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1. Introduction

An m-ary partition is an integer partition in which each part is a nonnegative integer power of a fixed integer m > 2. An
m-ary partition without gaps is an m-ary partition in which m/ must occur as a part whenever m#*! occurs as a part, for every
nonnegative integer j.

Recently, Andrews, Fraenkel and Sellers [2] found an explicit expression that characterizes the number of m-ary partitions
of a nonnegative integer n modulo m; remarkably, this expression depended only on the coefficients in the base m
representation of n. Subsequently Andrews, Fraenkel and Sellers [3] followed this up with a similar result for the number of
m-ary partitions without gaps, of a nonnegative integer n modulo m; again, they were able to obtain a (more complicated)
explicit expression, and again this expression depended only on the coefficients in the base m representation of n. See also
Edgar [6] and Ekhad and Zeilberger [7] for more on these results.

The study of congruences for integer partition numbers has a long history, starting with the work of Ramanujan (see,
e.g., [8]). For the special case of m-ary partitions, a number of authors have studied congruence properties, including
Churchhouse [5] for m = 2, Redseth [9] for m a prime, and Andrews [ 1] for arbitrary positive integers m > 2. The numbers
of m-ary partitions without gaps had been previously considered by Bessenrodt, Olsson and Sellers [4] for m = 2.

In this note, we consider m-ary partitions, with and without gaps, in which the parts are coloured. To specify the number
of colours for parts of each size, we let k = (ko, k1, .. .) for positive integers kg, k1, ..., and say that an m-ary partition
is k-coloured when there are k; colours for the part ml, for j > 0. This means that there are k; different kinds of parts of
the same size m. Let bﬁ,'.,()(n) denote the number of k-coloured m-ary partitions of n, and let c,(n)(n) denote the number of
k-coloured m-ary partitions of n without gaps. For the latter, some part m/ of any colour must occur as a part whenever
some part m't! of any colour (not necessarily the same colour) occurs as a part, for every nonnegative integer j. (In the
special case that k; = k for all j > 0, where k is a positive integer, we say that the m-ary partitions are k-coloured.)

We extend the results of Andrews, Fraenkel and Sellers in [2] and [ 3] to the case of k-coloured m-ary partitions, where m is
relatively prime to (ko — 1)! and to k;! forj > 1. Our method of proof is different, giving explicit expansions for the generating
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functions modulo m. We then extract the coefficients in these generating functions to determine explicit expressions for the
corresponding numbers of partitions modulo m, stated in the following pair of results.
Theorem 1.1. For n > 0, suppose that the base m representation of n is given by

n=dy+dm+---+dm', 0<t.

If mis relatively prime to (ko — 1)! and to k;! for j > 1, then we have

I(Q—1+d0 I(+d
b (n) = 7)) (mod m).
m (1) ko — 1 ]lj ki ( )
Theorem 1.2. For n > 1, suppose that n is divisible by m, with base m representation given by
n=dm +-.-+dm', 1<s<t,

where1 < dg <m—1,and0 < dsq,...,d; < m — 1 If mis relatively prime to (ko — 1)! and to k;! for j > 1, then for
0 <dy <m—1we have

c,(,i"(n—do)E(k"’(—]_]dO) g5+ (—1)~ {(’<S+d ) }ZH{<k+d) 1} (mod m),
-

i=s j=s+1
where e; = 0 if sis even, and & = 1if sis odd.

Theorem 1.1 is proved in Section 2, and Theorem 1.2 is proved in Section 3.

2. Coloured m-ary partitions

In this section we consider the following generating function for the numbers b(,:,‘)(n) of k-coloured m-ary partitions:

B@) =Y bma =T (1- q”’)fkj.
n=0

The following simple result will be key to the expansion of Bgnk)(q) modulo m.

Proposition 2.1. For positive integers m, a with m relatively prime to (a — 1)!, we have

m—1

_ —14+¢
1-q "= (1-4q") Z (a + )ql (mod m).

a—1
(=0

Proof. From the binomial theorem we have
o0

—1+¢
“—qV”=§:<aa_T )&.

=0
Now using the falling factorial notation (a — 1+ €),_1 =(a@a—1+£)a—2+£)---(1+ £) we have
a—1+¢ _
( )=«a—nnlm—1+m%1
a—1
But
(a—14+€+m)_1=(@— 14 £)q_1 (mod m),

for any integer ¢, and ((a — 1)!) ! exists in Z, since m is relatively prime to (a — 1)!, which gives

<a—l+£+m>z(a—1+£> (mod m). ()

a—1 a—1
and the result follows. O

We are now able to give an explicit expansion for BE,',‘)(q) modulo m.

Theorem 2.2. If m is relatively prime to (ko — 1)! and to k;! for j > 1, then we have

0o m—1

m—1
o= (11 ) J T (73 7)) tmoam

£o=0 j=1 \¢4=0 f
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Proof. Consider the finite product

i
k, j

Pi:H(l—q”'])_ . i>o.

j=0
We prove that
p "i (ko -1 +£o)q[0 (1 ~ m,+1) i Z (k + ¢ >q€jmf (mod m) @)
lo=0 ko -1 -1 — ’

by induction on i. As a base case, the result for i = 0 follows immediately from Proposition 2.1 with a = ky. Now assume
that (2) holds for some choice of i > 0, and we obtain

i+1

-\ —ki i —k;i
Ra=T1(1=0") "= (1-") r
m—1 i m—
ko — 1+ 49 P i+l —kip1-1 k]+Z oo
(P T8 TR0 o D (A R

=1 \g=

i+1 m—1
ko—14+4\ , 2\~ - ki+£4;\ o
(“L ) e ) (=) TS (Y7 ) o) moam.

j=1 \¢=0

Il 1l
M il

£o=0

where the second last equivalence foll_oyvs from the induction hypothesis, and the last equivalence follows from
Proposition 2.1 witha = ki1 + 1,9 = qu
This completes the proof of (2) by induction on i, and the result follows immediately since

B®¥(q) = lim P.. O
1—00

We are now able to prove Theorem 1.1, which glves an explicit expression for the coefficients modulo m that follows
from the above expansion of the generating function B (q)

Proof of Theorem 1.1. In the expansion of the series BE,',‘)(q) given in Theorem 2.2, the monomial g" arises uniquely with the

specializations ¢; = d;,j = 0,...,tand ¢; = 0, j > t. But for the case {; = 0 we have (kf;[f) = ’,:f) = 1, and the result
J J

follows immediately. O

Example 2.3. As an example of Theorem 1.1, consider the case that k; = k,j > 0, where k is a positive integer, and that m is
relatively prime to k!. Then the number of k-coloured m-ary partitions of n is congruent to

k—1+do\ 1 [ k+dj
( k—1 )E( k > (3)

modulo m.

Specializing the expression given in Theorem 1.1 to the case k; = 1 for j > 0 (or, equivalently, specializing (3) to the
case k = 1), provides an alternative proof to Andrews, Fraenkel and Sellers’ characterization of m—ary partitions modulo m,
which was given as Theorem 1 of [2].

3. Coloured m-ary partitions without gaps

In this section we consider the following generating function for the numbers c(k)( ) of k-coloured m-ary partitions
without gaps:

(g —1+Zc(k) q—l—i—z.;jl_!((]—q) —1)

The following result gives an explicit expansion for Cﬁnk)(q) modulo m. The proof uses Proposition 2.1 in a similar way as for
the expansion of Bf,lf)(q) modulo m in Theorem 2.2 of the previous section.
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Theorem 3.1. If m is relatively prime to (ko — 1)! and to k;! for j > 1, then we have

i

m o] m—1 )
Mg =1+ Z(kok_ol_t%) Z( mm) [ Z{(kjggj)”}q@"‘} (mod m).

lo=1 i=0 j=1 \4=0

Proof. Consider the finite product

i

R,~:H<(1—q ) kj—1>, i>0.

j=0
We prove that

i

m o\ — m—1 ) ) .
i (S (%o o) T () o) o

£o=1 j=1 \4=0

by induction on i. As a base case, the result for i = 0 follows immediately from Proposition 2.1 with a = k. Now assume
that (4) holds for some choice of i > 0, and we obtain

Riy1 = ﬁ << —q ) s 1) = ((1 —q"‘”*‘)fk"+1 _ 1) R,

j=0

Il
N
=
o
|
o
I Pt
- +
~
o
N—
K<)
o~
(=]
e e,
/N
—
3
=
N—"
=
=
|
/N
3
X
N—
—_——

k .
Z + Z 1}q"f”” (mod m)

m ) i+l fm—1 . X ;
£ (o1 e () ) o

Lo=1 j=1 \¢=0

where the second last equivalence follows from the induction hypothesis, and the last equivalence follows from
Proposition 2.1 witha = ki;1 + 1,9 = q™ m*! and a = 1,q= qu
This completes the proof of (4) by induction on i, and the result follows immediately since

o0
k) q):1+ZRl-. 0
i=0

We are now able to prove Theorem 1.2, which gives an explicit expression for the coefficients modulo m that follows
from the above expansion of the generating function Cr(,,k)(q).

Proof of Theorem 1.2. First note that we have
n—dy=m—do+m—1m' +---+(m—1m" ' + (ds — )m* + dgyym*™' + - +d,;m".

Now consider the following specializations: £ = m — do.ﬁg =m-1j=1,...,s=14=d—1,{=d,j=s+1,...,t,
and ¢; = 0,j > t. Then, in the expansion of the series C,(nk (q) given in Theorem 3.1, the monomial g" arises once for each
i > 0, in particular with the above specializations truncated to ¢y, . .., £;. But with these specializations we have

e forj=0:

ki—14+¢; ko — 1 —d ko—1-—d
(J + j>_1= Ko +m 0>= 0 0 , from (1),
kj—] ko—] ko—]

o forj=1,...,s—1:

kj‘i‘fj 1= kj—l 1=0—-1=-1
kj kj ’

R -8

i=0 j=1 i=0

and
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e forj=s:
(kj + Ej) 1
kj

ks +ds — 1 1
ke ’
o forj=s+1,...,t:

ki + ¢; 1= ki + d; 1
kj kj ’

e forj > t:

kj-i—Ej 1= kj 1=1-1=0
kj kj '

The result follows straightforwardly from Theorem 3.1. O

Example 3.2. As an example of Theorem 1.2, consider the case that k; = k,j > 0, where k is a positive integer, and that m is
relatively prime to k!. Then the number of k-coloured m-ary partitions of n — dy without gaps is congruent to

| e R B TGO

i=s j=s+1
modulo m.

Specializing the expression given in Theorem 1.2 to the case kj; = 1 forj > 0 (or, equivalently, specializing (5) to the
case k = 1), provides an alternative proof to Andrews, Fraenkel and Sellers’ characterization of m—ary partitions modulo m
without gaps, which was given as Theorem 2.1 of [3].
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