
As an example, consider the vector field

E(x, y) = −kq

(

x

(x2 + y2)3/2
,

y

(x2 + y2)3/2

)

. (2.21)

As endpoints, consider x1 = (1, 0) and x2 = (0, 1). You will find that for any piecewise

smooth curve C joining x1 to x2,

∫

C

E·dx has the same value, namely zero.

Exercise 2.9:
Show that the line integral of the vector field (2.21) equals zero for each of the curves

C1 and C2 joining (1, 0) to (0, 1), where C1 is the quarter circle.

(0,1)

(0,0)

C
2

(1,0)

C
1

Definition:
Let F be a continuous vector field on a connected open set in R

n. We say that the line

integral

∫

C

F·dx is path-independent in U if, given any two points x1,x2 in U , the line integral

has the same value for all piecewise smooth curves in U that join x1 to x2. �

Exercise 2.9 gives a hint that the line integral of the vector field (2.21) is path-independent
in U = R

2 − {(0, 0)}. Of course we cannot prove that a line integral is path-independent
by calculating its value all different curves joining different pairs of points because there are
infinitely many possibilities! So an important question is: how can we tell whether a given

line integral is path-independent or not? To find out, let us be guided by one of the most
important results in elementary calculus, the first Fundamental Theorem.

2.3.1 First Fundamental Theorem for Line Integrals

Recall that if f is continuous on an interval [a, b], then the new function g defined by

g(x) =

∫ x

a

f(t) dt, a ≤ x ≤ b, (2.22)

is such that
g′(x) = f(x). (2.23)

This result is the first Fundamental Theorem of Calculus (FTC).
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Q: Can we extent this theorem to line integrals?

A: Yes, provided the line-integral is path-independent.

If the line integral

∫

C

F·dx is path-independent and C joins x0 to x, we denote the line-

integral by
∫

x

x0

F·dx.

In this case we can define a new function – a scalar field φ – by

φ(x) =

∫

x

x0

F·dx,

in analogy with (2.22). We can now state the first Fundamental Theorem for line integrals.

Theorem 2.1:

Let U be a connected open subset of Rn, and let F : U → R
n be a continuous vector field

whose line integral is path independent in U .
If

φ(x) =

∫

x

x0

F·dx, (2.24)

where x0 is a specified point, then,

∇φ(x) = F(x) (2.25)

for all x ∈ U .

Proof:

For simplicity we give the proof in R
2. With φ defined by (2.24), we have to prove that

∂φ

∂x
= F1,

∂φ

∂y
= F2,

where F1 and F2 are the components of F.

The key idea is this: since the line integral is path-independent, we are free to make a
special choice of the curve joining x0 = (x0, y0) to x = (x, y), i.e. to choose a “custom-
designed” curve. Figure 2.6 shows the curve we need. Suitable parametrizations for C1 and
C2 are

x = g1(t) = (x0, t), y0 ≤ t ≤ y,

x = g2(t) = (t, y), x0 ≤ t ≤ x.
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Figure 2.6: A piecewise smooth curve C = C1 ∪ C2 joining (x0, y0) to (x, y).

Using these equations and the definition of line integral,

φ(x, y) =

∫

C

F·dx =

∫

C1

F·dx+

∫

C2

F·dx

=

∫ y

y0

F2(x0, t)dt+

∫ x

x0

F1(t, y)dt.

It now follows from the first FTC for Riemann integrals (see equations (2.22) and (2.23))
that

∂φ

∂x
= 0 + F1(x, y),

since we are treating y as a constant.
Similarly we get the result for ∂φ

∂y
by choosing a different path (do it!). �

Terminology:

The significance of Theorem 2.1 is this: any vector field F whose line integral is path-

independent can be written as the gradient of a C1 scalar field. Such a vector field is called
a gradient field. The scalar field ψ is called a potential for F, for physical reasons that we’ll
soon see. The level sets ψ(x) = C of the potential ψ are called equipotentials. In R

2, we
have equipotential lines ψ(x, y) = C and in R

3 we have equipotential surfaces ψ(x, y, z) = C.
As an example, we note that the vector field F(x, y) given by (2.21) (the electric field

due to a point of charge q at the origin) is derivable from the potential

ψ(x, y) =
kq

√

x2 + y2
(2.26)

i.e. E(x, y) = ∇ψ(x, y) (verify this!). The equipotential lines are given by ψ(x, y) = constant,
i.e.

x2 + y2 = const.
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2.3.2 Second Fundamental Theorem for Line Integrals

Continuing the train of thought from the previous subsection we ask

Q: In elementary calculus we learned that if G, g : [a, b] → R are such that g is continuous
and G′ = g, then

∫ b

a

g(x)dx = G(b)−G(a), (2.27)

(the second FTC). Is there a way to extend this result to line integrals?

A: Yes, provided the vector field F is a gradient field, i.e. F = ∇φ.

This generalization is the Second Fundamental Theorem for line integrals.

Theorem 2.2:

Let F : U → R
n be a continuous vector field on a connected open set U ⊂ R

n, and let x1,x2

be two points in U .
If F = ∇φ, where φ : U → R is a C1 scalar field, and C is any curve in U joining x1 to

x2, then
∫

C

F·dx = φ(x2)− φ(x1). (2.28)

Proof:

Let C be given by
x = g(t), t1 ≤ t ≤ t2,

so that
x1 = g(t1), x2 = g(t2). (2.29)

By the hypothesis,

∫

C

F·dx =

∫

C

(∇φ) ··· dx

=

∫ t2

t1

∇φ(g(t)) ··· g′(t)dt (by definition of line integral)

=

∫ t2

t1

d

dt
[φ(g(t))]dt (by the Chain Rule)

= φ(g(t2))− φ(g(t1)) (by the second FTC)

= φ(x2)− φ(x1). (by (2.29)) �
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Comment:

The significance of Theorem 2.2 is two-fold:

i) if F is a gradient field, the line integral

∫

C

F·dx only depends on the end points of the

curve C, and hence is path-independent,

ii) if the potential φ is known, then equation (2.28) gives the value of the line integral
immediately.

Exercise 2.10:
We have seen that the vector field

E(x, y) = −kq

(

x

(x2 + y2)3/2
,

y

(x2 + y2)3/2

)

on U = R
2 − {(0, 0)} is a gradient field with potential

φ(x, y) =
kq

√

x2 + y2
.

In exercise 9 you showed that the line integral of E along each of 2 curves joining (1, 0) to
(0, 1) equalled zero. Use Theorem 2.2 to verify this result. �

Looking ahead:

So far (Theorems 2.1 and 2.2) we have established that

∫

C

F·dx is path-independent if and

only if F is a gradient field. Moreover, if F is a gradient field and we can find a potential φ,

then the line integral

∫

C

F·dx can be quickly evaluated. Now we are faced with two problems:

i) if we are given a vector field F, how can we tell quickly whether it is a gradient field?

ii) if we know F is a gradient field, how do we find a potential φ?

Answering the first question requires the famous Green’s theorem, while the second is
more straightforward. But before dealing with these questions we first discuss the physical
significance of the Second Fundamental Theorem for line integrals.

2.3.3 Conservative (i.e. gradient) vector fields

Thinking of the vector field F in Theorem 2.2 as a force field, the line integral

∫

C

F·dx equals

the work done by the force field on a particle as the particle moves along the curve C from
x1 to x2. The theorem asserts that if the force field is a gradient field, F = ∇φ, then the
work done depends only on the potential at the end points x1 and x2.
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In this physical context, it is customary, to define a scalar field V = −φ, so that

F = −∇V. (2.30)

Theorem 2.2 then has the form
∫

C

F·dx = −V (x2) + V (x1). (2.31)

Since “work” is the same as “energy”, physicists call V (x) the potential energy of the particle

at position x, when moving under the action of F.

Comment:

The minus sign in equation (2.30) becomes appropriate when one thinks, for example
of the force field due to the earth’s gravitational field. The potential energy of a particle
increases if its distance from the earth’s centre increases i.e. ∇V points radially outwards,
while the gravitational force field F acts radially inwards.

One can also relate the work done to the kinetic energy K of the particle, defined by

K = 1

2
m ‖ v ‖2 . (2.32)

Describing the path C of the particle by x = r(t), t1 ≤ t ≤ t2, the work done can be written

∫

C

F·dx =

∫ t2

t1

F(r(t)) ··· r′(t)dt. (2.33)

But Newton’s second law tells us that

mr′′(t) = F(r(t)).

It follows that

F(r(t)) ··· r′(t) = mv′(t) ··· v(t) (since r
′(t) = v(t))

= 1

2
m[v(t) ··· v(t)]′ (property of the derivative)

=
d

dt
K(t) (by (2.32)).

Thus, by (2.33) and the FTCII,
∫

C

F·dx = K(t2)−K(t1). (2.34)

Equation (2.34) and (2.31) gives

K(t1) + V (r(t1)) = K(t2) + V (r(t2)), (2.35)

for any two times t1 and t2. In words, for a gradient force field one can define a potential

energy V of a particle in such a way that the sum of the potential energy and kinetic energy

K is constant, i.e. conservation of energy holds.
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It is for this reason that when vector fields are thought of a force fields, gradient fields
are also called conservative fields.

Comment:

In many applications in the real world, conservation of energy does not have the simple
form of (2.35), because, for example, of energy losses due to friction – think of the space
shuttle re-entering the atmosphere. Dissipative, i.e. non-conservative forces have also to be
considered. It is nevertheless important to be able to find out whether a given force field is
conservative, and this is the problem we now consider.

2.4 Green’s Theorem

In this section we introduce Green’s theorem, and discuss a number of applications, including
how to spot conservative/gradient vector fields in R

2.

2.4.1 The theorem

We need some additional terminology related to curves.
Consider a curve C in R

n given by

x = g(t), a ≤ t ≤ b,

with g continuous.

i) C is a closed curve means that g(a) = g(b).

ii) C is a simple closed curve means that g(a) = g(b) and g is a one-to-one function on
the interval a ≤ t < b. (Note the strict inequality t < b.) In geometric terms a simple
closed curve has no self-intersections.

g(a) = g(b) g(a) = g(b)

Figure 2.7: A simple closed curve. A non-simple closed curve.

iii) In what follows we shall consider a bounded open subset D of R2, whose boundary,
denoted by ∂D, is a simple closed curve. In this situation we assume that the curve
∂D is oriented counter-clockwise, so that if you walk around the boundary, the region
D is on your left.
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