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TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 288, Number 1, March 1985

A BIJECTIVE PROOF
OF STANLEY’S SHUFFLING THEOREM
BY
I. P. GOULDEN

ABSTRACT. For two permutations o and « on disjoint sets of integers, consider
forming a permutation on the combined sets by “shuffling” ¢ and w (i.e., ¢ and w
appear as subsequences). Stanley [10], by considering P-partitions and a g-analogue
of Saalschutz’s ; F, summation, obtained the generating function for shuffles of o
and w with a given number of falls (an element larger than its successor) with respect
to greater index (sum of positions of falls). It is a product of two g-binomial
coefficients and depends only on remarkably simple parameters, namely the lengths,
numbers of falls and greater indexes of o and w. A combinatorial proof of this result
is obtained by finding bijections for lattice path representations of shuffles which
reduce ¢ and w to canonical permutations, for which a direct evaluation of the
generating function is given.

1. Introduction. For a sequence @ = a, - -- a, of integers a,,...,a,, we define the
descent set of a, denoted by Z(a), by Z(a) = {ila, > a,,,}, the number of descents
in a by d(a) = |2(a)|, and the greater index of a by I(a) = ¥, c 5, i. We say that a
has length |a| = n.

Let a = {a,...,a,} and B={B,,...,B8,} be disjoint subsets of A4,  , =
{1,....m + n}, where a; < --- <a, and B, < --- < B,. For any permutation ¢
of the elements of a, and any permutation w of the elements of 8, we say that o and
w are (m, n)-compatible.

The shuffle product of ¢ and w, denoted by ¥ (o, w), is the set of all permutations
of A, , in which ¢ and w both appear as subsequences. The following result is
worth recording, since it leads to the lattice path representation of shuffle products
in §2.

PROPOSITION 1.1. If 6 and w are (m, n)-compatible, then

| (0, w)| = (m;; n)'

PrROOF. There is a bijection between elements p of %(o, w) and subsets a =
{ay,...,a,,} of &, . defined as follows. If ) < -+ <@, and o =0, --- 0, then
p contains o, in position a, fori = 1,...,m.

The elements of w appear, in order, in the set of positions of p complementary to
a. O
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148 I. P. GOULDEN

Consider the generating functions S, (¢, w) for the shuffle product ¥ (o, w),
defined by

Si(o,w)= X ¢'.

pES (0, w)
d(p)=k

Stanley [10] has obtained a compact expression for S, (o, w) in terms of the Gaussian
(or g-binomial) coefficient ['], defined for nonnegative integers j by
H _(1=4¢)---(Q-g""")

1 I Ty P iy

L}

and [] = 0 otherwise.

THEOREM 1.2 (SHUFFLING THEOREM). Let o and w be (m, n)-compatible. with
d(o)=r,d(w)=s.Then
I(a)+l(w)+(k—x)(k-r)[m —r+t 5] [n -5+ "]
k~r k—s
The case r = s = 0 had been previously given by MacMahon [8, Vol. 1, p. 210].
Stanley obtained the Shuffling Theorem by means of his theory of P-partitions, and
by applying the following identity.

Si(o,0)=¢q d

THEOREM 1.3,

(r—i)(s— l)m+r—s n+s-—r m+n-+i _ m-—+r n+s
24 =" sl o
>0 r—i s—1 i

This identity was proved by Gould [4], and is equivalent to Jackson’s [7]
g-analogue of Saalschutz’s theorem (see [9, p. 243]). Combinatorial proofs of
Saalschutz’s theorem (a ; F, summation equivalent to the case ¢ = 1 of Theorem 1.3)
have been given by Andrews [1] and Cartier and Foata [3].

Stanley [10] has asked for a proof of Theorem 1.2 which avoids the use of
Theorem 1.3. In this paper we present such a proof. Basic to our treatment is the
combinatorial interpretation of the Gaussian coefficient [",.] as the generating func-
tion for integer partitions with at most j parts, and largest part at most i — j, where i
and j are nonnegative integers.

LEmMMA 1.4.
1.
Z qal+-~~+a,= I:l:l
O<oy<-- <a;<i—j /
2.

Bit 4B, g
L 4 9 H

L<By< - <B <t

PRrROOF. 1. See Andrews [2, p. 33] for a proof; historical references are given on p.
S1.
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A BIJECTIVE PROOF OF STANLEY'S SHUFFLING THEOREM 149

2. Obtained from (1) by letting 8,, = a,, + m, for m=1,...,j, since 1 + 2 +
"'+j=(’2+1). O .

In §2 we discuss lattice paths and their relationship to shuffle products. A
bijective proof of the Shuffling Theorem is given in §3.

2. Lattice paths. Suppose that u = (u;, u,) ad v = (v, v,) are pairs of integers
with u; < v, and u, <v,. Then B(u,v)= {u, u, + 1,...,07} X {u,,...,0,} 1is
called a grid, and we shall denote B(u, v) by B in this section when the context
allows. We consider lattice paths on a grid, with horizontal and vertical steps. In
particular, let a, = (a4, 4a,) € B for i=0,...,k, and let d,=a, — a,_, for i =
1,...,k. Thenifd, € {(1,0),(0,1)} fori =1,...,k,a = a, - - - a,is called a path on
B, from a, to a,, of length |a| = k. A path of length 0 (a single vertex) is called an
empty path. The ith difference d, is called the ith step and q, is the ith vertex in the
path a. We say that d, follows a,_, and precedes a,. The difference (1,0) is called a
step across, and (0, 1) is a step up. The vertex a, is, fori = 1,...,k — 1,

(i) an upper cornerifd,_, = (0,1)and d, = (1,0),

(ii) a lower corner if d,_, = (1,0) and d, = (0, 1),

(iii) a horizontal crossing of x = a, ifd,_; = d, = (1,0),

(iv) a vertical crossingof y = a,,if d,_, = d, = (0, 1).

If b= byb; -+ b, is a path on B, then the product ab is defined when a, = b, by
ab = aqa, --- a;b; --- b, and is not defined otherwise.

Note that a path is uniquely specified by its end-points and either its upper
corners or lower corners.

PROPOSITION 2.1. If u; S X< X, < -+» <Xx, <V, and uy <y, <y, <--- <
Vi—1 < i < v, are integers, then there is a unique path on B(u,v) from (xg, y,) to
(x4, ;) with upper corners at (xy, ¥1),...,(X;_1. Yx_1), and no other upper corners.
Ifuy<xg<x; < <x 1 <X <vyanduy; <Yy <y < <y Svarein-
tegers, then there is a unique path on B(u,v) from (xq, y,) to (x,, y,) with lower
corners at (X1, ¥1),---,(Xx_1, Yi_1), and no other lower corners.

PRrROOF. For upper corners, the pathis p, - - - p,, where

o, = (xr—l’ yi—l)(xi—l + 1’ yl—l) e ('xl’ yI—l)('xl’ Yi-1 + 1) e (XI, yr)

For lower corners, the path is 8, - - - 8,, where
81 = ('xr—l’ yI—l)(xl—l’ Yi—1 + 1) T (xl—l’ yl)(xl—l + 1’ yl) T (xi’ yl)' a

For compactness, we also denote a path by its sequence of steps, using “A4” for
steps across, and “U” for steps up, subscripted by its initial vertex. If the initial
vertex is (0, 0), then we suppress the subscript.

The path a on B(u,v) is said to cover B (or to be a cover of B) if a, = u and
a, = v. If a covers B then it partitions B into 3 sets, consisting of the points in B that
are

(i) on a (points (t,, t,) such that t;, = a,;, ¢, = a,, forsome i = 0,... k),

(ii) above a (points (¢, t,) such that t; < a,, t, > a,, forsomei =0,...,k),

(iii) below a (points (¢, t,) such that ¢, > a,;, ¢, < a,, forsomei = 0,...,k).
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150 L. P. GOULDEN

A path b on B is called a < a-path if b is nonempty, and all vertices of b are on or
below a. A path b on B is called a > a-path if b is nonempty, and all vertices of b are
above a, except the first and last vertices of b, which may also be on a, but not both
on q if |a| = 1. For example, if a = UAU’AUA, then U, A*U and (UA*U),, ,, are
< a-paths, while (U%A) ¢, and (UA?) ¢, are > a-paths. The path U4 is neither a
< a-path nor a > g-path.

Note that the use of “above” and “below” corresponds to the obvious meanings
of these words in a geometric representation of a path. The constructions which are
given later in this paper involve many parameters, and require a fair amount of
notation and terminology to state accurately. It is intended that the terminology
used throughout this paper be natural in the geometric representations of these
constructions, though no pictures will be supplied by the author.

The cover (A U2 *2)  is called the canonical cover of B(u, v).

If a covers B and b is a path on B, then we define €5 ,(b) to be the set of all
upper corners of b that are above a and all lower corners of b that are below a. If ¢ is
the canonical cover of B, then % .(b) is more simply described as the set of all
upper corners in b.

In order to define generating functions for sets of paths, we must define a weight
function for lattice paths. Let the weight of a vertex e; = (e}, e;,) be w(e,) = e;; +
e,,, and the weight of a set e = {e,,...,e,} of vertices be w(e) = w(e;) + --- +
w(e,).

The following weight-preserving mapping y for paths is very important to our
proof of Theorem 1.2. Suppose that a covers B and g is a < a-path on B from z; to
z, with lower corners below a given by (fi1, f51),--->(fix fox)- Then we define
¥5..(g) to be the path from z, to z, whose upper corners are (f;; — 1, f,; +
1),...,(fix — 1, f,x + 1). (This path is unique, by Proposition 2.1.) If 4 is a path on
B, then we can write b uniquely as b = h,g,h,g, - h,g,, for some / > 1, where
81>---,8,—1 are < a-paths, g, is either a < a-path or empty, 4, is either a > a-path or
empty, and h,,...,h, are > a-paths. Then we define Y, ,(b) = hYp (g1) - -
hg.(g), where Y5 ,(g), i=1,...,1, are given above. (If g, is empty, then
¥5..(8) = 81)

For example, if B = B((0,0), (7,6)), a = AU?AUA’UAU?4 and b =
(A’U3A’UAU) o, then b = hyg,h,g,, where hy = (A) 4, and hy, = (UA?) 35, are
> a-paths, while g, = (A4*U?),,, and g, = (AUAU), are < a-paths. Now
¥p..(8) = (AUAU); and Y (8,) = (AU?4) 5 4, 50

Vg o(b) = (A2UAU’A’U?4)01).
Note that €5 ,(b) = {(3,1), (3,4), (7,5)} and %5..(b) = {(2,2), (3,4), (6,6)}, where
b =y, (b)and c = A’U* is the canonical cover of B. Thus |€; ,(b)| = 3 = €, .(b)|

and w(%p (b)) =4+7+ 12 = w(%B‘c(f))), equalities that are proved to hold in
general in the following result.

LEMMA 2.2. Let x, y € B, and define Py(x, y) to be the set of paths on B from x to
y. Then for any cover a of B,
1.yg , Py(x, y) = Py(x, y):b— bis a bijection.
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Moreover, if ¢ is the canonical cover of B, then
2.1%5.(b)| = [5.B)}
3. w(€p,,(b)) = w(Ep (b))

PrOOF. 1. First note that if g is a < a-path from z, to z,, then g = Y5 ,(g) is also
a < a-path from z, to z,. This is because if the lower corners of g below a occur at
(fi1> f1)s- - -»(f1x> o), then the upper corners of § occur at (f;; — 1, f5,; +
1,....(fix — 1, f4 + 1), each of which must lie on or below a. Thus g is a path
from a point (z;) on or below a, to a point (z,) on or below a, in which all upper
corners are on or below a. Thus Proposition 2.1 tells us that g is unique, and is also a
< a-path. Moreover g is recoverable from g as follows. Suppose that g is a < a-path
from z, to z,, whose upper corners are (c;;, €51)s---,(C14» C2x)- Let g be the unique
path from z, to z, whose lower corners are (¢;; + 1,¢5; — 1),...,(c;p + 1, ¢4, — 1),
given by Proposition 2.1. Now g is not necessarily a < a-path, but we can write g
uniquely as § = d,e.d, --- e,,_,d,, for some m > 1, where d,,...,d,, are < a-paths
(d, and d,, can also be empty) and e,,...,e,,_; are > a-paths. Also, all lower
corners of g are below a since (¢y;, ¢,,) is on or below a, so (¢;; + 1, ¢;; — 1) must be
below a for i = 1,...,k. Thus the lower corners of § must all be internal vertices in
one of the paths d,,...,d,,. The pathe, fori=1,..., m — 1 is a path from a vertex
on a, say a,, to a vertex on a, say a,, with a single corner (upper). Fori =1,...,m
— 1, let 7; be the segment of a from a, to a,. Then r,, of course, has no lower corners
below a, since r, has no vertices below a, and we have g = d,rd, --- r,_,d,, so
Y3, exists for < a-paths.

Now, if b= h g, -+ h;g, € Py(x, y) in the notation of the definition of ¥,
above, then b = h,g, -+ h,g, € Py(x, y), where g, =y, (g) for i = 1,...,1, the
h;’s are > a-paths (by definition), and the §;’s are < a-paths (from above). Thus
Y3, is well defined, so 5 , is a bijection.

2 and 3. From the description of y 5 , above, we know that if § = ¢ ,(g), where g
is a < a-path, then |, ,(8)| = |%; ()| (= k above) and w(%; ,(g)) = w(%p ()
(=fi1+fu + -+ fix +fo, above). Again let b= h,g, --- h;g, and b = h, g,
-+ h,g,. Then

Wa,a(g)l = g I%B,a(hi” + Ws.a(g,)]

and

i

I%B,e(g) = Zl I%B.e(hi)l + |%B,c(gi)l

since the intersecting vertex of a < a-path (like g; or g,) and a > a-path (like 4,)

must be on a, and cannot be an upper corner. But %, ,(h;)= €5 (h;) for

i=1,...,/ since h, is a > a-path, and |%; ,(g,)| =|%5s .(g;)| from above, so

|€5..(8)| = |€5.(8)| The proof that w(€p ,(g)) = w(€p (£)) is similar. O
Finally, denote the grid B((0,0), (m, n)) by G, and let the set of paths from (0, 0)

to (m, n), which are the covers of G, be denoted by #(m, n). (Note that #(m, n) =

P;((0,0), (m, n)) in the notation of Lemma 2.2.)
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Now we relate lattice paths to shuffle products of permutations. For (m, n)-com-
patible permutations ¢ and w, we represent the permutation p € & (g, w) by the
path ¢, ,(p) € (m, n) as follows. If the ith element of p is in o, then the ith step
in ¢, ,(p) is across, and if the ith element of p is in w, then the ith step in ¢, ,(p) is
up for i =1,...,m + n. We say that the ith step of ¢, (p) represents the ith
element of p. For example p, = 647325819 € #(6358,47219) is represented by
¢(py) = AU?AUA*U? € #(4,5).

PropOSITION 2.3. If 0 and w are (m, n)-compatible permutations, then ¢,
& (0, w) = P(m, n) is a bijection.

ProOF. Immediate from Proposition 2.1, since a subset of A4/, , of cardinality m
uniquely specifies the path in #(m, n) whose m steps across occur in positions

belonging to that subset. O

3. The Shuffling Theorem. In this section we establish the Shuffling Theorem by a
sequence of bijections for lattice paths and permutations. First we need some
additional notation.

Let0=¢t,< - <t,,,=m,0=1I,<--- <l ,=nt={t, ..,t}andl=
{l,...,1}. Let B, be the grid B((¢,, L), (ts1s L, ) fori=0,...,r,j=0,...,5,50
Ui_oUS_¢B,, = G. The grids B, and B, ,, intersect in the segment of y =/ ,, from
(¢, 1,41) to (#;41, /1), and the grids B, and B,,,, intersect in the segment of
x =t; ., from (¢;,1,1) to (¢4, ;1) These segments are called borders for the grids
to which they belong. If b € 2(m, n), define ¢, ,(b) to be the maximal subpath of b
on B, . Let 7/(b) be the set of vertical crossings of y-coordinates in I, and J(b) be
the set of horizontal crossings of x-coordinates in t. Suppose that a is an array with
(i, j)entrya, fori=0,...,r,j=0,...,s, where a, covers B, . Then define

a0 = () OV) O U U %, (e, (5)).

and
Pltla)= X g
beP(m,n)
[F1al(P)|=k

Finally we say that a is legitimate if no pair of distinct a, ’s have a nonempty path as
their intersection. Note that if a pair of a,’s have a nonempty path as their
intersection, then the intersection path must lie on the mutual border of the
corresponding B, ’s.

For example, let m =9, n=6,r=2,s=1, t= {2,6}, 1 = (3}, agy = UA*U?,
ag = (UPA?) g3, 1o = (UAU) o), ayy = (A*U?) (a3, ayg = (UAUA’U) ), an
= (A’U?) 3 and b = AU?A’U?A’U?A>. Then 7(b) = {(4,3)}, H#(b) = {(2,2)},
epo(b) = AUA, £)9(b) = (AZU)(z,z)’ e (b) = (UAzUz)m.a)’ ey(b) = (UzAa)((,A) and
€q(b) = e3(b) = @. Thus €y, (e0o(D)) = {(1,0), (1,2)}, €5, . (e0a(D)) =
{(4,4)}, €p,, 4, (e(D)) = {(6,6)} and €, (¢,;(b)) = @ for other /, j. Note that a
is not legitimate since a,, and a,, have the path (U) ,,, in common, where (U),, ;, is
on the border shared by By, and B,,. Also note that each corner in b occurs, as a
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corner, in a unique ¢;,(b), though distinct ¢;; can have a nonempty path (again a
portion of mutual border) as their 1ntersect10n For example ¢;,(b) and &,,(b) have
the path (U?) 4 4, in common in the above example.

We now give the first of the bijections that will allow us to deduce the Shuffling
Theorem. Examples of all of the results which lead to the Shuffling Theorem are
contained in Example 3.6, at the end of this section.

LEMMA 3.1. Let 6 =0, 0, and w=w, -+ w, be (m, n)-compatible, with
9(0) = tand 9(w) = L. If a, is the cover of B, representing the shuffle of o, . - - - o,
and w; .y w,  into mcreasmg order, then

1. Sk(o w) = P, (t ], a).
2. a is legitimate.

PROOF. 1. Let p € # (0, w) and let b = ¢, ,(p) € #(m, n). Suppose that p, is the
ith element of p, and b, = (by,, b,) is the vertex of b that follows that jth step, so
w(b;) = i.

If b, is the horizontal crossing in b, then p; = 0, and p,,; = 0, 1,50 p; > p;, if
and only if b;; € D(o) = t, or equivalently, b, € £ (b). If b, is a vertical crossing in
b, then p; = w, and p;,; = w,, .1, SO p; > p,y if and only if b,; € P(w) =1, or,
equivalently, b, € ¥7(b).

If b, is a corner in b, then b, appears as a corner in ¢,(b), say, and in no other
&;;(b). If b, is an upper corner, then p; = w, and p,,; = 0, ,;. Moreover, if b, is
above a, then p,,; occurs before p, in a,, so p, > p,,; by the construction of a .
However if b, is on or below a,, then p, occurs before p,,, in a,;, so p;, < p,.;.
Similarly, if b, is a lower corner, then b, is below a ,, if and only if p, > p, ;.

Thus we have a bijection between descents i € Z(p) and vertices b, € K,,.(b),
where w(b;) = i. This immediately gives d(p) = |%,,(b)| and I(p) = w(H,.(b)) so,
from Proposition 2.3, we have

Sk(o, w) = Z ql(p) = Z qW(%.l.a(b)) =P, (t,l, a),
pES (0, w) beP(m,n)
d(p)=k [Faa(D)=k

as required.

2. Suppose that a,;_, and a,; have a nonempty path in common. Then this path
must be (f, /;) --- (g, /) for somef g with ¢, < f < g < ¢t,,,. But the next vertex in

;; after (g, l ) must be (g, [, + 1), so by definition of a, ,

Slmllarly 0,y > @, by cons1dermg a;; 1, and we deduce that v, < o0;,; <w, ,, 50
w, < w, ;. But, by definition, /, € 9(w), s0 w, > w, ,, and we have arrived at a
contradiction. Thus a;;,_anda; ’ ; have at most one vertex in common, for all i, j.

Similarly, we can show that a, 1; and a;; have at most one vertex in common, for
all i, j, and conclude that a is legitimate. EI

To proceed from here, it is convenient to define the following total order for the
set 2= {0,...,r} X{0,...,s}. If (ry,s,) and (r,, s,) are in 2, then we say that
(r, 1) <(ry, s5) if s, —ry<s,—ryorif s, —r,=s,—r,and s; <s,. Thus the
arrangement of 2 in increasing order is (r,0), (r — 1,0), (r,1),...,(0, s — 1), (1, 5),
(0, 5). Now let ¢ be the array whose (i, j)-entry is ¢, ;, the canomcal cover of B, ., for
i=0,...,r,j=0,...,s.

Opp1 < 770 < 0 < W4

ij? ijo
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Fori=0,...,(r + 1)(s + 1), let a‘” be the array obtained from a by replacing the
first i elements (in terms of the above total order) of a by the first i elements of ¢, so
a® = a and aC*+ DG+ = ¢

For b € #(m, n), we define b € #(m, n) for i = 0,...,(r + 1)(s + 1), recur-
sively as follows. Let 5@ = b. Fori = 1,...,(r + 1)(s + 1):

(i) Let (a, B) be the ith element of 2.

(ii) If e,4(b~ D) = @, then b = (=D,

(iii) If e,4(b"~ V) = 8 is a path in B,g, then
b~ = §,88, for unique paths §,, 8,, each with a single vertex in B,,. Let b =
61‘1/3,,30“,,(8)62‘

For example, if m=10, n =38, r=s=1, t= {4}, 1 = {3}, ao, = AUA*U?4,
ag = (A’U°A%) g3y a1 = (UA%) ), ay = (U’A’U°A°U) 4;, and b =
A*UA*UPAPU AU, then b© = b, b® = b® = AUAUA?U>AU and b® = bW =
ASU*4*UA3U®. Now, for compactness, denote %, (b)) by F ). Then, in the
above example, # © = {(4,0), (6,2), (6,3), (8,4)},F D = F @ = {(4,0), (5,3), (6,3),
(8,4)), FO = F® = ((4,0), (5,3), (5,4), (,5)}, s0 | F | = 4, and w(F V) = 4 +
8 + 9 + 12 = 33 fori = 0,...,4. This equality is proved to hold in general for any a
that is legitimate, as in this example, in the following result.

THEOREM 3.2. If a is legitimate, then, for all k > 0, P, (t,1,a) = P,(t,],¢).

PROOF. If, in the construction of b from b~ above, we have ¢,,(b" V) = @,
or g,5(b" 1) is a single vertex (either top left or bottom right corner of B), then it
is immediate that | # | = | # (D] and w(F ) = w(F (D).

Otherwise, we have b~ = §,88,, where § = ¢,,(b"'~ 1), and the final vertex, say
vy, of 8, is in B,g, and the initial vertex, say v,, of §, is in B,5. Suppose that v, is the
jth vertex in b¢~V (and ") and that v, is the kth vertex in ¢~V (and ). Then,
foru=0,...,j— land k + 1,...,m + n, the uth vertex of b~V is in # (~V if and
only if the uth vertex of b() is in & (), because these are vertices internal to 8, and
8,, unchanged in the construction. Also, for u = j + 1,...,k — 1, the uth vertex of
b~V is in # U~V if and only if the uth vertex of b is in &% , from Lemma 2.2,
with x = v,, y = v;, B = B,p, a = a,z. But the uth vertex in any path in #(m, n)
has weight equal to u. Thus we prove |F | = |Z V| and w(F V) = w(F D)
by proving that v, € £ if and only if v; € ¢~ Y, and v, € # ¥ if and only if
v, € FUh

Consider first v;. If @ = 8 = 0, then v, = (0,0), so §; is empty, and v; & F D,
v, & . Otherwise v, might lie on the lower border of B, with a step up
immediately preceding it. This means that v, is either a vertical crossing (of y = /5)
or an upper corner in b(~1 and »”). But if v, is an upper corner in either b~V or
b, it is an upper corner of B,; ,.which is above the canonical cover c,z_;.
Moreover, by our partial order, (&, B — 1) < (a, B), 50 ¢,z is contained in 2~ and
a”. Thus, whether v, is a vertical crossing or upper corner in 5“1 and b"), we have
v, €F " Dandv, e FO.

The other choice for v, is that it lies on the left border of B, with a step across
immediately preceding it. Then v, appears in b~ as

(i) a horizontal crossing of x = 7., sov; € # ™Y, or
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(ii) a lower corner in B, 4, below a,_ 4, s0 v, € F ™Y, or

(iii) a lower corner in B, 5, 0na,_;5, 500, & F 7Y,

In case (i) then either (a) v, is a horizontal crossing in b'"), so v; € # ), or (b) v,
is a lower corner in b). But (b) can only happen if v; and v; + (0,1) are both on
a,g, which means that v, is below a,_, ; (contained in a'” since (a — 1, 8) > (a, B8))
since a is legitimate, so v; € F ),

In case (ii) v, appears in b'" as either a lower corner (below a,_, pg) or perhaps a
horizontal crossing, so v; € F ),

In case (iii), v is either on or above a,z in bV, since a is legitimate, so v,
remains as a lower corner in b, on a,_,5. But a,_,, is contained in a‘® (since
(a—1,8)> (a,B))sov, € FO.

Thus, for all choices of v;, we have v, € # ¢~V if and only if v, € % (. Similarly
(by considering the above arguments reflected about the line y = x) we can show
that v, € # @ Vif and only if v, € F .

Therefore, as noted above, we have | #F )| = | F "D and w(F ) = w(F™D),
and furthermore, Lemma 2.2 tells us that our construction of b’ from b~V is
bijective. This gives P,(t,1,a®?) = P,(t,1,a®" D) and the result follows by applying
this result fori = 1,...,(r + 1)(s + 1), sincea@ = aand a"* Ve M =¢ 0O

The above result allows us to consider only upper corners, and no lower corners,
as well as horizontal crossings of arbitrary x-coordinates t and vertical crossings of
arbitrary y-coordinates 1. The next result allows us to consider only horizontal
crossings of x-coordinates in m —r = {m — r,...,m — 1} and vertical crossings of
y-coordinatesin's = {1,...,s}. For compactness, we let A = (*;’') — (";'!) + mr.

THEOREM 3.3. For allk > 0,
P.(t,1,¢c) = gF=1 it Ei-timAp, (m — 1,8, ¢).

PRrOOF. First we prove that

P (t,),¢) = gEi=1 5= (Thrmp (m — 1 1, ¢).

If t = m — r this is obviously true. Otherwise, let 4 be the largest value of i such that
t,<m-r—1+1 s0 t,.;>t,+1 Now take an arbitrary b € P(m, n) and
define §(b) = £,,(b) as follows.

Let vy be the maximal segment of b with x-coordinates 7, and 7, + 1, and
b = v,7v,, 50 v, has its final vertex (and no others) with x-coordinate ¢,, and v, has
its initial vertex (and no others) with x-coordinate ¢, + 1. Moreover y = (z,,, ;)
c () + 1, ) (1, + 1, p3), where y; <y, <y, We define £(b) sep-
arately in three cases, depending on the values of y;, y,, y; and their interaction with
I. Thus we have either

D)y, =y, =y30r

(i) yy <y, = y3, 01y, <y, < ys withy, €1, or

(i) yy =y, < y3, 0rp; <y, < yywithy, € L.

In case (i), set £(b) = b.

In case (ii), let {y; + 1,...,y, =1} Nl = {ip---»1; ), where [, < --- <, , and
set £(b) = v,(¢),, y1) -+ (s LN+ 10) (1, + 1, p)yy. E {yy + 1,000, =
1} N1 = & thenlet i, = 1)
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In case (i), let {y, + 1,....ps — 1} N1 ={[,....[, ,}» where [; < --- <[ . Let

e be the maximum value of i such that /, —y2 +z and set §(b) = yl(t,,, »1)
Aty te+ D, + 1Ly, +e+ 1) (th + 1, y3)v,. (If there is no such i,
then lete = 0.)

Now it is routine to check that £ is reversible, so &,,: #(m, n) = P(m, n):b — b’
is a bijection. Let t' = (¢},...,t, 1, t, + 1, t,,1,...,1,), F' =%, (b) and we ex-
amine the effect of £, on #= %, .(b). Let 4 consist of the elements of F that are
also in #’ and let ¢’ consist of the elements of %’ that are not also in % .

In cases (i) and (ii), 9= {(¢,, y;)} and &' = {(¢, + 1, y,)}, 0|9 | — |9 =1 -1
=0and w(9)—w(¥)=(,+1+y,)—(t, +y,)=1.

In case (i), 9= {(t), ), (t, + Ly, +1),...(t,+ 1, y,+e)} and ¥ =
(o + ooty y, t e+ 1)), so |9]—-19=(e+1)—(e+1)=0 and
wE@)—w(@)=(t,+y,+1+ -+, +y+e+ ) —(t,+y,+1,+1+y,+
1+---+1,+1+y,+e)=1 ,

Thus in all cases |F'| - |F|=|9'|—|9] =0 and w(F') — w(F) = w(¥’) —
w(¥) =1, so for the bijection &,,: b — b we have | %, (b)| =|%,.(b)| and
W(F1(D) = w(FH, (b)) + 1. This immediately gives P,(t,1,¢) = gP,(t,1,¢), and
applying this mr — (") — L/_, ¢, times yields

r+l

P.(m—r,lc)=qgm (2
But we can similarly show that

»TE-Lp (1, ¢).

P (t,s,¢) = g7 Zi-ilp (1,1, ¢)

(by applying §|‘ to the reflection of b about y = x, then reflecting back, and
applying this ¥5_;/, — (°;!) times). The result follows by combining these two
results. O

By considering the first three results of this section, we obtain a theorem
expressing the generating function for the shuffle product of an arbitrary pair of
permutations in terms of the generating function for the shuffle product of the
canonical pair g, =r+1---mr---landpy,=m+s+1---m+1m+s+2

-m+ n.

THEOREM 3.4. If 0 and w are (m, n)-compatible, with d(¢) = r, d(w) = s, then for
allk > 0,
Si(0, @) = " @O*174s, (u,, v,).
PRrRoOOF. Applying Theorems 3.2 and 3.3 to Lemma 3.1, we obtain
Si(0,0) =gl =8P (;m — 1 s,¢).
But Lemma 3.1 also yields S, (u,,»,)= P,(m —r,s,¢), since Z(p,)=m —r,
2(v,) = s, and all elements of », are larger than all elements of p,. The result follows

immediately. O
We now give a direct evaluation of the canonical generating function S, (g, v,).

THEOREM 3.5. For all k > 0,

rk-sy|m—r+s][n—s+r
Sk(bu‘r’yx)qu+(k X )I: k—r ][ k—s :I‘
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PROOF. In any p € #(u,, v,), each of m + s + 1,...,m + 2 must be larger than
the objects that immediately follow them, and each of r,...,1 must be smaller than
the objects that immediately precede them. Thus S,(u,, »,) = 0 unless k£ > s and
k = r, so the result holds when k& < max{r, s }.

Now assume k > max{r, s}, and consider arbitrary & = {ay,...,a,_,} C A, _, .,
and 8= {By,....8,_,} SN, _,.,. We construct p € #(u,,»,) from a, 8 as fol-
lows, considering two cases.

Case 1 (k > r + s). Place the first s + 1 elements of », in positions a,...,a,,; of
p, and put the first &,,; — s — 1 elements of p, in the remaining positions from 1 to
a, .. We have now filled the first a,,, positions of p. We follow with the next
B, — 1 elements of », and then, for i = 2,...,k — s — r, we alternate blocks of the
next a,,, — a,,,_, elements of p,, and the next 8, — B,_, elements of ». Then we
place the next m — r + s + 1 — a, _, elements of p,, so that the first m — r + 5 +
Bi_,_, positions of p are now filled. Next we place the remaining » elements of p, in
positions m — r + s+ B,_,_,,1,--..m — r+ s+ B,_, and fill the remaining n —
s — B,_,_, positions of p with the final n — s — 8, _,_, elements of »,. For example
ifm=5n=4r=2s=1,k=5a=1{1,2,4)Cc #,and B = {1,2,3,5} C A5,
then p = 763485291 € (34521, 7689).

Now the descents of p are the positions occupied by m + s + 1,...,m + 2, the
positions preceding those occupied by r,...,1, and the positions occupied by an
element of »,, which is immediately followed by an element of pu, (these are not
mutually exclusive). Thus for p constructed above, we have

2(p) = {a,--ra,d, + B — 1,0, + B, — 1,

m—r+s—1+8_, ,i1o...m—r+s—1+B,_1},

sod(p)=kandI(p)=s—k+r(m—r+s)+Xa + 58,

Case 2 (k <r+s). Let {vy,....Ym xss} =Hpm_,is—aand {8,....,8, ,,, )=
Ny s+, — B, where yy < --- <y, , . and § < --- <§,_,,, Place the first
m — r elements of pu, in positions vy,,...,Y,,_,, and put the first y,,_, —m + r
elements of », in the remaining positions from 1 to vy,,_,, so that the first vy,,_,
positions of p are filled. We follow with the next §; — 1 elements of p, and then, for
i=1,...,s + r — k, we alternate blocks of v,,_,,, — v,,_,.,_; elements of », and
blocks of 8, ; — 8, elements of p,. Then we place the next m — r + s — y,,_,
elements of », so that the first m — r + 5 — 148, ,_, . positions of p are filled.
Then we place the remaining n — s elements of », in positions m — r + s +
8+ ks om—r+s+8,_,,,, and fill the remaining r + 1 -8, ,_, , posi-
tions with the final » + 1 — §,,,_, ., elements of u,. Thus we can identify positions
that are not descents, and have

Q(P) = ’/Vm+n—1 - {Yl""’Ym—r—l’ Ym—r + 81 - 1""’Yn1—k+s + 83+r—k+1 - 1’

m—r+s—1+8_ ., ;. 9,....m—r+s—1+8_,.1,
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sod(p)=(m+n—-1)—(m+n—k—1)=kand

m+n m—k+s n—k+r

I(p)=( ) )—( L vt Y S+(n—s—V)(m—r+s)—(n—k+r)|.
i=1 i=1

But
m—k+s m R k—r
Z yi=( B )_ E ;
i=1 2 i=1

and

n—k+r k—s

_[(n—s+r+1)_ ‘
L o= ( 2 ) B
i=1 i=1

so simplifying gives

k—r k—s
I(p)=s—k+r(m—r+s)+ Y a,+ Y, B.
i=1 i=1
It is easy to check that there is a unique such pair of subsets « and 8 associated
with each p € & (u,, »,) with d(p) = k, so the construction is bijective. Thus

= I
Sk(au‘r’ Vs) - Z q ®)
PEL (1. %)
d(p)=k
— qs—k+r(m—r+s) Z qa1+"'+al.—r
<oy < - <ap_,<m—r+s
+o+Bry
X Z qu B -,
1< < <Bi_,<n—s+r
- qs—k+r<m—r+s)q<“‘§*'>[’” —r+t S] ("‘5“)[" -5t ’]
—-r k—s

from Lemma 1.4, and the result follows since

(k~£+1)+(k_;+1)+s—k+r(m—-r+s)=A+(k—s)(k—r). ]
MacMahon [8, Vol. I, p. 169] has given a direct evaluation of S, (u,, ¥y) at ¢ = 1;
one of his proofs involved the lattice path representation given in Proposition 2.3.
The special case s = 0 of Theorem 3.5 has been used in Goulden [5] as one of three
ingredients in a combinatorial proof of an identity equivalent to Theorem 1.3.
We now have completed all ingredients for a proof of the Shuffling Theorem.
PROOF OF THEOREM 1.2. The result follows immediately from Theorems 3.4 and
35. O
We conclude with an example that illustrates all of the results of this section.
EXAMPLE 3.6. Let

pP=510841227613 11319€5(510 122713 11 9,84631),

50 0=51012271311 9, ©=84631, m=8, n=5 r=s=3, I(0) =16,
I(w)=8,d(p) = k = Tand I(p) = 47.
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Then, in the notation of Lemma 3.1, we represent p by ¢, (p)=5b=
AUAPUAUA. Moreover t = {3,6,7),1 = {1,3,4)}, ag, = AUA?, ag = A2UA 3,
ay, = Udgg)s a3 = UAgg), ag = UAUA(zo.w an = AUzA(23.1)’ ay = Uy, a3
= U 31y @y = UAfysy, a1y = AUAY ), a5y = UA g3y, a3 = Uy, ags = UAfg ),
ayy = UAQay, @y = Udgg and as; = Ud 4. Also F,,(b) = {(2,0), (2,1), (3,2),
(5.2). (6,3), (7.3), (7.4)}, so indeed | F,;,(b)| = 7 = d(p) and w(F;,(b)) = 47 =
I(p).

In the notation of Theorem 3.2, we have »©® = ... = p©@ =p p7 =
AUAUAPUA?U?A, b® = AUA UAZUA3U2A, b® = AUAUA’UA?UAUA, b0 =
AUAUAPUARUAPU, bOY = AUMUAPUAU and bU® = ... = p0d =

AU?APUAUAU. Now £, (b19) = {(1,1), (1,2), (3,2), (4,3), (5,4), (6,4), (7,4)}, so
|1 (b19)] = 7 = d(p) and w(Fy (b)) = 47 = I(p), as required.

In Theorem 3.3, by applying ¢ twice (mr — ("y') — Z/_, t, = 2), we get the path
b" = AU?A*UAUA*U, and obtain £, __, (b") = {(1,1), (1,2), (3,3), (4,4), (5,9),
(6.4), (1.9)}, 50 |F, 1 (b")| = T = d(p) and w(F, . (b")) = 49 = I(p) + 2, as
required. Finaily, by similarly reducing 1 to s, we obtain the path b, =
AUPAUAUAU, with &, (by) = {(1,1), (1,2), (2,3), (3,4), (5,4), (6,4), (7,4)}, s0
|Fsraelbo)| = T = d(p) and w(F, _, (by)) = 47 = I(p) + A — Ty 1, = Ti_, L,
as required.

In Theorem 3.4, we finally obtain that p € % (6, w) corresponds to

P=412 115106978321 13 € #(p,.7,),

where p, = 45678321 and », = 12 11 10 9 13, and d(p’) = 7 = d(p), I(p’) = 47 =
I(p) + A — I(6) — I(w). T

Finally in Theorem 3.5 we have k =7 > 3 + 3 = r + s, so we have Case 1, with
a= {2,357}, 8=/1{1,2,3,4} corresponding to p’. Of course I(p") = 47 =5 — k +
r(m—r+s)+XTa, + 25576, O

We say that this proof of the Shuffling Theorem is bijective because we are able to
explicitly give a bijection between elements of ¥ (0, w) and pairs of subsets of
N, _..,and A, _, . the existence of which is implicit in its statement. Thus, in
Example 3.6 we have demonstrated that

p=510841227613 11319€%(510 122713 11 9,84631)

corresponds to a = {2,3,5,7} c A,,_,,,and 8= {1,2,3,4} Cc A, ..
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