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Time: 12:00pm-1:40pm (including the time to upload to Crowdmark) Date: October 23, 2020.

Important:

(A) The solutions need to be handwritten on paper. Each page needs to be uploaded to Crowdmark
twice, once plain (same as for homework), and once as a selfie with your Watcard. Example pictures
are linked to on the course’s home page, where the midterm is described.

(B) You are allowed to use textbooks and to Google things for this exam. You are not allowed to
communicate with others during the exam. Except, you can communicate with the instructor via
email if a question is unclear.

(C) In some of the following problems you are asked to give nontrivial examples. These examples must
be examples that you yourself come up with. This means, that your examples cannot be examples from
textbooks and exercises or any other source that is not you. There is no need to make the examples extra
complicated. But the examples must be nontrivial (i.e., not just lots of zeros or constant functions).
Points can be deducted for making the examples too simple.

(D) I am very sorry to have to say this, and of course this concern doesn’t apply to most of you, but
plagiarism is a very serious matter because exams absolutely have to be fair for all. Therefore, I have
to tell you that when a case of plagiarism is found, then I really have no choice. As a prof, I am obliged
to report each and every case to the Associate Dean. Folks, please spare me having to do that! In cases
where plagiarism is only suspected but not clear, the involved students may have to do an oral exam
online.

(E) Your answers must be stated in a clear and logical form in order to receive full marks. For clarity,
you may add a few words here and there to indicate what you do.
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1. a) Give an example of a nontrivial vector field G : R2 → R2, i.e., G : (x, y) → G(x, y) =[2]
(G1(x, y), G2(x, y)) ∈ R2 (no sketching needed).

b) Choose an arbitrary point in the xy plane and calculate and sketch the vector of your vector[2]
field G at that point.

c) Give an example of a vector-valued function that describes a nontrivial vector field F : R3 →[2]
R3, i.e., F : (x, y, z)→ F (x, y, z) ∈ R3 (no sketching).

d) Give an example of a nontrivial curve γ : R → R3, i.e., γ : t → (γ1(t), γ2(t), γ3(t)) (no[2]
sketching).

e) Check by explicit calculation, while explaining what you do, (but again no sketching) whether[4]
or not the curve described by your function γ is a field line of your vector field F . (It is OK
if it is not.)
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2. a) In the plane, let C be the curve which is the upper half circle of radius 1, centred at the[2]
origin, traversed counter clockwise, i.e., from the point (1, 0) to the point (−1, 0). Write
down a function γ : [0, π]→ R2 which describes the curve C.

b) In the xy plane, give an example of a scalar field f : R2 → R[2]

c) Evaluate the line integral[4] ∫
C

f ds

so far that it is reduced to an ordinary integral of one variable with no more vector operation
left to be carried out. There is no need to evaluate the integral all the way to a number.

d) Give an example of a nontrivial vector field F : R2 → R2.[1]

e) Evaluate the integral[4] ∫
C

F · dx

so far that it is reduced to an ordinary integral over one variable with no vector operations
left to be carried out. There is no need to evaluate the integral all the way to a number.
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3. a) In the plane, which condition does a vector field H have to obey to be called a conservative[2]
(i.e., gradient) vector field? (This question does not ask for a test. The question asks for
the definition.)

b) If a vector field is conservative in a simply connected region D, what can you conclude[2]
about line integrals over the vector field inside the region D? (This is a math question, not
a physics question.)

c) What test can you do on a vector field in a simply connected region D in the plane to check[2]
if the vector field is conservative in D?

d) Give a nontrivial example of a vector field F : R2 → R2 and do the calculation that tests if[2]
your vector field is conservative in R2. (It is OK if it is not)
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4. a) Give an example of a nontrivial surface in R3 by giving an example of a function g : R2 → R3.[2]

b) Choose a point, p of the surface and calculate two tangent vectors to the surface at that[2]
point. (If the two tangent vectors are parallel, choose another point p, or another function
g, so that you get two linearly independent tangent vectors.)

c) Use the tangent vectors to describe the tangent plane at p in parametrized form.[2]

d) Calculate a normal vector to the surface at p and use it to describe the tangent plane in its[3]
normal form.
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5. Consider the vector field ~F (x, y) = (−8x+ 7y2) î+ 14xy ĵ.

a) Use a test to prove that ~F is a gradient vector field.[2]

b) Find a scalar field Φ(x, y) (i.e., a potential) of which ~F is the gradient field.[5]

c) Evaluate the line integral

∫
C

~F · d~s along the curve parameterized by[4]

~γ(t) = a(2 cos t− cos 2t) î+ a(2 sin t− sin 2t) ĵ

with t ∈ [0, 2π], (a > 0).


