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Introduction

@ Accurate estimation of expectations is a fundamental task across many fields.

e To evaluate i = E [f(z)], Monte Carlo methods sample x() ~ P and compute
the sample average

fin = 3 )
i=1

@ The standard error of the Monte Carlo estimator is of order Op(n_l/Z) for
square-integrable functions.
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Quasi-Monte Carlo

@ QMC points are constructed deterministically to fill the unit hypercube [0, 1]%
more evenly than plain Monte Carlo samples.

Monte Carlo points Sobol' points

n = sup

D* — #tpoints in [0,a) ﬁ o)
acf0,1)4 n =1

Low-discrepancy sequence:
D;, = O(n" ' (logn)’)

Dimension 2
Dimension 2

Dimension 1 Dimension 1

Figure: 256 Monte Carlo points (left) and Sobol’ points
(right, [Sob67]) in two dimensions.
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Quasi-Monte Carlo

@ QMC points are constructed deterministically to fill the unit hypercube [0, 1]%
more evenly than plain Monte Carlo samples.

@ QMC points can be randomized to get RQMC points.

Monte Carlo points Randomized Sobol' points
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(right, [Sob67]) in two dimensions.
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Challenges

@ Faster convergence rate requires higher-order smoothness.

@ Error grows with dimension d.

We propose a generic method for reducing RQMC variance by
@ improving the smoothness

@ and reducing the “effective” dimension
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Conditional Monte Carlo

@ CMC is a variance reduction method for Monte Carlo estimators.

o Pre-integrating z;: f(x_;) = E[f(x) | x_}]
« E[f] =El/]

o Var(f) < Var(f)

@ For RQMC, pre-integration can also improve smoothness.
Eg. f(z) =1{z; < ¢(z_;)} [GKLS18].
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Which variable to pre-integrate

Pre-integrate x;

/f(.’]]],SCQ, ooy xg)dry
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Which variable to pre-integrate

Pre-integrate x»

/f(xl, To, ..., xq)drs
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Which variable to pre-integrate

For integrals w.r.t. Gaussian density (x), pre-integrate any linear combination of the
variables:

/f(Ux)go(x)dxl, U e R™? orthogonal
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Which variable to pre-integrate

The goal is to find a rotation U such that [ f(Ux)p(x)dx1
@ has a tractable form
@ achieves a large variance reduction
@ improves smoothness

@ reduces the effective dimension
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Option pricing
@ Suppose the asset price S; follows the SDE

ds()
St ) rdt +/V dW

where V (t) is the stochastic volatility satisfying
AV (t) = a(V (t))dt 4 b(V (£))dW @ (¢).
where W W (2) are two Brownian motions with correlation p.
@ Asian call option: E (% fOT S(t) — K)
+

@ Apply Euler-Maruyama discretization and Monte Carlo methods to simulate the
path

log Sj41 =1og Sj + (r — V;/2)At + \/V;AL(\/ 1 — p?21 41+ p2o i),
Vigr =V +a(Vy) At +b(V;)V Atz j1, forj=0,...,d—1. (1)

@ The problem reduces to evaluate a Gaussian integral in 2d dimensions.

6/18



Pre-integration step
For a rotation matrix U, consider the integrand fy(x) = f(Ux).

Simplification of the integrand

If Ui.gq > 0 and Ugy1.241 = 0, then the integrand takes the form

d

fU(X) = Z ea‘j(xfl)—"_bj‘l"' — K 5

J=1 4

where b; > 0 are constants, and a;j(z_1) do not depend on z; for 1 < j < d. In this
case, the pre-integration step has a closed form

d
/fU(X)w(:vl)dwl = 3 e CDHERG(y b)) — KB(),
j=1

where v is such that Z;-lzl e (x-1)+b;7 — K
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Pre-integration step

@ The threshold v can be found by a root-finding algorithm.

@ Similar pre-integration steps for constant-volatility option pricing were used in
[XW18, Hel9].

@ We will choose U such that

Ut.an 20, Ugg1:241 = 0.
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Error decomposition

o ANOVA decomposition: f(x) = 3,,c1.q fuw(Xw), where fy = p; [ fudz =0 for
w # 0; and [ fi furdz =0 for w # w'.
@ Monte Carlo variance:

%Var(f) — LS 02(f), where o2 (f) = Var(fu).

wCl:d

3
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Error decomposition

e ANOVA decomposition: f(x) =
w # 0; and [ fi furdz =0 for w # w'.

@ Monte Carlo variance:
1

%Var(f) =L N 52(f), where o2 (f) = Var(fu,).

3

wCl:d

@ Pre-integrating x;
1 2 , 1 2
D DI el SR
w:le\‘i w:l¢w

pre-integrate x

> owctd Ju(Xw), where fy = ;[ fudz =0 for
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Error decomposition

o ANOVA decomposition: f(x) = 3,,c1.q fuw(Xw), where fy = p; [ fudz =0 for
w # 0; and [ fi furdz =0 for w # w'.
@ Monte Carlo variance:

%Var(f) — LS 02(f), where o2 (f) = Var(fu).

wCl:d

3

@ Pre-integrating 1 and apply RQMC to the remaining variables:

% Z (,)-0'120-}-% Z F‘w-ai

w:l€w 1 w:ldw
~ ~

pre-integrate x RQMC gain
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Error decomposition

o ANOVA decomposition: f(x) = 3,,c1.q fuw(Xw), where fy = p; [ fudz =0 for
w # 0; and [ fi furdz =0 for w # w'.
@ Monte Carlo variance:

%Var(f) — LS 02(f), where o2 (f) = Var(fu).

wCl:d

3

@ Pre-integrating 1 and apply RQMC to the remaining variables:

1 1

- 002 + = | 2

o2 Vouto D Tuoy
w:le\‘i w:l¢w '

pre-integrate x RQMC gain

o We want to choose U such that large o2, values are multiplied by small factors.
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Choosing the rotation: U,
@ Reduced variance:

S ot = S [(f0l) — fulerx )] (@1.31x-0) ~ MO, Toara)

w:lew
~U[E [Vf(x)Vf(x)TUi.
@ To maximize the reduced variance, we could take U; to be the first eigenvector of
C = E[VF(x)Vf(x)].
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Choosing the rotation: U,
@ Reduced variance:

> o2 = JE[U060 ~ foErx 1)) (o dix) ~ N0, Do)

w:lew
~U[E [Vf(x)Vf(x)TUi.
@ To maximize the reduced variance, we could take U; to be the first eigenvector of
C = E[VF(x)Vf(x)].

@ But we require Uy.;1 > 0 and Ugy1.94.1 = 0 for the pre-integration step to be
tractable.
@ So we select Uy by solving the following problem:

max vVvICv
veR2d

st. viv=1,

Vi.d > 0» Vd+1:2d = 0.
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Choosing the remaining columns Us.o4

e To m|n|m|ze the remaining variance ), . 1¢w L w0y 2 (fu), we seek U such that
large o2, values are multiplied by small T, values.

@ RQMC gain coefficients I, are typically small for the first few projections.
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@ Given the first column Uy, Us.9q can be found by one eigendecomposition of
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Choosing the remaining columns Us.o4

To m|n|m|ze the remaining variance ), . 1¢w L w0y 2 (fu), we seek U such that
large o2, values are multiplied by small T, values.

RQMC gain coefficients I',, are typically small for the first few projections.
So we aim for the first few variables of fi; to explain most of the variance.
For k =2,...,2d,

max vICv
v

st. viv=1, viU;=0,VvV1<j<k-1.
Given the first column Uy, Us.oq can be found by one eigendecomposition of
UlTLCULl.

Without the constraints on Uy, this procedure coincides with the active subspace
method [Con15] and gradient PCA (GPCA) [XW19].
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Heston model

dS(t) = rS(t)dt + /V(t)S(t)dw M.
AV (t) = k(8 — V(£))dt 4+ o+/V (£)dW P (t).
Number of time steps is d = 32.

Corr(WW, w®) =0.5.

Error reduction factors relative to plain Monte Carlo at sample size

RQMC

STD PCA AS

RQMC + preint
STD PCA CAS

90
100
110

9.1
55
4.6

63.2 794
445 744
46.0 62.2

12.2 1432 352.1
8.0 1172 347.1
54 958 254.0

214
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Visualization of the rotation

Standard construction AS CAS

-2 0 2 -2 0 -2 0

@ Left: standard construction of Brownian motions

o Middle: Active subspace rotation

- 350
- 300
- 250
-200
-150
-100

-50

@ Right: Constrained active subspace such that Uy.q1 > 0, Ugy1:24,1 = 0.
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Spread option

o dS®)(t) = rSK) (t)dt + o) ST (1)dW *) ()
o Corr(WM, W®) =05

o E[(5M - 5@ — K),]

RQMC RQMC + preint
K |STD PCA AS |STD PCA CAS
-10 | 99 1256 327.7 | 122 680.9 4564.6
0 5.1 70.0 223.0| 6.4 3524 4400.2
10 | 35 355 1122

5.0 243.7 4511.5
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Further applications

Conditional density estimation

0.06

0.04

0.02

0.00

23

Density of Sum of Lognormal

CDE+RQMC
—— CAS+RQMC

10 20 30 40 50
X

Density Estimation Error

CDE+MC  *-.,.
CDE+RQMC ey
CAS+MC

CAS+RQMC

25 27 29 211 213 215
Sample size
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Further applications

Conditional density estimation

Density of Sum of Lognormal

CDE+RQMC
0.06 —— CAS+RQMC
0.04
0.02
0.00
0 10 20 30 40 50
X
Density Estimation Error
272 | Beg o
Tow 9y, 2050
2-7 Ve L
ﬁ *...": """v- 'Y
S . V=g, 050
o ® CDE+MC .. B Qs
2712 CDE+RQMC o, 076
v CAS+MC S
» CAS+RQMC T
-17
2 23 25 27 29 211 213 215
Sample size

Simulating chemical reaction network
e dX; =
(371 v (X))t + 307 vi/a;(X)dw”
@ Error reduction factor
for estimating P [ Xy < K|:

Threshold K | RQMC  Proposed

90 1.6 1227.2
100 2.2 2103.6
110 1.4 1482.7
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Conclusions

o Conditional Monte Carlo is powerful if we pre-integrate an important variable.

@ A generic approach is proposed for selecting the pre-integration variable while
simutaneously reducing the effective dimension for RQMC.

@ This method has broad applications, including option pricing under various models
and beyond.
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@ Thank Prof. Art Owen for many helpful discussions.

@ Based on:
o Liu, S., & Owen, A. B. (2023). Preintegration via Active Subspaces. SIAM Journal

on Numerical Analysis.
o Liu, S. (2024+). Conditional Quasi-Monte Carlo with Constrained Active Subspaces.

To appear SIAM Journal on Scientific Computing.

Thank you!
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