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Abstract. We obtainanexplicit expressiorfor thenumberof ramifiedcoveringsof thesphereoy
thetoruswith given ramificationtype for a smallnumberof ramificationpoints,andconjecture
thisto betruefor anarbitrarynumberof ramificationpoints. In addition,theconjecturds proved
for simplecoveringsof thesphereby thetorus. We obtaincorrespondingxpressionsor surfaces
of highergenerdor smallnumberof ramificationpoints,andconjecturehegeneraform for this
numberin termsof a symmetricpolynomialthatappeargo be new. The approachnvolvesthe
analysisof the actionof a transpositiorto derive a systemof linear partial differentialequations
thatgive the generatingseriesfor thedesirednumbers.
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1. Intr oduction

1.1. BackgrouncandNew Results

Let f: M — S? be a non-constanimeromorphicfunction on a compactconnected
RiemanrsurfaceM of genugg > 0. Thenthereexistsanintegern > 1, calledthedegree
of f, suchthat|f~1(p)| = n for all but afinite numberof points p € S? calledcritical
values f is calledaramifiedn-fold covering of S2.

Therearetwo definitionsof topologicalequivalenceof ramified coverings. In one
of them, two coverings f1 and fo are consideredequivalentif thereexist homeomor
phismst: M — M andp: S? — S? suchthatpf; = f,1. Theequivalenceclassesinder
this definition correspondo the connecteccomponent®of the spaceof meromorphic
functions.For thedescriptiorandenumeratiorof suchequivalenceclasseseg[14,20].
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28 |.P. Goulden,D.M. JacksonandA. Vainshtein

In the second morerestrictive definition, two coverings f; and f, areconsidered
equialentif thereexistsahomeomorphismm: M — M suchthat f; = fo1t In this paper
we addresghe problemof determiningthe numberof equivalenceclassef ramified
coveringsunderthis morerestrictive equivalence.This problemaroseoriginally in the
classicpaperof Hurwitz [12] andis often calledHurwitz’s Enumeation Problem

Recallthata critical value p of f is calledsimpleif |f~1(p)| = n— 1. A covering
f is calledsimpleif all of its critical valuesare simple,andalmostsimpleif at most
onecritical value, which is assumedo be equalto «, is non-simple. The preimages
of o arecalledthepolesof f. Leta; > --- > am > 1 bethe ordersof the poles;since
01+ ---4+0m=n, wegetapartitiona of n, whichis indicatedoy a - n. Thenumberof
partsis denotedby | (a). The specificquestionaddresseth this paperis thatof giving

anexplicit expressiorfor thenumbemﬁﬁ) (a) of alImostsimpleramifiedn-fold coverings
with a prescribedlistribution a of ramificationorders.We call a theramificationtype
of f.

A generalanswerto this questionhasbeengiven by a numberof authors(see,

for example,[12,19]). Theseanswersallow usto determinmﬁ,?)(a) in principle, but
do not give explicit information, and are largely intractablebecauseof the character
sumsthey contain.For example thefollowing generatingseries(se€[8]), in principle,

givescompleteinformationaboutthe pﬁﬁ) (0). It givespﬁﬁ) (a)/(n+m+2g—2)! asthe
coeficient of x"u™™20-2p_ in

Xn
log Z %8 150eM® |
(n; PRREY

In this seriesp is the power sumsymmetricfunctionof degreek, pa = Pa; Pa, -+ » x®
is the characteof the ordinaryirreduciblerepresentationf &, (the symmetricgroup
onn symbols)indexedby 6,

1 8
S == | Ca|Xo Pats
n! Ogn a

the Schurfunctionindexedby 6, | Cy| is the sizeof the conjugagy classof &, indexed

by a, and _
=533

whereb = (81,...), 8 = (64,...), is theconjugateof 6.

A differentapproacho this problemcomedrom thesingularitytheoryandis based
onthenotionof the Lyashlo—Looijengamap(see[1]). This maptakesa meromorphic
function f to the polynomialwhoseroots are the critical valuesof f. It was shown
in [17] that, for M = S? andthe genericpolynomial f, the Lyashlo—Looijengamap

is a finite covering whosedegree coincideswith u(lo)((n)) up to a factorof n. This
approachwas extendedto genericLaurentpolynomialson the spherein [2], andto
genericmeromorphidunctionson the spherein [11]. The caseof polynomialson $2
with severalnon-simplecritical valuesis treatedn [25].

A further approachto the problemcomesfrom enumeratie algebraicgeometry
Recallthat the characteristimumberRy(a,b) (with a+ b = 3d — 1) is definedasthe
numberof irreducibledegreed rationalcurvespassinghrougha fixed generalpoints,
andtangentto b fixed generallines. Kontserich andManin [15, 16] werethefirst to
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relatethe characteristimumbers(in the caseb = 0) to Chernclassesof the moduli
spaceof stablemapsandto give recursiongor thesenumbers.Their resultswerelater
extendedin [21] to the caseof arbitraryb. A further extensionto the characteristic
numbersRy(a, b, c) of curvesthat satisfy the above conditionsand, in addition, are
tangento c fixed generalines at fixed generalpointsof tangeng canbefoundin [5].

The sameapproachallows the finding of recurrenceequationof the numberpﬁg) (am
of simplecoverings,atleastin thecaseg) = 0 andg = 1 (se€[24]). Thecaseof general
almostsimplecoveringshasnotyetbeenstudiedfrom this point of view. Thefirst steps

in this directionhave beencarriedoutin [4], whereuﬁg)(a) is relatedto thetop Segre
classof a certainbundleoverthe moduli spaceof stablecurves.

It is corvenientto rescalqﬁﬁ) (a) by writing it in termsof aquantity fr(ng) (a), which
we introducein this paperwhere
aj

1 m o
19 () = H|ax|(n+m+2g—2)!J|:|lrl_1)!fr&?)(a). (1.1)

Much of this paperis concernedvith determiningexplicit expressionsand properties

of fr%g)(or) definedby this rescaling. In termsof this rescaling,the presentstateof

knowledgeof pﬁﬁ’)(a) is summarizedsfollows:

i () = ™2, akn, (@) =m, (1.2
1 .. sinhx\ "1
fl(g)((n)) — ﬁnZQ Z[XZQ] ( ~ ) , nN>1 (1.3)

£ ((n=rr) = 2i4 (MP=@+Dn+r?), r=1,2,3, n-r#r, (14)
where[X"]g(x) is the coeficientof X' in g(x).

Althoughit hasa strikingly simpleform, result(1.2), whichis dueto Hurwitz [12]
(seealso[8,11,23]), is aremarkableone. The casen = [1"] wasrediscweredrecently
by Crescimannand Taylor [3]. Result(1.3) was obtainedby Shapiro,Shapiroand
Vainshteinf22], who alsoshovedthatit couldbeobtainedrom aresultof Jacksorj13]
onorderedactorization®f permutationsnto transpositionsResult(1.4) wasobtained
by Shapiro,Shapiro,andVainshtein22].

Thus, for the spheg, completeinformationis known; for the torus informationis
known only for ramificationtypes(n) and(n—r,r),r =1,2,3andn—r > r; andfor
all surfacesexplicit informationis known only for oneramificationpoint.

In this papewe determineseveralnew explicit resultsfor p,(ﬁ) (a). First,wefind the
numberof simplecoveringsof a sphereby a torus,thusgeneralizingHurwitz’s result
for thesphere.

Theorem1.1. Forn> 1,

£V (1" = 2—14 (n” —n"1lo i (?) (i— 2)!n“_i> .
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Next, we consideralmostsimplecoveringsof the sphereby atorus. We prove that
result(1.4)remainsvalid for arbitrarycoveringswith two ramificationpoints.

Theorem1.2. Forn>1land0<r <n,
£ ((n=r,1)) = 2—14(n2— (r+1)n+r?).

Moreover, wefind explicit expressiongor thenumberof almostsimplecoveringsof
asphereby atoruswith upto six ramificationpoints(seeAppendix). Thesesxpressions,
togethemwith Theoreml.1, allow usto conjecturehe generalexplicit resultthatgives
completeinformationfor the torus, and canthereforebe regardedas an extensionof
result(1.2).

Conjecture1.3. Form>1,

m

f(a) = 2—14 <nm— nm1_ Ez(i - 2)!anm‘i> : (1.5)

whele g is theith elementansymmetridunctionin ay,... ,am, ande; =n=a;+---+
am.

Furthermorewe determinenew explicit resultsfor pﬁﬁ)(a) in thecasean+g < 6,

m,g > 2. Theseresultsconsistof explicit expressiongor thecorresponding‘,sqg) (a) and

arecollectedtogetherin the Appendix. Eachresult fr(ng) (a) is asymmetricpolynomial

inas,...,an. We have foundthatthesepolynomialsareexpressednorecompactlyin

termsof the elementarysymmetricfunctionse, k= 1,... ,m, and,for this reasonthis

is the presentatiorof fr(r?’)(a) thatis givenin the Appendix(cf. Conjecturel.3). In all

caseswe alsoobsene that the total degreeof f,%g) (a) is m+ 3g — 3 andwe therefore

male thefollowing conjecture.

Conjecturel.4. Forg=0,m>3,andm>1,g> 1, fr%g)(al, ...,0m) is a symmetric
polynomialin a,... ,an, of total degreem+ 3g — 3.

Conjecturel.4is alsoin agreementvith the previously known results(1.2), (1.3),
and (1.4). Notethat, for a F n, we have n = e1, so Hurwitz’s result(1.2) is rewrit-

tenin thesetermsas fr(no) = eT‘3, which is a (symmetric)polynomialfor m> 3. For
result(1.3),we have

(9] (sinhx) n-1

X

. n—1
tl
[ (,; @i+ 1)!)
1

g

= e D [t

e | FTET RS
ig+2ip+-+gig=g

where(u); = u(u—1)--- (u—i+ 1) for anon-ngativeintegeri. Thus, fl(g) is apolyno-

mial of degree3g — 2in n = e, in agreementvith Conjecturel.4for g > 1.
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Although we have beenunableto usethis approachto prove Conjecturesl.3 and

1.4,we believethatthesymmetricfunctionsfég) areof considerablénterestandwould

rewardfurtherstudy Explicit expressiondor afew of themaregivenin the Appendix
in termsof the elementarysymmetricfunctions. It may be thatthereis a morenatural

basisfor the fr%g), but we have beenunableto determinet.

1.2. New Methodsandthe Organizationof the Paper

OurapproachusesHurwitz reductionof thequestiorto theorderedfactorizatiorof per
mutationsin &y, into transpositionshatgenerates,,. We obtaina differentialequation
for thegeneratingeriedy ananalysighatlies atthecenterof Hurwitz’'sapproachOur
point of departuréfrom Hurwitz's approachis to shav thatthe symmetrizatiorof this
seriessatisfiesa differentialequationin anew setof variables andthatits solutionis a
rationalfunctionin thetransformedsariables.This enablesis not only to obtainaddi-
tional explicit resultsthatextendwhatis currentlyknown but alsoto make conjectures

aboutthegeneraform of pﬁﬁ) (0).

In Section2 thedeterminatiorof pﬁ,?)(a) is expressedn termsof orderedfactoriza-
tionsof permutationsn &, into transpositionsuchthatthetranspositiongenerates,,.
A differentialequationfor the generatingseriesfor the numbercy(a) of suchfactor
izationsis givenin Section3 by combinatoriallyanalyzingthe actionof transpositions.
Section4 givesa partial differentialequationinducedby symmetrizingthe portion of
the generatingseriesrelatingto givengenusg anda prescribechumberm of ramifica-
tion points. A generaform for the solutionof this systemis conjecturedn Section5.
Section6 givesbrief detailsaboutthe computatiorof theresultsin the Appendixanda
proof of Theoreml.2. Section7 givesa proof of Theoreml.1andmakesuseof oneof
the new variableghatwasintroducedn Section4.

2. Transitive Ordered Factorizations

The questionof determiningthe numberpﬁﬁ’)(a) of almost simple ramified n-fold
coverings,by a surfaceof genusy, with a prescribedamificationtype a, canbetrans-
latedinto one concerningproductsof transpositionsandthe constructionis given by
Hurwitz [12]. Let cg(a) be the numberof j-tuplesof permutation§oy,...,0;) such
that,for anarbitrarybut fixedme ¢, the conjugay classof &, indexedby a + n, the
following conditionshold:

(1) m=01---0j;

(2) oy,.-.. ,0j € C[21”*2];

(3) 01,...,0] generateéSy,

(4) j =)+ 29, wherep(a) =n+1(a)—2.

We notethatp(a) is theminimumvalueof j for which conditions(1)—(3)hold. We call
(o1,...,0;) anorderedtransitivefactorizationof mtinto transpositionswhichis saidto
beminimalif g= 0. The numberqﬁﬁ)(a) andcy(a) arerelatedby

(@) = 2yl Caleg(a). @1)
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Condition (1) ensureghat the ramificationtypeis a = [1%, 2% _...], wherea is the
numberof ramificationpoints of orderk. Condition (2) ensureghat the ramification
pointsare simple. Condition (3) ensureghatthe surfaceis connected.Condition (4)
ensureghatthe spherds coveredby a surfaceof genusg.

It is this reformulationof the original questionthat we now considerin detail.
Goulden[6] showved that suchproblemscan be consideredoy analyzingthe combi-
natorialactionof a transpositioron a permutationthroughthe useof differential op-
eratorsactingon monomialsthat encodethe cycle structureof a permutation. These
techniquesvereextendedn [7] to factorizationsnto cyclesof lengthk alone.We refer
to thistechniqueasthecut-and-joinanalysisf theactionof ak-cycle. Thecut-and-join
analysisis appliedto a graphicalencodingof transitive orderedfactorizationsascon-
nectededge-labeledndvertex-labeledgraphs.Theseappeain thework of Arnold [2],
andindependentlyn [6, 7], andarecalledthe monodomygraph of the orderedfactor
ization. For the questionaddressedh this paper it is necessaryo relaxthe condition
of minimality in the cut-and-joinanalysis.

3. A Partial Differential Equation

Let p1, p2,... beindeterminateand p = (p1, p2,...). For a = (a,...,0m) where
ai,...,0n arepositive integers,let py = Pa; - - - Po- NOW considerthe generatingse-
ries

|Ca| un+m+2(g-1)

for orderedtransitive factorizationsIn Lemma3.1, we shav that ® satisfiesa second
orderpartialdifferentialequationof the seconddegree.

The coreof the derivationis a cut-and-joinanalysis.Supposes € &, is the trans-
positionthatinterchanges andt, andthatt € &,,. Thentherearetwo casedor the
actionof o on 1tin the productro: (i) if s,t areonthe samecycle of 1, thenthe cy-
cleis cutinto two cyclesin 1o, with s, t on differentcycles(herec is calleda cut for
m); (i) if s, t areon differentcyclesof 1, thenthesecyclesarejoinedto form a single
cycle in o, which containsboth s andt (hereao is calleda join for m). This type of
analysishasbeenpreviously usedin [7] and[8], to obtainpartialdifferentialequations
for othergeneratingeriesfor orderedfactorizationsnto transpositionsin the proof of
Lemmas3.1,someof thedetailsaresuppresselecaus®f thesimilarity to this previous
work.

Lemma3.1.
T (ijp' 222 Lijp -aﬁaﬁﬂiﬂ)p-p'—aq}) (3.2)
ou 2,4, \"""opdp; " api op, Hopisj ) '

Proof. Consideranorderedtransitive factorization(oy, ... ,o;) of mthatsatisfiescon-
ditions (1)—(4), for ary n > 1. Remwe o; but leave tunchanged.This is anordered
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transitive factorizationof Ttwith its rightmostfactordeleted.Thenthegeneratingeries
for the setof suchobjectsis

oo

ou’
since® is an exponentialgeneratingseriesin u. This givesthe left-handside of the
partial differentialequation.

To obtaintheright-handside of the partial differentialequationwe now shav that
orderedtransitive factorizationsof 11 with the rightmostfactor deletedcan be deter
minedin anotherway. Let G = G, . o) be the monodromygraphof (o,... ,0r):
the graphwith vertex labels{1,... ,n}, andedgelabels{1,...,r}, in which the edge
labeledi joins verticesinterchangedy o;. Thencondition(3) impliesthatG is a con-
nectedgraph.Let T bethe spanningreeof G constructedy consideringhe edgesn
increasingorderof their labels,andselectingthe edgelabelledi if andonly if its inci-
dentverticesarein differentcomponent®f G, . g ,) (thisis Kruskal's Algorithm).
Then,by constructionthetranspositiongorrespondingo theedgesof T arejoins. Let
or = (s,t). Therearethreecases.

(i) or correspondi anedgeof G notin T, ando; isacutfor 1o,. Thus(oy,...,0r-1)
is anorderedransitive factorizationof o, with sandt onthe samecycle of o, .
Thecontribution from this caseis

1 . 0o

— | + iPi=—,

3 i71221( 1 Pipj 3pe]
sincethe effect of multiplying by o; is to cutai+ j-cycle into ani-cycle anda
j-cycle.

(i) or correspond$o anedgeof G notin T, andoy is ajoin for To;. ThusGg, .. o, ;)
is anorderedransitive factorizationof 1o, with sandt on differentcyclesof 1o, .
Thecontribution from this caseis

1 THg 0°®

5 i+iZ3 3>
sincethe effect of multiplying by o, is to join ani-cycle anda j-cycleto createan
i+ j-cycle.

(i) o, correspondgo an edgeof T. Thenao, correspondgo a join for 1o, and
G(o,,...,0;_;) hasexactly two componentswith s andt on differentcomponents.

Thecontribution from this caseis

1 z i 0P 00

P i+i 3 3~ >
whereherethei-cycle and j-cycle that have beenjoined comefrom eachof two
orderedtransitive factorizationgonefor eachcomponent).Notethat® is an ex-
ponentialgeneratingseriesin bothu andvertices thelatterbeingindicatedby the
division by n! in the definition of ®. So the productij(d®/dp;)(0P/dp;) gives
the correctcardinalitiesthroughthe productof exponentialgeneratingseries. The
resultfollows by combiningthesecasesaandequatingthetwo expressions. |
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In [8] the specialcaseof ® correspondindo minimal orderedtransitive factoriza-
tionswasconsidered.This is obtainedby consideringonly g = 0 or, equivalently, by
settingz = 0 in ®. The partial differentialequationobtainedby settingz= 0 in (3.2)
wasderived in [8] by a cut-and-joinanalysis,and an explicit solutionwas obtained.
Althoughwe have beenunableto obtainexplicit solutionsto (3.2) itself, we have been
ableto obtainresultsfor variouspositive valuesof g by consideringasymmetrizedorm
of (3.2),andtherestof the paperis devotedto this analysis.

4. The Symmetrical Form of @

We begin by defininga symmetricalform of ®. For this purposejet x* = x‘l"1 -+ XM
andlet o = (Agy1)s-- -, Aeym)) Wherew € Sm. Let

={Lemp = Sreen XN, if 1(0) = m,
0, otherwise,

extendedinearlyto all seriesin the p;’s. Let

W@ (x) = [A=-Mau,zp)| . (4.2)

u=1

Thus LIJ,(ﬁ) (x) is obtainedby taking the term of degreeg in z andtotal degreem
in the pi’s from @, thensettingu = 1 and symmetrizingthe monomialsin the p;’s,
replacingthe subscriptof pi’s by exponentof x'swhenwe do so. Of coursecy(a) is
recoverablefrom this seriesin a straightforvardway.

In thissectionwe determineapartialdifferentialequatiorfor LIJ,(ﬁ) (x) thatisinduced
by thepartialdifferentialequatiorfor ®, givenin Lemma3.1. It is corvenientto express
theequationsn termsof xi,... , Xy and,in addition,wy, ... ,Wm, where

w;, = x e (4.2)

hasa uniquesolutionw; = wi(x;) asa power seriesin x;. Thenws, ... ,Xs,... arealge-
braicallyindependentandit is clear, by differentiatingthe functional Equation(4.2),
that

0w 0
X'a_>q_ Towow’ (4.3)

The reasonfor introducingthe wi’s is thatin [7] and [8] we shoved that Hurwitz's
result(1.2)for g = 0 canbeexpresseas

) d d m-3
W' (x) = (Xla—xl +- Xmm) Vin(w) (4.4)

in termsof the new indeterminatesyhere
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andw = (wy, ... ,Wn). Thisexpressionwill beusedasaninitial conditionin thepartial

differentialequationfor w9 (x).

Thefollowing mappingis neededn the statemenbf the differentialequation for
expressingthe action of ={1™ on termsinvolving the pi’s. Let f be a seriesin
X1,... ,Xm, and0 < i < m— 1. Thenthemapping®; is definedby

@if(Xj_,---;Xm): Z f(XR,XS,Xq‘),
R, S, T

wherethe sumis over all orderedpartitions (®,S,7) of {1,...,m} with |R| = 1,
|S| =1, |T] =m—i-1,andwhere
(X'Rj Xs, X’T) = (XT]_: X517' . 7XS ) Xt17' . 7Xtm_i_1)7

inwhichs; < --- < g,andt; < --- <tmp_j—1-
The next threelemmasare quite technical,which will be usedfor determiningthe
actionof ={1-M on productsof the p;’s. For this purposelet

={awant g — ={Lemh p"‘wq L

wherea; < --- < an.
Lemma4.1. Leta, B bepartitionswith I (a) = kandl(B) = m. Then
=i = 3 (<) (29,
A

]

whete the sumis over all ordered partitions (A4, B) of {1,... ,m+k} with |2] = k and
|B| =m.

Proof. Immediate. |
Lemma4.2. Leta bea partition, [(a) =m,and1 < | <m. Then

- 1. 0P 0 _
|:{1,...,m} {I}I a =¥ :{1,...,m} )
izz X —api I_axl Pa

Proof. Leta = (0y,...,0m). It is convenientto regard py astheword pq, - - - Pay, in
which eachsymbolis written with exponentequalto one. Now apply the operator
Yi>1Xi0/0p; to this productof m p;’s. Its effect, by the productrule, is to createa sum

of mterms,in which eachof them p;’sin theword pq is replacedin turn, by jx,j. But
ix =xx/9/0x, andtheresultfollowsimmediately |

Lemma 4.3. Leta bea partition, (o) =m+1,and1 <| <m. Then

- 2
X:+JE{1,...,m+1}—{I,m+l}ij 0 P = X 0 4 5{1,...,m+1}pq

o Xm1
i,7>1 opidp; 0% OXmt+1 X 1=

Proof. Similarto the proof of Lemma4.2. |
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The partial differentialequationfor the symmetrizedorm of @ is givenin thefol-
lowing result.

Theorem4.4. TheseriesLlJr(T?), forg,m=1,2,..., satisfythe partial differential equa-
tion

0 0
<W1— +oo W=+ M+ 2(g— 1)) W (X1, Xm) = To -+ Ta, (4.6)

an an
whee

12 0 0 -1

T == (Xi—xm+1 W9 (g, .. Xme1)
2. 0 0% Ml AR ’

i= Xi 1 X-1=Xi
W 1 0
T = Oll—fN]_ Wl—W2X1a_X1LPI(T?11(Xl’ X3y .- 5Xm)a

il 0 (0 0
T3 = k;ek—l (Xla_X]_LPI(( )(Xl7 LR 7Xk)> (Xla_)(:l-wr(]glk+1(xla Xk+17 LR 7Xm)) )

0

1 0 a) (g-a)
T. = Ox- —Y ... —v ...
4 > 1§Z§m k—1 (Xl ox1 k (X17 7Xk) X1 ox1 m_k+]_(X17 Xic4+-1, 7Xm)

1<a<g-1
with initial condition(4.4),whee W9 =0forg=1,2,... .

Proof. Let E; denotetheleft-handsideof Equation(3.2),andlet E;, E3, E4 denotethe
threesummation®on the right-handside (indexing themfrom left to right). We apply
[2]={Lm  with u= 1, to eachof thesein turn, andthendenotethe resultsof this by
Uy, Uz, andUy, respectiely.

For E1: We considerwith I(a) =m,a - n,

n
=M (N4 m+29—2)py = <Z oj+m+2g-— 2) =Mt gy
=1

m a i
<i;Xi o Tt 29— 2) =(Lembp

SO

_ 0 0
P = (xl— o X+ M 2g 2) WO (s ).
u=1 0xq Xm
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For E: We considerwith | () = m+ 1,

={%-...m} Piti ] 0%pa — X:+J'E{1, Jmp— {I}I pa
i,I=>1 opiop; I; i,S1 aplapj
- g S X1z mitp={lmeayjy O Pa 0%pq
191,731 opiop;’
_ i(xl_ - 0 :{1,...,m+1}pq>‘
0 0 -
! % X Xm+1=X
(by Lemma4.3)
Thus

(9-1)
2 21 ( Xm+lax l-lJm+l (Xj_, e ,Xm+1)> ‘Xm“:)q .

For E3: We considerwith I(a) = Kk,1(B) = m—k+1,

_ 0pa O0Pp _ & (apa) <,ap,3>
_{1,...,m} a I+J {1’ 7m} {l} _—
= 2 Pi+j Jap| ap; Z Z ap, Japj

]2 I=1i,]>1

m i_q.0p i—z . 0Pp
;2{ a ]—B

= |5

Z AuB— {1 m-{} <21X| 0p.> (JZX1 op;

|A|=k—1, | B|=m—k
ANB=0

(by Lemmad4.1)

zg z (XI 0 ﬂU{l}p> ( 0 Eq;u{l}pﬁ)
I=1 aus={L=.m—{1} 0x 0X|

|2|=k-1,|B|]=m—k
ANB=0

(by Lemma4.2)
0 d
= _:{1:7k} ={1,k+1,...,m}
ek—l (Xl an_ - pcx) (Xl an_ = pB) )
whence

0 0
Us = Ok_1 (Xla—XlL]J(ka) (X, .- ,Xk)) ( a LPr(T? k-?—l(xb Xkt+15 - - - ,Xm)> .

NI =

A
™M

m
g

o
IN
D
IA
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For E4: We considerwith (o) =m—1,

— o op 0Py
:{l,...,m} (l + J)p pi a _ 2 X XJ ={1,...m}—{l, k}(| + J)
i,;zzl " 0piy 1<|<;g Zz 0Pi+j

= 2 M E{L"wm}_{lvk}raﬁ
1§I<;§m rzi Xe—X opr

p Xy O —(tmi—{d
1< ;kmxl X 0X

(by Lemma4.2)

0
=134 mh g

= 20
1 X1 — X2 aXl

Thus
Us=0;

0 (9)
X Wy X X4y.ee 3 Xm)-
X1 — X2 16X1 —1( 1, X3; X4, - - )

Collectingthesecasesandcombiningthem,we have

m 9
(zima—+m+2(g 1))W()(x1, -, Xm) = Uz + Uz +Us. 4.7)
I

Now U, gives Ty in (4.6). Also, from (4.4), (x1(3/0x1))? W'Y = wi/(1—wy). So
from (4.3),we obtain

0 0
a—XlLng_ )(Xl) = Wj1.

This allows usto simplify thetermswith a= 0,k = 1, anda = g, k = min Us, giving

Z\WI xI xl, -, Xm)-

X1

This summatioris thenmovedto theleft-handsideof Equation(4.7),andtheleft-hand
sideof Equation(4.6) followsimmediatelyfrom (4.3).

Also, from (4.4), (x(8/0x1) + X2(8/0%2)) W = waw,/(1— wi)(1—ws), andit
can beverifiedthatwgo) (X1, X2) = log((w1 —wp) /(X1 — X2)) — w1 — Wy, whence
0 (0) W X2
X15— ) Wy (X, X2) = — . 4.8
( 16X1) 2 ( 1 2) (1—W1)(W1—W2) X1 — X2 ( )
This allows us to simplify the termswith a= 0,k =2, anda=g,k=m—1in Uz,
giving

w2 X 0 o
@1<(1_W1)(W1_W2) xl—x2> Lox, g Pt (4 X6 )

This expressioris thencombinedwith U4 to give T, in (4.6). Thetermswitha=0, k=
3,....manda=g,k=1,...,m— 2 in U3 combineto give Tz in (4.6). Finally, the
remainingtermsin Uz give T4 in (4.6),andtheresultfollows from (4.7). |
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5. Determining the Symmetric Generating Series

We now considetow to usethetransformedartialdifferentialEquation(4.6) to deter

mine LIJET?). We begin with thefollowing resultthatestablishein generathatthis series
is arationalseriesin w,... ,Wn.

Theorem5.1. For g> 1 andfor g=0,m> 3, W,(T?) is a symmetricpolynomialin
(1—wi)™L,..., (1—wm) ! of total degreelessthanor equalto 2m+ 6g — 5.

Proof. The proofis by induction. Theresultis truefor g = 0, m > 3, from theinitial
condition(4.4),using(4.2) to expressLP,(]?) in termsof thew;’sfori = 1,...,m, where
m> 3.
Now, for g= m= 1, theright-handsideof Equation(4.6) comesrom T, alone,and
is givenhby
(0)

1 0 @
im Zx, -y
A 2% o T2 (0 %2);

which canbeevaluatedstraightforvardly from (4.8),to give

i W%—4W1+6
2471 (1—wy)?

Thus, for g = m = 1, Equation(4.6) containsonly rational functionsof w;, andthe
resultis trueforg=m=1.

To prove the resultfor g > 1,m> 1, (g, m) # (1, 1), note that Equation (4.6)
containsno explicit occurrence®f the x;’s exceptthroughthe operatorxd/dx;, and
that (4.3) allows us to replacetheseby (wi/(1—w;))d/dwi, for i =1,... ,m. More-

over, for thesevaluesof g, m, theright-handsideof (4.6)doesnotcontainLlJ(1°) or W(ZO).

Thus,if theinductionhypothesiss thattheresultis truefor Wﬁi), where0<i <g,and
0< j <m+g—i,with (i, j) # (0, 1),(0, 2), (g, m), thenEquation(4.6)is of theform

) 9
(Wla_wl S L vaealiins 2(g— 1)) WO, ... xn) =K@ W), (5.1)

where K,(T?) (w) dependsonly on thosew?) to which we have appliedthe induction

hypothesisThusK,ﬁ?) (w) is arationalfunctionof thew;’sandw; —w, perfectlydivides
by symmetry so K,ﬁ?) (w) is a polynomialin (1 —w;)~1,...,(1—wm)~t. Moreover,
from theinductionhypothesisyve caneasilyboundthetotal degreeof K9 wW)y=Ti+
---+T. Firstnotethatx;d/dx; increaseshedegreeof apowerof (1—w;)~* by 2. Thus,
from the inductionhypothesisthe termsarisingfrom T, have total degreelessthanor
equalto 2m+ 6g — 5, andthe termsarisingfrom Ty, T3, and T4 have total degreeless
thanor equalto 2m+ 6g— 4.

But wid/ow; ontheleft-handsideof (4.6) increaseshe degreeof a power of (1 —

w;)~! by 1. Thus,by induction,the resultfollows that w9 hastotal degreelessthator

equalto 2m+ 6g — 5, for g > 2 andfor g = 1,m> 2. Theproofis complete. |
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Now we returnto the questionof determiningLP,(ﬁ) from Equation(4.6). If we
determinethe LIJ%?) in the order specifiedin the induction above, Equation(4.6) be-

comes(5.1),whereK,§~?) (w) is aknown rationalfunctionof w, andthis partial differen-
tial equationis trivial, aswe shav next.

Theorem5.2. In thenotationof (5.1),
@ _ [t
Wy = / Kad (tw)t™29-3t
0

Proof. In Equation(5.1),substitutew; forw; fori=1,...,m,soy ", w;d/0ow; becomes
td/dt. Now multiply bothsidesby t™29-3  giving

)=o),

dt
andtheresultfollows. |

d ( mt-29-2)(9) ‘

Wi tw

In principle, Theorenb.2 providesaniterative procedurdor explicitly determining
theLIJ,(ﬁ). We have usedMaplein thiswayto determineLP,(ﬁ) forg=1,m=1,...,6and
g=2,...,5,m=1,...,6 — g. Becauseof certaintechnicalissuesthat arisein using
Maple for this purposewe in fact modifiedthe procedurdn practice,andsketchthe
detailsof thisin Section6.

In eachcasewherewe have madecomputationswr(ﬁ’) canbewrittenin theform

0 0
l'Pr(1g|J)(X) = fr(ng) (Xla_xla"' yXma—

Wherefrgqg) (X10/0%41, . .. ,Xm0/0%m) isasymmetricpolynomialin X10/0x1, . .. , Xm0/ 0%m.
We have found that thesepolynomialsare expressednostcompactlyin termsof the
elementarysymmetricfunctionsey = e(x10/0x41, ... ,Xm0/0xm), fork=1,... ;mand,
for this reasonthe Appendixgivesthe valuesof the f,%g), thataredefinedby this pro-
cessaspolynomialsin ey, ... ,en. We conjecturenext thatthisis alwaysthe caseand
thatthe total degreeof the polynomialis m+ 3g — 3 in generalascanbe obsenedin
all casesn the Appendix.

Conjecture5.3. Forg=0,m> 3andforg>1,m>1,

© gy — £ (y, O 9

fora uniquesymmetriqaolynomialf,%g) (X1,--- ,%m) of total degreem+3g—3in x, ... ,
Xm.

Conjectureb.3is alsoin agreementvith the previous known results,as givenin
Subsectiori. 1. For example,Hurwitz'sresult(1.2)for g = 0, asrestatedn (4.4),gives
fr(no) = erln‘3 for m> 3. Theform of Conjecture5.3 might seemsurprising,compared
with the form of the solutionestablishedn Theorem5.1. However, aswe discussin
Section6, Conjectures.3is only aslight strengtheningf Theoremb.1.



TheNumberof RamifiedCoverings 41

Conjectures.3 is also especiallyusefulfor determiningthe ramificationnumbers

9 ) evaluatedat the argumenta actually

19 (@), since,aswe shaw in the next result, f?
givespﬁﬁ) (a) upto aknown scalingfactor

Lemma5.4. If (5.2)holds,thenfor[(a) =m, a = (a3,...,0mn),

@y _ 1 af’ (9)
ot (o) = ilCal (n+m+2g-2)! (Dl @ J—1)!> 9 (a).

Proof. The solutionof (4.2)is

by Lagranges Theorem.Sofrom (4.5),

d ke W d ke+1 Gq'+kr
lof3 v r — [yOr s _ r .
L (Xr 6xr> T—w X ] (Xr axr) W=

Thus,if a = (a4,...,am), then

x] rﬁ (xra%> I([Vm(w) = rEla‘ﬁf o

Soby linearity, we have

e 149 (xlaixl, - ,xmi) Vin(w) = £ (@)% (5.3)

Now we look at Wﬁ?) (x) asdefinedin (4.1) and(3.1). First, by countinghow often

eachmonomialappearsye have

|CO(| w(a) 1
X = My(X),
n! w;m r]’j“zlcxj

wheremy is a monomialsymmetricfunction. Thuskl"ﬁ?) (x) canbere-expressedn the

form:

Lp(g) — 1 1 |
m’ (X) ngll(g);m (n+m+2(g—1))! |, ] Cg(0)Ma (X)
Thus
1 m

a1w(9) /vy — .
XIWH (x) = mg%%(a);

andtheresultfollows by comparingthis with (2.1),(5.3),and(5.2). |
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In Sectionl, we have recastConjecture5.3 and Lemmab.4 to make themrefer
asimmediatelyas possibleto the ramification numbersuﬁ,?): in Sectionl, we have
definedf,%g) in (1.1) asthe rescalingof pr(ﬁ) givenin the statemenbf Lemmab.4; in
Sectionl we give Conjecturel.4, that fr%g) thusdefinedis a symmetricpolynomial of
total degreem+ 3g — 3. Of course,this meansthat the symmetricpolynomials f,%g)
givenin the Appendixthushave two equivalentinterpretationsOneinterpretatioris in
theargumentsq0/0xa, . . . , Xm0/ 0xm, giving apartialdifferentialoperatomsconsidered
in Conjecture5.3. The secondnterpretationis in the algumentsay, ... ,any, giving a
scaledexpressiorfor u,(ﬁ’) asconsideredn (1.1).

Finally, asa further strengtheningf Theorem5.1, for g = 1, we areableto con-
jecturea closedform from the datain the Appendixasfollows. Note the similarity to

Hurwitz's resultthat Y = "3,

Conjecture5.5. Form> 1,

3

1 1 . i
W=ﬂ@%¢*<04mﬁj-
As statedabove, thedatawe have obtainedn the Appendix,forg=1, m=1,...,6
is in agreementvith Conjecture5.5. This is restatecas Conjecturel.3 becausef its

strikingly simpleform.

6. Computational Comments
We first addressherelationshipbetweertheformsfor LIJ%?) provedin Theoremb.1land

conjecturedn Conjectures.3.
Notethat,for j > 1,

PR Wi 241 1
N—) M- Y o, k), 6.1
(.am) = 2 U (6.1)

(for j =0, thelowerlimit of thesummatiorbecomesg), for someintegersc(j, k). Also,
sincew;d/ow; = (1—w;)xd/0x%, we havefor j > 1, from (4.3),

a a j_l Wi 2j . 1

This triangularsystemof linearequationcanbeinvertedto express((1 —w;)~1)k asa

linearcombinationof
OV g w2
' Ox; Yow; \ ' ax )

Consequentlysince,from (4.5),
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thenTheoremb.limpliesthat,in generaI,LIJ,(ﬁ) canbewrittenas fr(r?’)vm(w), wheref,%g)
is adifferentialoperatowhichis asymmetricsumof monomialdgn x;0/0x;,i=1,...,m
plusa sumof asinglew;d/ow; multiplied by symmetricsumsin the xd/0x’s. Thus

Conjectureb.3 strengthend heoremb.1 concerninghe form of Wﬁﬁ’) only in asserting
thatthetermsinvolving wj0/dw;j, for j = 1,... ,mdo notappear This s in agreement

with all known valuesfor LIJET?), althoughwe have beenunableto prove thatthis holds
in general. Also in the conjecture the degreeof this symmetricdifferential operator
follows from (6.1) and the upperboundgivenin Theorem5.1, andit is part of the
conjecturghatthe boundis actuallyattained.

In implementingTheoremb.2 (using Maple)to determinexplicitly the Wﬁg) given
in the Appendix,we have actuallyused(6.1) and(6.2) andtheir inversego transform
theprocessnto oneinvolving only polynomialinsteadbf moreawkwardrationalseries.
In particular this procesgivesa proof of Theoreml.2

7. The Proofof Theorem1.1

We concludewith a proof of Theoreml.1. The proof usesthe seriesw; thathasbeen
introducedfor the symmetrizationof ®, andis the solution of the functional Equa-
tion (4.2).

Accordingto [24], pﬁl) = p((})(ln) satisfiesthe following recurrenceequationthat
wasdiscoveredby PandharipandandGraber:

n-2

(1y_n/n 1,0 _ _na2[2n=2\ () (1)
Hn —6(2>(2n D’ +2(2n 1);l(n Di <2j—2 T Th

Whereu,(f)) = pﬁo)(ln). Sinceuﬁo) =(2n—2)!In""3/n! andpﬁl) = (2n)! f,gl)/n! from (1.2)
and(1.1),respectiely, wheref{? = frgl)(ln), then

n)! 1 _n/n\(@n-1)! 4 " N i1
o fn =slo) " +2(2n—1)!;17j!(n_j)!1 foj-

Thena,, definedby a, = 24nf{V, satisfiegherecurrencesquation

n-2 n\ .
an:(n—l)nn_l—}— (.)jj_lan_'.
&)

Letw = ws. Then,by Lagranges Theorem(see for example,[10]),

[ w n" .
w_z - X" and m_ZHX'

n>1 ) n>1

Let
AR = S ans
n; n’
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It follows from therecurrencequationfor a, that

A(X) = %v — W+ WA(X)

SO

Now notethatA(x) canbere-expressedn theform:

w w w2
AN = TowE " Tow @
w W 1w —(—-1wt
_(1—w)3_1—w_i;i(i—1) (1-w3

But, againby Lagranges Theorem,

W n”“xn and iw —(i— 1wt (i+.j)j+lxi+j_

(1-w)3 & N (1—w)3 h £ il

The secondof theseis obtainedby consideringthe expansionof w'/(1—w) and
(xd/dx)(W /(1 —w)), having obsered thatw/ (1 — w) = xdw/dx, from the functional
equatiorfor w. Eachtermin theexpressiorfor A(x) hasnow beengivena seriesexpan-
sion,andtheresultfollows.

Appendix. Explicit Results
The following gives explicit expressionsor f,%g). The resultscan be expressedn a
compactorm in termsof weighteddivideddifferencesa,(ﬁ) asfollows:
Leta - nandl(a) =m. Letd; = 3122, dp = 6!23, d3 = 912%, andd, = 12!2°. Then,
forg=1,m=1,...,6;g=2,3,4 m=1,...,6—0,
dofi? = exdg ¥ +emn?,

form> 1, wheref{® = 0,g> 1. Thus

1
frsqg) = < (eTA(lg)+eT‘2e2A(zg)+eT‘3E3A(39)+---+emA§§)).
g
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Genus1: AV =1 g,
AV = o,
A = —11, an
AP = 2,
2Y = 3,
NI
Genus2: AP = 5122 1 7y,
AP = (~108+ 9ere)) + (126 — 2ey), "2
AP = (~1863 + 1816, — 3e3) + (1622 — Bey), '
8y = (~3663 +60e1e; — 128) + (386 — 24e2)
Genus3: AP = 3568 — 14765 4 2054 — 9363, )
A = (—1056 + 1894, — 13562€2) + (29465 — 321e3e, + 908, €2)
+ (—205¢} + 74efe; — 1665) A3)
2 = (~2735 + 594efe, + 153 e; — 405263 + 135 epe3 — 2763)
+ (64253 — 91263, — 111efe3 + 36021 €3 — 66e263)
+ (—353] + 270%e; + 64e 63 — 80€3) .
Genus4: AlY = 19259 — 123265 4 20854] — 320325 + 125735, )
2 = (~7706 +2079@]e; — 29706562 + 173255 ¢3)
+(3696@5 — 7431@5e, + 7260@&] €3 — 23104 ¢€)) (A4)
+(—59708] + 778145e, — 4488@3 € + 1078@&, €3)
+ (320325 — 18%e, + 88007 €5 — 15843) . )
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