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Abstract. We obtain upper bounds on the number of finite sets
S of primes below a given bound for which various 2 variable S-unit
equations have a solution.

1. Introduction

Let s be a positive integer and let S = {p1, ..., ps} be a set of s
distinct primes. The group of S-units in the rational numbers is the
multiplicative group generated by p1, ..., ps and −1. Let a, b and c be
non-zero integers. The equation

(1.1) ax+ by = c

in S-units x and y is a two variable S-unit equation over the rationals.
By clearing the denominators from x and y we obtain the equation

(1.2) au+ bv = cw

where we ask for solutions in coprime integers u, v and w from the
semigroup

US = {(−1)k0pk11 . . . pkss : ki = 0, 1, . . . , i = 1, . . . s}.
Notice that US is the set of S-units in the integers.

There is an extensive literature concerning the S-unit equations (1.1)
and (1.2) over the rational numbers and, more generally, over algebraic
number fields, see [8, 9]. Both (1.1) and (1.2) have only finitely many
solutions, indeed in 1984 Evertse [7] gave an upper bound of 3 · 72s+1

for the number of solutions to (1.2). Further, Erdős, Stewart and Ti-
jdeman [6] proved that there are arbitrarily large sets S for which (1.2)
with a = b = c = 1 has at least exp

(
(4 + o(1))(s/ log s)1/2

)
coprime

solutions. Konyagin and Soundararajan [12] improved the lower bound

to exp
(
s2−
√
2+o(1)

)
, see also [10,11,13].

We say that a triple (a, b, c) of non-zero integers is S-normalized if
a, b, c, p1, . . . , ps are pairwise coprime and 0 < a 6 b 6 c.
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Two triples (a1, a2, a3) and (b1, b2, b3) of non-zero integers are said to
be S-equivalent if there exists a permutation σ of (1, 2, 3), a non-zero
rational λ and S-units ε1, ε2, ε3 such that

bi = λεiaσ(i)

for i = 1, 2, 3.
Each S-equivalence class in (Z∗)3 contains exactly one S-normalized

triple, see [9, p.129]. Evertse, Győry, Stewart and Tijdeman [9] proved
that there are only finitely many S-normalized triples (a, b, c) in (Z∗)3
for which (1.2) has more than two coprime solutions with w positive.
The proof depends on Schmidt’s Subspace Theorem and as a conse-
quence it does not yield an upper bound on the entries of the normal-
ized triples for which (1.2) has more than two coprime solutions with
w positive or the size of a solution for such a triple.

Put

P = max{p1, . . . , ps}.
Evertse, Győry, Stewart and Tijdeman [9] were able to prove an ef-
fective result under a more stringent hypothesis. They proved that
if (a, b, c) is an S-normalized triple for which (1.2) has at least s + 3
coprime solutions (u, v, w) with w > 0 then there exist effectively com-
putable positive numbers C1 and C2 such that

max{a, b, c} < exp(sC1sP 2)

and each such solution satisfies

max{|u|, |v|, |w|} < exp(sC2sP 3).

Here we adopt a dual point of view. Instead of fixing S and varying
(a, b, c) we now fix (a, b, c) and vary S. We are interested in determin-
ing how frequently sets S of s primes yield a solution to (1.1) and so
also (1.2). Similar questions have been raised for other Diophantine
equations, see [1, 3–5] and references therein. However in the context
of S-unit equations this appears to be new.

Accordingly, for positive integers a, b, c, s andH we defineNa,b,c(s,H)
to be the number of s element subsets S = {p1, . . . , ps} of the primes
up to H which are coprime with abc and for which (1.2) has a solution
in positive integers u, v, w from US .

Observe that if (1.2) has a solution in US then it also has a solution
in UT for any finite set T containing S. Therefore if a + b = c then
(u, v, w) = (1, 1, 1) is a solution of (1.2) and consequently for every
finite set of primes S the equation (1.2) has a solution in positive
integers from US . For any positive integer n let ω(n) denote the number
of distinct prime factors of n and let π(n) denote the number of primes
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of size at most n. Put ω(abc) = r. Thus, provided that H exceeds the
greatest prime factor of abc, by the prime number theorem we have

Na,b,a+b(s,H) =

(
π(H)− r

s

)
∼ 1

s!

(
H

logH

)s
.

If a = 1, b = 1, c = 1 and S={2} then (u, v, w) = (1, 1, 2) is a solution
of (1.2) and so every finite set of primes T containing the prime 2
has a solution in positive integers from UT . Further this condition
characterizes the finite sets of primes S for which (1.2) has a solution
in positive integers from US since at least one of u, v and w must be
even. Therefore,

(1.3) N1,1,1(s,H) =

(
π(H)− 1

s− 1

)
∼ 1

(s− 1)!

(
H

logH

)s−1
.

We also note that if a, b and c are odd then any set S of primes for
which (1.2) has a solution must include the prime 2. Therefore in this
case

(1.4) Na,b,c(s,H) 6

(
π(H)− 1

s− 1

)
.

In general, given a triple (a, b, c) of positive integers we do not know
how to characterize the finite sets S of primes for which (1.2) has a
solution. We conjecture however that if a + b 6= c then there is a
positive number C, which depends on a, b, c and s, such that

(1.5) Na,b,c(s,H) 6 C

(
H

logH

)s−1
.

Notice that this follows if a, b and c are odd from (1.4) and the prime
number theorem. We show that in general this follows as a consequence
of the abc-conjecture, which we state below. We are also able to prove
unconditionally an upper bound for Na,b,c(s,H) of the strength of (1.5)
apart from logarithmic factors if in addition v is required to be small
compared to u.

Let δ be a real number with 0 6 δ 6 1 and for positive integers
a, b, c, s and H we define N δ

a,b,c(s,H) to be the number of s element
subsets S = {p1, . . . , ps} of the primes up to H which are coprime with
abc and for which (1.2) has a solution in positive integers u, v, w from
US with

(1.6) v 6 uδ.

Notice that

(1.7) Na,b,c(s,H) 6 N1
a,b,c(s,H) +N1

b,a,c(s,H)
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For a positive integer n we define rad(n) to be the greatest squarefree
factor of n so

rad(n) =
∏
p|n

p prime

p.

The abc-conjecture is that for each positive real number ε there is
a positive number C(ε) such that if a, b and c are coprime positive
integers with a+ b = c then

c < C(ε)rad(abc)1+ε,

see, for example, [17,18].

Theorem 1.1. Let a, b and c be positive integers with a + b 6= c and
let s and H be positive integers with H > 16. Let δ be a real number
with 0 6 δ < 1.

(i) There is a positive number C0, which is effectively computable
in terms of a, b, c, s and δ, such that

(1.8) N δ
a,b,c(s,H) < C0H

s−1(logH)s+3(log logH)2.

(ii) If a, b and c are odd or if the abc-conjecture holds there is a
positive number C1, which depends on a, b, c and s, such that

(1.9) Na,b,c(s,H) < C1

(
H

logH

)s−1
.

If we require that each prime from S divides at least one of u, v and
w, so that

(1.10) ω(uvw) = s,

and that u, v and w are pairwise coprime solutions of (1.2) then the
situation changes. Such solutions we call full rank solutions and they
may be viewed as the analogue of full rank solutions in the case of
multiplicatively dependent vectors, see [14–16].

Let a, b and c be positive integers and let s and H be integers larger
than 1. Define Ma,b,c(s,H) to be the number of s element subsets of
the primes up to H which are coprime with abc and for which (1.2) has
a solution in coprime positive integers u, v, w from US for which (1.10)
holds.

Furthermore, let δ be a real number with 0 6 δ 6 1. Define
M δ

a,b,c(s,H) as above but with the additional requirement that a so-
lution (u, v, w) satisfies (1.6). In particular, we have an analogue
of (1.7) and we also observe that M0

a,b,c(s,H) corresponds to the equa-
tion au+ b = cw.
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Next we show that the bounds for M δ
a,b,c(s,H) and Ma,b,c(s,H) which

follow from Theorem 1.1 can be significantly improved.
For any real number x let bxc denote the greatest integer less than

or equal to x.

Theorem 1.2. Let a, b, c, s and H be positive integers with H > 16.
There is a positive number C0, which is effectively computable in terms
of a, b, c and s, such that

(1.11) M0
a,b,c(s,H) < C0 (H(logH)s log logH)bs/2c .

(i) Let δ be a real number with 0 < δ < 1. There is a positive
number C1, which is effectively computable in terms of a, b, c,
s and δ, such that

(1.12) M δ
a,b,c(s,H) < C1(H(logH)s log logH)b2s/3c.

(ii) If the abc-conjecture holds then there are positive numbers C2

and C3, which depend on a, b, c and s, such that

(1.13) M0
a,b,c(s,H) < C2

(
H

logH

)bs/2c
and

(1.14) Ma,b,c(s,H) < C3

(
H

logH

)b2s/3c
.

2. Bounding the exponents

For any prime p and non-zero integer n let ordp n denote the exact
power of p which divides n. Let a, b, c, s and H be positive integers and
let S = {p1, . . . , ps} be a set of s prime numbers which are coprime
with abc and of size at most H.

Here we formulate our two main technical tools which we prove in
Sections 4 and 5 respectively.

Lemma 2.1. Let δ be a real number with 0 6 δ < 1. There is a positive
number C0, which is effectively computable in terms of a, b, c, s and δ,
such that if u, v and w are pairwise coprime positive integers from US
satisfying (1.2) and (1.6) then

ordpi uvw < C0(logH)s+1 log logH

for i=1,. . . ,s.

The proof of Lemma 2.1 depends upon an estimate for linear forms in
the logarithms of rational numbers. It is possible to use p-adic estimates
for linear forms to estimate ordpi uvw when δ = 1 however the estimate
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we obtain is too weak in general. We are able to improve Lemma 2.1
and treat the case when δ = 1 if we assume the abc-conjecture.

Lemma 2.2. If the abc-conjecture is true then there is a positive num-
ber C1, which depends on a, b, c and s, such that if u, v and w are
pairwise coprime positive integers from US satisfying (1.2) then

ordpi uvw < C1
logH

log pi

for i=1,. . . ,s.

3. An estimate for linear forms in the logarithms of
rational numbers

For the proof of Lemma 2.1 we make use of the following lower bound
for a linear form in the logarithms of rational numbers due to Baker
and Wüstholz. For any non-zero rational α we have α = a

b
with a and

b coprime integers and b positive. We put h(α) = log (max{|a|, |b|}).

Lemma 3.1. Let b1, . . . , bn be rational integers with absolute value at
most B(> 3). Suppose that α1, . . . , αn are positive rational numbers
and put

Λ = b1 logα1 + . . .+ bn logαn,

where log denotes the principal branch of the logarithm. If Λ 6= 0 then
there exists an effectively computable positive number c such that

|Λ| > exp

(
−(cn)2n logB

n∏
j=1

max{h(αj), 1}

)
.

This follows from the main theorem of [2].

4. Proof of Lemma 2.1

Let δ be a real number with 0 6 δ < 1. Let a, b, c, s and H be
positive integers and let S be a set of s primes p1, . . . , ps which are
coprime with abc and of size at most H. We may suppose that a, b and
c are pairwise coprime. Suppose that (1.2) has a solution in coprime
positive integers u, v and w from US with v 6 uδ. Then

u = pk11 . . . pkss , v = p`11 . . . p
`s
s , w = pm1

1 . . . pms
s

with k1, . . . , ks, `1, . . . , `s and m1, . . . ,ms non-negative integers.
Let c1, c2, . . . denote positive numbers which are effectively com-

putable in terms of a, b, c, s and δ. Put

Λ = log
cw

au
,
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and note that

Λ = log(c/a) + (m1 − k1) log p1 + . . .+ (ms − ks) log ps.

By (1.2)

Λ = log

(
1 +

bv

au

)
and by (1.6)

0 <
bv

au
6

b

au1−δ

hence, since log(1 + t) < t for t > 0,

(4.1) 0 < Λ <
c1
u1−δ

.

On the other hand by Lemma 3.1, since h(pi) 6 logH for i = 1, . . . , s,

(4.2) Λ > exp(−c2 logB(logH)s)

where

B = max{3, |m1 − k1|, . . . , |ms − ks|}.
Since v and u are coprime and p1, . . . , ps are coprime with b we see that
for each i = 1, . . . , k either mi = 0 or ki = 0 hence

B = max{3,m1, k1, . . . ,ms, ks}.
Thus, by (4.1) and (4.2),

(4.3) (1− δ) log u < c3 + c4 logB(logH)s.

Suppose that B = max{k1, . . . , ks}. In that case u > 2B and so,
by (4.3),

B < c5 + c6 logB(logH)s

hence

(4.4) max{k1, . . . , ks} < c7(logH)s log logH.

On the other hand if B = max{m1, . . . ,ms} then w > 2B. Since v 6 u
it follows that u > c82

B and we see from (4.3) that

(4.5) max{m1, . . . ,ms} < c9(logH)s log logH.

Finally we note that

v 6 u = pk11 . . . pkss 6 Hsmax{k1,...,ks)}

hence, by (4.4) and (4.5),

(4.6) max{`1, . . . , `s} < c10(logH)s+1 log logH,

and the result follows from (4.4), (4.5) and (4.6).
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5. Proof of Lemma 2.2

Let c1, c2, . . . denote positive numbers which depend on a, b, c and
s. Suppose that (1.2) holds with u, v and w coprime positive integers
from US . We may assume, without loss of generality, that a, b and c are
pairwise coprime. Since by assumption abc is coprime with p1, . . . , ps
we see that au, bv and cw are pairwise coprime. Thus, by the abc-
conjecture with ε = 1,

cw < c1Q
2

where Q is the greatest squarefree factor of aubvcw. Thus

Q 6 abc
∏
p|uvw
p prime

p

hence

w 6 c2
∏
p|uvw
p prime

p2.

Since

(uvw)1/3 < c3w

we see that

uvw < c4
∏
p|uvw
p prime

p6

hence ∏
p|uvw
p prime

pordp uvw < c4H
6s.

Thus

ordpi uvw < c5
logH

log pi
for i = 1, . . . , s as required.

6. Proof of Theorem 1.1

We first observe that (1.9) holds if a, b and c are odd by (1.4) and
the prime number theorem.

Let c1, c2, . . . be positive numbers which depend on a, b, c, s and
δ. Since a + b 6= c we see that (u, v, w) = (1, 1, 1) is not a solution
of (1.2) and so each solution of (1.2) has ω(uvw) > 1. For each t with
1 6 t 6 s, we determine an upper bound for the number of sets S for
which (1.2) has a solution in coprime positive integers u, v, w from US
with ω(uvw) = t.
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Accordingly suppose that ω(uvw) = 1. In this case either u, v or w
is a power of a prime p. We first treat the case when ω(u) = 1 and
ω(vw) = 0. Then apk + b = c with p a prime and k a positive integer.
Notice that (c − b)/a = pk and so the prime p is uniquely determined
by a, b and c. Once that prime has been fixed we can freely pick the
remaining primes in the set S. We may argue in a similar fashion when
ω(v) = 1 and ω(uw) = 0 and when ω(w) = 1 and ω(uv) = 0. This
gives a total of at most

(6.1) 3

(
π(H)− 1

s− 1

)
< c1

(
H

logH

)s−1
sets S for which there is a solution to (1.2) with ω(uvw) = 1.

If ω(uvw) = 2 and one of u, v or w has exactly two prime factors
then, as above, the two prime factors are determined by (1.2). Once
they have been determined the remaining s − 2 primes of S may be
freely chosen and this gives at most

(6.2) c2

(
H

logH

)s−2
.

possible sets S. If ω(uvw) = 2 and neither u, v or w has two distinct
prime factors then either ω(u) = ω(v) = 1 and ω(w) = 0 or ω(u) =
ω(w) = 1 and ω(v) = 0 or ω(v) = ω(w) = 1 and ω(u) = 0. In each of
these cases we may suppose that at least one of the primes exceeds H1/3

since if two of the primes are less than H1/3 and we pick the remainder
freely we have at most

(6.3) Hs−2+2/3 = Hs−4/3

such sets. Once one prime has been determined and its exponent has
been fixed there is a corresponding unique prime determined by equa-
tion (1.2).

Suppose that (1.6) holds. In this case we may apply Lemma 2.1 to
get an upper bound for the exponent of any prime dividing uvw and
consequently an upper bound for the number of possible sets S. It is

(6.4) c3π(H)s−1(logH)s+1 log logH < c4H
s−1(logH)2 log logH.

Next we suppose that the abc-conjecture holds. We may assume that
one of the primes dividing uvw is larger than H1/3. By Lemma 2.2
it occurs to a power at most c5 and so once the largest prime and its
exponent have been determined the second prime is fixed by (1.2). The
number of sets S of primes in this case is at most

(6.5) c6π(H)s−1 < c7

(
H

logH

)s−1
.
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Next we suppose that ω(uvw) > 3. Then at least one of u, v and
w has at least two distinct primes except in the case when ω(u) =
ω(v) = ω(w) = 1. Suppose we are in the former case. If ω(u) > 2
then after fixing the exponents and the primes dividing v and w the
primes dividing u are determined. When (1.6) holds we may bound
the exponents by Lemma 2.1. The number of possible sets S in this
case is at most

s−2∑
j=0

j∑
r=0

(
π(H)

r

)(
π(H)

j − r

)
(c8(logH)s+1 log logH)s−2.

Treating also the cases when ω(v) > 2 and ω(w) > 2 we deduce that
the number of possible sets S is at most

(6.6) c9π(H)s−2((logH)s+1 log logH)s−2 < c10H
s−2(logH)(s+1)(s−2).

On the other hand, if the abc-conjecture holds, the number of such sets
S is, by Lemma 2.2, at most

(6.7) c11π(H)s−2(logH)s−2 < c12H
s−2.

It remains to treat the case when ω(u) = ω(v) = ω(w) = 1. We may
assume that at most one of the primes dividing u, v and w is smaller
than H1/3 in size since otherwise, as before, there are at most

(6.8) π(H)s−2π(H1/3)2 < c13H
s−4/3.

sets S with at least two of the primes smaller than H1/3. Once the
prime and its power has been determined associated with two of u, v
and w the prime associated with the third integer is fixed by (1.2).
Thus if the abc-conjecture holds we have at most

(6.9) c14π(H)s−3π(H)2 < c15

(
H

logH

)s−1
.

sets S. On the other hand, by Lemma 2.1, there are at most

c16π(H)s−3π(H)2
(
(logH)s+1 log logH

)2
< c17H

s−1(logH)s+3(log logH)2
(6.10)

sets S for which there is a solution of (1.2) for which (1.6) holds.
We now see that the bound (6.10) dominates the bounds (6.1), (6.2),

(6.4) and (6.6) and hence we obtain (1.8). Furthermore, we also see
that the bound (6.9) dominates the bounds (6.1), (6.2), (6.4) and (6.6)
and hence we obtain (1.9) and our result follows.
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7. Proof of Theorem 1.2

Note that the result holds when s = 1 as in the proof of Theorem 1.1
so we may suppose that s > 2.

Let c1, c2, . . . be positive numbers which depend on a, b, c, s and δ.
If δ = 0 we have v 6 u0 = 1 and so v = 1 and equation (1.2) becomes

(7.1) au+ b = cw.

We are interested in counting sets S of primes of size at most H which
don’t divide abc for which (7.1) has a solution in coprime positive inte-
gers u and w from US with ω(uw) = s. Notice that in this case either
u or w has at least s/2 prime factors. We suppose that it is u. Put

ω(w) = r. In that case r is at most bs/2c. There are at most
(
π(H)
r

)
choices for the primes dividing w and, by Lemma 2.1, each prime can
occur with an exponent of size at most c1(logH)s+1 log logH hence
there are at most

bs/2c∑
r=0

(
π(H)

r

)(
c1(logH)s+1 log logH

)r
< c2H

bs/2c(logH)sbs/2c(log logH)bs/2c

integers w which occur in a solution of (7.1). Each one determines
at most one solution u of (7.1) and the prime factors of u give the
remaining primes in S. The same argument applies when u has at
most bs/2c prime factors. Therefore (1.11) follows.

If there is a solution of (1.2) with ω(uvw) = s then at least one
of u, v and w has at least s/3 distinct prime factors, say u for in-
stance. Then the number of distinct prime factors of vw is at most
b2s/3c. The exponents associated with these primes are of size at
most c3(logH)s+1 log logH if 0 6 δ < 1 by Lemma 2.1. The remaining
primes dividing u are determined by (1.2) once we know the primes
and their exponents dividing v and w. The number of possible sets S
in this case is at most

(7.2)

b2s/3c∑
j=0

j∑
r=0

(
π(H)

r

)(
π(H)

j − r

)
(c3(logH)s+1 log logH)b2s/3c.

Arguing as above with v and w in place of u we find that the number
of sets S is at most

(7.3) c4π(H)b2s/3c((logH)s+1 log logH)b2s/3c

and (1.12) now follows from (7.3) and the prime number theorem.
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The number of subsets of at most b2s/3c primes up to H with at
least one prime of size at most H1/3 is at most

c5H
b2s/3c−1H1/3

and the number of subsets of at most bs/2c primes up to H with at
least one prime of size at most H1/3 is at most

c6H
bs/2c−1H1/3

and, subject to the abc-conjecture, the number of possible exponents
for each prime is at most c7 logH by Lemma 2.2. This then determines
at most

c8H
b2s/3c−2/3 logH

sets in the first case and at most

c9H
bs/2c−2/3 logH

sets S in the second case. On the other hand if all of the primes are at
least H1/3 then, subject to the abc-conjecture, the number of possible
exponents for each prime is at most c10 hence the total number of sets
S determined is at most

c11

(
H

logH

)b2s/3c
in the first case so (1.14) follows and is at most

c12

(
H

logH

)bs/2c
in the second case so (1.13) follows.
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[9] J.-H. Evertse, K. Győry, C. L. Stewart and R. Tijdeman, ‘S-unit equations and
their applications’, New advances in transcendence theory (Durham, 1986),
Cambridge Univ. Press, Cambridge, 1988, 110–174. 1, 2

[10] A. Harper, ‘Minor arcs, mean values, and restriction theory for exponential
sums over smooth numbers’ Compositio Math., 152 (2016), 1121–1158. 1

[11] J. Ha and K. Soundararajan, ‘Many solutions to the S-unit equation a+1 = c’,
Acta Math. Hungar., 160 (2020), 153–160. 1

[12] S. Konyagin and K. Soundararajan, ‘Two S-unit equations with many solu-
tions’, J. Number Theory , 124 (2007), 193–199. 1

[13] J. Lagarias and K. Soundararajan, ‘Counting smooth solutions to the equation
A + B = C’, Proc. London Math. Soc., 104 (2012), 770–798. 1

[14] F. Pappalardi, M. Sha, I. E. Shparlinski and C. L. Stewart, ‘On multiplicatively
dependent vectors of algebraic numbers’, Trans. Amer. Math. Soc., 370 (2018),
6221–6244. 4

[15] M. Sha, I. E. Shparlinski and C. L. Stewart, ‘On the distribution of multi-
plicatively dependent vectors’, Preprint , 2019, available at https://arxiv.

org/abs/1903.09796. 4
[16] C. L. Stewart ‘Multiplicatively dependent vectors with coordinates algebraic

numbers’, Hardy-Ramanujan Journal , 42 (2019), 64–69. 4
[17] C. L. Stewart and R. Tijdeman ‘On the Oesterlé-Masser conjecture’, Monatsh.
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