
Chapter 3

Quantum mechanics in Hamiltonian

form

We formulated the laws of classical mechanics on a higher level of abstraction, as
summarized in Sec.2.4 because classical mechanics appeared to be not upgradeable
when written in Newton’s formulation. We are now ready to upgrade the more abstract
Hamiltonian laws of classical mechanics to obtain quantum mechanics. A modification
is needed which is a small enough to preserve all the successes of classical mechanics
while it must also introduce h in order to correctly predict quantum mechanical effects.

For example, could it be that Eq.2.38 needs to be modified to obtain quantum me-
chanics? Could the correct equation be, say, d

dt
f = {f,H}+h or d

dt
f = {f+h2/f,H},

where h is Planck’s constant? Those two equations can’t be right, of course, already
because the units generally don’t match. Could it be then that to obtain quantum
mechanics we will have to change the definitions for the Poisson bracket? Could it be
that the definition Eq.2.12 needs to be changed? This, of course, is unlikely too because
the definitions for the Poisson bracket were fixed by consistency conditions (recall, e.g.,
Exercise 2.7). The structure of our Poisson algebra is quite tightly constrained.

No, the necessary upgrade of the Hamiltonian formalism is actually much more
subtle! Let us remember that when we defined the Poisson algebra structure in the
previous section we did not make any assumptions about the mathematical nature of
the functions x(t) and p(t) (let us omit writing out the indices). In particular, we did
not make the assumption that these functions are number-valued. We can start with
a Hamiltonian, i.e., a polynomial in the x and p and then by using the rules of the
Poisson bracket we can derive the differential equations of motion. In the process, we
never need to assume that the functions x(t) and p(t) are number valued. Could it
be that the x(t) and p(t) need not be number valued and that this holds the key to
upgrading classical mechanics to obtain quantum mechanics? Actually yes!

Before we get to this, we have to consider though that we actually did assume the
x and p to be number valued at one specific point at the very end of the previous
chapter. There, we wrote down a convenient representation of the Poisson bracket in
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32 CHAPTER 3. QUANTUM MECHANICS IN HAMILTONIAN FORM

Eq.2.37, and there we needed the x and p to be number-valued - because to use this
convenient representation we needed to be able to differentiate with respect to the x
and p. We can conclude from this that if allowing the x(t) and p(t) to be something else
than number valued is the key to upgrading to quantum mechanics, then the Poisson
bracket will not be representable any more through Eq.2.37.

In fact, as we will see, this is how it will play out. Everything we did in the
previous chapter, except for the representation Eq.2.37 will still exactly hold true in
quantum mechanics. In particular, the differential equations of motion derived from
the Hamiltonian will look exactly the same in quantum and classical mechanics. That’s
because they are derived from the same Hamiltonian polynomial in the x and p by using
the same rules for the Poisson bracket. But then, if not in the equations of motion,
how does the upgrade involve h at all?

3.1 Reconsidering the nature of observables

At this point, let us reconsider the very basics: How do the symbols we write on paper
relate to real systems? We measure a system with concrete measurement devices
in the lab, for example, devices for the measurement of positions and devices for the
measurement of momenta. As usual, we invent for each kind of measurement a symbol,
say x

(r)
i and p

(r)
i . At this stage we need to be careful not to over-interpret these

symbols. At this stage, these symbols have nothing to do (yet) with numbers, vectors,
matrices, operators or bananas. Instead, these symbols are merely names for kinds of
measurement. We need to find out more about the nature of these x

(r)
i and p

(r)
i .

Now according to our everyday experience, the operation of a position measurement
device does not interfere with the operation of a momentum measurement device: it
seems that we can always measure both, positions and momenta. For example, GPS
units are able to tell both position and velocity at the same time to considerable
accuracy. It is tempting to assume, therefore, that there is no limit, in principle, to
how accurately positions and velocities can be determined. And that would mean that
we can let each of the symbols x

(r)
i (t) and p

(r)
i (t) stand for its measurement devices’s

output number at time t.
It is at this very point, namely when we make the assumption that positions and

momenta can be accurately measured simultaneously, that we make the assumption
that the symbols x

(r)
i (t) and p

(r)
i (t) can be represented mathematically as number-

valued functions of time. And number-valued functions have the property of being
commutative:

x
(r)
i p

(s)
j − p

(s)
j x

(r)
i = 0 (3.1)

Since measurement values cannot be just any number but always come out real, we
also have the law:

(

x
(r)
i

)∗

= x
(r)
i and

(

p
(s)
j

)∗

= p
(s)
j (3.2)
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Similarly, we have H∗ = H. Technically, the *-operation is an example of was is called
an involution.

Exercise 3.1 Find and list the defining property of an involution. Remark: I recom-
mend that you do not just copy and paste from some place like Wikipedia. Best write
out the answer and make sure you understand the answer. Such material is considered
examinable.

The statements above, namely that position and momentum measurements are
compatible and come out as real numbers are indeed a nontrivial part of the laws of
classical mechanics. For completeness we should have included them in the summary
of classical mechanics in Sec.2.4.

A reality property of the form of Eq.3.2 will still be true in quantum mechanics.
But the commutativity property expressed in Eq.3.1 and its underlying assumption
that the operation of position and momentum measurement devices do not interfere
with another needs to be abandoned and upgraded. It turns out that position and
momentum measurements are like taking a shower and working out at the gym. It
matters in which sequence one does them:

gym·shower - shower·gym = sweat (3.3)

3.2 The canonical commutation relations

For the remainder of this course, we will need a way to make it transparent in every
equation whether a variable is number valued or not. To this end, we will decorate
variables that may not be number valued with a hat, for example, Ĥ, p̂, x̂, or more
specifically x̂

(r)
i and p̂

(r)
i for each position and momentum measurement device. Now

how can the interference of the measurement devices mathematically be expressed as
properties of the symbols x̂

(r)
i and p̂

(r)
i ?

According to classical mechanics one would be able to operate all measurement de-
vices all the time and they would not interfere with another. We could therefore choose
the x̂

(r)
i (t) and p̂

(r)
i (t) to stand for the number-valued outcomes of those measurements

as functions of time. Crucially, the fact that we can’t actually know positions and
momenta simultaneously means that we can no longer choose the x̂

(r)
i (t) and p̂

(r)
i (t) to

stand simply for number-valued outcomes of those measurements as functions of time.
Mathematically, it was the commutativity law of Eq.3.1 which expressed that in

classical mechanics the symbols x̂
(r)
i (t) and p̂

(r)
i (t) can be represented as number valued

functions. Could it be that Eq.3.1 has to be modified to include h so that the x̂
(r)
i (t)

and p̂
(r)
i (t) become non-commutative and therefore can no longer be number-valued

functions?
Are position and momentum measurements noncommuting similar to how doing

sports and having a shower don’t commute?
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It was Dirac who first realized that all of the Poisson algebra structure that we
defined above can be kept (and therefore the ability to derive the equations of motion),

while changing just one little thing: allowing the symbols x̂
(r)
i (t) and p̂

(r)
i (t) to be

noncommutative in a very particular way.
Before we can follow Dirac’s argument, let us first reconsider the product rule for

the Poisson bracket:

{f, gh} = {f, g}h+ g{f, h} (3.4)

Using the antisymmetry rule, {f, g} = − {g, f}, the product rule can be rewritten in
this form:

{gh, f} = {g, f}h+ g{h, f} (3.5)

Using Eqs.3.4,3.5, we can now follow Dirac’s argument for why the Poisson algebra
structure imposes strict conditions on the form that any noncommutativity can take.
Dirac considered the Poisson bracket

{û1û2, v̂1v̂2} (3.6)

where û1, û2, v̂1, v̂2 are arbitrary polynomials in the variables x̂
(r)
i and p̂

(s)
j . Expression

Eq.3.6 can be decomposed into simpler Poisson brackets in two ways, namely using
first Eq.3.4 and then Eq.3.5, or vice versa. And, of course, any noncommutativity of
the x̂

(r)
i and p̂

(s)
j has to be such that both ways yield the same outcome:

{û1û2, v̂1v̂2} = û1{û2, v̂1v̂2}+ {û1, v̂1v̂2}û2 (3.7)

= û1(v̂1{û2, v̂2}+ {û2, v̂1}v̂2) + (v̂1{û1, v̂2}+ {û1, v̂1}v̂2)û2

must agree with:

{û1û2, v̂1v̂2} = v̂1{û1û2, v̂2}+ {û1û2, v̂1}v̂2 (3.8)

= v̂1(û1{û2, v̂2}+ {û1, v̂2}û2) + (û1{û2, v̂1}+ {û1, v̂1}û2)v̂2

We can, therefore, conclude that, independently of whether or not we have commuta-
tivity, it must always be true that:

{û1, v̂1}(v̂2û2 − û2v̂2) = (v̂1û1 − û1v̂1){û2, v̂2} (3.9)

And this equation has to be true for all possible choices of û1, û2, v̂1, v̂2. How can we
ensure this? As is easy to check, Eq.3.9 will be true1 if we require all expressions û, v̂
in the position and momentum variables obey:

v̂û− ûv̂ = k{û, v̂} (3.10)

1We will not show here that, vice versa, only the condition Eq.3.10 ensures that Eq.3.9 holds true.
If you are interested, there is plenty of literature on the topic of “quantization”.
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with k being some constant that commutes with everything. This is because in this
case, the left and right hand sides of Eq.3.9 are automatically identical. But what
value does k take? Of course, the case k = 0 would be classical mechanics, because it
implies that all expressions in the positions and momenta commute.

However, it turns out that in order to eventually yield the correct experimental
predictions (we will later see how), we have to set k = −ih/2π, i.e., we have

ûv̂ − v̂û = i~{û, v̂} (3.11)

where we used the convenient definition:

~ =
h

2π
(3.12)

In particular, choosing for û and v̂ the variables x
(r)
i and p

(s)
j , and using Eqs.2.6-2.8,

we now obtain the quantum mechanical commutation relations for n particles:

x̂
(r)
i p̂

(s)
j − p̂

(s)
j x̂

(r)
i = i~ δi,jδr,s (3.13)

x̂
(r)
i x̂

(s)
j − x̂

(s)
j x̂

(r)
i = 0 (3.14)

p̂
(r)
i p̂

(s)
j − p̂

(s)
j p̂

(r)
i = 0 (3.15)

Let us keep in mind that we did not modify the rules of the Poisson bracket. We still
have:

{x̂i, p̂j} = δi,j (3.16)

{x̂i, x̂j} = 0 (3.17)

{p̂i, p̂j} = 0 (3.18)

{f, g} = − {g, f} antisymmetry (3.19)

{cf, g} = c {f, g}, for any number c linearity (3.20)

{f, g + h} = {f, g}+ {f, h} addition rule (3.21)

{f, gh} = {f, g}h+ g{f, h} product rule (3.22)

0 = {f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} Jacobi id. (3.23)

Because the rules for the Poisson bracket did not change with the upgrade to quantum
mechanics, one arrives in quantum mechanics at the same equations of motion as
in classical mechanics. This is as long as one does not unnecessarily commute any
variables.

The equations Eqs.3.13-3.15 are called the “Canonical Commutation Relations”
(CCRs). The appearance of the imaginary unit i will be necessary to ensure that mea-
surements are predicted as real numbers, as we will see below. Eqs.3.14,3.15 express
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that position measurements among another and momentum measurements among an-
other do not interfere. Only positions and momenta of the same particle and in the
same direction, i.e., for i = j and r = s, are noncommutative.

In conclusion, we upgrade classical mechanics to quantum mechanics by first formu-
lating classical mechanics in Hamiltonian form to identify the Poisson algebra structure.
Then, we realize that while keeping all the rules for the Poisson bracket intact, there
is still the freedom to make the associative multiplication in the Poisson algebra non-
commutative, parametrized by some constant k. Nature chose the modulus of k to be
nonzero though very small, namely ~. The fact that the Poisson bracket stays the same
when quantizing explains why quantum mechanics has the same equation of motion
as does classical mechanics. The fact that ~ is so small explains why it took long to
discover quantum mechanics.

In spite of the tremendous similarity between classical and quantum mechanics from
this perspective, quantum mechanical calculations will in practise look rather different
from classical calculations. This is because they will require representations of the
x̂
(r)
i (t) and p̂

(r)
i (t) variables as explicit non-number valued mathematical entities that

obey the commutation relations. Even though there is only a slight noncommutativity
in the Poisson algebra of quantum mechanics its representations will necessarily look
quite different from the representation of the classical commutative Poisson algebra.
This will explain why the Schrödinger equation looks rather different from Newton’s
equations.

3.3 From the Hamiltonian to the equations of mo-

tion

In quantum mechanics, as in classical mechanics, the energy function Ĥ encodes all
information about the system. It is still called the Hamiltonian and it is in general
some polynomial (or well-behaved power series) in the positions and momenta x̂

(r)
i

and p̂
(r)
i of the system. In quantum mechanics, the sequence of steps that lead from

the Hamiltonian down to concrete number predictions for experiments can be drawn
schematically in this form:

Hamiltonian
⇓

Equations of motion
⇓

Differential equations
⇓

Non-number-valued functions
⇓

Number-valued functions
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⇓
Number predictions

So far, we can perform the first step, namely the derivation of the equations of motion
from the Hamiltonian: Assume that we are interested in the time evolution of some f̂
which is a polynomial in the x̂ and p̂’s (say with constant coefficients). Then we can
derive the equation of motion for f̂ through:

d

dt
f̂ = {f̂ , Ĥ} (3.24)

where {, } is the usual Poisson bracket, as defined in Eqs.2.6-2.12. In particular, f̂ can
be chosen to be any one of the position and momentum variables of the system, so that
we obtain for their equations of motion, exactly as in Eqs.2.21,2.22:

d

dt
x̂
(r)
i = {x̂(r)

i , Ĥ} (3.25)

d

dt
p̂
(r)
i = {p̂(r)i , Ĥ} (3.26)

By evaluating the Poisson bracket on the right hand side of Eqs.3.25,3.26 these equa-
tions of motion then become differential equations for the entities x̂

(r)
i (t) and p̂

(r)
i (t).

Clearly, the resulting equations of motion will be analogous to those of classical me-
chanics. The entities x̂

(r)
i (t) and p̂

(r)
i (t) must also still obey Eq.3.2, which in quantum

mechanics is usually written as:

(

x̂
(r)
i

)†

= x̂
(r)
i and

(

p̂
(s)
j

)†

= p̂
(s)
j (3.27)

We will call any polynomial or well-behaved power series f̂ in the x̂ and p̂ an “observ-
able”, if it obeys f̂ † = f̂ . As we will see later, the condition f̂ † = f̂ will indeed imply
that measurement outcomes are predicted as real numbers. In addition to the position
variables x̂

(r)
i (t) and momentum variables p̂

(s)
j (t) also, e.g., the energy Ĥ(t) and the

angular momentum variables L̂i(t) are observables.

While classical mechanics requires the Poisson algebra to be commutative, quantum
mechanics requires that the equations of motion be solved by entities x̂

(r)
i (t) and p̂

(r)
i (t)

which are noncommutative:

x̂
(r)
i p̂

(s)
j − p̂

(s)
j x̂

(r)
i = i~ δi,jδr,s (3.28)

x̂
(r)
i x̂

(s)
j − x̂

(s)
j x̂

(r)
i = 0 (3.29)

p̂
(r)
i p̂

(s)
j − p̂

(s)
j p̂

(r)
i = 0 (3.30)
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Technically, we will, therefore, need to solve differential equations of motion with non-
commutative entities. In practice, the task is then to start from the top level of
abstraction, the Hamiltonian of a system, then working one’s way down by calculat-
ing the equations of motion, and then solving them to obtain something from which
eventually predictions can be made of numbers that can be measured in experiments
on the system. In the next section, we will investigate what kind of noncommutative
mathematical objects, such as, for example, matrices, may represent the position and
momentum variables.

Exercise 3.2 For classical mechanics, formula Eq.2.37 provided a convenient repre-
sentation of the Poisson bracket. However, Eq.2.37 is not a valid representation of the
Poisson bracket in the case of quantum mechanics. In quantum mechanics, we have a
(not so convenient) representation of the Poisson bracket through Eq.3.11:

{û, v̂} = 1

i~
(ûv̂ − v̂û) (3.31)

Use this representation, and the canonical commutation relations to evaluate the Pois-
son bracket {x̂2, p̂}.

Let us introduce an often-used notation, called “the commutator”:

[A,B] := A B − B A (3.32)

For simplicity, assume that Ĥ and f̂ are polynomials in the positions and momenta
which depend on time only through their dependence on the x̂ and p̂. Then the
Hamilton equation Eq.3.24 holds and takes the form:

i~
d

dt
f̂(t) = [f̂(t), Ĥ] (3.33)

(3.34)

and, in particular:

i~
d

dt
x̂
(r)
i (t) = [x̂

(r)
i (t), Ĥ]

i~
d

dt
p̂
(r)
i (t) = [p̂

(r)
i (t), Ĥ] (3.35)

These equations are called the Heisenberg equations of motion.

Remark: The particular method by which in the past few sections we upgraded
classical mechanics to quantum mechanics is called canonical quantization. I covered it
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in some detail because of its importance: Essentially the same method was used to find
quantum electrodynamics starting from Faraday and Maxwell’s electromagnetism. All
the quantum field theories of elementary particles can be derived this way. Even string
theory and most other modern attempts at finding the unifying theory of quantum
gravity try to employ canonical quantization. I should mention too that the problem
of canonical quantization for constrained classical systems was also pioneered by Dirac
but is still not fully understood. A simple example of a constrained system would
be a particle that is constrained to move on a curved surface. The most important
constrained system is general relativity.

Exercise 3.3 Reconsider the system with the Hamiltonian Eq.2.4, which consists of
two particles that are attracted to another through a harmonic force (a force which is
proportional to their distance). In practice, for example the force that binds diatomic
molecules and the force that keeps nucleons (i.e., neutrons and protons) inside a nucleus
are approximately harmonic for small oscillations. In those cases, the effect of ~ cannot
be neglected. One obtains the correct quantum theoretic Hamiltonian from the classical
Hamiltonian of Eq.2.4 by simply placing hats on the x and p’s. Find explicitly all the
equations of motion which the x̂

(r)
i and p̂

(r)
j (where r ∈ {1, 2}) of this system must obey.

Exercise 3.4 To obtain the quantum Hamiltonian from the classical Hamiltonian and
vice versa by placing or removing hats on the x and p’s is generally not as straight-
forward as in the previous exercise! Namely, there can occur so-called “ordering am-
biguities”: Consider the two Hamiltonians Ĥ1 = p̂2/2m + a(x̂2p̂x̂ − x̂p̂x̂2) and Ĥ2 =
p̂2/2m + b(p̂x̂p̂2 − p̂2x̂p̂) where a and b are nonzero constants with appropriate units.
Check whether or not these two Hamiltonians are the same in classical mechanics.
Also find all choices of a, b for which the two Hamiltonians are the same in quantum
mechanics.

Exercise 3.5 Find a Hamiltonian which contains at least one thousand powers of x̂
and which also agrees with the Hamiltonian Ĥ1 of the previous exercise in classical
mechanics. Make sure that your Hamiltonian is formally hermitean, i.e., that it obeys
Ĥ† = Ĥ. Help: To ensure hermiticity, you can symmetrize. For example, x̂p̂2 is not
hermitean but (x̂p̂2 + p̂2x̂)/2 is hermitean.

Remark: In quantum theory, the choice of Hamiltonian always has an ordering am-
biguity because one could always add to the Hamiltonian any extra terms that are
proportional to (x̂p̂− p̂x̂) because those terms don’t affect what the Hamiltonian is in
classical mechanics. In principle, experiments are needed to decide which Hamiltonian
is the correct one. In practice, the simplest choice is usually the correct choice. The
simplest choice is obtained by symmetrizing the given classical Hamiltonian and then
not adding any extra terms that are proportional to x̂p̂− p̂x̂. This is called the Weyl
ordered Hamiltonian.
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3.4 From the Hamiltonian to predictions of num-

bers

In the framework of classical mechanics we know how to descend from the most abstract
level, where the system is described simply by giving its Hamiltonian H, down to
the concrete level of predicting numbers for measurement outcomes. Now we will
have to develop methods for descending in quantum mechanics from the level of the
Hamiltonian down to the concrete predictions of numbers in experiments.

In the previous section, we already took the first step: we found that we can use
the Hamiltonian to derive the differential equations of motion of the system. Since the
Poisson brackets have not changed as we went from classical to quantum mechanics,
the equations of motion are the same as those of classical mechanics2.

The big change compared to classical mechanics, is that now the position and
momentum variables x̂

(r)
i (t) and p̂

(s)
j (t) are noncommutative according to Eqs.3.28-3.30,

and that they, therefore, can no longer be represented by number-valued functions
of time. This means that the equations of motion can no longer be interpreted as
differential equations for number-valued functions!

But we need to find a way to descend the ladder of abstractions all the way from
the Hamiltonian on the top of the ladder down to concrete predictions of numbers at
the bottom of the ladder. To that end, in order now to be able to solve the equations
of motion as explicit differential equations, the x̂

(r)
i (t) and p̂

(s)
j (t) must be viewed as

functions of time whose values are some kind of noncommutative mathematical objects.
What kind of mathematical objects could these be?

3.4.1 Linear maps

Actually, every mathematical object can be viewed as a map, if need be, as a trivial
map. For example the number 5 can be identified with the map that maps everything
to 5. So let us look at maps. Let’s try to represent the symbols x̂

(r)
i (t) and p̂

(s)
j (t) as

some kind of explicit map-valued functions of time. A simple kind of maps is the linear
maps. And they can be noncommutative! So this looks promising.

For example, any square matrix that acts on a finite-dimensional vector space of
column vectors represents a linear map. And square matrices are generally noncom-
mutative! In principle, we need the matrices to be square matrices so that they map
back into the same vector space, so that we can multiply any two matrices on the same
vector space. As we will see later, with some precautions, we can also consider infinite-
by-infinite matrices that act as linear maps on infinite-dimensional vector spaces.

2Except for the ordering ambiguity: when going from the classical to the quantum Hamiltonian we
could (if we had any experimental reason to do so) add to the quantum Hamiltonian any hermitean
terms that are proportional to ~, such as terms like ig(x̂)(x̂p̂ − p̂x̂)ĝ(x̂) where g is some polynomial
in x̂.
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There are actually many kinds of linear maps and they may not act on vector spaces
of column vectors at all!

Let us consider, for example, the infinite-dimensional vector space V := C7(R) of
seven times continuously differentiable functions on the real line. The set V forms a
vector space because it obeys the defining axioms of a vector space: in brief, one can
suitably add any two elements of V and get an element of V and one can suitably
multiply any element of V with a number and get an element of V .

Exercise 3.6 Find and list the precise axioms that a set has to obey to be called a
vector space.

Definition: A map on a vector space that is infinite dimensional is called an operator.

For example, the derivative operator, D, acts on functions in V in this way:

D : g(λ)→ d

dλ
g(λ) (3.36)

The operatorD is a linear operator, i.e., it is a linear map, because it obeys ∂λ (c g(λ)) =
c ∂λg(λ) for all numbers c and because ∂λ(g1(λ) + g2(λ)) = ∂λg1(λ) + ∂λg2(λ). Here,
in order to simplify the notation, we introduced the notation: ∂λ := d

dλ

Exercise 3.7 Check whether or not the multiplication operator, M , which maps M :
g(λ)→ λg(λ) is a linear operator.

Exercise 3.8 Show that the two operators D and M on V do not commute, namely
by calculating (DM −MD)g(λ).

Exercise 3.9 Check whether or not the operator Q which acts on functions in V as
Q : g(λ)→ λ5g(λ) is a linear operator.

3.4.2 Choices of representation

We have just seen examples of linear maps and, since they generally do not commute,
they may be useful for representing the variables x̂

(r)
i (t) and p̂

(s)
j (t) as explicit math-

ematical objects. And this is what we need to be able to descend further down the
ladder of abstractions, down to predictions of numbers for measurement outcomes.

But could it be that one should use representations of the x̂
(r)
i (t) and p̂

(s)
j (t) as

nonlinear maps instead? Non-linear representations have been considered in the liter-
ature. There are articles by Steven Weinberg, for example, on this topic. This work
has shown, however, that any attempt at using nonlinear spaces or nonlinear operators
to define quantum theories generally leads to physically incorrect predictions. We will,
therefore, here only consider linear representations.
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Now that we have settled on representations of the variables x̂
(r)
i (t) and p̂

(s)
j (t) as

linear operators, we still have plenty of choice, because there are so many vector spaces
and so many linear operators on them. And this leads to a worry: could it happen that
we invest great effort in developing one particular kind of representation of the variables
x̂
(r)
i (t) and p̂

(s)
j (t) as operators, say as matrices, and then it turns out that we have bet

on the wrong horse? Maybe, we should have instead developed a representation of the
x̂
(r)
i (t) and p̂

(s)
j (t) as, for example, multiplication and differentiation operators?

Fortunately, essentially3 all linear representations of variables x̂
(r)
i (t) and p̂

(s)
j (t) that

obey the canonical commutation relations are equivalent, i.e., they lead to the exact
same predictions! This is the content of the Stone von Neumann theorem, which we
will later cover more precisely. Technically, as we will see, all linear representations
are the same, up to a change of basis in the vector space. It may seem strange that,
for example, a space of column vectors with countably infinitely many entries could be
isomorphic to some space of functions on the real line. But this is what will turn out
to be the case4!

So to recapitulate: our task is to solve the equations of motion, the hermiticity
conditions and the canonical commutation relations for x̂

(r)
i (t) and p̂

(s)
j (t) as linear-

map-valued (instead of number-valued) functions of time.

We now know that the choice of which kind of linear representation we use will
ultimately not matter when calculating physical predictions.

As our first choice, let us, therefore, use the most concrete kind of linear maps to
represent the x̂

(r)
i (t) and p̂

(s)
j (t), namely, let us try to represent them as matrix-valued

functions in time. Historically, quantum mechanics was actually first written down in
terms of matrix-valued functions, back in June 1925 when the young Heisenberg had
some quiet time while escaping his hay fever on the island of Helgoland in the North
Sea.

3.4.3 A matrix representation

Let us now find out how the variables x̂
(r)
i (t) and p̂

(s)
j (t) can be represented as matrix-

valued functions in time, and how, therefore, the abstract equations of motion can
be represented as explicit matrix differential equations for matrix-valued functions of
time. To keep the number of indices in check, we will restrict ourselves here to the case
of just one x̂(t) and one p̂(t) operator.

3There is a small subtlety, arising from the fact that, as we’ll see later, the x̂ and p̂ are what are
called unbounded operators. This leaves some loopholes, in principle, but nature does not appear to
make use of those.

4If you want to know the essence already: the space of functions will be the set of equivalence classes
of square-integrable functions, two functions being in the same equivalence class if their difference has
vanishing integral over its norm squared. In this space of equivalence classes one can find bases of
countably infinitely many basis vectors.
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The canonical commutation relations are of course to hold at all times. To begin
with, let us ask whether it is possible to find two N × N matrices x̂(t0) and p̂(t0) so
that at the starting time, t0, of the experiment the canonical commutation relations
hold:

x̂(t0) p̂(t0) − p̂(t0) x̂(t0) = i~ 1 (3.37)

Here, 1 is the identity matrix. At this point it is useful to remember that the trace of
matrices Tr(A) =

∑

n An,n is linear and cyclic:

Tr(A+B) = Tr(A) + Tr(B) and Tr(AB) = Tr(BA) (3.38)

Exercise 3.10 Verify Eqs.3.38 by writing the matrices in an orthonormal basis, i.e.,
with indices, and by then evaluating the trace by summing up the matrix elements on
the diagonal.

We see that the trace of the left hand side of Eq.3.37 vanishes, while the trace of the
right hand side is i~N . Thus, there are in fact no N × N matrices, i.e., there are no
finite-dimensional matrices x̂(t0) and p̂(t0) that obey the commutation relation Eq.3.37!
For infinite dimensional matrices, however, the trace may be ill-defined on both sides,
and our argument then does not apply. In fact, there exist infinite-dimensional matrices
which do obey the commutation relation.

In order to find such matrices we start by defining the ∞×∞ dimensional matrix:

an,m =

















0
√
1 0 0 0

0 0
√
2 0 0

0 0 0
√
3 0

0 0 0 0
√
4

0 0 0 0 0
. . .

















(3.39)

The hermitean conjugate is:

a†n,m =

















0 0 0 0 0√
1 0 0 0 0
0

√
2 0 0 0

0 0
√
3 0 0

0 0 0
√
4 0

. . .

















(3.40)

Their commutation commutation relation is:

aa† − a†a = 1 (3.41)
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Since they are not numbers, we should decorate a and a† with hats but traditionally
one doesn’t put hats on these operators.

Remark: In case you are wondering because you feel that you have seen similar things
before: fundamentally, these operators a and a† have absolutely nothing to do with
harmonic oscillators. What we are currently doing will be good for any choice of system,
not just harmonic oscillators. We are currently developing a representation of the
variables x̂(t) and p̂(t) as matrices and this representation will, of course, be good for
any arbitrary choice of Hamiltonian5.

Exercise 3.11 Verify Eq.3.41.

Using a and a†, we can now represent x̂(t0) and p̂(t0) as matrices that obey the canonical
commutation relation, namely by defining:

x̂(t0) = L(a† + a) (3.42)

and

p̂(t0) =
i~

2L
(a† − a) (3.43)

Here, L is some arbitrary real number with units of length, which we need because x̂
has a unit of length while a and a† do not have units. The definitions are such that
the realness conditions Eqs.3.27 are obeyed, i.e., such that the matrices are formally6

hermitean: x̂†(t0) = x̂(t0) and p̂†(t0) = p̂(t0).

Exercise 3.12 Verify that the two matrices defined in Eqs.3.42,3.43 with the help of
Eqs.3.39,3.40, are formally hermitean. I am using the term “formally” here to indicate
that, for the purposes of this exercise, you need not worry about potential subtleties that
may arise because these matrices are infinite dimensional.

Exercise 3.13 Show that the hermitean conjugation of matrices reverses the order,
i.e., that if A and B are linear maps, then (AB)† = B†A†. To this end, write out the
matrices with indices and use that hermitean conjugating a matrix means transposing
and complex conjugating it.

Technically, † is a map from the Poisson algebra into itself which is called an involution
because it is its own inverse. Because it also reverses the order it is called an “anti”
algebra mapping: First multiplying and then applying † is the same as first applying †

and then multiplying, up to the reversal of the order.
We see, therefore, why the imaginary unit i appeared in the canonical commutation

relations: If we apply † to the commutation relations x̂p̂− p̂x̂ = k1 we obtain p̂x̂− p̂x̂ =
k∗1, i.e., we obtain k = −k∗. Thus, k has to be imaginary. And of course it is: k = i~.

5Still, it is true also that the use of the a and a† will be particularly convenient when considering
the special case of harmonic oscillators.

6I am writing here “formally” hermitean, because the issue of whether a matrix is hermitean,
symmetric or self-adjoint is quite subtle for infinite-dimensional matrices, as we will see later.
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3.4.4 Example: Solving the equations of motion for a free

particle with matrix-valued functions

In the case of the free particle which moves in one dimension, the Hamiltonian is
Ĥ = p̂2/2m. The Hamilton equations or, equivalently, the Heisenberg equations, yield
the abstract equations of motion:

d

dt
x̂(t) =

1

m
p̂(t) (3.44)

d

dt
p̂(t) = 0 (3.45)

Let us view these equations as matrix equations. Using the results of the previous
section, it becomes clear that these equations are solved through

x̂(t) = x̂(t0) +
(t− t0)

m
p̂(t0) (3.46)

and
p̂(t) = p̂(t0), (3.47)

where x̂(t0) and p̂(t0) are the matrices of Eqs.3.42,3.43. Concretely, by substituting in
the matrices a and a†, we have:

x̂(t)n,m =

















0
√
1
(

L− i~(t−t0)
2Lm

)

0
√
1
(

L+ i~(t−t0)
2Lm

)

0
√
2
(

L− i~(t−t0)
2Lm

)

0
√
2
(

L+ i~(t−t0)
2Lm

)

0

. . .

















(3.48)

p̂(t)n,m =











0 −
√
1 i~
2L

0√
1 i~
2L

0 −
√
2 i~
2L

0
√
2 i~
2L

0
. . .











(3.49)

For simplicity, not all the many zeros in these matrices are shown. The only nonzero
terms are immediately to the left and right of the diagonal.

Exercise 3.14 Show that the matrices x̂(t) and p̂(t) obey at all times t > t0 all the
quantum mechanical conditions, i.e., the equations of motion, the hermiticity condition,
and the commutation relation.

Remark: We had constructed the representation in such a way that the commuta-
tion relation and the hermiticity condition hold at the initial time t0. Having solved
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the equations of motion we found that the commutation relation and the hermitic-
ity conditions continue to hold at all times t. This is nontrivial but it is not a co-
incidence. As we will soon see, the quantum mechanical time evolution of all sys-
tems7 preserves the commutation relations and hermiticity. The preservation of the
commutation relations is of course the preservation of the Poisson bracket. And we
have in classical and quantum mechanics that the Poisson brackets between the po-
sitions and momenta are preserved by the dynamics through the Hamilton equation:
d/dt {x̂, p̂} = {{x̂, p̂}, Ĥ} = {1, Ĥ} = 0. We can also turn the logic around. Assume
we know nothing about Hamiltonians and about the dynamics of quantum systems.
Except, we may want to assume that, whatever the time evolution is, it must preserve
the Poisson algebra structure, i.e., we require that the Poisson brackets be conserved in
time. The structure of the Poisson algebra then demands (we don’t show this explicitly
here) that the time evolution must be generated through an equation of the type of
the Hamilton equation, by some generator which we may call H, and which we may
then as well call the Hamiltonian.

3.4.5 Example: Solving the equations of motion for a har-

monic oscillator with matrix-valued functions

The vibrational degree of freedom of a diatomic molecule such as HF, CO or HCl can
be described as a harmonic oscillator (as long as the oscillations are small). Now let
x stand for the deviation from the equilibrium distance between the two nuclei. This
distance oscillates harmonically and is described by this effective Hamiltonian of the
form of a harmonic oscillator:

Ĥ =
p̂2

2m
+

mω2

2
x̂2 (3.50)

The term “Effective Hamiltonian” expresses the fact that this Hamiltonian is not really
the exact Hamiltonian but that it is a good approximation to the Hamiltonian in the
regime of low energies (i.e., of small oscillations) that we are considering here. By the
way, how do we know that the true Hamiltonian is not simply a harmonic oscillator?
Easy: we know from experiments that diatomic molecules will, for example, split apart
at sufficiently high temperatures, i.e., that they do not have infinite binding energy.
A harmonic oscillator potential, however, just keeps going up faster with distance and
therefore if you tried to pull apart the two particles in the diatomic molecule, they
would just get pulled together more and more strongly. Diatomic molecules could
never be split if they were truly harmonically bound.

So then if we know that the true potential is not harmonic, how do we know
that a harmonic potential is a good approximation at low energies? That’s because

7With the possible exception of systems that involve black hole horizons or other gravitational
horizons or singularities.


