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Real Uniform distribution (1/2)

Definition
Let (z,)nen be a sequence in [0, 1]. The sequence is said to be uniformly distributed if for all
0 <a < b <L itholds that

lim #Haxy,...,en}Na,b) iy

N—o00 N b_a):().
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Real Uniform distribution (1/2)

Definition
Let (z,)nen be a sequence in [0, 1]. The sequence is said to be uniformly distributed if for all
0 <a < b <L itholds that

. #{zy,...,xy}N]a,b)
N N (

b—a)=0.

Definition
The discrepancy of the first N € N elements of the sequence (x,,)en C [0, 1] is defined as

Dy(z,) = sup #{xh...,]xVN}ﬂ[a,b) —(b—a)l.
[a,b)C[0,1]
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Real Uniform distribution (2/2)

Theorem
A sequence (2, )nen C [0,1] is uniformly distributed if and only if limy _, .o Dy (25,) = 0..
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Real Uniform distribution (2/2)

Theorem
A sequence (2, )nen C [0,1] is uniformly distributed if and only if limy _, .o Dy (25,) = 0..

Theorem (Schmidt) & Definition

The best possible rate of convergence is Dy (z,) = O(log(N)/N). A sequence satisfying
Dy (zy) = O(log(N)/N) is called a low-discrepancy sequence.
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Real Uniform distribution (2/2)

Theorem
A sequence (2, )nen C [0,1] is uniformly distributed if and only if limy _, .o Dy (25,) = 0..

Theorem (Schmidt) & Definition

The best possible rate of convergence is Dy (z,) = O(log(N)/N). A sequence satisfying
Dy (zy) = O(log(N)/N) is called a low-discrepancy sequence.

Let o € R\ Q. Then the Kronecker sequence ({na}),ecn is uniformly distributed. If o has in
addition bounded partial quotients a; in its continued fraction expansion, then the sequence is
a low-discrepancy sequence.
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P-adic Numbers

Definition
Let p € Z be a prime number. For a = £ with b, c € Z \ {0} its p-adic absolute value is defined
by: let m be the highest possible power with a = pm%: and (b'¢’,p) = 1. Then

lalp :==p~™.
The p-adic numbers Q, are the completion of Q with respect to | - |,. The p-adic integers
Ly = {ZZ? €Qp : |z, < 1}

are a subring of Q, and they are the closure of Z in the field Q,.
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P-adic Uniform distribution (1/3)

Definition
Let (z,,)nen be a sequence in Z,. The sequence is said to be uniformly distributed if for all
k € Nand z € Z, it holds that

i #{xla"'va}mDP(Zapik) 7p7k 0’

li
N —o0 N

where D, (z,p7*) = {z € Z, ||z — 2|, <p~F}.
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P-adic Uniform distribution (1/3)

Definition
Let (z,,)nen be a sequence in Z,. The sequence is said to be uniformly distributed if for all
k € Nand z € Z, it holds that

im #{z1,...,2n} N Dy(z,pF) e

1
N1~>oo N

where D, (z,p7*) = {z € Z, ||z — 2|, <p~F}.

Definition
The discrepancy of the first N € N elements of the sequence (z,,),en C [0, 1] is defined as
#{x1,...,2n} N Dy(z,p7F) —k

Dy(zn) = sup —p
(@n) 2€Zp,kEN N
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P-adic Uniform distribution (2/3)

Theorem
A sequence (z,)nen C Z, is uniformly distributed if and only if limy_,c Dy () = O..
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P-adic Uniform distribution (2/3)

Theorem
A sequence (z,)nen C Z, is uniformly distributed if and only if limy_,c Dy () = O..

Theorem & Definition

The best possible rate of convergence is Dy (z,) = O(1/N). A sequence satisfying
Dy(z,) = O(1/N) is called a p-adic low-discrepancy sequence.
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P-adic Uniform distribution (2/3)

Theorem
A sequence (z,)nen C Z, is uniformly distributed if and only if limy_,c Dy () = O..

Theorem & Definition

The best possible rate of convergence is Dy (z,) = O(1/N). A sequence satisfying
Dy(z,) = O(1/N) is called a p-adic low-discrepancy sequence.

Example (Theorem, Cugiani/Beer)

Leta,b € Z,. Then (na + b),en is a low-discrepancy sequence if and only
a €Ly ={z€Zyll|zlp =1}
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P-adic Uniform distribution (3/3)

Theorem (W., 2024+)

Let f be a polynomial. Then (z,,) = (f(n)) satisfies Dy (z,) = O (+) ifand only if f is a
permutation polynomial mod p?.
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P-adic Uniform distribution (3/3)

Theorem (W., 2024+)
Let f be a polynomial. Then (z,,) = (f(n)) satisfies Dy (z,) = O (+) ifand only if f is a
permutation polynomial mod p?.

Example

Let p be a prime. Then (z,,) = (n” + an +b) witha € Zj,a+1 € Zyand b € Z, is a
low-discrepancy sequence in Z,,.
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(Real) Poissonian Pair Correlations (1/2)

Definition
Let (x,)nen be @ sequence in [0, 1]. Then its N-point pair correlation function is defined by

1 S
Fn(s) = N#{lgk;élgN : ka—legﬁ},

where ||| is the distance of a number from its nearest integer and s > 0. The sequence
(zn)nen has Poissionian pair correlations if

lim Fy(s) =2s

N—o0

for all s > 0.

MCQMC 2024, Waterloo, Canada Christian Weil3, HRW



Why do independent, uniformly distributed random sequences
have PPC?

Consider a fixed IV, and fix z,, forsome 1 <n < N.
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Why do independent, uniformly distributed random sequences
have PPC?

Consider a fixed N, and fix z,, for some 1 <n < N. Then the region around z,, with length
2s/N is expected to contain 25 Y=L of the remaining points.

2s/N
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Why do independent, uniformly distributed random sequences
have PPC?

Consider a fixed N, and fix z,, for some 1 <n < N. Then the region around z,, with length
25/ N is expected to contain 2s Y=L of the remaining points.Since » can attain N different
values, we expect

1 25(N — 1)
2s/N
| X |
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(Real) Poissonian Pair Correlations (2/2)

(At least) most known examples of low-discrepancy sequence do not have Poissonian pair
correlations, e.g. Kronecker sequences and van der Corput sequences.
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(Real) Poissonian Pair Correlations (2/2)

(At least) most known examples of low-discrepancy sequence do not have Poissonian pair
correlations, e.g. Kronecker sequences and van der Corput sequences.

The following sequences do have Poissonian pair correlations:
- {yv/n}.en Without square numbers n € N (El-Baz, Marklof, Vinogradov, 2015)
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(Real) Poissonian Pair Correlations (2/2)

(At least) most known examples of low-discrepancy sequence do not have Poissonian pair
correlations, e.g. Kronecker sequences and van der Corput sequences.

The following sequences do have Poissonian pair correlations:
- {yv/n}.en Without square numbers n € N (El-Baz, Marklof, Vinogradov, 2015)
- {an®}, ey for 6 < & and o > 0 (Lutsko, Sourmelidis, Technau, 2021)
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(Real) Poissonian Pair Correlations (2/2)

(At least) most known examples of low-discrepancy sequence do not have Poissonian pair
correlations, e.g. Kronecker sequences and van der Corput sequences.

The following sequences do have Poissonian pair correlations:

- {yv/n}.en Without square numbers n € N (El-Baz, Marklof, Vinogradov, 2015)
- {an®}, ey for 6 < & and o > 0 (Lutsko, Sourmelidis, Technau, 2021)

« {alog(n)?},en for @ > 0 and A > 1 (Lutsko, Technau, 2022)
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(Real) Weak Poissonian Pair Correlations
Definition
Let 0 < o < 1. Then a sequence (x,,) C [0, 1] has a-weak Poissonian pair correlations if
i 1 1 L M — il < 21—
NIE%OWW#{I SiATSN: floi- ol < o f =1

forall s > 0.
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(Real) Weak Poissonian Pair Correlations
Definition
Let 0 < o < 1. Then a sequence (x,,) C [0, 1] has a-weak Poissonian pair correlations if
i 1 1 L M — il < 21—
Nlinooﬁm#{l SiATSN: floi- ol < o f =1

forall s > 0.

Proposition

Let (z,,) C [0,1] be a low-discrepancy sequence, then (z,,) has a-weak for all 0 < « < 1.
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(P-adic) Weak Poissonian Pair Correlations (1/4)
Definition
Let 0 < a < 1. Then a sequence (z,,) C Z, has a-weak Poissonian pair correlations if
_— 1 vy s — s A
Jm by L SIS N el S g f =1

for all s > 0.
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(P-adic) Weak Poissonian Pair Correlations (1/4)

Definition
Let 0 < a < 1. Then a sequence (z,,) C Z, has a-weak Poissonian pair correlations if

1 1
I ——#{1<' i <N |z —
N NE (D, s/Na)) AL S AT S N e =]

for all s > 0.

Proposition

Let (z,,) C Z, be a low-discrepancy sequence, then (z,,) has a-weak Poissonian pair
correlations for all 0 < o < 1.
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(P-adic) Weak Poissonian Pair Correlations (2/4)

Proposition (W., 2023)

Let (X,,)nen be a sequence of independent random variables, which are uniformly distributed
on Z,. Then for any 0 < o < 1 the sequence almost surely has a-weak Poissonian pair
correlations.
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(P-adic) Weak Poissonian Pair Correlations (2/4)

Proposition (W., 2023)

Let (X,,)nen be a sequence of independent random variables, which are uniformly distributed
on Z,. Then for any 0 < o < 1 the sequence almost surely has a-weak Poissonian pair
correlations.

Theorem (W., 2024+)

Let (z,) = f(n)nen With f(n) a permutation polynomial mod p?, then the sequence has
a-weak Poissonian pair correlations for any 0 < a < 1, but does not have Poissonian pair
correlations.
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(P-adic) Weak Poissonian Pair Correlations (3/4)

Theorem (W., 2024+)

Let 0 < o < 1. If (yx)ken = (0 H(zk))ken € [0, 1) has (real) a-Poissonian pair correlations,
then (z1) has (p-adic) a-Poissonian pair correlations.
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(P-adic) Weak Poissonian Pair Correlations (3/4)

Theorem (W., 2024+)

Let0 < a < 1. If (yr)ren = (o~ (zk))ren € [0,1) has (real) a-Poissonian pair correlations,
then (z1) has (p-adic) a-Poissonian pair correlations.

Definition
The Monna map ¢, : Z, — R is for

oo
E = g a;p’
i=0

with 0 < a; < p — 1, a p-adic number, defined as

oo
p@)=y=>Y ap L
=0
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(P-adic) Weak Poissonian Pair Correlations (4/4)

Remark

While ¢ is obviously surjective, it is not injective on all of its domain due to the limit of the
geometric series. Nonetheless, an inverse map ¢~ exists on the set

{x €l0,1) : z= Zaip”"l, a; # p — 1for infinitely many z} :
i=0

Moreover, we know that the inverse image of = under ¢ contains the element

o0
y= Z aip'™!
i=0

and we may thus define o= (z) := y.
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Pair Correlations in the p-adic Setting

Thank you for your attention!
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