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Outline

1. Introduction to open quantum systems and master equations
2. Derivation of an optical master equation
3. Solving the simple Jaynes-Cummings master equation
4. Playing with numerical solutions (Mathematica)

Sascha Agne | QIC 895 Talk | Open Quantum Systems and Markov Processes II



2

Goal of this lecture

By the end of this lecture you should be able to
1. outline the steps involved in deriving a master equation,
2. explain the Markov approximation, and
3. apply a simple master equation to your own open quantum

system problem.
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What are open (quantum) systems?
What is irreversibility?

Let us see what Gardiner has to say (Quantum Noise, p. 236).
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What are open (quantum) systems?
Theory of Markov processes

Great simplification: we only need to know the probability distribution
at the current point in time in order to predict the future distributions:
the reservoir does not act as a system memory.

There are two main analytic tools for classical Markov processes:
1. Stochastic differential equations
2. Fokker-Planck equations

Extension to quantum regime not easy, as the following shows.
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What are open (quantum) systems?
A simple approach to introduce losses

How would you introduce losses, characterized by a relaxation rate
γ/2, to the operators of the Hamiltonian H = ~ωca†a?
In the Heisenberg picture we could try:

a(t) = ae−(iωc+
γ
2 )t (1)

a†(t) = a†e(iωc− γ
2 )t (2)
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What are open (quantum) systems?
Realizing the meaning of “quantum" in open quantum systems

But this would violate the fundamental commutation relation:[
a(t),a†(t)

]
= 1e−γt (3)

We need a noise generator, which has sufficient output even at
absolute zero temperature: vacuum noise preserves commutation
relation.
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What are open (quantum) systems?
Markov processes for quantum systems: master equation

The quantum analog of the Fokker-Planck equation is the master
equation, which we will now derive. We follow the exposition in
Louisell’s book Quantum Statistical Properties of Radiation.
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Derivation of an optical master equation
Milestones

Our goal is to find an explicit equation of motion for the reduced
density operator for the system in the Schrödinger picture.

1. Write down general equation of motion for the reduced density
operator for the system in the Schrödinger picture S(t).

2. Write down the equation of motion for the density operator in the
interaction picture χ(t).

3. Use 2nd-order perturbation theory to simplify the time evolution of
χ(t).

4. Use and justify Markov approximation, which collapses the
integrals.

5. Insert the resulting equation of motion for the reduced system
density operator in the interaction picture into the one in the
Schrödinger picture.
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Derivation of an optical master equation
The system-reservoir Hamiltonian

The total Hamiltonian (system plus reservoir plus interaction) is

HT = H + R + V = H0 + V (4)

with the interaction typically of the form

V = ~
∑

j

(
κjbja† + κ∗j b†j a

)
. (5)
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Derivation of an optical master equation
Density operators

The total density operator in the Schrödinger picture is ρ(t), which is
related to the one interaction picture:

ρ(t) = e−
i
~ H0(t−t0)χ(t)e

i
~ H0(t−t0) (6)

In the Schrödinger picture the reduced density operator for the
system is

S(t) = TrR(ρ(t)) (7)

and is related to the one in the interaction picture:

S(t) = e−
i
~ H(t−t0)s(t)e

i
~ H(t−t0) (8)

with s(t) = TrRχ(t).
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Derivation of an optical master equation
Relevant equations of motion for density operators

The general equation of motion for S(t):

∂S(t)
∂t

= e−
i
~ H(t−t0)

{
1
i~

[H, s(t)] +
∂s
∂t

}
e

i
~ H(t−t0) (9)

However, it is much easier to work out the explicit form in the
interaction picture:

∂χ(t)
∂t

=
1
i~

[V (t − t0), χ(t)] (10)

with
V (t − t0) = e

i
~ H0(t−t0)Ve−

i
~ H0(t−t0) (11)
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Derivation of an optical master equation
2nd-order perturbation theory for χ(t)

Expand
∂χ(t)
∂t

=
1
i~

[V (t − t0), χ(t)] (12)

to second order:

χ(t) = χ(t0) +
1
i~

∫ t

t0
dt ′[V (t ′ − t0), χ(t0)]

+

(
1
i~

)2 ∫ t

t0
dt ′
∫ t′

t0
dt ′′[V (t − t ′), [V (t ′′ − t0), χ(t0)]]

+ ... (13)
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Derivation of an optical master equation
2nd-order perturbation theory for s(t)

Now take trace over reservoir and use the fact

ρ(t0) = χ(t0) = f0(R)s(t0) (14)

s(t)− s(t0) =
1
i~

∫ t

t0
dt ′TrR([V (t ′ − t0), f0(R)s(t0)])

+

(
1
i~

)2 ∫ t

t0
dt ′
∫ t′

t0
dt ′′TrR([V (t − t ′), [V (t ′′ − t0), f0(R)s(t0)]])

+ ... (15)
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Derivation of an optical master equation
Insert system-reservoir interaction

The system and reservoir interact via

V = ~
∑

i

QiFi (16)

for example

Q1 = a† F1 =
∑

j

κjbj (17)

Q2 = a F2 =
∑

j

κ∗j b†j (18)

The relation between interaction and Schrödinger picture is:

V (t − t0) = ~
∑

i

Qi (t − t0)Fi (t − t0) (19)

Qi (t − t0) = e
i
~ H(t−t0)Qie−

i
~ H(t−t0) (20)

Fi (t − t0) = e
i
~ R(t−t0)Qie−

i
~ R(t−t0) (21)
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Derivation of an optical master equation
First separation of system and reservoir

s(t)− s(t0) = −i
∑

i

∫ t

t0
dt ′[Q′i , s(t0)] 〈F ′i 〉R

−
∑
i,j

∫ t

t0
dt ′
∫ t′

t0
dt ′′

{
[Q′i Q

′′
j s(t0)−Q′′j s(t0)Q′i ] 〈F ′i F ′′j 〉R

−[Q′i s(t0)Q′′j − s(t0)Q′′j Q′i ] 〈F ′′j F ′i 〉R
}

+ ... (22)

where prime and double prime indicate t ′ − t0 and t ′′ − t0 time
dependence, respectively. The 〈F ′i F ′′j 〉R and 〈F ′′j F ′i 〉R are the
reservoir correlation functions.
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Derivation of an optical master equation
Integral simplification

Now use system operators in Schrödinger picture:

Qi (t) = e
i
~ HtQie−

i
~ Ht = eiωi tQi (23)

e.g. a→ ae−iωc t and change integration variables

s(t)− s(t0)

= −i
∑

i

〈Fi〉R [Qi , s(t0)]

∫ t−t0

0
dξeiωiξ

−
∑
i,j

∫ t−t0

0
dξ

{
[QiQjs(t0)−Qjs(t0)Qi ]

∫ t−t0−ξ

0
dτeiωiτ 〈Fj (τ)Fi〉R

−[Qis(t0)Qj − s(t0)QjQi ]

∫ t−t0−ξ

0
dτeiωiτ 〈FiFj (τ)〉R

}
ei(ωi+ωj )ξ

+ ... (24)
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Derivation of an optical master equation
Markov approximation

Observe: for sufficiently short time scales, excitation is not coming
back to the system, which is what we want. In other words, the
system loses all its past memories, which happens when

τc � t − t0 � γ−1 (25)

which means the fluctuations of the system are
1. smoothed out during reservoir correlation time τc but not
2. on a time scale where system is damped.
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Derivation of an optical master equation
2nd-order perturbation theory for s(t) with Markov approximation

s(t)− s(t0) = −i
∑

i

〈Fi〉R [Qi , s(t0)]I(ωi )

−
∑
i,j

{
[QiQjs(t0)−Qjs(t0)Qi ]w+

ij

−[Qis(t0)Qj − s(t0)QjQi ]w−ji
}

I(ωi + ωj )

+ ... (26)

with

I(ωi ) =

∫ t−t0

0
dξeiωiξ and I(ωi + ωj ) =

∫ t−t0

0
dξei(ωi+ωj )ξ (27)

and the reservoir spectral densities

w+
ij =

∫ ∞
0

dτeiωiτ 〈Fi (τ)Fj〉R and w−ji =

∫ ∞
0

dτeiωiτ 〈FjFi (τ)〉R
(28)

Sascha Agne | QIC 895 Talk | Open Quantum Systems and Markov Processes II



19

Derivation of an optical master equation
2nd-order perturbation theory for s(t) with Markov approximation

For integration times much longer than a period of the free motion of
the system

I(ωi ) = 0 and I(ωi + ωj ) = (t − t0)δ(ωi ,−ωj ) (29)

s(t)− s(t0)

t − t0
= −

∑
i,j

δ(ωi ,−ωj )
{

[QiQjs(t0)−Qjs(t0)Qi ]w+
ij

−[Qis(t0)Qj − s(t0)QjQi ]w−ji
}

+ ... (30)
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Derivation of an optical master equation
2nd-order perturbation theory for s(t) with Markov approximation

Now we can go back to our general equation of motion for the
reduced density operator for the system

∂S(t)
∂t

= e−
i
~ H(t−t0)

{
1
i~

[H, s(t)] +
∂s
∂t

}
e

i
~ H(t−t0) (31)

and

∂S(t)
∂t

≈ e−
i
~ H(t−t0)

[
lim
t0→t

{
1
i~

[H, s(t)] +
s(t)− s(t0)

t − t0

}]
e

i
~ H(t−t0)(32)

(33)

Now we are very close... and it is now easy to obtain...
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Derivation of an optical master equation
The Master equation

∂S(t)
∂t

≈ 1
i~

[H,S(t)]

−
∑
i,j

δ(ωi ,−ωj )
{

[QiQjS(t0)−QjS(t0)Qi ]w+
ij

−[QiS(t0)Qj − S(t0)QjQi ]w−ji
}

(34)
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The simple Jaynes-Cummings master equation
The JC Hamiltonian

The simple Jaynes-Cummings Hamiltonian describes a single atom
coupled to a single field mode (inside a cavity:

HJC = ~∆a†a + ~Θσ+σ− + ~g
(
a†σ− + aσ+

)
(35)

This Hamiltonian is in the interaction picture with RWA applied.
One can add a laser driving term ~ε

(
a + a†

)
, which replenishes lost

cavity photons. The following solution is without this term (for
simplicity and space reasons). The simulations later include it,
however.
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The simple Jaynes-Cummings master equation
The JC master equation

There are two important loss mechanisms we consider:
1. Cavity mirrors are partially reflective: cavity field can decay!
2. The cavity is not fully closed: atom can radiate out the side of the

cavity.
These two couplings to the field outside the cavity (environment) is
encapsulated by the following master equation:

∂ρ

∂t
= − i

~
[HJC , ρ] (36)

+ κ
(
2aρa† − a†aρ− ρa†a

)
+
γ

2
(
2σ−ρσ+ − σ+σ−ρ− ρσ+σ−

)
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The simple Jaynes-Cummings master equation
Operator expectation values

In many situations we are not interested in density operators but
expectation values of certain operators

〈A〉 = Tr(Aρ) (37)

for which we have to solve the so-called rate equations

d
dt
〈A〉 = Tr

(
A

d
dt
ρ

)
(38)

Inserting master equation and simplifying yields:

d
dt
〈A〉 = − i

~
〈[HJC ,A]〉 (39)

+ κ 〈2aAa† − a†aA− Aa†a〉+
γ

2
〈2σ−Aσ+ − σ+σ−A− Aσ+σ−〉
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The simple Jaynes-Cummings master equation
System of rate equations

d
dt
〈a†a〉 = ig 〈aσ+ − a†σ−〉 − 2κ 〈a†a〉 (40)

d
dt
〈σ+σ−〉 = −ig 〈aσ+ − a†σ−〉 − γ 〈σ+σ−〉 (41)

d
dt
〈aσ+ + a†σ−〉 = i(Θ−∆) 〈aσ+ − a†σ−〉

−
(
κ+

γ

2

)
〈aσ+ + a†σ−〉 (42)

d
dt
〈aσ+ − a†σ−〉 = i(Θ−∆) 〈aσ+ + a†σ−〉

+ 2ig 〈a†a〉 − 2ig 〈σ+σ−〉 − 4ig 〈a†aσ+σ−〉

−
(
κ+

γ

2

)
〈aσ+ − a†σ−〉 (43)
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The simple Jaynes-Cummings master equation
Problem with higher order terms

d
dt
〈a†a〉 = ig 〈aσ+ − a†σ−〉 − 2κ 〈a†a〉 (44)

d
dt
〈σ+σ−〉 = −ig 〈aσ+ − a†σ−〉 − γ 〈σ+σ−〉 (45)

d
dt
〈aσ+ + a†σ−〉 = i(Θ−∆) 〈aσ+ − a†σ−〉

−
(
κ+

γ

2

)
〈aσ+ + a†σ−〉 (46)

d
dt
〈aσ+ − a†σ−〉 = i(Θ−∆) 〈aσ+ + a†σ−〉

+ 2ig 〈a†a〉 − 2ig 〈σ+σ−〉 − 4ig 〈a†aσ+σ−〉

−
(
κ+

γ

2

)
〈aσ+ − a†σ−〉 (47)
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The simple Jaynes-Cummings master equation
Semi-classical approximation

Semi-classical approximation:

〈a†aσ+σ−〉 ≈ 〈a†a〉 〈σ+σ−〉 (48)

Effectively neglecting atom-field correlation fluctuations.
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The simple Jaynes-Cummings master equation
Analytic Solution

Mathematica’s DSOLVE does not find an analytic solution.

Sascha Agne | QIC 895 Talk | Open Quantum Systems and Markov Processes II



29

The simple Jaynes-Cummings master equation
Numeric Solution

Mathematica’s NDSOLVE finds numerical solutions. Let’s have a look
at them and play!
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Summary

Let’s face it: stochastic and coupled and quantum systems are ugly.
However:

1. You saw what is involved in deriving a master equation that
describes a quantum optical system interacting with it’s
environment.

2. Playing with parameters actually yields quantitative predictions
for regimes where experiments can work.

3. Now go, and fight decay!
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