A SHORT PROOF OF THE )\,~-CONJECTURE WITHOUT GROMOV-WITTEN
THEORY: HURWITZ THEORY AND THE MODULI OF CURVES

I. P. GOULDEN, D. M. JACKSON AND R. VAKIL

ABSTRACT. We give a short and direct proof of the Ag-Conjecture. The approach is through
the Ekedahl-Lando-Shapiro-Vainshtein theorem, which establishes the “polynomiality” of Hurwitz
numbers, from which we pick off the lowest degree terms. The proof is independent of Gromov-
Witten theory.

We briefly describe the philosophy behind our general approach to intersection numbers and how
it may be extended to other intersection number conjectures.

1. INTRODUCTION

1.1. Background. The ),-Conjecture, now a theorem, states that

Theorem 1.1 (The A,-Conjecture). Forn,g > 1,

2 —
/ wzln,_,wgn)\g:<g 3+n>097
My bi,...,by

where Y 1 bi =29 —3+n, bi,...,by >0 and ¢, is a constant that depends only on g.

As usual, ﬂg,n is the (compact) moduli space of stable n-pointed genus g curves, 91, ..., ¥,
are (complex) codimension 1 classes corresponding to the n marked points, and Ay is the (complex
codimension k) kth Chern class of the Hodge bundle. The constant ¢, can be obtained from the
n = 1 case, giving ¢, = fﬂg ) %g_Z)\g = (Tag—2Ag)q, and throughout the paper ¢, is used to denote
this particular value. For a éummary of necessary facts about the moduli space of curves, the reader
is referred to [V]. We shall assume background about Mg,n in the Introduction, but the proof of

the A\g-Conjecture that is presented does not require any knowledge of these notions.

The Ag-Conjecture can be interpreted as a description of the top intersections in the tautological
cohomology ring of the moduli space Mg ,, of curves of compact type (curves whose Jacobian is
compact, or equivalently, whose dual graph is a tree). As such, it is part of a family of four problems.
Pandharipande has outlined a philosophy that we should expect the “tautological cohomology rings”
of various moduli spaces to satisfy a “Gorenstein” property, i.e. that the top degree term of the
ring is one-dimensional, and that the multiplication map into it should be a perfect pairing, see [P,
§1]. Three spaces mentioned there are the moduli space of stable curves Mg, ./\/lg’n, and the
moduli space of smooth curves M, (or, better, the moduli space of pointed curves with “rational

tails” M}’ ). In each case, the one-dimensionality is known (see [GV1, FabP2, GV3], for example).

The top intersections in this ring are determined in each case by top intersections of 1-classes by
work of Faber (based on earlier work of Mumford). Then, parallel to Pandharipande’s Gorenstein
predictions, there are “intersection-number” predictions determining the full ring structure. These
are the following: i) the case of My, is Witten’s Conjecture (Kontsevich’s theorem), which now has
a number of very different and very enlightening proofs; ii) the case of M ,, is the \,-Conjecture;
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iii) the case of M, (or ./\/lgtn) is Faber’s intersection number conjecture. To these we add a fourth
case that seems to be of the same flavor: iv) the case of a conjectural compactified universal Picard
variety over Mg, (related to double Hurwitz numbers, described in [GJV2]) yields a generating
series with similar behavior (see [GJV2, SZ]), which we shall discuss more in Section 5.2.

Our proof of the A;-Conjecture is through the Ekedahl-Lando-Shapiro-Vainshtein formula [ELSV2],
that establishes the “polynomiality” of the Hurwitz numbers, and by identifying the Hodge inte-
gral in the A\,-Conjecture as a coefficient in the lowest degree terms in this polynomial. The proof
is short, direct and requires no Gromov-Witten theory. There are already several proofs of the
Ag-Conjecture, and these will be discussed in Section 1.3.

Our method of proof can be extended to give a proof of Faber’s intersection number conjecture
(for up to 3 points, [GJV3]). Comments on the philosophy behind this are made in Section 5.

1.2. Preliminaries.

1.2.1. The Join-cut Equation. The Hurwitz numbers HJ count connected, branched covers of P!
by a non-singular genus g curve, with branching over co € P! corresponding to a partition a - d
(these branch points are ordered), and with simple branching (19722) above r = d + n + 2g — 2
other points, where n = I(«/), the number of parts in . Hurwitz [H] observed that d!'H counts the
number of factorizations of an arbitrary permutation in the conjugacy class C, of &4 with cycles
of lengths ay, ..., oy, into an ordered, transitive product of r transpositions in &4 (such a product
is transitive if the group generated by the factors acts transitively on {1,...,d}).

Ordered factorizations are amenable, in principle, to combinatorial techniques. The action of a
transposition on the disjoint cycles of a permutation can be analyzed by observing that either the
transposition joins an i-cycles and a j-cycle to make an (i + j)-cycle, or it cuts an (i + j)-cycle into
an i-cycle and a j-cycle. In this join-cut process, an i-cycle is annihilated by the operator i0/dp;
and is created by the operator p; (regarded as pre-multiplication by p;) acting on the genus series

H= Y Hia,

g2>20,n>1
where Hj is the Hurwitz series, given by

Hl(z,p) = ZZ]C\‘pa,

d>1 akd,
l(a)=n

with a = (a1, ..., an) and po = pPa, ** * Pa,,- 1t follows immediately from this construction that the
genus series satisfies the Join-cut Equation (see [GJVail):

(1) (z%+233—2 + Zpl )

i>1
0*H OH O0H OH
= %Z (Z] pl+ja 3 -+ ]pl+]a 8 +( +])p1pja N >
5,521 Pitj

where the first two operators on the right hand side give the cycle-type after a join and the third
operator gives the cycle-type after a cut. Because of transitivity, there are two cases of joins.
The first operator is a join of two cycles within a single transitive factorization, while the second
operator is a join of two cycles, one from each of two disjoint transitive ordered factorizations.
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1.2.2. The Genus Expansion Ansatz. The background to our proof is an observation about Hurwitz
numbers H§. For fixed n = () and g, with n,g > 1 or n > 3,g = 0, it was conjectured that

(%)
7

n
«
(2) Hg:r!H<a“>Pg7n(a1,...,an),
i=1 v

for some symmetric polynomial Py, in the a;, with terms of total degrees between 2g — 3 4+ n
and 3g — 3+ n. This important property is essentially the Polynomiality Conjecture of [GJ2, Conj.
1.2] (the connection is made in [GJV1]). The Polynomiality Conjecture was settled by Ekedahl,
Lando, M. Shapiro, and Vainshtein, who proved the remarkable ELSV-formula [ELSV1, ELSV2].
(For a proof in the context of Gromov-Witten theory, see [GV2], and also [GV3].) In the present
notation, the ELSV-formula states that

B L=Ai 4+ (=19
(3) Fon = /Mg,n (L—a1thr) - (1 — anthn)

Equation (3) should be interpreted as follows: formally invert the denominator as a geometric
series; select the terms of codimension dim Mg, = 3g — 3 + n; and “intersect” these terms on
M, . The formula therefore yields

b n
(4) Pyn = Z (_1)k<7'b1 o Th, Ak)gQy 'al;L )

by ++-+bn+k=3g—3+n,
b;20, 0<k<g

where we have used the Witten symbol (from Gromov-Witten theory)

(Tby ** Toy Ak)g = / POl
My

and note that
(5) (Toy =+ T, Ak)g = 0
unless by +---+b,=39g—3+n—k.
Then substituting (4) into (2), we obtain the Genus Ezpansion Ansatz for the Hurwitz series
(see Thm. 2.5 of [GJV1] for details), namely
n

(6) Hi=— >  (=Dm, -, e ] én(zp)

byyeens bn >0, i=1

for g,n > 1 and for g =0, n > 3, where
mer'i .
¢i(z,p) = Y w120,

m>1

This should be interpreted as just a re-writing of the ELSV formula.

1.2.3. Our approach to the \y-Conjecture. The second observation about P, ,(c) (recall that the
first is that it is a polynomial) is that its lowest total degree (this is 29 — 3 + n) part appears to
have the form

(a1 + -+ )9 31,
where ¢, is a constant depending only upon g. This assertion is equivalent to the A4-Conjecture by
(4) and is the form of the result that we prove.

We require only two properties of the Hurwitz series, namely that it satisfies the Join-cut Equa-
tion (1) and that it has the Genus Expansion Ansatz (6). To obtain a characterization of the left
hand side of Theorem 1.1 in terms of an operator acting on the Hurwitz series H; we transform
the latter in a series of three steps:



(i) symmetrization of the Hurwitz series and the Join-cut Equation;
(ii) change of variables to obtain a polynomial; and
(iii) determination of the full (to be defined later) terms of minimum degree in this polynomial.

In Section 2, we apply this transformation to the Genus Expansion Ansatz for the Hurwitz series.
In our main result of this section, Theorem 2.1, we prove that each Witten symbol whose evaluation
is the subject of the A\j-Conjecture is the coefficient of a unique monomial in the transformed
Hurwitz series. In Section 3, we apply this transformation to the Join-cut Equation (1) for the
Hurwitz series. In our main result of this section, Theorem 3.2, we prove that a genus generating
series for the transformed Hurwitz series satisfies a simple partial differential equation. We then
solve this partial differential equation in Theorem 3.3. Finally, in Section 4, we prove the Ag4-
Conjecture by comparing the results obtained in Sections 2 and 3.

We note in passing that the transformations we apply in this paper are also used in [GJV3] in
which we are able to prove (up to 3 parts) the Faber intersection number conjecture (see [Fab]). In
the latter Faber case, we apply the steps (i) and (ii) of the transformations applied in the present
paper, but for step (iii), in the Faber case, we consider terms of mazimum degree rather than the
minimum degree (on a different polynomial). This philosophy will be discussed in Section 5.

In the Appendix, we indicate how our approach can be used to obtain the generating series of
intersection numbers that are close to “minimum” in the sense that has been described above, and
we exhibit the explicit series in a few cases.

1.3. Previous proofs of the )\,-Conjecture. The ), -Conjecture was first proved in Faber and
Pandharipande’s landmark paper [FabP1]. Their approach was to use localization on the space
of stable maps to P! to obtain relations among these intersection numbers. They then showed
that the \j-Conjecture’s prediction satisfied these relations. Finally, they proved that the relations
uniquely determined the predictions of the Ag-Conjecture by establishing the invertibility of a
large matrix whose entries are counts of various partitions; this requires seven pages of explicit
calculation.

A second proof is as follows. Getzler and Pandharipande showed that the A,-Conjecture is a
formal consequence of the Virasoro Conjecture for P! [GeP, Thm. 3], by showing that it satisfies a
recursion arising from the Virasoro Conjecture, and then showing that the recursion has a unique
solution. The Virasoro Conjecture for P! was then shown in two ways. It was proved for all curves
by Okounkov and Pandharipande [OP]. Also, Givental has announced a proof of the Virasoro
Conjecture for Fano toric varieties [Giv]. The details have not yet appeared, but Y.-P. Lee and
Pandharipande are writing a book [LP] supplying them. These proofs of the Virasoro Conjecture in
important cases are among the most significant results in Gromov-Witten theory, and this method
of proof of the A\j-Conjecture seems somewhat circuitous. (Much of this paragraph also applies to
Faber’s intersection number conjecture.)

Liu, Liu, and Zhou gave a new proof in [LLZ2| as a consequence of the Marino-Vafa for-
mula [MVaf], which was proposed by the physicists Marino and Vafa and proved by Liu, Liu,
and Zhou in [LLZ1]. This Gromov-Witten-theoretic proof is quite compact.

2. TRANSFORMATION OF THE GENUS EXPANSION ANSATZ

In this section, we transform the Hurwitz series Hj through the Genus Expansion Ansatz (6) by
constructing the operator to extract the intersection number of Theorem 1.1.
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2.1. Step 1 — Symmetrization. For the first step of our transformation, we symmetrize the
Hurwitz series using the linear symmetrization operator =,,, given by

= la] Z o1, 0n
SEnPar T = Zo(1) Lonyr M > 1,
oc6,

if I(a) = n (with @ = (a,...,a)), and 0 otherwise. Thus, applying Z,, to (6) we obtain, for
n,g>1landn>3,9>0,
- 1 -
(7) En Hy = > DMk Y T 06 (o),
T bp,e,bp >0 cEG, i=1
0<k<g
where
mm—i—i "
¢i(z) = di(w,1) = > — ™

We note that

(®) $i(z) = (%f w(@),
where

m
w(z) = Z mmfl%

m>1

is the (exponential) generating series for the number m™~! of trees with m vertices, labelled from 1
to m, and having a single vertex which is further distinguished (for example, by painting it red).
Such trees are termed vertex-labelled rooted trees, and we shall refer to w(z) as the rooted tree
series. It is the unique formal power series solution of the (transcendental) functional equation (see
e.g. [GJ] §3.3.10)

(9) w = zxe”

(which we shall refer to as the rooted tree equation).

2.2. Step 2 — change of variables. We next consider a change of variables for the symmetrized
Hurwitz series. Consider y(r) = (1 —w(x))~!. Then

(10) s =1+ 3 T =1 do(a),

m>1

which can be seen most easily perhaps from (11) below. Let w; = w(z;) and y; = y(z;),j =1,...,n,
and let C be an operator, applied to a formal power series in x1,...,x,, that changes variables,
from the indeterminates x1,...,z, to y1,...,yn. Thus, from (10), to carry out C we substitute
xj = g(y; — 1), where g is the compositional inverse of ¢o. In general, this will not yield a formal
power series in y1,. .., yn, but when we apply C to Z,, H;, we do obtain a formal power series (in
fact, for each fixed n, g it is a polynomial) as we prove below.

First we prove some properties of C. Differentiating the rooted tree equation (9), we obtain the
operator identity
d wy d

11 N e
( ) xj Cl.%'j 1-— wj dwj

But dy; = y?dwj, so we have the operator identities

x;0 0 0
(12) CGL%:(ZI?—ZJJQ)@ C, ija—wj:(y]z—yj)—
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where when we apply C to expressions involving w;, we interpret w; as w(z;). From (8), (11)
and (12), we also obtain

(13) Ci(x;) ((y? - y?)(fyj) (y; —1),  fori>0.

Now (5), (7) and (13) together enable us to obtain a polynomial expression for C E,, Hy. The
fact that this is unique, and hence that the application of C to Z, Hj is well-defined for formal
power series, follows immediately from the fact that the non-negative powers of the rooted tree
series w(x) are linearly independent, as formal power series in z.

2.3. Step 3 — full terms of minimum total degree. The final step in the transformation of
the Hurwitz series is to identify a particular subset of terms. We say that a monomial yi* - - -y is
fullifiq,... i, > 1. Let F f be the subseries of a series f in yi, ..., Y, consisting of the full terms
of total degree k. Thus, for example, from (13), we immediately obtain

(14) Fi Coi(z;) = (—1)ity;™,
by induction on ¢ > 0, and
(15) FeCoi(z;) =0, i>0, k<i+1.

In addition, when applied to C =, HJ, let M denote Fog—342n -

Let mg denote the monomial symmetric function, where we allow 0 parts in 3, and write 3 ¢ d
to indicate that (3, with parts equal to 0 allowed, is a partition of d. As usual, [(3) is the number
of parts of # (including the parts equal to 0).

Theorem 2.1. Lety = (yl, cesYn). Forn,g>1andn>3,9=0,
MCE, HY =y yn(=1)* 5" 3" (75, 73, Ag)g Bl Bulmp (),

BF029—3+n,
1(B)=n

where B = (B1,...,0n), and
(16) FrC=E,HI =0, for k<2g—3+2n.

Proof. We apply M C to the symmetrized Genus Expansion Ansatz (7), so from (5), (14) and (15),
we obtain

MCZ g = L S it magy 3 TT 1 bt

b1,-.-,bn >0, eSS, i=1
b1+ +bn=2g—3+n

Z Hy?(i) = ‘AUt /8’ mﬁ(Y):

But we have

ceG, i=1
where [ is the partition (with 0 allowed as parts) whose parts are by, ..., b, reordered and Aut g3
is the subgroup of &,, preserving (by,...,b,) (through its permutation action on the coordinates).
The first part follows by changing the range of summation from by,...,b, to 3. The second part
follows immediately from (7) and (15). O

Note that (16) implies that there are no full terms in the series C Z,, Hy, whose total degree is
less than 2g — 3 + 2n. Thus we say that M C Z,, Hj] consists of the full terms of minimum total
degree in C =,, HJ (though we understand that this is informal, since it assumes that the full terms
of total degree 2g — 3 + 2n are not identically zero).

An aside. Theorem 5.1 of [GJVai|, which is not used in this paper, concerns the terms of mazimum
total degree when we apply C since it gives an upper limit for the total degree. This should be
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corrected. The total degree of the terms is in fact less than or equal to 3m — 6+ 3g, not 2m — 5+ 6g,
as was incorrectly given there.

3. TRANSFORMATION OF THE JOIN-CUT EQUATION

We now apply the operator M C Z,, to the Join-cut Equation (1) to derive a partial differential
equation for the generating series for M C =,, Hy,. The following notation is needed for applying the
symmetrization operator =, and stating the equation.

Fori,7>0,i+ 7 <n,let sfm be the mapping, applied to a series in x1, ..., Ty, given by

7"7.]’
sﬁn flzy, .. zn) = Z f(xr,Xs,XT1),
tJ R,S,T

where the sum is over all ordered partitions (R,S,7) of {1,...,n}, where R = {zy,,..., 2}, S =
{Tg,oohrs b, T =A{mgy, @, } and (XR, X8, XT) = (Tryy o Ty Ty ooy Ty Tty ooy Tty ),
and where r1 < ... <7, 51 <...<sj,and t; < ... <tp_;—;. If i or j is equal to 0, then we may

oy T x
suppress them by writing sym for sym, for example.
2 2,0

The following result gives an expression for the result of applying the symmetrization operator =,
to the Join-cut Equation for the Hurwitz series.

Theorem 3.1 (see [GJVai] Thm. 4.4). The series E,, Hy satisfy the partial differential equation

n
)
(Zwi% +n+29—2) En HI(x1, .. xy) =Ty + Ty + T3 + Ty,
i=1 ¢

where
n
1 :l:la mn+1a — g—1
i = 3 (81“- ox En Hy 1 (215 Tng) ’
i—1 7 n+1 Tnt1=T;
T w2 1 10 _
T, = sym Zn anl(ajl’x& ,ﬂfn),

1,1 1—w1 w1 — wa 83:1

n
e (10 _ 10 _
T3 = E sym <— =n Hk(‘rlﬂ"',xk)) <— =n Hg_]g_t,-l(xlaxk-‘rla"'axn) )
1,k—1
k=3

T, = % Z sym <a—xlEan(x1,,a:k)) (a—mEnHz:ZH(Il’kav”'7$n)>7

1<k<n, 1,k—1
1<a<g-—1

for n,g > 1, with initial condition Z,, H§ =0 for g > 1.

Here we shall only consider Theorem 3.1 for n > 1,9 > 2 and n > 2,¢g = 1, and note that for
this range of values, =, Hio only arises in this equation for ¢ > 3. In the statement of the result, a
meaning is attached to (w; — wj)*1 for 1 <i < j < n by imposing the total order wi < ... < wpy,
and then defining (w; —w;)~! = —wj_l(l — w;/wj)~. This then defines a formal power series ring
in wy with coefficients that are formal Laurent series in wo, ..., w, (see Xin [X]).

We now consider the partial differential equation for a genus generating series Q,(y1, . .., Yn; t),
which arises by applying M C to the symmetrized Join-cut Equation given in Theorem 3.1. For this
purpose, let O f and E f denote, respectively, the odd and even subseries of the formal power series
f in the indeterminate ¢.



Theorem 3.2. Let

(_1)39—3+n t2g—3+n
Qu(y;t) = MCZE,Hl —————, >1
n(y3t) ; Cq (29 — 34 n)! "=
Then, for n > 2, we have the partial differential equation
0 y  yiy2 0
n—1)=—Q,(y;t) = sym —0 JUY3y e Yns t),
( )875 n(y;t) L 1(Y1, Y35 -+ Yni t)

with initial condition Q1 (y1;t) =

Proof. We begin by applying C to Theorem 3.1, and note that

c_Ww2 1 9 Y2 —1

L—wiwy—wy 'yt —yo
Let Ay (y] —Y; 2y 0 By Then this result, together with (12), transforms the equation in Theorem 3.1
into a partlal differential equation for C Z,, Hj, given by

(17) (Zyz yi — —+n+29—2> CZ, Hoy,...oyn) =T + T+ T+ T,

wheren >2,g=1o0orn >1,g > 2, and

Tll = %Z (Ay A%Jrlc Zn n+1(y17"'7yn+1))

)
Yn+1=Yi

y Y2 —
T2/ = symy%yl — Ayc \—n (y17y37"'7yn)7

n

Y — —
Té = Z lsir_nl (A%C S Hg(yl,,yk)) (A%C Zin Hz_k_t'_l(ylayk-l-h'"?yn)) )

k=
o= 1Y sym (AYCE HE(yr, ) (AyCun 0 k+1(y1,yk+17--.,yn))-

1<k<n, Lk—1
1<a<g-1

Now apply M to (17), and use (16). With the notation Qf, = MC =, HY, the only non-zero
contributions on the left hand side arise from

( Zyz +n+292) Q) =(—(29 =3 +2n) +n+29—-2)Qf = (1 -n)Q,

since all terms in Qf, have total degree 2g — 3 + 2n. On the right hand side, all contributions from
terms 77, T4 and T} are zero. For T3, the only non-zero contributions arise from

0
sf/ ?/1

1,1 yl_y2ay1

—1(3/173137 .. '7y7l>7

from degree considerations alone. However, note that y$/(y1 — v2) = ¥ + ¥3y2/(y1 — 2), and we
conclude that, for full terms, the non-zero contributions from 7% are given by

3
y  yiy2 0 g
sym —0Q S Y3y Yn)-
ST n-1(U1, 83,1 Un)
Thus, we obtain the partial differential equation
3
yiy2 O
18 1—n)QY =sym 122 9 1yY3s - Yn),
( ) ( ) n(y) %’71 Y1 — Yo ayl n 1(y Y yn)

forn>2,9g> 1.



Now multiply this equation for Qf, by (—1)39=4n¢29=44n /e (2g — 4 + n)!, and sum over g > 1,
to obtain the partial differential equation for €, n > 2. For n = 1, we have
— 2g—1
Q? = (_1)39 2<7—2972)\g>g(2g - 2)!y1g )

from Theorem 2.1, which gives Q;(y1;t) = > o1 y%g ~1429-2 and the result follows. O

The partial differential equation in Theorem 3.2 is simple enough that it can be solved explicitly.

Theorem 3.3. Forn > 1,

E H yiyit’ for m odd,

1—
Qn(YQt) = z:nl '
0] H 1 iylyit’ for n even.
=1
Proof. Let Fy(y;t) =], 1};1'1‘/' Then we have
3 2
y  Yiy2 0 y o yr(1—pt)
sym —F,_ J Y3y -0 Ynit) = Fo(y;t)sym .
{1 y1— 20 " 1{y1:95, - Yni ) n(y37) }/,1 (y1 — y2)(1 — y1t)

But the symmetrized term on the right hand side of this equation becomes

) 5 9 9 n
1 —yot)” —ys(1 —yit =(n-— E
y yr(1—wt)” —ys(1 —nt)® sym < IR ) —n—1) Y1
2

sym ,
2 (y1 —y2)(1 —yit)(1 — yat) IT—yit 1 —yot 1=yt

and we thus have

i=1

3

y  Yiy2 0O 0

sym —F,_ JY3y - Unst) = (n— 1) =F,(y; t).
11y — Y20y " 1y1:93:-- o 9nit) = (0 = Vg Falyit)

This proves that F,(y;t) is a solution to the partial differential equation given in Theorem 3.2,
and the result follows from the initial conditions and the parity restrictions on the generating series
Qn(y3t). 0

4. PROOF OF THE \y-CONJECTURE
Now we can prove the \4-Conjecture stated as Theorem 1.1.

Proof. We have [T (1—y;t)™! = Y450 hi(y)th, where hy(y) is the kth complete (or homogeneous)
symmetric function, given by -

() = 3 maly).

abqgk,
l(a)=n

Then, immediately from Theorem 3.3, we obtain
Q) = ¢o(=D)* (29 =34 m)! oy Y. maly).

akg2g—3+n,
l(a)=n

and the result follows by comparing this result with Theorem 2.1. O

5. THE PHILOSOPHY OF THE GENERAL APPROACH

The approach stands in a more general geometric-combinatorial setting, and although we do not
need much of this setting here, we do require it for our proof [GJV3] of Faber’s intersection number
conjecture (for a small number of points). This more general setting provides a useful perspective
for the proof that we have given of the A\j,-Conjecture.
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5.1. A bridge between geometry and combinatorics. The general approach is based on the
observation that localization theory (developed in Gromov-Witten theory by [GP]), when applied
to the cases that have been described above, expresses a series in the intersection numbers in terms
of a sum over combinatorial structures (such as trees or graphs) that are weighted by Hurwitz
numbers HY (or double Hurwitz numbers in the case of Faber’s Conjecture). An account of this is
given in [V]. In this sense, localization theory provides a bridge from the geometry of intersection
numbers for the moduli spaces of curves on the one hand, to branched covers on the other. As we
have seen, the latter may be regarded as combinatorial structures.

Associated with the generating series for transitive ordered factorizations into transpositions is
a functional equation that leads to an implicitly defined set of series. These, together with the
combinatorial structure (trees, graphs) that are a consequence of the use of localization theory,
determine an implicit change of variables. Although the functional equation is transcendental, the
derivatives of its solution are, in effect, rational in the solution. It is precisely this rationality that
leads to the polynomiality property and thence to a linear system of equations for the intersection
numbers.

The usefulness of this general point of view is reinforced by the following observations. First,
it enables us to obtain other Hodge integrals. Secondly, our proof of Faber’s intersection number
conjecture (for a small number of points) uses localization theory to create a sum over a particular
class of trees weighted by genus 0 double Hurwitz numbers, which we subject to a similar but more
complex (combinatorial) analysis.

5.2. Integrable systems, recent developments and closing comments. The \,-Conjecture,
a statement about the moduli space of curves, or the factorization of transpositions, should not need
to follow from Gromov-Witten theory. This work was motivated by the fact that the other three
intersection-number conjectures either follow or might be expected to follow from understanding
the algebraic structure of Hurwitz-type numbers. In each case, there is a natural change of variables
(motivated by the string and dilaton equations); and in each case, there is a connection to integrable
hierarchies. We point out the following recent developments: i) Kazarian and Lando’s [Kal)]
and Kim and Liu’s [KiL] short proofs of Witten’s conjecture (the M,, case); ii) Shadrin and
Zvonkine’s description and proof of a Witten-type theorem on the conjectural compactified Picard
variety (related to one-part double Hurwitz numbers), relating the intersection theory to integrable
hierarchies [SZ]; and iii) our proof of Faber’s intersection number conjecture for up to three points,
using “Faber-Hurwitz numbers,” [GJV3].

Finally, the Join-cut Equation seems intertwined in some way with integrable hierarchies, but
the precise connection is not yet clear. For example, it is a non-trivial task to go from the Join-cut
Equation to Witten’s Conjecture.

Acknowledgments. We thank R. Cavalieri, S. Lando, S. Shadrin and D. Zvonkine for com-
ments which have improved the manuscript, and the third author thanks T. Graber for helpful
conversations.

APPENDIX A. INTERSECTION NUMBERS k£ HIGHER THAN MINIMUM

In principle, the formalism that we have described can be used also to obtain (74, - - - 7o, Ag—k)¢ for
k > 0. This is a useful property of our formalism and one that is not presently shared by approaches
to this question through algebraic geometry. In demonstrating this property, we confine ourselves
to stating the necessary results and to giving explicit generating series for the case kK = 1 (next to
minimum) and for a few values of (g,n).

A.1. The general case. By extending Theorem 2.1 to obtain full terms of total degree one higher
than the “minimum,” we obtain the following result that identifies (74, - - - Ta,, A\g—1)4 as a coefficient

10



in the generating series A%l, where we use the notation Afh i = Fag—34ontk C En Hy, for the terms

that are k£ higher than minimum total degree, k > 0.

Theorem A.1. Forn,g>1andn > 3,9 =0,

Afz,l(Y) = Y- yn(_1)3g_3+n Z <7—ﬂ1 T Tﬁn/\g—1>gﬁ1! T Bn!mﬁ(Y)
5Fo(2g)—2+ny
1(B)=n

2g—24n [k—1

_ 1
H=D)Y T ey (29 =34 n) gy Yy (D ; Pe(¥)h2g—2+n—k(Y)-
k=2 \j=1

where 8= (B1,...,Bn)-

By extending Theorem 3.2, we obtain a partial differential equation that is satisfied by the
generating series AY ;. This is stated in the following theorem. (Recall that Q7 = A7 ;, where Q7
is used in the proof of Theorem 3.2.)

Theorem A.2. For g,n > 1,

Ly yly 0
AZ,I(Y) + —sym 17—/\%_1,1(@/1, Y3, .- 7yn) =

n 2
" yz 8
T = < %> Q1 (y),

4
7 Yy Y1Y2 8 g
T, = 2sym —0 ..
2 {1 U1 — Yo 8:1/1 nfl(ylayi% 7yn)a

T, = —i sym <y%_890(y1 yk)> (yf—aﬁg (Y1: Ykt 15+ - 5 Y )>
- AR — ? )y dIn )
3 Lkl oy " Oyy "k

(T{'+--~+Ti)

S|

where

T’/ — _1 Z S}?m y%a Qa (yl o yk:) y%_agg—a (y1 Y )
) ? 1<k<n 1,k—1 ayl K ’ ’ 8y1 n—k+1 ) +1 yYn
1<a<g—1

where A(g),1 =Q% =0 for all g.

Note that the right hand side of the partial differential equation for A%J in Theorem A.2 involves
only the previously determined series Q5 = A7 ;. A similar partial differential equation can be
derived for the generating series Ai i given in general form in the following result.

Theorem A.3. For k >0,

1 vy ylyy 0
A9 () + sym J1Y2_ 2 o P
n,k(y) n+k—1 {1 Y1 — Yo ayl n—l,k(yl Y3 yn)

l . .
depends only upon Aj,i for0<i<k,0<i<g,1<j<n.

We observe that Theorem A.2 agrees with the case k = 1, and that equation (18) agrees with
the case k = 0, in which the right hand side is identically zero. We do not know how to exploit the
fact that the partial differential operator applied to Afhl i in Theorem A.3 is independent of k.
A.2. Explicit results for k£ = 1.
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A.2.1. The genus g = 1 case. For the genus g = 1 case we have the following corollary of The-
orem A.2 that, together with Theorem A.1, gives an explicit expression for the generating series
A%l for the intersection numbers (73, - - 78, Ag—1)g-

Corollary A.4.

(_1)n+1 n (kl (—1)”

Maily) = ——=—n=Dly1-yn Pe(Y) -k (y) + o nlyi - ynhn(y)

1yn—1 n n n—m m
4! 12)4 Y1 Un > (i =2 (n —i)(-1)m ( ; >€m(Y)hk(Y)hn—k—m(Y)'
=2 m=1 k=0

The resolutions of the generating series 24A71171, in which g = 1, with respect to the monomial

symmetric functions myg, where 6 is a partition, are listed below for 1 < n < 6. They are obtained
directly from Corollary A.4. (Note that 24 = ¢, ')

g n | 24/\71171

11 —Mm2

1 2 ms31 + Moy2

1 3 —Mmyq2 — 2m321 - 2m22

1 4 —2mpg 13 + 3Myoq2 +4msg2 12 + 6Mge2 1 + 6Mga

1 5| 34mgia +8mgo1s — 12myq92 12 — 16mg25912 — 243931 — 24mgs

1 6 —324my 15 — 170mggqe — 112myg 514 — 40mg 92 13 — 96142 14
4601493 12 + 24m33 13 + 80mg292 12 + 120mg94 1 + 120mgs.

The intersection numbers (7, - - - Ta, Ag—1)4 for g =1 are then given by Theorem A.1.

A.2.2. The arbitrary genus case. The next table gives generating series cg_lA%’1 for g = 2,...,5
and for a few values of n. The series are obtained from Theorem A.2.

—1A9
Cq An,l
37my

—106ms1 — 111myo — 116mg2
362m6 12 + 424m52 1 + 444m432 + 444m4 22 + 464m32 2

—3426m6
16836my71 + 17130meg2o 4+ 17424ms3 4+ 17424my2
61164msg
—4249232mg1 — 4278148mgo — 4307064m73 — 4311180me 4 — 4315296m 52
—180519696m1¢

QU U i W WD NN
N R[N RN~ W 3

1619765280m 111 + 1624677264m 102 + 1629589248 mg 3
+1630276704mg 4 + 1630964160m7 5 + 1630964160m42.
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