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The optimal control problem

Minimize J (y, u) subject to
y=Ay+Bu+f,  y(0)=y.,
where

T =3 [ (1000 = @)+ lu(e)ly) de + 31PK(T) — &)l

B V. H separable HS, Gelfand triplet V. ¢ H=H' c V'

My cH fel?0,T;V), greH, gel?0,T;H) are given
B B e L(U, H), with U finite-dimensional separable HS.

B Q< L(H) and P € L(H) observation operators

W AcL(V,V)

OC problem ity analysis Dimension truncation

www.ricam.oeaw.ac.at MC for optimal feedback control problems under uncertainty



AW RICAN

The optimal control problem

Minimize J(y s, Us) subject to

Yo = Asyo + Bug + f, ya'(o):yo,
where

TWeve) =5 [ (1000 = O+ o (Ols) de+ 5 1Pro(T) g0l

B V. H separable HS, Gelfand triplet V. ¢ H=H' c V'

By, cH fel?0,T;V'), gr €H, ge L?0,T;H) are given
B B e L(U, H), with U finite-dimensional separable HS.

B Q< L(H) and P € L(H) observation operators

B A, € £(V, V') depending on uncertain parameters o € &

OC problem ity analysis Dimension truncation
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Robust open-loop problem

Find a deterministic control that is optimal under a risk measure R.
Minimize Jz (v, u) subject to
Yo = AoYo + Bu+f, YU'(O) = Yo,

where

ol ) =R (3 [ 100 (1) - a(@) e + J1POw(T) - gl

+ [ ol
eg. R(:) = [s(-)pu(do) or R(-) =6""In( [ e’ p(de)), 6 > 0.

[GKKSS'24] Guth, P. A., Kaarnioja, V., Kuo, F. Y., Schillings, C., Sloan, I. H.:
Parabolic PDE-constrained optimal control under uncertainty with entropic risk
measure using quasi-Monte Carlo integration. Numer. Math. 156, 565—-608 (2024).
https://doi.org/10.1007/s00211-024-01397-9
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There is no in open-loop problems

M Suppose that the robust OL-control i, has been computed
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There is no in open-loop problems

M Suppose that the robust OL-control i, has been computed
B Running the system with v

Yo = -Aa)/a + BU*OL +f, )/0'(0) = Yo,

leads after time T to y,(T;yo; ufy), o € 6.
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There is no in open-loop problems

M Suppose that the robust OL-control i, has been computed
B Running the system with v

Yo = -Aa)/a + BU*OL +f, )/0'(0) = Yo,

leads after time T to y,(T;yo; ufy), o € 6.
B Suppose the “true” system state y, is available at 7 € (0, T)
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There is no in open-loop problems

M Suppose that the robust OL-control i, has been computed
B Running the system with v

Yo = -Aa)/a + BUBL +f, )/0'(0) = Yo,

leads after time T to y,(T;yo; ufy), o € 6.
B Suppose the “true” system state y, is available at 7 € (0, T)

B To update the robust OL-control, one has to solve the
optimization problem (with y, as initial condition) again!

OC problem

www.ricam.oeaw.ac.at



AW RICAN

There is no in open-loop problems

M Suppose that the robust OL-control i, has been computed
B Running the system with v

Yo = -Aa)/a + BUBL +f, )/0'(0) = Yo,

leads after time T to y,(T;yo; ufy), o € 6.
B Suppose the “true” system state y, is available at 7 € (0, T)

B To update the robust OL-control, one has to solve the
optimization problem (with y, as initial condition) again!

Find a robust control in feedback form: uy, = Ky,

OC problem ity analysis i uncation
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How to find a good feedback law K : H — U

Given o € G, an optimal u,(t) = K, (t, ys(t)) can be obtained,
leading to the optimal closed-loop system

Yo(t) = Asyo(t) + BKs(t, o (1)) + £(t),  yo(0) = yo.

OC problem egularity analysis mension truncation
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How to find a good feedback law K : H — U

Given o € G, an optimal u,(t) = K, (t, ys(t)) can be obtained,
leading to the optimal closed-loop system

Yo(t) = Asyo(t) + BKs(t, o (1)) + £(t),  yo(0) = yo.

...but o € & is unknown.
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How to find a good feedback law K : H — U

Given o € G, an optimal u,(t) = K, (t, ys(t)) can be obtained,
leading to the optimal closed-loop system

}./cr(t) = Acr)’cr(t) + BKa(t7YU(t)) + f(t)7 ya(o) = Yo-
...but o € G is unknown.

Thus, we design K = Kg, based on the expectation w.r.t. o € &:

N—-1

K = /J(a)u(da)% / K((05,0)) ps(dos) ~ K((e™),0)),

L

and investigate QMC approximations of the integrals.

OC problem
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Optimality conditions

The optimal (y(o), g1(o)) € Wr(V, V') x Wr(V, V') solves

f
y(e)\ _ Yo /
G(o) <q1(0)> = | 0" Qe € Vr x HxHr xH,
P*Pgr

Regularity analysis )imension truncation
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Optimality conditions

The optimal (y(o), g1(o)) € Wr(V, V') x Wr(V, V') solves

f
y(e)\ _ Yo /
G(o) <q1(0)> = | 0" Qe € Vr x HxHr xH,
P*Pgr

where G(o) € LIWT(V, V') x Wr(V, V'), Vi x Hx Vi x H)is
LA, -BB

E 0
G(U) = Q*OQ _dg — A
t o
P*PET Er

where E; - W7 (V, V') — H for t € [0, T].

OC problem Regularity analysis Dimension truncation
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Optimality conditions

The optimal (y(o), g1(o)) € Wr(V, V') x Wr(V, V') solves

f
y(e)\ _ Yo /
G(o) <q1(0)> = | 0" Qe € Vr x HxHr xH,
P*Pgr

where G(o) € LIWT(V, V') x Wr(V, V'), Vi x Hx Vi x H)is
LA, -BB

E 0
G(U) = Q*OQ _dg — A% |
t o
P*PET Er

where E; - W1(V, V') — H for t € [0, T]. The optimal control is
u(o) = B*q1(o).

OC problem Regularity analysis Dimension truncation
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Parametric regularity of bounded linear operators

Afam. {G(o) € L(X,Y'):0 € G}is
p-analytic for some 0 < p < 1, if

(i) The operator G(o) is invertible
for every o € G with

sup |G(a) Hlevrx) < C.
occes

(ii) For each o € G, G(o) is a real
analytic function w.r.t. o. l.e. 3 a
nonnegative sequence
b = (b)jen € £°(N) such that for
all v € F\ {0} there holds that

sup [|G(0) '85G (0 )| cx) < CB”
oceS

]-'::{mENON|Zj21mj<oo}

on

Regularity analysis Dim trunc
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Parametric regularity of bounded linear operators

Afam. {G(o) € L(X,Y'):0 € G}is Example: Affine parameter dependence
p-analytic for some 0 < p < 1, if
(i) The operator G(o) is invertible G(o) = Go + Z 0,G;
for every o € G with izl
sup 1G(a) leevx) < C. W Ifsup,ce [|Go (v x) < Go and
7ee Y51 IGo ' Gyllcx) < & < 2, then
G(o) satisfies (i) and (ii) with
(ii) For each o € G, G(o) is a real C=(1-%)C") " and

analytic function w.r.t. o. l.e. 3 a

7 —1
. by = (|G "Gyl c(x, v
nonnegative sequence

b = (b;);en € (P(N) such that for B For every f € Y/, Aly(o) such
all v € F\ {0} there holds that that G(o)y(e) = f. The

» parametric family y(o) depends
sup [|G(0) 195G ()|l x) < Ch analytically on the o € G with
oec’

sup |0y ()| < C|f|ly |v|'b”
F o (€ MY | Sy < o) sup 05(@)] < ClF vl

Regularity analysis D truncation
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Lemma (Uniform boundedness of G;1)

Let A, be associated with a uniformly V/-H-coercive bilinear form
and uniformly bounded. The family of operators G, = G(o) €
LW (V, V") x Wr(V, V'), VL x Hx V} x H) has uniformly
bounded inverses

1Go L 2qve xcHx v sk wr (v vy wr (v vy < c6(T), Vo € 6,

with T — €g(T) cont. and monot. incr. and independent of o.

Similar results in [KS'13], using sup.cpo, 77 [lv[ln < o(T)[vIlwy (v, vy But, o(T) — oo

as T — oo, since HVHWT Vv =Tv|? = THVH¥ [|v[|2, for constant

. \VH%/
functions v € Wr(V, V'), thus o(T) > \F F v
[KS'13] Kunoth, A., Schwab, Ch.: Analytic Regularity and GPC Approximation for
Control Problems Constrained by Linear Parametric Elliptic and Parabolic PDEs. SIAM
J. Control. Optim. 51 (2013), pp. 2442-2471. https://doi.org/10.1137/110847597

OC Regularity analysis Dim n truncation
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Theorem (G, is p-analytic)

Let A, be p-analytic with c4 > 0 and b € (P(N), for

some 0 < p < 1. Then, for every o € S, the FOC of the tracking
problem can be formulated as an operator equation, and the
associated operator G is p-analytic with the same p. Moreover,
the optimal state-adjoint-pair depends analytically on o € G:

f
lex(2 )@ <eg(Mpw|| Lo
a1 Wi (V, V) x W (V, V1) pp g
ET

Vi xHxVExH

for all v € F, with bj == b;/In2, and a constant ¢g(T) >0
depending cont. and monot. incr. on T and independent of o € G.

Regularity analysis Dimension truncation
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Lemma (Regularity of the optimal cost)
There holds

|071RQ(v(e) = &)lIF, | < GUT)(Iv| + 1) b”
07 1u(@)[T, | < G(T)(lv] + 1) b”
071P(yr(o) — gT(o))lE] < G(T)(lv| +1)! b,
for all v € F. In particular, we have for the optimal cost

Ca(T)

> (vl + 1)1,

‘85\7(}/0'7 uo’)‘ <

for all v € F with C4(T) = 3.>_, Gi(T) depending cont. and
monot. incr. on T.

Regularity analysis Dimension truncation
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Theorem (Feeback regularity — homogeneous case)

The optimal feedback K, (t) = —B*T,(T — t) depends
analytically on o € &, and V't € [0, T], and Vv € F we have

105 (=B Mo (T — )l c(H,u) < 1Bl 2w, C(T)(lv| + 1)1b”.

W0, =N,4, + AN, — N,BB*N, + Q*Q, MN,(0) = P*P.

W (Mo (T)yo,¥o)H = J (Yo, ts) and the prev. Lemma

B 0N (T)Yo, Yoy = (04N (T)Yo, Yo)n for all v € F from
the regularity of the adjoint g1 »(0) = Iy (T)ys

M 0, (T) is bounded, linear and self-adjoint, thus
105N (Tl 2(Hy = suPyye =1 {05 M (T)yo, yo) -

B Autonomy of A,, B, P, and Q gives N, (7) for 7 € [0, T] is
restriction to [0, 7]

OC problem Regularity analysis Dimension truncation
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We assume f € Hr and g € W12(0, T; H) N L?(0, T; D(A,)) and
set X, ‘= Yo —g and ry 1= + Ayg(t) — g(t).

Theorem (Affine feedback — nonhomogeneous case)

For every o € & there exists a unique minimizer (X, U )
satisfying, for t € (0, T),

ug(t) = —B*(Ny(T — t)xs(t) + ho(t))
%o (t) = (Ay — BB Mo (T = t)) xo(t) — BB*he(t) + ry(t)

with x(0) = x,, where
—ho(t) = (A% = N (T — t)BB*) ho(t) + Mo (T — t)ry(t)

with he(T) = 0.

Regularity analysis Dimension truncation
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Proposition (Regularity of hy)

Let D(Ay) be independent of o € & and D(A,) = D(A}) for
all o € &. Further, let || Ay || £(p(a),H)) < Ca for all o € &. Then

106 o llwo(v,vry < Opi(lv] +2)1b%, Vv € F,

where ©,| = (1 + C)m>{IVI=L0} Covo(C + C2)1~%110, with some
constant C > 0 independent of o € G.

With Dy : W2(V, V') — V&

as Dy := —% — (A5 —Ng(T — t)BB*), we can write

Dyhy = MNgry. Using all prev. regularity results, the result is shown
by induction on |v|. O

Regularity analysis Dimension truncation

m.oeaw.ac.at Philipp Guth, QMC for optimal feedback control problems under uncertainty



AW RICAN

Regularity of the feedback K,

With maxecio 71 9%h0 (8)]l 1 < C(T) [0 |y (v.vry we can
summarize our regaularity analysis:

Theorem (Combined regularity result)

In both, the homogeneous and the nonhomogeneous case, we have

sup ([|05(=B Mo (T — t))llc(m,u) + 105 (=B"ha (1)) u)
te[0,T]

< 1Bl g(h,uy C(TY(Iv] + 2)!b",
for all v € F and a constant C(T) > 0 independent of o € &.

We are ready for the error analyisis of the feedback operator!

Regularity analysis imension truncation
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Dimension truncation

For t € [0, T], we are interested in integrals of the form

/[éé]N Hy(t)do, where do = ®d0j and

j=1
He(t)= =B Mo (T —t) € Z=L(H,U), or Hs(t)=-B"hs(t)eZ=U.

Dimension truncation
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Dimension truncation

For t € [0, T], we are interested in integrals of the form

/[_1 0 Hy(t)do, where do = ®daj and

272 j=1
He(t)= =B Mo (T —t) € Z=L(H,U), or Hs(t)=-B"hs(t)eZ=U.

s—0

Assuming || 75 (t) — 75 s(t)|z = 0, [GK'24] yields

2
—=+41
[, alt)~ Has0)do| < CsH
[-3:3] z

where C > 0 is independent of s.

[GK'24] Guth, P. A., Kaarnioja, V.: Generalized Dimension Truncation Error Analysis
for High-Dimensional Numerical Integration: Lognormal Setting and Beyond. SIAM J.
Numer. Anal. 62 (2014), pp. 872—-892. https://doi.org/10.1137/23M1593188

OC problem ity a s Dimension truncation
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Dimension truncation

For t € [0, T], we are interested in integrals of the form

(o]
/ Hy(t)do, where do = ®d0j and
[-3.3" =1
He(t)= =B Mo (T —t) € Z=L(H,U), or Hs(t)=-B"hs(t)eZ=U.
In the following we develop QMC rules to approximate

/ %,s(t) dos,
[-3.3)°

272

where 7 s = 75 ((01,...,05,0,0,...)), and dos = ®7_; doj.

J

[GK'24] Guth, P. A., Kaarnioja, V.: Generalized Dimension Truncation Error Analysis
for High-Dimensional Numerical Integration: Lognormal Setting and Beyond. SIAM J.
Numer. Anal. 62 (2014), pp. 872-892. https://doi.org/10.1137/23M1593188

Dimension truncation
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Theorem ([GKKSS'24])

Let W: be a BS of functions F : [}, 1]° — R. Consider an N-point QMC rule

with integration nodes o©, ... oN"Y [—%, 1", given by

Qn,s(F) = % ZL\’;Ol F(o"). Furthermore, we define the worst case error of
integration using Qs in Ws by

ewor(QN,S7Ws) = sup 4 s F(U‘) do — QNVS(F) .

11
Fews |J|-%,%
l1Fllyy, <1 2'2]
For a separable BS Z and a continuous mapping k : [—%, %]5 — Z we have

N—-1
1 wWor
H/[ . lrk(a)dcr— 7 2 k@) < e (Qua,We) sup [[G(K)Iw.
T202 k=0

€
z lIGllzr <t

For the feedback choose k = 7, s(t), and Z € {U,L(H, U)}.




AW RICAN

Randomly shifted rank-1 lattice rules

When choosing

IFly = 3 = /

ol
1 1 ful / L1 1 e (Uu:U{l;s}\u)dU{l;s}\u do.
uC{ls} 2 5 ]

a RSLR can be constructed using a CBC algorithm such that
1 ’ 1
for all \ € (5, 1], where oY) = o 4 A, with A ~24([0,1]°), and
N 5 ¥ 2)1 1, b
o= ¥ 2 ( g(z,\)) 3 [(ll +2)'1" I e, b

¥ADN 2
0A#uC{1:s} (271- ) uC{ls} Tu

1
2

I\)\»—l

V4

with C := 1Bl z(u,m) C(T).

truncation
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Randomly shifted rank-1 lattice rules

When choosing

IFly = 3 = /

ol
1 1 ful / L1 1 e (Uu:U{l;s}\u)dU{l;s}\u do.
uC{ls} 2 5 ]

a RSLR can be constructed using a CBC algorithm such that

2
1
s%,stda—— Hoo (O | < Corn Ty
/Hé] ( Z 7 G (W)

z
for all A € (3,1], and where C, 1+ is bounded independently of s, for

A/2 /(142)
Y= (e, = < lu| 4 2)! H > ,
o 24 2)\

and

\ 55 for arbitrary § € (0,1) if p € (0, 2],
] 52 if pe (3,1

trunc
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Randomly shifted rank-1 lattice rules

When choosing

S %/

2
1F15 "
uC{ls} 2° 5

Sl
|u| /{‘;’;] [ a (O'U;U'{l:s}\u)do'{l:s}\u doy.

a RSLR can be constructed using a CBC algorithm such that

= ’ 1
Heo s - 2 < Cs —_—
/ | % s(t)do N kZ:OJ(U(Ak)’S(t) < Gy (Groc ()
z

for all A € (3,1]. Consequently, the MSE is of order

[¢tot(N)]—2—25 for arbitrary S (07 1) if pE (07 %],

2,

[¢tot(N)]_(p if pe (3,1].

am.oeaw.ac.at Philipp Guth, QMC for optimal feedback control problems under uncertainty
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Interlaced polynomial lattice rules

When choosing b prime, m € N and N = b", as well as

IFls e, M2 75}(%2 2

UCU‘TH\UE{l a}\u\u\

¢« N\
d0'0>

an ILPR of order o can be constructed using a CBC algorithm such that

a(ab Tu\ov 0)
‘/{;’;rw TF(ULL;0{1:5}\u)da{1:5}\n

1
]5 Hes(t)d N Z Jg,,(k) < Cs,a,‘y,)\m
z

for all A € (1, 1], where po »(A) = <Ca,b b“(o‘_l)n)A ((1 + %)a — 1),

1
~ u R vj,a) LVj
Comn=C(2 ¥ Rus)) L X [,

D#uC{l:s} vy e{l:a}lul Jjeu

D truncation
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Interlaced polynomial lattice rules

When choosing b prime, m € N and N = b", as well as

IFls e, M2 75}(%2 2

OCU T\ E{Lmad e\l

¢« N\
d0'0>

an ILPR of order o can be constructed using a CBC algorithm such that

a(ab Tu\ov 0)
‘/{;’;rw TF(UH;0{1:5}\u)da{1:5}\n

: N-1

; 1 ; 1
41 1]5 Hos(t)do — N > Hm(1)] < Cs,amAW
h 272 k=0

z
forall A € (1,1] and where C. . ., is bounded independently of s, for

o= > (vl + 28,
vy€{Ll:a}lul jeu

and A =pand a = L%J + 1. Thus the integration error is of order O(N~).

am.oeaw.ac.at



AW RICAN

Consider the parameterized convection-diffusion-reaction equation

Na

}./O’ -V (ao’vya') + Yo + V- (b.yo‘) - ZUIIO; (t7§) € (07 T] X D7
i=1

Do _g (t.€) € [0, T] x 0D,
on
Yo = Yo (t7£)€{t:0}XD7

where o = (01,...,05) € [~3. 1] enters the diffusion as

a0 (&) = 3(€) + > _ oj(€),

j=1

with 3 € L*(D) and ¢); € L*°(D) V1 < j < s such that, there
exist amin and amax satisfying

0 < amin < as(€) < amax < 0o forallé € Dand o € [—%, %]5

www.ricam.oeaw.ac.at Philipp Guth, QMC for optimal feedback control problems under uncertainty
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Numerical experiments setup

M D=(01)and T =5
B N, = 3 actuators as O; = [0.1,0.3], O, = [0.4,0.6], and

03 =[0.7,0.9]
B constant reaction coefficient ¢ = —1, no convection b =0
M initial condition y,(s) = sin(27s) — 1
B the target g solves g = 0.1Ag with the same data
B stochastic dimension s = 100
M 5 = 1.15, with basis functions 1;(s) = 1(2j) "V sin(jms)

and v2j_1(s) = n(2j — 1)~ cos(jrs) with ¥ € {2,3}
and n € {0.1,1}.

B QMC points generated using
https://people.cs.kuleuven.be/~dirk.nuyens/qmcdpde/

Dimension truncation
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Randomly shifted rank 1 lattice rule

Ho(t) = —B Mo (1)

10"
L4 empirical QMC error
- oretical QMC rate
= ® oretical MC rate
107
10®
10°
1070
101 . . .
10° 10* 102 10% 10"

Number of quadrature points

Ho(t) = —B*ho (1)

10t 10 10° 10"
Number of quadrature points

RMSE ~ \/ 2 S0, [ (@ — @) (),
where Q(r)(%) = % ZQ’ZI f(o-(;()r)) and Q(.%) = %ZL Q(r)(%)-
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Interlaced polynomial lattice rule with oo = 2

Ho(t) = _B*ha(t)

1012 1010
10° 10! 102 10° 10* 10° 10! 102 10° 10*
Number of quadrature points Number of quadrature points

N-1
1
Qret(Hos(t)) — N Z Ko 4(t)|| ,  where we used 22 points for Qres.
k=0

ir n tr i

QMC for optimal feedback control problems under uncertainty
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Interlaced polynomial lattice rule with a@ = 3

Ho(t) = _B*ha(t)

10°®

101

1012 1010

1014 1012
10° 10! 102 10° 10* 10° 10! 102 10° 10*
Number of quadrature points Number of quadrature points

N-1
1
Qret(Hos(t)) — N Z Ko 4(t)|| ,  where we used 22 points for Qres.
k=0

ir n tr i

QMC for optimal feedback control problems under uncertainty



OAW RICAM
Error propagation

Theorem (Feedback approximation error propagation)

Let K .= Zk 1 akKak s(t,-) be an approximation of the
feedback K = [ Ko (t, )da. Then, there holds for all t € [0, T]

lyo () = Jo (E)lln < €/ max (HB ST — t)ll gm0y + 1B 8h(t)llu) ,

luo () = Bo ()llu < Cu max (lIB SN(T = )l cqu) + 1B"3h(t)ll) »

where the constants C, and C, are independent of o € G.

We use the notation: BT = [ B*l, do, B*[1:= 3 axB My, s,
BN = BN~ BN, B*h:= [, B"hydo, B*h:= Y} axB"hs, s, and
B*6h= B*h— B*h.

m.oeaw.ac.at
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Suboptimality of the feedback

Suppose there is a ‘true’ parameter & € & with optimal
feedback K5z (t,-) = —B*MN&z(T — t)(-) — B hs(t).

Theorem
The trajectories are close provided that K is close to K5

Iy (t) = yo (t)lln < C, UEES (HB SN (T = t)llc(mu) + 1B ha(t)llu) ,

o (£) = ur ()l < E max. (18°0Mo(T = Ol e + 1B Sha (1))
for all t € [0, T| where the constants C, and C, are independent
of o € 6.

We use the notation: B*6ls := B*[15 — B*I1, and B*6hs = B*hs — B*h
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Conclusions

M Construction of feedback is independent of initial condition

B Feedback is independent of a particular realization of the
parameter, thus it can be computed a-priori.

B Analytic regularity of feedback operator

B General QMC framework allows integration of operators

Thank you!

www.ricam.oeaw.ac.at Philipp Guth, QMC for optimal feedback control problems under uncertainty
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