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Abstract

Hurwitz numbers count branched covers of the Riemann sphere with specified ramification, or equiv-
alently, transitive permutation factorizations in the symmetric group with specified cycle types. Monotone
Hurwitz numbers count a restricted subset of these branched covers, related to the expansion of complete
symmetric functions in the Jucys—Murphy elements, and have arisen in recent work on the asymptotic ex-
pansion of the Harish-Chandra—Itzykson—Zuber integral. In previous work we gave an explicit formula for
monotone Hurwitz numbers in genus zero. In this paper we consider monotone Hurwitz numbers in higher
genera, and prove a number of results that are reminiscent of those for classical Hurwitz numbers. These
include an explicit formula for monotone Hurwitz numbers in genus one, and an explicit form for the gen-
erating function in arbitrary positive genus. From the form of the generating function we are able to prove
that monotone Hurwitz numbers exhibit a polynomiality that is reminiscent of that for the classical Hur-
witz numbers, i.e., up to a specified combinatorial factor, the monotone Hurwitz number in genus g with
ramification specified by a given partition is a polynomial indexed by g in the parts of the partition.
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1. Introduction
1.1. Classical Hurwitz numbers

Hurwitz numbers count branched covers of the Riemann sphere with specified ramification
data. The most general case which is commonly studied is that of double Hurwitz numbers
Hyg (e, B), where two points on the sphere are allowed to have non-simple ramification. That is,
for two partitions «, 8 = d, the Hurwitz number H, (e, 8) counts degree d branched covers
of the Riemann sphere by Riemann surfaces of genus g with ramification type « over O (say),
ramification type 8 over oo (say), and simple ramification over r other arbitrary but fixed points
(where r = 2g — 2 4+ £(a) + £(B) by the Riemann—Hurwitz formula), up to isomorphism. The
original case of single Hurwitz numbers H, () is obtained by taking 8 = (19), corresponding
to having no ramification over oco.

If we label the preimages of some unbranched point by 1,2,...,d, then Hurwitz’s
monodromy construction [11] identifies H, (e, B) bijectively with the number of (+ + 2)-tuples
(p, 0,11, ..., 1) of permutations in the symmetric group Sy such that

(1) p has cycle type «, o has cycle type 8, and the t; are transpositions;
(2) the product potj - - - 7, is the identity permutation;

(3) the subgroup (p, 0, 71, ..., T,) Sy is transitive; and

(4) the number of transpositions is r = 2g — 2 + £(«) + £(B).

The double Hurwitz numbers were first studied by Okounkov [16], who addressed a
conjecture of Pandharipande [17] in Gromov—Witten theory by proving that a certain generating
function for these numbers is a solution of the 2-Toda lattice hierarchy from the theory of
integrable systems. Okounkov’s result implies that a related generating function for the single
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Hurwitz numbers is a solution of the KP hierarchy, and as shown by Kazarian and Lando [12,13]
via the ELSV formula [1], this further implies the celebrated Witten—Kontsevich theorem [14,22]
relating intersection theory on moduli spaces to integrable systems. These developments, which
revealed rich connections between algebraic geometry and mathematical physics, have led to
renewed interest in the Hurwitz enumeration problem.

1.2. Monotone Hurwitz numbers

Recently, a new combinatorial twist on Hurwitz numbers emerged in random matrix
theory. Fix a pair A, B of N x N normal matrices, and consider the so-called Harish-
Chandra—Itzykson—Zuber integral

In(z: A, B) = / eN TAUBU gy,
U(N)

where the integration is over the group of N x N unitary matrices equipped with its Haar
probability measure. Since U(N) is compact, the integral converges to define an entire function
of the complex variable z. This function is one of the basic special functions of random matrix
theory. A problem of perennial interest, whose solution would have diverse applications, is to
determine the N — oo asymptotics of Zy(z; Ay, By) when Ay, By are given sequences of
normal matrices which grow in a suitably regular fashion.

A new approach to the asymptotic analysis of the HCIZ integral was initiated in [2]. Fix a
simply-connected domain ® y containing z = 0 on which Zy(z; A, B) is non-vanishing. Then
the equation

IN(z; A, B) = oV FN (A B)

has a unique holomorphic solution on ® y subject to Fy(0; A, B) = 1. In [2], we proved that,
for 1 <d < N, the dth derivative of Fy(z; A, B) at z = 0 is given by the absolutely convergent
series

. Ce.a(A, B)
FD0: A Nt A
N (0 A B) = §0j N
g:

with coefficients

Pa(A) pp(B)
Nt NEB)

Coa(A B)= > (=) T@OHEH, (o, B)
a,Bd

where py(A), pg(B) are power-sum symmetric functions specialized at the eigenvalues of
A, B and Hg(a, B) is the number of (+ + 2)-tuples (o, 0, 71, ..., 7,) of permutations from the
symmetric group Sy such that

(1) p has cycle type «, o has cycle type B, and the t; are transpositions;
(2) the product po 1y - - - T, is the identity permutation;

(3) the subgroup {(p, 0, 71, ..., Tr) C Sy is transitive;

(4) the number of transpositions is r = 2g — 2 + £(a) + £(B); and

(5) writing each t; as (a; b;) with a; < b;, we have by < --- < b,.

Clearly, if condition (5) is suppressed, the numbers I?1g (e, B) become the classical double
Hurwitz numbers Hg (o, B), so Hg(a, B) can be seen as counting a restricted subset of the
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branched covers counted by H, (o, ). These desymmetrized Hurwitz numbers were dubbed
monotone double Hurwitz numbers in [2].

In this paper, we study the monotone single Hurwitz numbers H g(a) = H o (a, 14) and prove
a monotone analogue of ELSV polynomiality in genus g > 2. This result was used in [2] to prove
the N — oo convergence of Fy(z; Ay, By) under appropriate hypotheses. We also obtain an
exact formula for Hj (o). Before stating these results, we recall our previous work on monotone
Hurwitz numbers in genus zero.

1.3. Previous results for genus zero

We introduce the notational convention H” (@) = ﬁg (a), where it is understood that for a
given partition o - d, the parameters » and g determine one another via the Riemann—Hurwitz
formular =2g —2 + 4(a) +d.

In our previous paper [3] on monotone Hurwitz numbers in genus zero, we considered the
generating function for monotone single Hurwitz numbers

Henp =) = ZtZmex (L.D)

d>1 ! r>0 akd

as a formal power series in the indeterminates z, t and p = (p1, p2, ...), where p, denotes the

product ]_[e(“f Pa;- We proved the following result, which gives a partial differential equation

with initial condition that uniquely determines the generating function H. Our proof is a
combinatorial join—cut analysis, and we refer to the partial differential equation in this result
as the monotone join—cut equation.

Theorem 1.1 (/3]). The generating function H is the unique formal power series solution of the
partial differential equation

1Z i) aﬁ+ 32ﬁ+ oH oH
i S ;
oy Z e p1 2,~j>1 J)IDPiPj i [jPi+j Opiop ijpitj— i 3p,
with the initial condition [zo]ﬁ =0.
The differential equation of Theorem 1.1 is the monotone analogue of the classical join—cut

equation which determines the single Hurwitz numbers. To make this precise, consider the
generating function for the classical single Hurwitz numbers

H(z, 1,p) = Z Z ZH@m (12)

d>l ! r>0 ! akd

As shown in [4,8], H is the unique formal power series solution of the partial differential equation
(called the (classical) join—cut equation)

oH oH 92H JH 0H
- 1.3
o = ]§>1 ((l +Dpipj— o + jpitj7—F— opiop + Ijpitj— o 3pj> (1.3)

with the initial condition [f°JH = zp;. Note that the classical join—cut equation (1.3) and the
monotone join—cut equation given in Theorem 1.1 have exactly the same differential forms on
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the right-hand side, but differ on the left-hand side, where the differentiated variable is ¢ in one
case, and z in the other.

In [3], we used the monotone join—cut equation to obtain the following explicit formula for
the genus zero monotone Hurwitz numbers.

Theorem 1.2 ([3]). The genus zero monotone single Hurwitz number Ijlo((x), o b d is given by

(@)
- d! 20
Hy() = 2d + 1)@ 7).
o) = g Gd+ D j]:[l .
where

2d + I)E =Qd+1)Q2d+2)---2d +k)
denotes a rising product with k factors, and by convention
1

Qd+1f=— "~ k<o
Qd +k+ 1)~k

Theorem 1.2 is strikingly similar to the well-known explicit formula for the genus zero
Hurwitz number
o) %0

d! a;
Ho(@) = ——(d + €(a) = 2)1d @73 TT L, 1.4
0@ = i@ @ ~2) ,l—|1 o (1.4)

published without proof by Hurwitz [11] in 1891 (see also Strehl [20]) and independently
rediscovered and proved a century later by Goulden and Jackson [4].

1.4. Main results

In this paper we consider monotone Hurwitz numbers in all positive genera. For genus one,
corresponding to branched covers of the sphere by the torus, we obtain the following exact
formula.

Theorem 1.3. The genus one monotone single Hurwitz number ﬁl (), a F d is given by

Ua) o
i) = ~ 4 1—“[ 220 [ @d + 1@ - 324 + D@
24 |Aut o] i o)

()
- Z(k —2)2d + DO ke 2a + 1)) ,
k=2

where e (2o + 1) is the kth elementary symmetric polynomial of the values {2a; + 1:i =
1,2,..., ()}

For arbitrary genus g > 0, let
= 5o P

H,(p) = ZZHg(a)d—oj. (1.5)
d>1atd :

Our main result, stated below, gives explicit forms for these genus-specific generating functions
in all positive genera.
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Theorem 1.4. Let q = (q1, g2, - - .) be a countable set of formal power series in the indetermi-
nates p = (p1, p2, - . .), defined implicitly by the relations

qj=pi(l—y) %, j=>1, (1.6)

where y, n,nj, j > 1 are formal power series defined by

V=Z<k>% n—Z(ZkH)( >qk, 01—2(2k+1)k1< >k.

k>1 k>1 k>1

(1) The generating function for genus one monotone Hurwitz numbers is given by
H = 1 — log L 11 og ;
24 I—-n 8 11—y
(ii) For g > 2, the generating function for genus g monotone Hurwitz numbers is given by

3g-3

_ Cg.ala
H!s’ = ¢t Z Z — )22
d=0 otl—d

where the cg o are rational constants.
(iii) For g > 2, the rational constant c, (o) is given by
8.(0)
Cg.(0) = — 52
S 28028 -2)

where By is a Bernoulli number.

Note that our proof of Theorem 1.4 is not just an existence proof; the computations to
determine the coefficients c,  are quite feasible in practice if the coefficients for lower values of
g are known. For example, for genus g = 2, we obtain the expression

(1.7)

a 3 513 —6my — 5 29 — 1012 2813
6 - Hy= -3+ . 13 m2 - m mn2 n m m .
(I—-n) (I—=mn) (I—-mn (I—=mn)

For genus g = 3, the corresponding expression for H; is given in the Appendix.
A key consequence of Theorem 1.4 is that it implies the polynomiality of the monotone single
Hurwitz numbers themselves.

Theorem 1.5. For each pair (g, £) with (g, £) € {(0, 1), (0, 2)}, there is a polynomial ﬁg,g int
variables such that, for all partitions o &= d,d > 1, with £ parts,

B} - )
Ho(e) = P o) ﬂ< “’)

1.5. Comparison with the classical Hurwitz case

For genus one, the explicit formula for the monotone Hurwitz number given in Theorem 1.3
is strongly reminiscent of the known formula for the Hurwitz number, given by
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Z(a)

1
Hi(@) = — (d + £(@))! H

24|At|

L(a)
« (de(a) _ gte-1 _ Z(k — 2)!d“"‘)kek(a)> )

k=2

which was conjectured in [8] and proved by Vakil [21] (see also [5]).

The expressions for ﬁg given in Theorem 1.4 above should be compared with the analogous
explicit forms for the generating series

N Hg(a) Pa
H® =20 oot t@raid!

d>1ak-d

for the classical Hurwitz numbers. Adapting notation from previous works [5,6,9] in order to
highlight this analogy, let r = (r{, r2,...) be a countable set of formal power series in the
indeterminates p = (p1, p2, . ..), defined implicitly by the relations

rj=pjel’, j=1, (1.8)

and let 8, ¢, ¢, j > 1 be formal power series defined by

k kk+i+1

k
SZZF”" ¢ = Z 0 rk, ¢j=Z 0 k.

k=1 k=1 k=1

Then, the genus g = 1 Hurwitz generating series is [5]

1 1 1
H =—log—— — —36,
24 C1—¢ 24

and for g > 2 we have [9]
3g—3
ag,a¢a
H, = Z Z (1 — ¢)tle)+2g-2" (1.9)
d=2g—3akd
where the a,  are rational constants. For example, when g = 2 we obtain [6]
53 — 1262+ 7¢1 2912 — 2547 28¢]
(1—-¢)? (1 —¢)* (1—¢)>

For genus g = 3, the corresponding expression for Hj is given in the Appendix.

23 .6/H, = (1.10)

Theorem 1.5 is the exact analogue of polynomiality for the classical Hurwitz numbers,
originally conjectured in [8], which asserts the existence of polynomials P, , such that, for all
partitions « F d with £ parts,

Hg(a) =

d! ¢ Olj]
—-2)! —_ 1.11
Autal e 0(a W),Ul o~ (1.11)
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1.6. A possible geometric interpretation

The only known proof of Eq. (1.11) relies on the ELSV formula [1],

11—+ +(=13A
Pge(ay, ... o) = /f & (1.12)
M, I —arpy) - (I — agifre)
Here /Vg’g is the (compact) moduli space of stable £-pointed genus g curves, ¥, ..., Yy are

(complex) codimension 1 classes corresponding to the £ marked points, and A is the (complex
codimension k) kth Chern class of the Hodge bundle. Eq. (1.12) should be interpreted as
follows: formally invert the denominator as a geometric series; select the terms of codimension
dim M, ; = 3g — 3 + ¢; and “intersect” these terms on M, .

In contrast to this, our proof of Theorem 1.5 is entirely algebraic and makes no use of
geometric methods. A geometric approach to the monotone Hurwitz numbers would be highly
desirable. The form of the rational expression given in part (ii) of Theorem 1.4, in particular
its high degree of similarity with the corresponding rational expression (1.9) for the generating
series of the classical Hurwitz numbers, seems to suggest the possibility of an ELSV-type formula
for the polynomials P, ¢. Further evidence in favour of such a formula is obtained from the values
of the rational coefficients that appear in these expressions. First, the Bernoulli numbers have
known geometric significance. Second, comparing the expressions (1.7) and (1.10) for genus 2
and the expressions in the Appendix for genus 3 gives strong evidence for the conjecture (now a
theorem, see [10, Chapter 6]) that

Coga = 23g73ag,aa at-3g—3, (1.13)

where ¢,  and ag, are the rational coefficients that appear in Theorem 1.4(ii) and (1.9),
respectively. But the ELSV formula implies that the coefficients a,  in the rational form (1.9) are
themselves Hodge integral evaluations, and for the top terms « - 3g — 3 these Hodge integrals
are free of A-classes—the Witten case. Eq. (1.13), which deals precisely with the case o - 3g—3,
might be a good starting point for the formulation of an ELSV-type formula for the monotone
Hurwitz numbers.

1.7. Organization

The bulk of this paper is dedicated to proving parts (i) and (ii) of Theorem 1.4, which give an
explicit expression for the generating function H; and a rational form for Hg, g > 2. Part (iii) of
Theorem 1.4, which specifies the lowest order term in the rational form for ﬁg, g > 2, follows
directly from a result of Matsumoto and Novak [15]. For this reason, we present this proof first,
in Section 2.

The necessary definitions and results from our previous paper [3] dealing with the genus
zero case are given in Section 3, together with additional technical machinery and results. In
Section 4, we introduce a particular ring of polynomials, and establish the general form of a
transformed version of the generating function Hg, g > 1. In Section 5, we invert this transform,
and thus prove parts (i) and (ii) of Theorem 1.4. In Section 6, we use Lagrange’s Implicit Function
Theorem to evaluate the coefficients in Hg, and thus prove Theorems 1.3 and 1.5. Finally, the
generating functions ﬁg and Hj are given in the Appendix.
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2. Bernoulli numbers

The computation of the constant term ¢, o) for g > 2 in Theorem 1.4 relies on a general
formula of Matsumoto and Novak (see [15]) for monotone single Hurwitz numbers for the special
case of permutations with a single cycle. We give the proof here, as it does not depend on the
machinery needed to prove the rest of Theorem 1.4.

Proof of Theorem 1.4(iii). To compute the monotone single Hurwitz number for a permutation
with a single cycle, we can expand the expression for ﬁg given in Theorem 1.4 as a power series
in n, n1, M2, - .., and then further expand this as a power series in p = (py, p2, . ..), throwing
away any terms of degree higher than 1 at each step. For the partition (d) consisting of a single
part, this yields the expression

3g—3
ng»=dwmug:dwm]Qk—axﬂmn+}:%@mo
k=1

d)! 63 .
= (@ -Deco@a+ 1+ > cou@d+ 1" ).
: k=1

For fixed g, this expression is (2d)!/d ! times a polynomial in d, and evaluating this polynomial
at d = 0 gives (2¢ — 2)cg, (0). In contrast, according to Matsumoto and Novak’s formula
[15, Eq. (48)], we have

iy = QD! (28 —2+2d 1 728 7 (sinh(z/2)\ %72
ND_7T<%—2>M%4J@J<ZM) |

Again, for fixed g, this expression is (2d)!/d! times a polynomial in d. Evaluating this
polynomial at d = 0 gives

B | 228 sinh(z/2)\ 7
(2g = 2)cq.0) = 2¢(2g — 1) [(28)!} < z/2 )

I 2700\ -z _ By
2¢2¢ -1 | 2 | "oz —1_ 2g°

since z/(e* — 1) is the exponential generating function for the Bernoulli numbers. [

3. Algebraic methodology and a change of variables

3.1. Algebraic methodology

In our previous paper [3] on monotone Hurwitz numbers in genus zero, we introduced three
(families of) operators: the lifting operators A;, the projection operators II;, and the splitting
operators Split;_, ;, which involve the indeterminates p = (pi1, p2,...) and a collection of
auxiliary indeterminates X = (x1, X2, .. .). These operators were defined by

d
A,‘ = kxk—,
; " Opk
0 = [x)1+ ) pilxf,
k>1

Split F(xy) = S F&0) = xiF(xj)
i} Xi —Xj

+ F(0).
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In terms of these operators, the genus-specific generating functions ﬁg defined in Eq. (1.5) for
g > 0 are characterized by the following result, which is essentially a reworking of the monotone
join—cut equation given in Theorem 1.1.

Theorem 3.1 (/3]).

(1) The generating function Alﬁo is the unique formal power series solution in the ring
QIlp, x111 of
Alﬁo =1L Splitﬂlﬁo + (A1ﬁ0)2 + x1

with the initial condition [ p0)x; ]AIHO =0.
(ii) For g > 1, AlH is uniquely determined in terms of A]H,, 0<i<g-—-1by
—1
( —2AHy — I Spht) AHg = A?H, | + Z AHg AHy .
g'=l
(iii) For 8= 0, the generating functlon Hg is uniquely determined by the generating function
A1H and the fact that | p(o)]Hg =0.

3.2. A change of variables

In [3], where we determined Alﬁo from Theorem 3.1(i), we found it convenient to change
variables from p = (p1, p2,...) and x = (x1,x2,...)toq = (q1,92,...) andy = (y1, y2,...)
via the relations

qj=pil—=-,7, yi=xil-n77 j=1, 3.1)
and to define the formal power series y, 1,7, j > 1 by
y=3 2k ar n=> k+1) i = @k + K/ k
k>1 k 7 k>1 ’ k>1

Expressing the operators A;, II;, Split;_, ; in terms of q and y, we obtained

9 4y, 3 3
Ai=2<k oL >+ i Z(qua——l—yka—)
=1 Gk (I—=4y)H2(1 —n) =1 Gk Yk

=D+ alyf.

k>1
SphtF(yi):y, i) = yiF(y))
i—j Vi = Yj

+ F(0).

We were also able to show that

1 —
—__"p, (3.2)
I—y

where D = Zkil kpk%, and £ = Zkil qu%, and, for each k > 1, that

9 9 2q¢ (2
Gh— =Pk — D
gk opr 11—y \k




LP. Goulden et al. / Advances in Mathematics 238 (2013) 1-23 11

Summing this over k > 1 gives

L 2
E=D- - p, (3.3)
l—vy

where D =} pk%, and & =) qk%.
In terms of these transformed variables, we were able to solve the monotone join—cut equation
for genus 0 given in Theorem 3.1(i), to obtain [3, Corollary 4.3]

Alﬁo = ILA,
1
yi(l —4y))2
2(y1 — y2)

In this paper we will be solving the monotone join—cut equation for genus g given in
Theorem 3.1(ii). The following result will allow us to reexpress the left-hand side of this equation
in a more tractable form.

A=1-(—4y)? - (@ =4y)77 = —4y)77). (3:4)

Proposition 3.2. For g > 1, we have
<1 —2AHy — I Split) AjH, = (1-T) ((1 — - 4y1)%A1ﬁg) ,
1-2
where T is the Q[[q]]-linear operator defined by

T(F) = (1 —n) ' IL(1 — 4y,) "2 Split (1 = 4y) F) .

Proof. From (3.4) and the expression for A; given above (and using the fact that Alﬁg has no
constant term as a power series in y;), we have

y2Alﬁg - ylAZﬁg>

LHS = I ((1 —2A) AjH, —
Y=y

o (1= =24) =y AHg + y) AH
Y=y '
But it is routine to check that
3 1
01— 321 =24) =32 = 01 = y2) (2= (1 = 4y2) 72 ) (1 = 4y)?
3 3
— (1l —4y)"2(1 —4y)2,

so we have

LHS = Hz((z — (- 4y2)_%) (1 — 4y AH,

3 3 — =
~ »a(l—4yy) "2 (1 —4y1)2 AHg — yi1 A2 H,
Y=y

1 o 3 . 3 o
= (1= )1 —4y1)2 AyHy = (1 — 4y2) 72 Split (1 — 4y P A ).
1-2

giving the result. [
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3.3. Auxiliary power series

We also find it convenient to define auxiliary power series related to the power series y, n and
nj,j = 1in Q[[q]] which appear in the statement of Theorem 1.4. These are the power series

Yy (vi), n(yi), and 1 (y;), j > 1in Q[[y]], defined by

1 2k
Yo =0 —4y)" 2 —1=)" ( L )y!‘,

k>1
3 2k
n(i) = (1 —4y) 2—1=Z(2k+1>(k>y£‘,
k>1
3\’ 3 - (2k
) =(yi— ) A=4y)"2 =) Qk+ 1)k’ koj=1,
nj () (yzayi> (1—4y) ;( +1) (k>y, =
so that
Iy (yi) = v, Iin(yi) = n, IIinj(yi) =nj, Jj=1 (3.5)

3.4. Computational lemmas

The following computational lemmas are used extensively in the rest of the paper to apply the
lifting operator A to expressions involving the indeterminates y and the series y, n, 1, 72, . . - .

Lemma 3.3. For F € Q[[q, yl], we have the identity

oF
AVILF = ILAF + y; T
2

y2=Y1

Proof. We compute directly the commutator

4 d
MIL—IhA =) (ky'f[ylz‘] + 2 <qu[y'2‘] -~ qk[ylz‘]yza—))
k=1 (I—4ypz2(1—mn) Y2

=Y kyilyl,

k>1
and the result follows immediately. [
Lemma 3.4. We have
Aryj =dyiy;(l—dy) 30 =7, j=1,
A =mn) + 4y —4y) I (1=
Ay =) + 4y —4y) (=l =1

Proof. The first equation follows directly from the expression for A; given in Section 3.2. The
other two equations can be obtained by applying Lemma 3.3 to the expressions in (3.5) for n
andn;. 0O
Proposition 3.5.

AfHo = yi (1 — 4y
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Proof. Using (3.4) and Lemma 3.3, we obtain

- A
A%Ho =IHLAA+y ;

. (3.6)
2=

We will consider the two terms in (3.6) separately. For the first term, from A

Yoo _x _ _ _
ey = lexz and Aj(x1) = Aj1(x2) = 0) and of course A;(1) = 0, we have

Vi :
oy = 0 (since

AA = (—1 T —- 4yz>%) Ai(1 —4y))?
2(y1 — y2)

(= 4y A1 - 4y 2
2(y1 — y2)

Applying Lemma 3.4, it is now routine to show that
3
Ara =4t =4y 20— (2- A —4)73),
and so we obtain
IhAIA = 4y7(1 —4y)~2.
For the second term, we have
o1 1 U\
A=1-a -4t = -4t (F) Ty,
k=1 i=0
which gives
A 1 1 2k\ [k _
el =—pta—at () (5)047
Y2 ly=y k=2

1 1 92 1 _
-ia — 4?5 (1 —dy) = =3yl —4y) %
N

The result follows immediately from (3.6) by combining these two terms. [
4. A ring of polynomials and solving the join—cut equation

In this section we consider the monotone join—cut equation for A 1ﬁg given in
Theorem 3.1(ii), with the differential operator on the left-hand side reexpressed in the form given
in Proposition 3.2, to give

g—1
1 N N > -
1-T) ((1 (- 4y1)m1Hg) = AHg i+ Y AiHg A, @.1)
g'=l1

In order to determine the form of the solution Alﬁg for g > 1, we will find it convenient to
work in the ring R of polynomials in (1 — 4y~ and {n; (1 — n)’l}kzl over Q. Forr € R,
the weighted degree of r is its degree as a polynomial in these quantities, where (1 — 4y;)~!
has degree 1, and ni(1 — n)_l has degree k,k > 1. For d > 0, we let R, denote the set of
polynomials in R whose weighted degree is at most d.
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As an example of this notation, from (3.5) we immediately deduce that

A=~ (B0 -4 F) eRee k=1 42)

Proposition 4.1. The operator T sends the ring R to itself, is locally nilpotent and preserves
weighted degrees. The operator 1 — T preserves weighted degrees and is invertible on 'R.

Proof. Let ¥; = y;(1 —4y;)~',i = 1,2. Since T (1 — n)~'r) = qe(1 — ) "' T(r) fork > 1
and r € R, it is sufficient to prove the result for the basis {Ylk }k>0, in which Ylk has weighted
degree k. For k = 0, we have T(1) = 0. For k > 1, it is routine to check that

Yky, — v,k
S lit((l —4y1)Yk) 2T
122 ! Yh-1

which equals O for k = 1. Thus T(Y1) = 0, and for k > 2, we have

k—1
—i _ _3
T<Y1k) =2 na-n7n ((1—4y2) ZYz’)- 4.3)
i=1
But Ylk_i € Ry—i,andk —i < kforalli =1,...,k — 1. Also, from (4.2) we have

A= ((1 =42 72Y) = (1 =~ B (¥ — 437 e R,

which implies that T (Y lk) € Ry. Furthermore, its degree in (1 — 4y;)~! is strictly less than ,
and, since T(1) = T(Y;) = O, it follows that repeated application of T to any element of R is
eventually zero.

Of course, the operator 1 —T also preserves weighted degrees, and it is invertible, with inverse
given for any r € R4 by

- =04+T+T+--)r=1+T+---+ Ty,

since, from the proof above, T (r)y=0foranyi >d. O

Proposition 4.2. Forr € Ry and m € 7Z, we have
®
(=" (1 = 4y)7 Ay (1= ) ™"r) € Raza,
(i)
(=" A (1= ™" = 4y)77r) € Rasa.
Proof. Since A is a linear differential operator, it is sufficient to prove these results for a generic

monomial u = (1 —4y1)*k17;,1 e, (1 —n)~/ withk+by+-- +bj=d.Letp=(10—-n)"pu.
For part (i), apply the product rule to obtain

J
Aip =4k —4y)  pAiyi + G+mA =) pAim+ ) L Ay,
i=1 i

Multiplying this equation by (1 — n)"*!(1 — 4y1)% and applying Lemma 3.4 and (4.2), it is
straightforward to prove that each of the j 4 2 terms is contained in R4, giving the result.



LP. Goulden et al. / Advances in Mathematics 238 (2013) 1-23 15
For part (ii), apply the product rule to determine A; ((1 — 4y1)_% p), and the result follows
from part (i) and Lemma 3.4. [

We are now able to give an explicit form for Alﬁg, for any positive choice of genus g.

Theorem 4.3. For g > 1,

(1= 0711 = dy)2 AjHg € Rag 1.
Proof. We proceed by induction on g. For the base case g = 1, Eq. (4.1) and Proposition 3.5
give

(1= T)(1 =) =4y Al = (1 —dy) 2 =¥} e Ry, 4.4

and the result for g = 1 follows immediately from Proposition 4.1.
Now consider an arbitrary g > 2, with the induction hypothesis that the result holds for all
smaller positive values. Then if we multiply (4.1) by (1 — 7)?472, we obtain the equation
(1= T)(1 = %711 — 4y A,

g—1
= (=¥ A g1+ ) (1 —n)*$ A Hy AH, . (4.5)
g'=1

Now consider the terms on the right-hand side of (4.5). The term corresponding to the summand
g’ can be written as

/ 1 - / 1 -
=y (1= A=y Ay ) (=607 1 =4y A H, )

and from the induction hypothesis, this has weighted degree at most 1+ (3¢’ — 1)+ 3(g —g') —
1) = 3g — 1. For the remaining term, first apply the induction hypothesis to give

A, = (1 =321 —4y)"2r, wherer € Rag_s.

Then from Proposition 4.2(ii), we have (1 — n)zg—zA%IjIg_l € R(3g—4)+3. Thus all terms on the
right-hand side of (4.5) have weighted degree at most 3g— 1. The result for g follows immediately
from Proposition 4.1. [

5. Generating functions for monotone Hurwitz numbers

In the previous section, we obtained results for A 1ﬁg, g > 1. In this section, we consider how
to invert the operator Ay, in order to obtain results for the generating function ﬁg itself, and thus
prove parts (i) and (ii) of Theorem 1.4. To accomplish this, we introduce the operator ©;, whose
action on elements of Q[[q]] is the substitution g; — ¢;t, j > 1. For example, we immediately
have

Gy = yt, O = nt, Omj=mnjt, j=1, (5.1

and for the operator & introduced in (3.3), we have

-~ a
9;5 = t&@;. (52)
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Since

0
D=) kpi— =11 Ay,
,; Opx

~ 0 dx Ay Y dy 4y
D=Zpk—=171/ =U1/ —,
k>1 apk 0 X1 0 Y1

we can apply 6; to Eq. (3.3) to obtain
6,& = 6,84,

where

yld 2
45:111(/ ﬂ——y). (5.3)
A -y

Thus, applying (5.2) to ﬁg, we obtain

1
o dr o
H, :/ TQ,QAng, g>1. 5.4
0
For the operator @, using (3.5), it is straightforward to check that, for j > 2,

2y(1—mn)

Py —y(y) = = Pni(yy) =n —

14
11— y n,
5.5

2y
Pnj(y1) =nj-1— Ty

We are now able to deduce the explicit expression for the genus one monotone Hurwitz

generating function stated in Theorem 1.4(i).

Theorem 5.1. The generating function for genus one monotone Hurwitz numbers is given by

.1 1 1 1
H =—log— — - log——.
24 °1—-n 8 °l1—y

Proof. From Eq. (4.4) and Proposition 4.1, we have
- _ _1
AH =1 - ' —4y) 21+ YL,

and, simplifying this using (4.3) with £ = 2, after noting that 4y; (1 — 4y1)_% =n(1) —ryO),
we obtain

6,0/ = 6,0 (2’71(y1> ~ 30 + 300 () — y(yo)m)

48(1 — n) 24(1 — )2
nt 14
241 —nt) 81 —y1)’
where for the second equality we have used (5.5) and simplified, and then applied (5.1). The
result follows from (5.4), together with the fact that H; has constant term 0. [

For genus two or more, we are able to obtain a polynomiality result for the monotone Hurwitz
number generating function H.
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Theorem 5.2. For g > 2, we have

Hy € Qlne(1 = hzr, A=) 7',
Moreover, each monomial ng (1 —n) "4 ~" that appears in ﬁg has weighted degree |a| < 3g—3

in {nr(1 — n)_l}kz], and degreen <2g —2in (1 — 77)_1.
Proof. Note from Section 3.3 that the elements

L oD —yod -4y, mOoDA—4yD,  mOD —4y)2, ...

are polynomials in (1 —4y;)~! of degree 0, 1, 2, 3, . .. respectively, so by Theorem 4.3, we know
that we can write

3g—1

- 1
(1= m* T AHg = Foo(1 —4y)72 + Feai(nGn) —y () + Y Fejnj—1(31),(5.6)
j=2

where, for j =0,1,...,3g — 1, F, ; is an element of Q[n;(1 — ﬂ)_l]kzl- Note also that Fy ;
has weighted degree at most 3g — 1 — j, for j =0, ...,3g — 1. If we set y; = 01in (5.6), we get
Feo0=0, 5.7

since Alﬁg has no constant term as a power series in yj.
Next, note that when we are dealing with polynomials in (1 — 4y;)~!, we can evaluate them

at y; = oo, or equivalently, at (1 — 4y1)’1 = 0, and denote this evaluation by the operator 2.
Now suppose we apply the operator

20 —T)(1 —4y)?
to (5.6). Taking into account (5.7), we obtain on the right-hand side
1
Fe 1200 =T)(A = 4y)2((y1) —y (1)

3g—1

+ Y Fe i Q= T)(1 = dy)2nj_1(n). (5.8)
j=2

By direct computation, we have

20 =T)(1 = 4yD2 (1) — y 1) = — 1.

To evaluate the remaining terms in (5.8), note that for j > 2, we have (1 — 4y1)%nj_1(y1) =
y1aj—1(y1), where from Section 3.3, we know that a;_1(y;) is a polynomial in (1 — 4y, )~! with
no constant term (in (1 — 4y1)_1). It follows that

1
21 —4yp)2nj_1(y1) =0,

and it is routine to check that

. 3 1 » aj—1(n) —aj—1(y)
Sht((l—4 Yamii( )):( —1) ,
e A I—dy; ) T—ay (1—dy)T—(1—dyy!

so that we have
1 _ _3 nj—1
QT —4y)Inj—1(y) = —(1 — )" Thya(1 —dy2) " 2aj_1(y2) = — -2

1—7n’
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from (3.5). Putting these together, (5.8) becomes
3g—1

- gl"’ZFg/l

Now, when we apply 2(1 — T)(1 — 4y1)% to the left-hand side of (5.6), and use (4.1), we get

g—1
(11— n)2g—29 A%ﬁg_l + Z Alﬁg/ Alﬁg—g’

g'=l
But from the proof of Theorem 4.3, specifically the analysis of the right-hand side of (4.5), we
see that for g > 2, every term in the summation over g’ is a polynomial in (1 —4y;)~! multiplied
by an additional factor of (1 — 4y1)’1, and so {2 sends the summation to 0. We can also deduce
from Lemma 3.4 that the remaining term is also sent to 0 by (2. Putting both sides together and
multiplying by 2y (1 — 1) /(1 — y), we obtain the equation

-1
2p(1 — 2
— Fp1 " y( '7) Z Fy.j ’”7’ Lo, (59

Now, from (5.6), using (5.7) and (5.5), we have

_ - 2y(1—mn) Zym
(1 — %1 oAH, = g’I%Jng’z n— =Y

-y
3g—1 2 )
Ynj—1
+ ) Fe (njz— 1_] )
j=3 4
3g—1
= Fgon+ Z Fg. jnj—2,
i=3

where the second equality follows from (5.9). Thus, from (5.4), we have

3g—1
Feon+ ). Fgjnj—2

1
- dr Jj=3
H, :/ — 6 T
0o ! (1—mn)

But Fy ; has weighted degree at most 3g — 1 — j, and using (5.1) we obtain

. 1 3g-3 @)
o= [ X S beanen i S
=0 akd
3g=3 PGS
+ Z Zeg anaw s (510)
—1 ard n
where b, , and e, , are rational numbers. Now, integrating, we obtain
1 m -
t 1 = t

/ — dt= —/ T (1 + )%z, wherez = —F—

0 (1 _ m)m+2g—1 nm+1 0 1 — nt
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_Zgif 2¢ -3 1 0
= i m414i (1 —npym+i+i’

which is equal to (1 — 1) *! times a polynomial over Q in (1 — 1)~! of degree at most 2g — 3.
The result follows by applying this to each term of (5.10), using n = 1 — (1 — ) for the isolated
n in the first summation. [

Finally, by refining the polynomiality result of Theorem 5.2, we are able to prove the
explicit form for the monotone Hurwitz number generating function with genus g > 2 given
in Theorem 1.4(ii).

Theorem 5.3. For g > 2, the generating function for genus g monotone single Hurwitz numbers
is given by

3g—3

= Ce.alla
He = —cg.0 + Z Z (1 — p)fr+2g=2"
d=0 atd

where the cg o are rational numbers.

Proof. From Theorem 5.2, we know that ﬁg is a linear combination of the monomials py , =
Na(1 — n)~@=" where || = d < 3¢ —3 and n < 2g — 2. Then A1p©),0 = 0, and from
Proposition 4.2(i), we have

1
(=) (1 = 4y1)2 A1 pon € Rarta-
Then, if (a, n) # ((0), 0), Theorem 4.3 implies that n = 2g — 2, so we have

3g—3
- C ]7
_ g,a lla
Hy =c+ Z Z (1 — p)le+2-2
d=0 atd
where c¢g o are rational numbers. But ﬁg has constant term 0, so ¢ = —cg (0), giving the

result. [
6. Explicit formulae for monotone Hurwitz numbers

In the previous section, we obtained explicit results for ﬁg, g > 1. In this section, we consider
the coefficients in these generating functions. To begin, the coefficient extraction operators [ py]
and [gq.], defined on Q[[p]] = QI[[q]], can be expressed in terms of each other using the
multivariate Lagrange Implicit Function Theorem [7, Theorem 1.2.9], as follows.

Lemma 6.1. If @ \ d is a partition and F is an element of Q[[p]], then

(1-nF
[pa]F = [Qa]m,
where
. 2k 2k
qj=pil—y7H, j=1, )/:Z(k)qk, n=2(2k+1)<k>qk.

k>1 k>1
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Proof. Let¢p; = (1 — ¥)~%, so that ¢ i = pj®j, j = 1. Then, from the multivariate Lagrange
Implicit Function Theorem [7, Theorem 1.2.9], we have

0
[PalF = [qa]F ¢o det (51'1‘ —Qj_10g¢i)
qu ij>1

2iqg; 27 B
= [gu]F oo det (6,;, - q’y (J.’)) :
- i,j>1

where ¢, = Hizl ba;- We have ¢, = (1 — y)_Zd, and using the fact that det(/ + M) =
1 + trace (M) for any matrix M of rank zero or one, we can evaluate the determinant as

3 2kqr {2k 1—n
j ijz1

Substituting, we obtain

(1-nF
[pa]F = [%]m~

Using Lemma 6.1, we are now able to obtain the explicit formula given in Theorem 1.3 for
the genus one monotone Hurwitz numbers Hj(«).

Theorem 6.2. The genus one monotone single Hurwitz numbers ﬁl (), a & d are given by

Ua) -
H(a) = 1_dt ﬁ 20 Qd + '@ —32d + 1){@-]
24 |Aut | i\

()
— > (k=2)!2d + D@ Fep 2o + 1)) .
k=2

Proof. From Theorem 5.1, we have

=) > H (0‘) 1 L jog ! 6.1)
! = a8, TRoEC '

d>1akd

For the first term in H 1, applying Lemma 6.1, we obtain

1 e !
—_— = 0
T e B

i nk
=[qa](2(2d+1>f%>< ~> k-2 )

j=0 k>2

[po]log

-1 k
_ -1 V no_ —x_ Y Ui
= [qa] ((2d+ 1) ) E (k—2)!2d + 1) @ k)!k‘)

For the remaining term in ﬁl, we apply Lemma 6.1 again, together with Eq. (3.2), to obtain

1 1 1 1 1
[pa]log 11—y = E[Pa]DIOg 11—y = —[Qa]g <m>

_ 1 La)— 1J/
—[qa](—Zd(l_y)2d> [ga1(2d + Do,
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But iterating the product rule gives

yﬁ(a)fk 77k 8l(ot) nk yé(a)fk
|Auta| [ge] — = —
W) -k~ 3ge \ k! (L) —k)!

1@ 2,
= l_[ < ’) Z Qai, + DQaiy + 1) -+~ Qe + 1)

I<ij<-<ip<l(x)

l
o)
2 .
( al)ek(Za—i—l).
i=1 \ Qi

The explicit expression for 1311 (o) follows by combining the above results, and using the facts
that eg(a) = 1 and e () = 2d + £(a). [

Finally, we prove the polynomiality result for monotone Hurwitz numbers stated in
Theorem 1.5.

Theorem 6.3. For each pair (g, £) with (g, £) € {(0, 1), (0, 2)}, there is a polynomial ﬁg’g int
variables such that, for all partitions o = d with £ parts,

Ao — 4B )ﬁ 20,
o) = A1, ...,Q .
§ |Aut o] &%l ¢ PRANCY

Proof. For g = 0, this follows from the explicit formula for genus zero monotone Hurwitz
numbers given in [3], which has this form for £ > 3. For g > 1, by applying Lemma 6.1, we
obtain

(1 - mH,

1 - y)2a'+1 :
Given the general form from Theorem 5.3, the power series on the right-hand side can be
expanded as an infinite sum of (rational multiples of) terms of the form

—2d —1
< o >V’"n”°n§”n§2--~n,’:k,

Hy (o) = d[po]Hg = d ![a]

where m, no, n1, ..., n; > 0 are integers. However, since the series y, n, 11, 12, . .. are all linear
in the indeterminates q, only the finitely many terms with m +no+n1+- - -+n; = £ contribute to

—2d—1
m

the coefficient of g,. For m fixed, the binomial coefficient ( ) is a polynomial in the parts

of «, and given the definition of the series y, n, n1, 12, . . ., the contribution to the coefficient of
gy 1s a polynomial in the parts of & multiplied by the factor

1 5 (20
|Aut | H ( o) )

j=I

It follows that ﬁg (@) has the stated form. [
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Appendix. Rational forms for genus three

The following equation gives the rational form for the genus three generating series for the
monotone single Hurwitz numbers, as described in Theorem 5.3:

(1= (1 =mn)3
10781115 + 201204 + 121473 + 1209914
+ 6
(1—=mn)
N 1998m2n3 — 3914n1n3 — 262703 — 257712 + 196707
(1 —nb
N 85681714 + 26904111213 + 583073 + 100925313
(I=n7
13440m,n3 — 2032203, — 435213
(1=n)7
N 44520m3 3 + 86100n2n3 + 49980131, — 157500}
(1 —mn)8
1621207}n, + 31080n;  686001%
a—mn? (1 =m0
This should be compared with the genus three generating series for the single Hurwitz

numbers that appeared in [9]:
T0¢6 — 294¢5 + 410¢4 — 186¢3

2 i, = (90 L% ) T0n6 + 6315 — 37704 — 18973 + 667, + 1261,

24 91H; =
(1—¢)
1078p16b5 + 2012¢26h4 + 121493 + 24186164
+ 6
(1—-¢)
—6156¢2¢3 + 4658143 + 3002¢35 — 18601
+ 6
1—-9)
N 8568474 + 269041 dap3 + 5830p5 — 25968¢7 ¢
(1—¢)7
—336426¢1¢3 + 25770¢2¢, — 2790¢3
1 —e)
N 4452047 ¢3 + 86100p7p3 — 110600¢3 > + 214207}
(1—¢)®

1621209 ¢y — 6244097  686004°
A—@° (-9
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