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How we can model the system-reservoir 
interaction ?

● Quantum operator approach 
● Suitable for the calculation of two-time 

correlation functions of the system operator 
● How dissipation by the system is related to the 

fluctuation of the reservoir ?
● What is the difference between spontaneous 

decay rate of atom in free space and cavity ?



  

Outline 

● 4 models
– damping of a single mode field

● oscillator reservoir 
● atomic reservoir 

– multi oscillator heat bath problem

– atom in damped cavity  

● Fluctuation dissipation theorem
● The spontaneous decay rate of atom

– free space vs inside the cavity 

● Field correlation function 



  

General steps in the approach

● H=HS+HR+HI =H0 + HI

– justify assumption of the model  

– use approximation if possible

● Derive equation for a(t) and other interesting 
operators 
– find Langevin noise operator 

● Calculate the correlation functions 



  

Meaning of the correlation functions

● correlation of the operators at two time points
● calculate for example field spectrum
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Models

System Reservoir 

Markovian white noise single mode field many oscillators 

non Markovian color noise single mode field ensemble of atoms 

non Markovian color noise oscillator many oscillators 

vacuum modes that enter 
cavity through partially 
transparent mirrors 

atom +single mode in cavity many oscillators 



  

Markovian white noise 
single mode field + many oscillators

equation for noise operator 
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Markovian white noise 
single mode field + many oscillators

ã (t)=a(t)eivt

ã̇ (t)=−∑
k

gk
2∫

0

t

dt ' ã(t ' )e(−i(νk−v )(t−t '))
+F ã(t)

the Langevinequation:

ã̇=-
1
2

ηã+Fã(t)

dampingconstant : η=2 π[g(ν)]2 D(ν)
g(ν)−couplingconstant evaluated at ν=k /c
D (ν)−density of states
Fã (t)=e(iν t ) f a(t)=−i e(i ν t)∑

k

gk bk(0)e(−iνk t )



  

Markovian white noise 
single mode field + many oscillators

if reservoir is in thermal equilibrium :
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Markovian white noise 
single mode field + many oscillators

⟨Fã (t)⟩R=⟨Fã
†(t)⟩R=0
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white noise , deltacorrelation function :
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non Markovian colored noise
single mode field + ensemble of atoms 

H0=ℏ νa† a+
1
2
∑

k

ℏ ν σz

H I=ℏ g∑
i

[ f (t , t i , τ)ak
†
σ -

i
+H .c .]

atoms passingthroughacavity :
−monoenergetic
−long lived
−resonant with the field
−interact during τ period

f (t i , t , τ)=1 for t i≤t<t i+τ

f (t i , t , τ)=Otherwise



  

non Markovian colored noise
single mode field + ensemble of atoms 

ȧ=-
1
2

ηa+F a(t )

dampingconstant :

η=−2 g2∑
j
∫
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t2

dt ' f (t i , t , τ) f (t i , t ' , τ)σ z
i
(t i)

noiseoperator :
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colored noise :
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†
(t)Fa(t ')⟩=αF( τ−|(t−t ' )|/ τ2

) for|(t−t ' )|≤τ

⟨Fa
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α=ra g2 τ2[1+exp(ℏ ν/kBT )]−1

ra−the rate of injectionof atoms into the cavity



  

oscillator + many oscillators



  

atom + single mode in cavity 
+ thermal reservoir

H F=ℏ νa† a

H A=
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vacuummodes that enter the cavity through partially transmittingmirrors
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atom + single mode in cavity 
+ thermal reservoir

simplify−set initial condition :

atom :|e ⟩
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the set of four equations canbe solved
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The spontaneous decay rate of atom
 free space vs inside the cavity 

● the spontaneous decay rate in general

 
● for a cavity tuned near the atomic resonance 

frequency 

Г=2π ⟨|(g(ω))
2|⟩angular D(ω)

g(ω)−vacuum Rabi frequency
D (ω)−density

Г c=Г fsQ (
2π c3

V ω
3 )



  

Field correlation function

d
dt
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dampingof the field inside thecavity at therate η=v /Q
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the field spectrum(Lorentziandistribution):
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Fluctuation - dissipation theorem

● second-order correlation function of the 
Langevin noise

●  Calculate the system damping 

⟨F†
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Summary 

● Quantum Langevin equation are useful for calculation 
different correlation functions 

● dissipation is a result of fluctuation of the reservoir 

● spontaneous decay rate of atom is enhanced in cavity

● probability of the atom being in the upper level strongly 
depends damping and coupling constant 
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