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st Motivation: Tractability Analysis

Space Em-
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it Of interest: Approximation problems, defined on scale of function spaces
pplication .

to Approxi- (H4)den, where d refers to number of variables.

mation

Important goal: To find algorithms that break curse of dimensionality,
preferably for large classes of scales of function spaces.

An approach to achieve this goal:
® Exploit structure of suitable (scales of) function spaces for analysis of
promising algorithms.
® Establish embedding theorems for scales of function spaces to transfer
results from scales with favourable structure to other scales of interest.

Already known: Several general embedding results if Hy is d-fold tensor
product of reproducing kernel Hilbert space (RKHS) H;; examples include
weighted RKHSs based on product weights and spaces of increasing
smoothness, see Hefter & Ritter'14; G., Hefter, Hinrichs, Ritter'17; G., Hefter,
Hinrichs, Ritter, Wasilkowski'19; G., Hefter, Hinrichs, Ritter'22: G., Hinrichs,
Ritter, RiiBmann'24,...

Outline of this talk: We discuss new general embedding approach for
non-tensor product case and apply it to prove new results for
L°°-approximation on RKHS of functions that depend on infinitely many
variables (= limiting case of tractability analysis).
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Function Spaces of Infinitely Many Variables

Spaces of univariate functions: D domain, k: D x D — R bounded
reproducing kernel (RK) with 1 ¢ H (k). Then H(1+ k) = H(1) ® H (k).

K= sup,cp k(z,z) < co.
Spaces of multivariate functions: For u € U := {u C N : |u| < oo} put
xuya) = [ M@ us)s %u = (@5)sewyu = (u5)seu € D"
JEuU
Then H(ku) = ®,c, H(k).

Spaces of oo-variate functions: (vu)ueu Weights satisfying

Z Yok < 00 (summability condition),
ue!

Z'}/u U Xu,yu x,yGDN
ueU

Then f € H(K5) has orthogonal function decomposition

=3 fulxu), fu€H(ka), with [[fli, =D v lfulli,-

ueU ueU
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(i) Product weights [Sloan & Wozniakowski'98]:

yor=]-

JjEu
(ii) Product and order dependent (POD) weights [Kuo, Sloan & Schwab'12] :

Yu =Dy H%y

JEu

where 1 < T, < c¢- (k!)® for ¢ > 0 and b < dec((7;)jen), where

dec((vj)jen) = sup {t >0: Z'y;/t < oo} (“polynomial decay rate”)
JEN

(Example: ;< j~*In(j)" = dec((v))jen) = a.)

Lemma la. v product or POD weights, C > 0. Then

Yl <o = Y <o = D> g <.
ueU ueU JjeEN
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Examples of Classes of Weights
(iii) Finite-order weights of order w € N [Dick, Sloan, Wang & Woz.'06]:

Yu =0 forall u el with |u| > w.

Lemma 1b. ~ finite order weights of order w, C > 0. Then

ST <o = Y <o

ueU ueU

Remark. For summable (general) weights ~:

H(Ky) = ®H(1 +7;k) <=~ are product weights.

JEN
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Approximation Problem: Solution Operator, Algorithms & Cost

Solution operator: B(D") space of bounded fcts. on D with norm || - ||co.

Sy H(Ky) = B(D"), f+ f,

IS+]| = sup VE~(x,x) = nyunm“‘ < 00.

x€ DN weld

Admissable algorithms: Linear algorithms
An(f) =" fx"gi, xV e D", gie B(D").
i=1

Cost: Fix default value a € D.

Unrestricted Subspace Sampling [Kuo, Sloan, Wasilkowski, Wozniakowski‘10a]

cost(Ar) ::Z {jeN: mg-i) # a}|
i=1
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Approximation Problem: Error Criterion

Error criterion: Worst-case error

e(An; Sy, Ky) := sup  [JA(f) = fllo

£ 5y <1

n-th minimal randomized error:

e(n, Ky) :=inf{e(A; Sy, Ky) : A adm. alg.., cost(A) < n}

“(Polynomial) Convergence rate” of e(n, K):

dec(K~) := dec ((e(n7 K-,))neN)
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Analysis of Algorithms

Task: Analyze the error of a promising adm. algorithm A on H(K,).
Problem: Norm on H (K~) may not be well-suited for error analysis.

Remedy: Find RK %k on D and weights ', s.t. corresponding kernel I?WT on
DY induces norm on H(I?,Y¢) appropriate for error analysis and

~

H(Ky) < H(K,7).



Lt

ol How to Find a Suitable Embedding Space H(K,+)?
Space Em-
P Step I: Choose suitable kernel % on D.

Application

T Take k& with H(1)nN H(E) ={0}and H(1+k)=H(1 —|—7§) as vector spaces
that has features supporting the error analysis.

Example 1. For a € D exists always kernel k s.t. k(a,a) =0 (“anchor
condition”) and H(1 + k) = H(1 + k) as vector spaces.

o~

~" weights with =, 7 B2 < 0o, where & := sup,c p \/k(z, ).
Then I?WT(a, a) = 0 and decomposition
F=>" fu, fu€Hky),

uC N

on H(I?,YT) is anchored decomposition (or cut HDMR) of f.
It can be calculated directly as

Fu) = S0 f(xa an),

vCu

cf. [Kuo, Sloan, Wasilkowski, Wozniakowski'10b].

Anchored decomposition is, e.g., helpful if function decomposition should be
explicitly calculated or if one wants to use Taylor expansion.
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How to Find a Suitable Embedding Space H(K,+)?
Example 2. Let u probability measure on D and k measurable. There exists

always RK k s.t.

/ /l;(x,y) du(y) =0 forallz € D. (“ANOVA condition”)
D

and H(1+ k) = H(1+ E) as vector spaces.

o~

" weights with 3=, ,, 74 R < o0, where & := sup, . p \/ k(z, z).
Then H(I?,YT) C L*(DY, i) and decomposition

f: qu7 fueH(E“)7

uC fN

on H(f?-,r) is (co-variate) ANOVA decomposition of f.

In particular,

11z ot gty = D IfullZau ey and  Var(f) = 3 Var(fu).

ueU uel

ANOVA decomposition is, e.g., helpful for L?-approximation or for analysis of
unbiased randomized algorithms (error = variance).
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How to Find a Suitable Embedding Space H(K+)?

Step Il: Choose suitable weights ~".
Let C denote norm of embedding H (k) — H(1+ E)

Assume -y satisfies
Z 1 C?? < .
veU

Define

Y=y, WCM

uCveld
Theorem 1. Let I?,YT weighted RK on DY corresponding to % and ~T. Then
H(K~y) = H(K.t)

with embedding norm at most 1.

Lemma 1. If v are product weights, POD weights, or finite-order weights then

dec(v) = dec(~y").
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How to Attack the L°°-Approximation Problem?

For given RK k and weights ~ as above assume k anchored in default value
a € D. Resulting anchored space H(K) well-suited for analysis of

Multivariate decomposition method (MDM):
For f € H(K) denote its anchored decomposition by

Fx) = fua(xu).

ueU

©® For given error tolerance ¢ choose finite set A(g) C U of most important
groups of variables.

® Choose for each u € A(e) linear algorithm A, ,, using n, samples

to approximate S(fu,a) = fu,a-

AMPM g of form

AMDM (f) — Z Au,nu, (f“»a)

ucAe)

Final algorithm
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MDM fka changing dimension algorithm for co-variate setting introduced in

® Kuo, Sloan, Wasilkowski &WoZniakowski'10a; Plaskota & Wasilkowski'11l
(co-variate integration)

® Wasilkowski & Wozniakowski'lla, '11b (co-variate approximation).

Further papers on MDM include: Wasilkowski'12; G.'13; Dick & G.'14a, 14b;
Plaskota & Wasilkowski'14; Wasilkowski'14; Gilbert & Wasilkowski'17;

G., Hefter, Hinrichs & Ritter'17; G., Hefter, Hinrichs, Ritter &
Wasilkowski'17; Kuo, Nuyens, Plaskota, Sloan, Wasilkowski'17; Gilbert, Kuo,
Nuyens & Wasilkowski'18; G., Hefter, Hinrichs, Ritter & Wasilkowski'19;

G. & Wnuk'20; G., Hinrichs, Ritter & RiiBmann'24...

Similar idea used for multivariate integration in Griebel & Holtz'10
(dimension-wise quadrature methods).
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“Clean result” in the case of POD weights (we have also results for “general
weights”, but they are a bit more technical...):

Theorem 2. Assume ~ are summable POD weights. Let k be bounded RK
anchored in a € D and K., corresponding weighted RK. Then

dec(K~) = min (dec(l + k), %)7

where dec(1 + k) denotes convergence rate of nth minimal errors of univariate
L°°-approximation on H(1 + k).

Remark. (i) Upper bound on dec(K?) can be derived from corresponding
bound for integration problem for product weights from Kuo, Sloan,
Wasilkowski, WozZiakowski'l0a.

(ii) In special case where H(K~) is Sobolev space of dominating mixed
smoothness r € N the lower bound on dec(KS)was proved in Wasilkowski'14;
in that case dec(1 + k) = r — 1/2. (He actually considered L?-approximation
for LP-Sobolev spaces for 1 < p,q < o0.)
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mation RK % anchored in default value a € D and corresponding weights 7.

Resulting space H (K ,+) is anchored in a, but weights ~T are not necessarily
POD weights anymore... but there exist POD weights 7, ( s.t.

N <7h < ¢ foralluedd and  dec(n) = dec(y") = dec(¢).

Corollary 1. Assume ~ are POD weights. Let k be bounded RK and K
corresponding weighted RK. Then

dec(K~) = min (dec(l + k), %)7

where dec(1 + k) denotes convergence rate of nth minimal errors of univariate
L°°-approximation on H(1 + k).

Proof. Theorem 2, applied to H(K¢), and H(K~) < H(K. 1) — H(K¢)
yield the lower bound on dec(K~).

Upper bound on dec(K~) can be derived from corresponding upper bound for
integration for corresponding product weights in G., Hefter, Hinrichs,
Ritter'17.
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Appendix: Some Properties of the Manipulated Weights ~"

For u € U define Difference Operator A, via
Ay = Yo — Yunw  for all weights ~, v € U.
Weights ~ are completely monotone if
(Au, Au, 1 Auy¥)e >0

for every n € N, all u1,...,un, €U, and all v € Y.

Assumption: (yu)ueu weights satisfying > ., Yk < 00

Then 4" are completely monotone.
Define ~* via

Lo 2] _1\lvl=lul

vy i =C 5hﬁn{olo Z( 1) Yo, uEU.
uCveld

Then

(VYN =7u  foralluell.



