd�e αm i where
α1 e'd,d'd�e αm arepositive integers,let pα j pα1 s,s's pαm d Now considerthegeneratingse-
ries

Φ h u e ze p i>j ∑
n � m� 1

g � 0

∑
α ¨ n

l © α ª ¡ m

f�� α f
n!

cg
h α i un{ m{ 2 x g g 1yh n v m v 2 h g r 1i,i !zgpα (3.1)

for orderedtransitive factorizations.In Lemma3.1,we show thatΦ satisfiesa second
orderpartialdifferentialequationof theseconddegree.

Thecoreof thederivationis a cut-and-joinanalysis.Supposeσ k«� n is the trans-
positionthat interchangess andt e andthat π kO� n d Thentherearetwo casesfor the
actionof σ on π in theproductπσ : (i) if se t areon thesamecycle of π e thenthecy-
cle is cut into two cyclesin πσ e with se t on differentcycles(hereσ is calleda cut for
π); (ii) if se t areon differentcyclesof π e thenthesecyclesarejoined to form a single
cycle in πσ e which containsboth s andt (hereσ is calleda join for π). This type of
analysishasbeenpreviouslyusedin [7] and[8], to obtainpartialdifferentialequations
for othergeneratingseriesfor orderedfactorizationsinto transpositions.In theproofof
Lemma3.1,someof thedetailsaresuppressedbecauseof thesimilarity to thisprevious
work.

Lemma 3.1.

∂Φ
∂u

j 1
2 ∑

i ¬ j } 1 � i j pi { jz
∂2Φ

∂pi∂p j
v i j pi { j

∂Φ
∂pi

∂Φ
∂p j

v h i v j i pi p j
∂Φ

∂pi { j � d (3.2)

Proof. Consideranorderedtransitive factorizationh σ1 e'd,d,d�e σr i of π thatsatisfiescon-
ditions (1)–(4), for any n c 1 d Remove σr but leave π unchanged.This is an ordered
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transitivefactorizationof π with its rightmostfactordeleted.Thenthegeneratingseries
for thesetof suchobjectsis

∂Φ
∂u

e
sinceΦ is an exponentialgeneratingseriesin u d This givesthe left-handsideof the
partialdifferentialequation.

To obtaintheright-handsideof thepartialdifferentialequation,we now show that
orderedtransitive factorizationsof π with the rightmost factordeletedcan be deter-
minedin anotherway. Let G j G x σ1 ¬   C¬ σr y be the monodromygraphof h σ1 e'd,d,d:e σr i :
the graphwith vertex labels ® 1 e,d'd,dWe n ¯:e andedgelabels ® 1 e,d'd,dWe r ¯:e in which the edge
labeledi joins verticesinterchangedby σi d Thencondition(3) impliesthatG is a con-
nectedgraph.Let T bethespanningtreeof G constructedby consideringtheedgesin
increasingorderof their labels,andselectingtheedgelabelledi if andonly if its inci-
dentverticesarein differentcomponentsof G x σ1 ¬   C¬ σi ¤ 1 y (this is Kruskal’s Algorithm).
Then,by construction,thetranspositionscorrespondingto theedgesof T arejoins. Let
σr j h se t i�d Therearethreecases.

(i) σr correspondstoanedgeof Gnotin T e andσr is acutfor πσr d Thus h σ1 e'd,d,d�e σr g 1 i
is anorderedtransitivefactorizationof πσr e with sandt on thesamecycleof πσr d
Thecontribution from thiscaseis

1
2 ∑

i ¬ j } 1

h i v j i pi p j
∂Φ

∂pi { j
e

sincethe effect of multiplying by σr is to cut a i v j-cycle into an i-cycle anda
j-cycle.

(ii) σr correspondsto anedgeof G not in T e andσr is a join for πσr d ThusG x σ1 ¬   C¬ σr ¤ 1 y
is anorderedtransitive factorizationof πσr with sandt ondifferentcyclesof πσr d
Thecontribution from thiscaseis

1
2 ∑

i ¬ j } 1
i j pi { jz

∂2Φ
∂pi∂p j

e
sincetheeffectof multiplying by σr is to join an i-cycleanda j-cycle to createan
i v j-cycle.

(iii) σr correspondsto an edgeof T. Then σr correspondsto a join for πσr and
G x σ1 ¬   C¬ σr ¤ 1 y hasexactly two components,with s and t on differentcomponents.
Thecontribution from thiscaseis

1
2 ∑

i ¬ j } 1
i j pi { j

∂Φ
∂pi

∂Φ
∂p j

e
whereherethe i-cycle and j-cycle thathave beenjoinedcomefrom eachof two
orderedtransitive factorizations(onefor eachcomponent).Note thatΦ is anex-
ponentialgeneratingseriesin bothu andvertices,thelatterbeingindicatedby the
division by n! in the definition of Φ d So the producti j h ∂Φ z ∂pi i h ∂Φ z ∂p j i gives
thecorrectcardinalitiesthroughtheproductof exponentialgeneratingseries.The
resultfollowsby combiningthesecasesandequatingthetwo expressions.
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In [8] thespecialcaseof Φ correspondingto minimal orderedtransitive factoriza-
tions wasconsidered.This is obtainedby consideringonly g j 0 or, equivalently, by
settingz j 0 in Φ d The partial differentialequationobtainedby settingz j 0 in (3.2)
wasderived in [8] by a cut-and-joinanalysis,andan explicit solutionwasobtained.
Althoughwe have beenunableto obtainexplicit solutionsto (3.2) itself, we have been
ableto obtainresultsfor variouspositivevaluesof g by consideringasymmetrizedform
of (3.2),andtherestof thepaperis devotedto this analysis.

4. The Symmetrical Form of Φ

We begin by defininga symmetricalform of Φ d For this purpose,let xα j xα1
1 s,s's xαm

m
andlet ωα j h αω x 1y e,d'd,d�e αω x my i whereω k°� m d Let

Ξ ± 1 ¬    ¬ m² pα j´³ ∑π µW¶ m xπ x α y e if l h α i�j me
0 e otherwise,

extendedlinearly to all seriesin the pi ’s. Let

Ψ x gy
m

h x i>j·� zg � Ξ ± 1 ¬   �¬ m² Φ h u e ze p iW¸¸¸ u� 1
d (4.1)

Thus Ψ x gym
h x i is obtainedby taking the term of degreeg in z and total degreem

in the pi ’s from Φ e thensettingu j 1 andsymmetrizingthe monomialsin the pi ’s,
replacingthesubscriptsof pi ’s by exponentsof x’swhenwe do so.Of course,cg

h α i is
recoverablefrom this seriesin a straightforwardway.

In thissectionwedetermineapartialdifferentialequationfor Ψ x gym
h x i thatis induced

by thepartialdifferentialequationfor Φ e givenin Lemma3.1. It is convenientto express
theequationsin termsof x1 e,d,d'd�e xm and,in addition,w1 e,d'd,d�e wm e where

wi j xie
wi (4.2)

hasa uniquesolutionwi ¹ wi
h xi i asa power seriesin xi d Thenw1 e,d,d'd�e x1 e,d'd,d arealge-

braically independent,andit is clear, by differentiatingthe functionalEquation(4.2),
that

xi
∂

∂xi
j wi

1 r wi

∂
∂wi

d (4.3)

The reasonfor introducingthe wi ’s is that in [7] and [8] we showed that Hurwitz’s
result(1.2) for g j 0 canbeexpressedas

Ψ x 0y
m

h x i�j � x1
∂

∂x1
v s,s,s v xm

∂
∂xm � mg 3

Vm
h w i (4.4)

in termsof thenew indeterminates,where

Vm
h w i>j m

∏
i � 1

wi

1 r wi
(4.5)
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andw j h w1 e'd,d,d�e wm i�d Thisexpressionwill beusedasaninitial conditionin thepartial

differentialequationfor Ψ x gym
h x i�d

The following mappingis neededin thestatementof thedifferentialequation,for
expressingthe action of Ξ ± 1 ¬   �¬ m² on termsinvolving the pi ’s. Let f be a seriesin
x1 e'd,d,d:e xm e and0 � i � m r 1 d ThenthemappingΘi is definedby

Θi f h x1 e'd,d'd�e xmi$j ∑º ¬ »¥¬ ¼ f h x º e x» e x ¼ i�e
wherethe sum is over all orderedpartitions h(½ e	¾¿e-Àli of ® 1 e,d,d'dWe m̄ with f ½ fÁj 1 ef ¾�f8j i eÂf ÀÃfÄj m r i r 1 e andwhereh x º e x» e x ¼ i$j h xr1 e xs1 e,d,d'd�e xsi e xt1 e,d,d'd�e xtm¤ i ¤ 1 i#e
in which s1 �Ås's,s�� si e andt1 �Ås's,s�� tmg i g 1 d

Thenext threelemmasarequite technical,which will beusedfor determiningthe
actionof Ξ ± 1 ¬    ¬ m² on productsof the pi ’s. For this purpose,let

Ξ ± a1 ¬   C¬ am ² pα j Ξ ± 1 ¬    ¬ m² pα ¸¸¸ xi ÆÇ xai ¬ i � 1 ¬    ¬ m e
wherea1 �Ås's,s�� am d
Lemma 4.1. Letα e β bepartitionswith l h α i$j k andl h β i$j md Then

Ξ ± 1 ¬    ¬ m{ k ² pα pβ j ∑x È ¬ ÉÁyÁÊ ΞÈ pα Ë Ê Ξ É pβ Ë e
where thesumis over all orderedpartitions h-Ì e-Í�i of ® 1 e,d,d'dWe m v k ¯ with f Ì f�j k andf ÍÎf8j md
Proof. Immediate.

Lemma 4.2. Letα bea partition, l h α i$j me and1 � l � md Then

∑
i } 1

xi
l Ξ ± 1 ¬   �¬ m² g ± l ² i ∂pα

∂pi
j xl

∂
∂xl

Ξ ± 1 ¬   �¬ m² pα d
Proof. Let α j h α1 e'd,d,d:e αm i�d It is convenientto regard pα asthe word pα1 s,s,s pαm in
which eachsymbol is written with exponentequalto one. Now apply the operator
∑i } 1xi

l i∂ z ∂pi to thisproductof m pi ’s. Its effect,by theproductrule, is to createasum

of m terms,in which eachof them p j ’s in theword pα is replaced,in turn,by jx j
l d But

jx j
l j xl x

j
l ∂ z ∂xl e andtheresultfollows immediately.

Lemma 4.3. Letα bea partition, l h α i$j m v 1 e and1 � l � md Then

∑
i ¬ j } 1

xi { j
l Ξ ± 1 ¬    ¬ m{ 1 ² g ± l ¬ m{ 1² i j

∂2

∂pi∂p j
pα j xl

∂
∂xl

xm{ 1
∂

∂xm{ 1
Ξ ± 1 ¬   �¬ m{ 1² pα ¸¸¸¸ xm� 1 � xl

d
Proof. Similar to theproof of Lemma4.2.
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Thepartialdifferentialequationfor thesymmetrizedform of Φ is givenin thefol-
lowing result.

Theorem4.4. TheseriesΨ x gy
m e for g e m j 1 e 2 e'd,d,d�e satisfythepartial differentialequa-

tion

� w1
∂

∂w1
v s's,s v wm

∂
∂wm

v m v 2 h g r 1i � Ψ x gy
m

h x1 e,d'd,d�e xm i>j T1 v s's,s v T4 e (4.6)

where

T1 j 1
2

m

∑
i � 1 � xi

∂
∂xi

xm{ 1
∂

∂xm{ 1
Ψ x g g 1y

m{ 1
h x1 e,d'd,d�e xm{ 1 i � ¸¸¸¸¸ xm� 1 � xi

e
T2 j Θ1

w2

1 r w1

1
w1 r w2

x1
∂

∂x1
Ψ x gy

mg 1
h x1 e x3 e,d'd,d�e xm i�e

T3 j m

∑
k� 3

Θk g 1 � x1
∂

∂x1
Ψ x 0yk

h x1 e'd,d'd�e xk i � � x1
∂

∂x1
Ψ x gymg k{ 1

h x1 e xk{ 1 e'd,d'd�e xm i � e
T4 j 1

2 ∑
1 Ï k Ï m

1 Ï a Ï g ¤ 1

Θk g 1 � x1
∂

∂x1
Ψ x ay

k
h x1 e'd,d'd�e xk i � � x1

∂
∂x1

Ψ x g g ay
mg k{ 1

h x1 e xk{ 1 e'd,d'd�e xmi �
with initial condition(4.4),whereΨ x gy

0 j 0 for g j 1 e 2 e'd,d,d>d
Proof. Let E1 denotetheleft-handsideof Equation(3.2),andlet E2 e E3 e E4 denotethe
threesummationson theright-handside(indexing themfrom left to right). We apply� zg � Ξ ± 1 ¬    ¬ m² e with u j 1 e to eachof thesein turn,andthendenotetheresultsof this by
U2 e U3 e andU4 e respectively.

For E1: We consider, with l h α i�j me α w n e
Ξ ± 1 ¬   �¬ m² h n v m v 2g r 2i pα j |

n

∑
j � 1

α j v m v 2g r 2� Ξ ± 1 ¬    ¬ m² pα

j |
m

∑
i � 1

xi
∂

∂xi
v m v 2g r 2� Ξ ± 1 ¬   �¬ m² pα e

so

� zg � Ξ ± 1 ¬    ¬ m² E1 ¸¸¸ u� 1
j � x1

∂
∂x1

v s,s,s v xm
∂

∂xm
v m v 2g r 2� Ψ x gym

h x1 e,d,d'd�e xm i�d
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For E2: We consider, with l h α i>j m v 1 e
Ξ ± 1 ¬   �¬ m² ∑

i ¬ j } 1
pi { j i j

∂2pα

∂pi∂p j
j m

∑
l � 1

∑
i ¬ j } 1

xi { j
l Ξ ± 1 ¬    ¬ m² g ± l ² i j

∂2pα

∂pi∂p j
e

j m

∑
l � 1

∑
i ¬ j } 1

xi { j
l Ξ ± 1 ¬    ¬ m{ 1 ² g ± l ¬ m{ 1 ² i j

∂2pα

∂pi∂p j
e

j m

∑
l � 1 � xl

∂
∂xl

xm{ 1
∂

∂xm{ 1
Ξ ± 1 ¬   �¬ m{ 1² pα � ¸¸¸¸¸ xm� 1 � xl

d
(by Lemma4.3)

Thus

U2 j 1
2

m

∑
l � 1 � xl

∂
∂xl

xm{ 1
∂

∂xm{ 1
Ψ x g g 1y

m{ 1
h x1 e,d,d'd�e xm{ 1 i � ¸¸¸¸ xm� 1 � xl

d
For E3: We consider, with l h α i�j k e l h β i$j m r k v 1 e
Ξ ± 1 ¬    ¬ m² ∑

i ¬ j } 1
pi { j i j

∂pα

∂pi

∂pβ

∂p j
j m

∑
l � 1

∑
i ¬ j } 1

xi { j
l Ξ ± 1 ¬   �¬ m² g ± l ² � i

∂pα

∂pi � � j
∂pβ

∂p j �
j m

∑
l � 1

∑Ð�Ñ§Ò ¡�Ó 1 � � � � � mÔ-¤ Ó l ÔÕ Ð Õ ¡ k ¤ 1 � Õ Ò Õ ¡ m¤ kÐ�Ö§Ò ¡ /0

|
∑
i } 1

xi
l ΞÈ i

∂pα

∂pi

� |
∑
j } 1

x j
l Ξ É j

∂pβ

∂p j

�
(by Lemma4.1)j m

∑
l � 1

∑Ð�Ñ�Ò ¡�Ó 1 � � � � � mÔ-¤ Ó l ÔÕ Ð Õ ¡ k ¤ 1 � Õ Ò Õ ¡ m¤ kÐ�Ö§Ò ¡ /0

� xl
∂

∂xl
ΞÈ2× ± l ² pα � � xl

∂
∂xl

Ξ É × ± l ² pβ �
(by Lemma4.2)j Θk g 1 � x1

∂
∂x1

Ξ ± 1 ¬    ¬ k ² pα � � x1
∂

∂x1
Ξ ± 1 ¬ k { 1 ¬   �¬ m² pβ � e

whence

U3 j 1
2 ∑

1 Ï k Ï m
0 Ï a Ï g

Θk g 1 � x1
∂

∂x1
Ψ x ay

k
h x1 e'd,d,d�e xk i � � x1

∂
∂x1

Ψ x g g ay
mg k{ 1

h x1 e xk{ 1 e,d'd,d�e xm i � d
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For E4: We consider, with l h α i>j m r 1 e
Ξ ± 1 ¬   �¬ m² ∑

i ¬ j } 1

h i v j i pi p j
∂pα

∂pi { j
j 2 ∑

1 Ø l Ù k Ø m
∑

i ¬ j } 1

xi
l x

j
k Ξ ± 1 ¬   �¬ m² g ± l ¬ k ² h i v j i ∂pα

∂pi { jj 2 ∑
1 Ø l Ù k Ø m

∑
r } 1

xkxr
l r xlxr

k

xk r xl
Ξ ± 1 ¬    ¬ m² g ± l ¬ k ² r ∂pα

∂prj 2 ∑
1 Ø l Ú� k Ø m

xk

xl r xk
xl

∂
∂xl

Ξ ± 1 ¬   �¬ m² g ± k ² pα

(by Lemma4.2)j 2Θ1
x2

x1 r x2
x1

∂
∂x1

Ξ ± 1 ¬ 3 ¬ 4   �¬ m² pα d
Thus

U4 j Θ1
x2

x1 r x2
x1

∂
∂x1

Ψ x gy
mg 1

h x1 e x3 e x4 e'd,d'd�e xm i�d
Collectingthesecasesandcombiningthem,we have|

m

∑
i � 1

xi
∂

∂xi
v m v 2 h g r 1i � Ψ x gy

m
h x1 e,d'd,d�e xm i�j U2 v U3 v U4 d (4.7)

Now U2 gives T1 in (4.6). Also, from (4.4), h x1
h ∂ z ∂x1 i�i 2 Ψ x 0y1 j w1 z h 1 r w1 i�d So

from (4.3),we obtain

x1
∂

∂x1
Ψ x 0y

1
h x1 i�j w1 d

Thisallowsusto simplify thetermswith a j 0 e k j 1 e anda j g e k j m in U3 e giving
m

∑
i � 1

wixi
∂

∂xi
Ψ x gy

m
h x1 e'd,d,d�e xmi#d

Thissummationis thenmovedto theleft-handsideof Equation(4.7),andtheleft-hand
sideof Equation(4.6)follows immediatelyfrom (4.3).

Also, from (4.4), h x1
h ∂ z ∂x1 i v x2

h ∂ z ∂x2 i'i Ψ x 0y2 j w1w2 z h 1 r w1 i h 1 r w2 i�e and it

canbeverifiedthatΨ x 0y
2

h x1 e x2 i>j log h,h w1 r w2 i�z h x1 r x2 i,i?r w1 r w2 e whence

� x1
∂

∂x1 � Ψ x 0y
2

h x1 e x2 i�j w2h 1 r w1 i h w1 r w2 i r x2

x1 r x2
d (4.8)

This allows us to simplify the termswith a j 0 e k j 2 e anda j g e k j m r 1 in U3 e
giving

Θ1 � w2h 1 r w1 i h w1 r w2 i r x2

x1 r x2 � x1
∂

∂x1
Ψ x gy

mg 1
h x1 e x3 e,d,d'd�e xm i�d

Thisexpressionis thencombinedwith U4 to giveT2 in (4.6).Thetermswith a j 0 e k j
3 e'd,d'dWe m anda j g e k j 1 e,d,d'dWe m r 2 in U3 combineto give T3 in (4.6). Finally, the
remainingtermsin U3 giveT4 in (4.6),andtheresultfollows from (4.7).
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5. Determining the Symmetric GeneratingSeries

Wenow considerhow to usethetransformedpartialdifferentialEquation(4.6)to deter-

mineΨ x gym d Webegin with thefollowing resultthatestablishesin generalthatthisseries
is a rationalseriesin w1 e,d,d'd�e wm d
Theorem5.1. For g c 1 and for g j 0 e m c 3 e Ψ x gym is a symmetricpolynomial inh 1 r w1 i�g 1 e'd,d,d�e h 1 r wmi�g 1 of total degreelessthanor equalto 2m v 6g r 5 d
Proof. Theproof is by induction. The result is true for g j 0 e m c 3 e from the initial

condition(4.4),using(4.2) to expressΨ x 0y
m in termsof thewi ’s for i j 1 e'd,d'd,e me where

m c 3 d
Now, for g j m j 1 e theright-handsideof Equation(4.6)comesfrom T1 alone,and

is givenby

lim
x2 Ç x1

1
2

x1
∂

∂x1
x2

∂
∂x2

Ψ x 0y
2

h x1 e x2 i�e
whichcanbeevaluatedstraightforwardly from (4.8),to give

1
24

w2
1
w2

1 r 4w1 v 6h 1 r w1 i 4 d
Thus, for g j m j 1 e Equation(4.6) containsonly rational functionsof w1 e and the
resultis truefor g j m j 1 d

To prove the result for g c 1 e m c 1 e h g e miP�j h 1 e 1i�e note that Equation(4.6)
containsno explicit occurrencesof the xi ’s except throughthe operatorxi∂ z ∂xi e and
that (4.3) allows us to replacetheseby h wi z h 1 r wi i,i ∂ z ∂wi e for i j 1 e'd,d,d�e md More-

over, for thesevaluesof g e me theright-handsideof (4.6)doesnotcontainΨ x 0y
1 or Ψ x 0y2 d

Thus,if theinductionhypothesisis thattheresultis truefor Ψ x i yj e where0 � i � g e and
0 � j � m v g r i e with h i e j iÛ�j h 0 e 1i�e h 0 e 2i�e h g e mi�e thenEquation(4.6) is of theform

� w1
∂

∂w1
v s,s's v wm

∂
∂wm

v m v 2 h g r 1i � Ψ x gy
m

h x1 e'd,d'd�e xm i�j K x gym
h w i#e (5.1)

whereK x gy
m

h w i dependsonly on thoseΨ x i yj to which we have appliedthe induction

hypothesis.ThusK x gy
m

h w i is arationalfunctionof thewi ’sandw1 r w2 perfectlydivides

by symmetry, so K x gy
m

h w i is a polynomial in h 1 r w1 i'g 1 e,d,d'd�e h 1 r wm i�g 1 d Moreover,

from theinductionhypothesis,we caneasilyboundthetotal degreeof K x gym
h w i>j T1 vs,s's v T4 d Firstnotethatxi∂ z ∂xi increasesthedegreeof apowerof h 1 r wi i'g 1 by 2 d Thus,

from the inductionhypothesis,thetermsarisingfrom T1 have total degreelessthanor
equalto 2m v 6g r 5 e andthe termsarisingfrom T2 e T3 e andT4 have total degreeless
thanor equalto 2m v 6g r 4 d

But wi∂ z ∂wi on the left-handsideof (4.6) increasesthedegreeof a power of h 1 r
wi i g 1 by 1 d Thus,by induction,theresultfollows thatΨ x gym hastotaldegreelessthator
equalto 2m v 6g r 5 e for g c 2 andfor g j 1 e m c 2 d Theproof is complete.



40 I.P. Goulden,D.M. Jackson,andA. Vainshtein

Now we return to the questionof determiningΨ x gy
m from Equation(4.6). If we

determinethe Ψ x gym in the orderspecifiedin the induction above, Equation(4.6) be-

comes(5.1),whereK x gy
m

h w i is aknown rationalfunctionof w e andthispartialdifferen-
tial equationis trivial, aswe show next.

Theorem5.2. In thenotationof (5.1),

Ψ x gy
m jÅÜ 1

0
K x gy

m
h tw i tm{ 2g g 3dt d

Proof. In Equation(5.1),substitutetwi for wi for i j 1 e'd,d'd�e me so∑m
i � 1wi∂ z ∂wi becomes

td z dt d Now multiply bothsidesby tm{ 2g g 3 e giving

d
dt Ê tm{ 2g g 2Ψ x gy

m ¸¸¸ w ÆÇ tw
Ë j tm{ 2g g 3K x gy

m
h tw i�e

andtheresultfollows.

In principle,Theorem5.2providesaniterativeprocedurefor explicitly determining

theΨ x gym d WehaveusedMaplein thisway to determineΨ x gym for g j 1 e m j 1 e'd,d,d�e 6 and
g j 2 e,d'd,dWe 5 e m j 1 e,d'd,dWe 6 r g d Becauseof certaintechnicalissuesthat arisein using
Maple for this purpose,we in fact modifiedthe procedurein practice,andsketchthe
detailsof this in Section6.

In eachcase,wherewe havemadecomputations,Ψ x gy
m canbewritten in theform

Ψ x gy
m

h x i>j f x gy
m � x1

∂
∂x1

e,d,d'd�e xm
∂

∂xm � Vm
h w i�e

wheref x gym
h x1∂ z ∂x1 e,d,d'd�e xm∂ z ∂xm i isasymmetricpolynomialin x1∂ z ∂x1 e,d'd,d�e xm∂ z ∂xm d

We have found that thesepolynomialsareexpressedmostcompactlyin termsof the
elementarysymmetricfunctionsek ¹ ek

h x1∂ z ∂x1 e,d'd,d�e xm∂ z ∂xm i�e for k j 1 e,d,d'dWe m and,

for this reason,theAppendixgivesthevaluesof the f x gym e thataredefinedby this pro-
cess,aspolynomialsin e1 e'd,d,d�e em d We conjecturenext that this is alwaysthecase,and
that the total degreeof thepolynomialis m v 3g r 3 in general,ascanbeobservedin
all casesin theAppendix.

Conjecture5.3. For g j 0 e m c 3 andfor g c 1 e m c 1 e
Ψ x gy

m
h x i>j f x gy

m � x1
∂

∂x1
e,d,d'd�e xm

∂
∂xm � Vm

h w i�e (5.2)

for a uniquesymmetricpolynomialf x gym
h x1 e,d,d'd�e xm i of total degreem v 3g r 3 in x1 e,d'd,d:e

xm d
Conjecture5.3 is also in agreementwith the previous known results,asgiven in

Subsection1.1.For example,Hurwitz’s result(1.2)for g j 0 e asrestatedin (4.4),gives

f x 0ym j emg 3
1 for m c 3 d The form of Conjecture5.3 might seemsurprising,compared

with the form of the solutionestablishedin Theorem5.1. However, aswe discussin
Section6, Conjecture5.3is only aslight strengtheningof Theorem5.1.
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Conjecture5.3 is alsoespeciallyuseful for determiningthe ramificationnumbers

µx gym
h α i�e since,aswe show in thenext result, f x gy

m evaluatedat theargumentα actually

givesµ x gy
m

h α i up to a known scalingfactor.

Lemma 5.4. If (5.2)holds,thenfor l h α i$j me α j h α1 e'd,d,d�e αm i#e
µ x gy

m
h α i>j 1

n!
f�� α f h n v m v 2g r 2i ! |

m

∏
j � 1

αα j
jh α j r 1i ! � f x gym

h α i�d
Proof. Thesolutionof (4.2) is

wr j ∑
j } 1

j j g 1

j!
x j

r e
by Lagrange’sTheorem.Sofrom (4.5),

� xαr
r

� � xr
∂

∂xr � kr wr

1 r wr
jm� xαr

r
� � xr

∂
∂xr � kr { 1

wr j ααr { kr
r

αr !
d

Thus,if α j h α1 e'd,d'd�e αm i�e then

� xα � m

∏
r � 1 � xr

∂
∂xr � kr

Vm
h w i$j m

∏
r � 1

αkr
r

αα

α!
d

Soby linearity, wehave� xα � f x gy
m � x1

∂
∂x1

e'd,d'd�e xm
∂

∂xm � Vm
h w i$j f x gy

m
h α i αα

α!
d (5.3)

Now we look at Ψ x gy
m

h x i asdefinedin (4.1)and(3.1). First,by countinghow often
eachmonomialappears,we havef�� α f

n! ∑
ω µ�¶ m

xω x α y j 1

∏m
j � 1 α j

mα
h x i�e

wheremα is a monomialsymmetricfunction. ThusΨ x gy
m

h x i canbere-expressedin the
form:

Ψ x gym
h x i�j ∑

n } 1
∑
α ¨ n

l © α ª ¡ m

1h n v m v 2 h g r 1i,i ! 1

∏m
j � 1 α j

cg
h α i mα

h x i�d
Thus � xα � Ψ x gy

m
h x i>j 1h n v m v 2g r 2i ! m

∏
j � 1

α j cg
h α i�e

andtheresultfollowsby comparingthis with (2.1),(5.3),and(5.2).
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In Section1, we have recastConjecture5.3 andLemma5.4 to make themrefer

as immediatelyas possibleto the ramificationnumbersµ x gy
m : in Section1, we have

definedf x gy
m in (1.1) asthe rescalingof µx gym given in the statementof Lemma5.4; in

Section1 we give Conjecture1.4, that f x gym thusdefinedis a symmetricpolynomialof

total degreem v 3g r 3 d Of course,this meansthat the symmetricpolynomials f x gy
m

givenin theAppendixthushavetwo equivalentinterpretations.Oneinterpretationis in
theargumentsx1∂ z ∂x1 e'd,d,d�e xm∂ z ∂xm e giving apartialdifferentialoperatorasconsidered
in Conjecture5.3. The secondinterpretationis in the argumentsα1 e,d,d'd�e αm e giving a

scaledexpressionfor µx gym asconsideredin (1.1).
Finally, asa further strengtheningof Theorem5.1, for g j 1 e we areableto con-

jecturea closedform from thedatain theAppendixasfollows. Note thesimilarity to

Hurwitz’s resultthat f x 0y
m j emg 3

1 d
Conjecture5.5. For m c 1 e

f x 1y
m j 1

24

|
em

1 r emg 1
1 r m

∑
i � 2

h i r 2i !eie
mg i
1

� d
As statedabove,thedatawehaveobtainedin theAppendix,for g j 1 e m j 1 e,d'd,d�e 6

is in agreementwith Conjecture5.5. This is restatedasConjecture1.3 becauseof its
strikingly simpleform.

6. Computational Comments

Wefirst addresstherelationshipbetweentheformsfor Ψ x gym provedin Theorem5.1and
conjecturedin Conjecture5.3.

Notethat,for j c 1 e
� xi

∂
∂xi � j wi

1 r wi
j 2 j { 1

∑
k� j { 1

c h j e ki 1h 1 r wi i k e (6.1)

(for j j 0 e thelowerlimit of thesummationbecomesj), for someintegersc h j e ki#d Also,
sincewi∂ z ∂wi j h 1 r wi i xi∂ z ∂xi e wehave for j c 1 e from (4.3),

wi
∂

∂wi � xi
∂

∂xi � j g 1 wi

1 r wi
j 2 j

∑
k� j

c h j e ki 1h 1 r wi i k d (6.2)

This triangularsystemof linearequationscanbeinvertedto expressh,h 1 r wi i'g 1 i k asa
linearcombinationof

� xi
∂

∂xi � j

and wi
∂

∂wi � xi
∂

∂xi � j d
Consequently, since,from (4.5),

Vm
h w i�j m

∏
i � 1 � 1

1 r wi
r 1� e
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thenTheorem5.1impliesthat,in general,Ψ x gym canbewrittenas f x gy
m Vm

h w i�e where f x gy
m

isadifferentialoperatorwhichisasymmetricsumof monomialsin xi∂ z ∂xi e i j 1 e'd,d'dWe m
plus a sumof a singlewj∂ z ∂wj multiplied by symmetricsumsin the xi∂ z ∂xi ’s. Thus

Conjecture5.3 strengthensTheorem5.1 concerningtheform of Ψ x gy
m only in asserting

thatthetermsinvolving wj∂ z ∂wj e for j j 1 e,d,d'd�e m do not appear. This is in agreement

with all known valuesfor Ψ x gy
m e althoughwe have beenunableto prove that this holds

in general. Also in the conjecture,the degreeof this symmetricdifferentialoperator
follows from (6.1) and the upperboundgiven in Theorem5.1, and it is part of the
conjecturethattheboundis actuallyattained.

In implementingTheorem5.2(using Maple)to determineexplicitly theΨ x gy
m given

in theAppendix,we have actuallyused(6.1) and(6.2) andtheir inversesto transform
theprocessinto oneinvolvingonly polynomialinsteadof moreawkwardrationalseries.
In particular, this processgivesa proofof Theorem1.2

7. The Proof of Theorem1.1

We concludewith a proof of Theorem1.1. Theproof usestheseriesw1 thathasbeen
introducedfor the symmetrizationof Φ e and is the solution of the functional Equa-
tion (4.2).

Accordingto [24], µx 1yn ¹ µ x 1y
n

h 1n i satisfiesthe following recurrenceequationthat
wasdiscoveredby PandharipandeandGraber:

µx 1yn j n
6 � n

2� h 2n r 1i µx 0yn v 2 h 2n r 1i n g 2

∑
j � 1

h n r j i j2 � 2n r 2
2 j r 2� µx 0y

j µ x 1y
n g j e

whereµx 0yn ¹ µ x 0y
n

h 1n i�d Sinceµx 0yn j h 2n r 2i !nn g 3 z n! andµx 1yn j h 2ni ! f x 1yn z n! from (1.2)

and(1.1),respectively, where f x 1y
n ¹ f x 1yn

h 1n i�e thenh 2ni !
n!

f x 1y
n j n

6 � n
2� h 2n r 1i !

n!
nn g 3 v 2 h 2n r 1i ! n g 2

∑
j � 1

n r j
j! h n r j i ! j j g 1 f x 1y

n g j d
Thenan, definedby an j 24nf x 1y

n , satisfiestherecurrenceequation

an j h n r 1i nn g 1 v n g 2

∑
j � 1 � n

j � j j g 1an g j d
Let w ¹ w1 d Then,by Lagrange’sTheorem(see,for example,[10]),

w j ∑
n } 1

nn g 1

n!
xn and

w
1 r w

j ∑
n } 1

nn

n!
xn d

Let

A h xi>j ∑
n } 2

an
xn

n!
d
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It follows from therecurrenceequationfor an that

A h xi�j w
1 r w

r w v wAh xi
so

A h xi>j w2h 1 r wi 2 d
Now notethatA h xi canbere-expressedin theform:

A h xiPj wh 1 r wi 3 r w
1 r w

r w2h 1 r wi 3

j wh 1 r wi 3 r w
1 r w

r ∑
i } 2

1
i h i r 1i iwi r h i r 1i wi { 1h 1 r wi 3 d

But, againby Lagrange’sTheorem,

wh 1 r wi 3 j ∑
n } 1

nn{ 1

n!
xn and

iwi r h i r 1i wi { 1h 1 r wi 3 j ∑
j } 0

h i v j i j { 1

j!
xi { j d

The secondof theseis obtainedby consideringthe expansionof wi z h 1 r wi andh xdz dxi h wi z h 1 r wi'i�e having observedthatwz h 1 r wi$j xdwz dx e from thefunctional
equationfor wd Eachtermin theexpressionfor A h xi hasnow beengivenaseriesexpan-
sion,andtheresultfollows.

Appendix. Explicit Results

The following givesexplicit expressionsfor f x gy
m d The resultscan be expressedin a

compactform in termsof weighteddivideddifferences∆ x gym asfollows:

Let α w n andl h α i�j md Let d1 j 3!22 e d2 j 6!23 e d3 j 9!23 e andd4 j 12!25 d Then,
for g j 1 e m j 1 e'd,d,d�e 6; g j 2 e 3 e 4 e m j 1 e'd,d'd,e 6 r g e

dg f x gy
m j e1dg f x gy

mg 1 v em∆ x gy
m e

for m c 1 e where f x gy
0 ¹ 0 e g c 1 d Thus

f x gym j 1
dg Ê em

1 ∆ x gy
1 v emg 2

1 e2∆ x gy
2 v emg 3

1 e3∆ x gy3 v s's,s v em∆ x gym Ë d
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Genus1: ∆ Ý 1Þ1 ß 1 à 1
e1 á

∆ Ý 1Þ2 ß à 0! á
∆ Ý 1Þ3 ß à 1! á
∆ Ý 1Þ4 ß à 2! á
∆ Ý 1Þ5 ß à 3! á
∆ Ý 1Þ6 ß à 4! â

ã ääääääääääääääåääääääääääääääæ
(A.1)

Genus2: ∆ Ý 2Þ1 ß 5e3
1 à 12e2

1 ç 7e1 á
∆ Ý 2Þ2 ßéè à 10e3

1 ç 9e1e2 ê ç è 12e2
1 à 2e2 ê á

∆ Ý 2Þ3 ßéè à 18e3
1 ç 18e1e2 à 3e3 ê ç è 16e2

1 à 6e2 ê á
∆ Ý 2Þ4 ßéè à 36e3

1 ç 60e1e2 à 12e3 ê ç è 38e2
1 à 24e2 ê â

ã äääääääåäääääääæ (A.2)

Genus3: ∆ Ý 3Þ1 ß 35e6
1 à 147e5

1 ç 205e4
1 à 93e3

1 á
∆ Ý 3Þ2 ß è à 105e6

1 ç 189e4
1e2 à 135e2

1e2
2 ê ç è 294e5

1 à 321e3
1e2 ç 90e1e2

2 êç è à 205e4
1 ç 74e2

1e2 à 16e2
2 ê á

∆ Ý 3Þ3 ßéè à 273e6
1 ç 594e4

1e2 ç 153e3
1e3 à 405e2

1e2
2 ç 135e1e2e3 à 27e2

3 êç è 642e5
1 à 912e3

1e2 à 111e2
1e3 ç 360e1e2

2 à 66e2e3 êç è à 353e4
1 ç 270e2

1e2 ç 64e1e3 à 80e2
2 ê â

ã äääääääääääääåäääääääääääääæ
(A.3)

Genus4: ∆ Ý 4Þ1 ß 1925e9
1 à 12320e8

1 ç 29854e7
1 à 32032e6

1 ç 12573e5
1 á

∆ Ý 4Þ2 ßéè à 7700e9
1 ç 20790e7

1e2 à 29700e5
1e2

2 ç 17325e3
1e3

2 êç è 36960e8
1 à 74316e6

1e2 ç 72600e4
1e2

2 à 23100e2
1e3

2 êç è à 59708e7
1 ç 77814e5

1e2 à 44880e3
1e2

2 ç 10780e1e3
2 êç è 32032e6

1 à 182e4
1e2 ç 8800e2

1e2
2 à 1584e3

2 ê â

ã äääääääääåäääääääääæ
(A.4)
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