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Abstract

Let N be a positive integer and let A be a subset of {1, ..., N} with the property that aa’ + 1 is a pure
power whenever a and a’ are distinct elements of A. We prove that |A[, the cardinality of A, is not large. In
particular, we show that |A| < (log N)Z/3 (loglog N)1/3.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Diophantus initiated the study of sets of positive rational numbers with the property that the
product of any two of them is one less than the square of a rational number. For instance, he found
the set {%, %, %, % }. Fermat was apparently the first to find a set of four positive integers with
the property that the product of any two of the integers plus one is a square. His example was
{1, 3, 8, 120}. Dujella [6] has recently shown that there are no sets of six integers and that there
are only finitely many sets of five positive integers with the above property. In [3] Bugeaud and
Dujella considered the analogous property with the squares replaced by the set of kth powers.
For each integer k larger than one let C (k) denote the largest cardinality of a set of integers for
which the product of any two of the integers plus one is a kth power of an integer. They proved
that C(3) <7,C#4) <5, C(k) <4 for5 <k <176 and that C (k) < 3 for k > 176.

Let V denote the set of pure powers, that is, the set of positive integers of the form x* with x
and k positive integers and k > 1. In [9], Gyarmati, Sarkozy and Stewart asked how large a set
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of positive integers A can be if aa’ + 1 is in V whenever a and a’ are distinct elements of A.
They conjectured that there is an absolute bound for |A| and recently Luca [12] has shown that
this follows as a consequence of the abc conjecture. While Gyarmati, Sarkozy and Stewart could
not establish an absolute bound for |A| they were able to show that |A| cannot be very dense.
In particular, they proved that if N is a positive integer and A is a subset of {1,..., N} with
the property that aa’ + 1 is in V whenever a and a’ are distinct integers from A then, for N
sufficiently large,

(log N)?

|A] <340 ———.
loglog N

(D
The proof of (1) depends on a gap principle, the result of Dujella and two results from extremal
graph theory. By means of an improved gap principle, which depends on the work in [3], Bugeaud
and Gyarmati [4] proved that for N sufficiently large, (1) may be replaced with

log N )2

|A| < 177000
loglog N

Recently Luca [12] introduced estimates for linear forms in the logarithms of rational numbers
into the mix to efficiently treat the large powers which might occur and as a consequence he has
shown that there is a positive number cq such that for N sufficiently large

log N 3/2
Al <col ———— | . 2)
loglog N

The linear forms which Luca employs consist of 4 terms. In [8] Gyarmati and Stewart introduced
a modification of Luca’s argument which allows one to deal with linear forms in only 2 terms.
They were able to prove that there is a positive number c; such that for N sufficiently large

|A] < cilogN. 3)

Somewhat earlier, Dietmann, Elsholtz, Gyarmati and Simonovits [5] had proved that for N suf-
ficiently large
log N

|A| < 8000
log

L 4
log N @

under the additional assumption that any two terms of the form aa’ + 1 are coprime.
Our objective in this note is to establish the following improvement of (3) and (4).

Theorem. Let N be an integer with N > 3 and let A be a subset {1, ..., N} with the property
that aa’ + 1 is in V whenever a and a’ are distinct integers from A. There exists an effectively
computable positive real number ¢ such that

|A| < c(log N)*/(loglog N)'/3. (5)

We shall follow Luca [12] and Gyarmati and Stewart [8] by making use of estimates for linear
forms in the logarithms of rational numbers in order to treat the large powers. For powers of
intermediate size we appeal to an estimate for simultaneous linear forms in the logarithms of
algebraic numbers due to Loxton [11]. As in [9] we shall also employ a gap principle and results
from extremal graph theory.
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2. Preliminary lemmas

Lemma 1. There is no set of six positive integers {a1, ..., as} with the property that a;aj + 1 is
a square for 1 <i < j <6.

Proof. This is Theorem 2 of [6]. O

Lemma 2. Let n and r be integers with 3 < r < n. Let G be a graph on n vertices with at least

-2
7
2(r = 1)

edges. Then G contains a complete subgraph on r edges.
Proof. This follows from Turdn’s graph theorem, see [15] or Lemma 3 of [4]. O

Lemma 3. Let G be a graph with n (> 1) vertices and e edges and suppose that

e > %(n3/2+n—n1/2).

Then G contains a cycle of length 4.

Proof. This is a special case of Theorem 2.3, Chapter VI of [2] and is due to Kovari, Sés and
Turan [10]. O

For the proof of (3) Gyarmati and Stewart [8] modified Lemma 3 to treat graphs whose edges
are coloured and which do not contain cycles of length four consisting of two monochromatic
paths of length two. We shall need to deal with a slightly more complicated situation where we
replace a cycle of length four with several monochromatic paths of length two which have the
same starting vertex and the same finishing vertex. The result which we shall establish below
is a generalisation of Lemma 2.4 of [8] and is proved by a minor alteration of the proof of
Theorem 2.3, Chapter VI, of [2] which gives a bound for the number of edges of a graph on n
vertices which does not contain a K (¢, 2), a bipartite graph which contains all edges between a
vertex set of size £ and a vertex set of size 2.

Lemma 4. Let G be a graph with n vertices and e edges coloured by k different colours. Suppose
that G does not contain distinct vertices a, c, by, ..., by, with the property that for j =1,...,¢
the edges ab; and cb; are in G and of the same colour. Then

1/2

e < ((€—Dkn?)'" +kn.

Proof. We first count the number of monochromatic paths of G of length 2. Let ay, ..., a, be
the vertices of G and let d; ; denote the number of edges emanating from a; of colour j. The
number of monochromatic paths of G of length 2 is exactly

>3 (%)

i=1 j=I
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However this number is less than or equal to (¢ — 1)(;) since for every pair (a, c) there exist at
most £ — 1 vertices by, ..., bg_1 such that ab; and cb; have the same colour for j =1,...,£—1.
Thus

33 () <)
i=1j=1
Since Y_; Y5, di j =2,

no Kk od?.
i nn—1)
>3 Sh—e<(e-D—0—.

i=1 j=1

By the Cauchy—Schwarz inequality,

n k 2

;o . d; —
iz 2j=1dij) Ce<(t— l)n(n 1)’
2kn 2

hence

2¢% — kne < (£ — Dn’(n — 1)k /2.
Thus

e < (kn + (K*n? + 4 — Dn(n — D)) /4
whence

e<((t—1n*)"? +kn. O

Lemma 5. Let k be an integer with k > 2 and let a1, ay, a3 and a4 be positive integers with
ay <azand ay < aa. If ajaz + 1, ajaa + 1, axaz + 1, azas + 1 are kth powers then

azas > (ajaz)*!
Proof. This follows from the proof of Theorem 1 of [7]. O

For any non-zero rational number «, where « = a/b with a and b coprime integers, we put
H (o) = max{|al, |b|}. Further, for any real number x let [x] denote the smallest integer greater
than or equal to x.

Recall that non-zero rational numbers «q, ..., o, are said to be multiplicatively dependent if
there exist integers ¢, ..., £;, not all zero, for which

£
ap - oe, =1.

They are said to be multiplicatively independent otherwise. Our next lemma will be used in the
proof of our main theorem to produce a set of multiplicatively independent rational numbers
which satisfy the hypotheses of Lemma 9.

Lemma 6. Let ¢ be a positive real number with 0 < & < 1 and let t be an integer witht > 2. Let
a1, ..., 0 be non-zero rational numbers with the property that any t of them are multiplicatively
dependent. Suppose that

(e [2)
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Then there exist distinct integers iy, . .., iy for which
o -1
H(2) < () Hea)
i

Proof. This follows from Theorem 1 of [14] on replacing ¢ with e/(t — 1). O

Lemma 7. Let By and B be non-zero integers and let o1 and oy be positive rational numbers
with H(a1) < Ay and H(ap) < Ap. Put A = Brlogay + By logas. There exists an effectively
computable positive number ¢ such that if A # 0 then

| B | | B1]
4] = exp| —clog2An logA | 1 +log| (= ors+ o on ) )

Proof. This follows from Theorem 2.2 of Philippon and Waldschmidt [13]. O

Lemma 8. Let M be an integer with M > 16 and let a1, a>, a3 and aq be distinct integers with
MYV2 < a; < M fori =1,2,3,4 and put as = ay. Suppose that x1, X2, x3, X4 and by, by, b3, b
are positive integers and that
b;
aiaiv1 +1=x",

fori=1,2,3,4. Put b =min{by, by, b3, b4} and t = maxg;<a{b; — b}. There exists an effec-
tively computable positive number C such that

(i1 2 ©)
> .
log M

Proof. Following the proof of Lemma 3.1 of [12] we observe that

ararasas = (x§' — 1) (s — 1) = (&2 — 1) (s2* — 1)
hence

b b3 b b -

(! = 1" = 1) = (3" = 1)(xy" = 1) =0
or, equivalently,

xflx? - xgzxf“ = xi’l + x;n — xé?z - xf“. @)

Since xfl + x? — x1272 — xi"‘ = (a1 — a3)(az — a4) and since the a;’s are distinct we find that

—by _—b3 _by by
XXy Xy xy F L

Thus, if we put

X2X4 xb2mbybab
A= blog(—) +log<¢), (8)
X1X3 xijl_bx§)37b

we see that A # 0. We may assume, without loss of generality, that xf‘ P> xih " fori=2,3,4.
Thus, by (7),

'bz by

2o — 'gﬁ. ©)
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Since a3 and ay are at least M'/2 in size it follows that
b3 >M,
and, therefore, by (8) and (9),
2
|eA — 1| < —.
M
Notice that if y is a real number and |e” — 1| < 1/8 then |y| < 1/2. Further |¢¥ — 1] > |y|/2 for
|y| < 1/2 and so, since M > 16,

4
Al < —,
M
hence

1
10g|A|<—§10gM. (10)

We now apply Lemma 7 with o = (x2x4)/(x1x3), @2 = (1227 x2470) jx2 =P 22370y By = b
and B; = 1. Note that logx; < 2logM)/b fori =1,2,3,4. Therefore

8logM
log H(a1) < logx; +logxs + logxs + logxs <

and
g M
log H (ap) < 6(t + 1)—

Put log A| = (8logM) /b and log A = (6(t + 1)log M) /b. Let Cy, Ca, ... denote effectively
computable positive numbers. By Lemma 7

(t + D(log M)? b2
log|A| > —-Cj————"——(1+1 1+ —
og|Al > 1 B2 + log +(t+1)logM

and so, by (10),

b2 bZ -1
7 (1410ef14—" Cs.
(t+l)10gM( + Og( +(t+1)10gM)) =52

Therefore
b2
(t+1)logM
and Lemma 8 now follows. O

< C3,

In 1986 Loxton gave an estimate for simultaneous linear forms in the logarithms of algebraic
numbers. We shall state his result for the special case when the algebraic numbers are rationals.
Let n and ¢ be integers with n > 2 and # > 1 and let «y, ..., o, be non-zero multiplicatively
independent rational numbers. Let b; j fori =1,...,tand j =1, ..., n be rational numbers and
suppose that the matrix (b; ;) formed by the b;;’s has rank . Put

A =b;ijloga) +---+bjploga,, fori=1,...,¢,
where the logarithms are principal. We shall suppose that H(a;) < A; with A; > 4 for j =
1,...,nandthat H(b; ;) < Bwith B>4fori=1,...,tand j=1,...,n. Put

2 =1logAj---logA,.

Building on an estimate of Baker [1] for the case ¢t = 1, Loxton [11] proved the following result.
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Lemma 9.

max | A;] > exp(—C(£210g £2)/" log(B£2)),
<i<r

where C = (16n)200n

3. Proof of the main theorem

Let A be a subset of {1, ..., N} with the property that aa’ + 1 is in V whenever a and a’ are

distinct integers from A. We may suppose that

|Al > (log N)** (loglog N)'/°, (1n
since otherwise our result holds. Let ¢y, ¢z, ... denote positive numbers which are effectively
computable. We shall suppose that

1/ logN 2/3

| — > 16. (12)

2\ loglog N

There is an integer m with
 log((log N)/log2)

1 X X L) 13
" log?2 (13
such that A has more than (|A| — 3)/((log((log N)/log?2))/log2) elements from {22, 22" +1,
R 22"t 1}. Let us denote the set of these elements by A,, and putn = |A,,| and M = 22",
Then, by (11), for N > ¢y,
|A]
n>———. (14)
2loglog N
Further, by (11) and (14),
log N 2/3
Mops 208N (15)
2(loglog N)?2/3
and since (12) holds,
M > 16. (16)

Form the complete graph G whose vertices are the elements of A,,. Associate to each edge
between two vertices a and a’ the smallest prime p for which aa’ + 1 is a perfect pth power.
For any real number x let [x] denote the greatest integer less than or equal to x. We next define
a sequence 11, 12, ... inductively by putting

=1+ [((logM)zloglogM)1/3] (17)
and

p =i — 14 | S0 (18)

i = logM |’

fori =1,2,3,..., where C is the positive number given in Lemma 8. By (15), (17) and (18) we

see that for N greater than ¢, as we shall suppose, the sequence ?1, f, . . . is strictly increasing.
We are now in a position to give a colouring of G. If the edge between a and @’ is associated

with a prime p which is smaller than #; we colour the edge with the prime p. On the other hand,
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if p > 11 we colour the edge with the integer #; for which #; < p < t;41. For any real number x let
7 (x) denote the number of prime numbers less than or equal to x. Notice that the total number
of colours of G is bounded from above by

m(t)+h (19)
where i counts the number of colours ¢#; for which #; is smaller than
(2logM)/log?2.
In order to estimate h we first estimate the number of ¢#;’s in each interval of the form

(2K, 2k+17, By (17) we need only consider such intervals for which

k+1>

log((log M)2loglog M). 20
Thog2 og((log M)*loglog M) (20)

Further, if @ and @’ are distinct elements of A,, then aa’ + 1 is at most M2 and so we may also
suppose that

k < (10g((2/ log?2)log M))/ log?2.

By (18), if ; is in (2%, 25F1] then 1;,1 — 1; > ((C2%)/1log M) — 2 and so, by (15) and (20), we
see that for N greater than c3,

c2%*
> —.
2logM

Thus the number of #;’s in the interval (2]‘, 2%+17 is at most 1 + (2log M)/C2k.
We may assume that N exceeds c1, ¢ and c3, since the result is immediate otherwise. There-

fore
2log M
hs 2 (1+757)

(@ log((log M)2 loglog M))—1<k< @ 1og(@ log M)

tig1 — 4

and so

h < cq((log M)/ loglog M),

(2D
Thus, by (19), (21) and the prime number theorem, the number of colours of G is at most
cs((log M)/ loglog M)*/3.
By Lemma 2, if the number of edges of G coloured with 2 exceeds (2/5)n2 then there is
a complete subgraph of G on 6 vertices coloured with 2 and this is impossible by Lemma 1.
Therefore the number of edges of G coloured with something other than 2 is at least (';) -
(2/5)n? = (n?/10) — (n/2). Let G| be the subgraph of G consisting of the vertices of G together
with the edges of G which are coloured with a prime p for which
(log M0 < p <t

and let G, be the subgraph of G consisting of the vertices of G together with the edges of G
which are coloured with an integer #; with 1 < i < & or with a prime p satisfying

2 < p < (logM)30. (22)

We shall suppose first that G, has at least (n2 /20) — (n/2) edges. The number of colours
of G, is at most

n((log M)3/10) +h.
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Thus by (21) the number of colours of G5 is at most cg((log M)/ loglog M)'/3. Accordingly,
there is a colour of G, which appears on

(n?/20) — (n/2)

logM v1/3
C6(10glogM) /

different edges. Since M < N we see from (14) that if
1/3

|Al > c7((log N)* loglog N) (23)

then there is a colour which appears on more than (n3/% +n —n'/?) /2 edges and so, by Lemma 3,
G, contains a monochromatic cycle of length 4. By (16), (18) and Lemma 8 there is no cycle
of length 4 with a colour #; in G, hence in G, and thus G, must contain a cycle of length 4
coloured with a prime p, satisfying (22). In particular there exist integers aj, az, az and a4 with
a) < az and a» < a4 for which ajay + 1, ajas + 1, araz + 1 and azas + 1 are pth powers. Thus,
by Lemma 5,

azaq > ((11(12)2. (24)

2»1+l
.2

But ay, ay, a3 and a4 are in {22m, . — 1} and so

+2
azas <22 <(ar1a2)?,

which contradicts (24). Thus either the supposition (23) is false, in which case our result follows,
or G5 has fewer than (n%/20) — (n/2) edges. We may assume the latter possibility and therefore
G contains at least n%/20 edges.

The number of colours of G; is at most the number of colours of G hence is at
most c¢5((log M)/loglog M)2/3. Since N > M the number of colours of G is at most
cs((log N)/loglog N)*/3. Thus we may apply Lemma 4 to the graph G . Since G has at least
n?/20 edges we see by (14), that if

|A| > Cg((logN)zloglogN)l/3, (25)

then there are integers ay, az, ..., agzo with the property that aja; and aza; are edges of G| and
are of the same colour for j =3, ..., 870.

Put

aiaj +1

= for j =3,...,870.
aaj+1

Yj

We claim that we can find a subset of {y3, ..., yg70} consisting of 4 multiplicatively independent
numbers. If this is not so then we may apply Lemma 6 with ¢ = 1/2 and t = 4. Since 4(1 +6°) =
868 there exist distinct integers iy, .. ., i4 for which

Vi 1/6
H<£> < (Hoi) Hyi)Hi) .
i
But
H(yi,) < M?, fors=2,3,4,

SO

H<@) M (26)
Vi
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Notice that
Yio _ (a1aiy + D(a2a;; +1)
vip  (aai, + D(aia;, + 1)’

and so

<@> ajaxai,a;,
vio )~ ecd((aiai, + Diaai, + 1), (aai, + D(arai, + 1))
But
(araiy + D(azai, + 1) — (a2aiy + D(arai, + 1) = (a1 — a2)(aiy — aiy)
and therefore
ged((araiy + D(azai, + 1), (azaiy + D(aiai, + 1)) < max(ay, az) max(ajy, aj,).
Accordingly
H <@> > min(ay, az) min(a;,, a;,)
Yii
and, since ay, a2, a;, and a;, are all at least MYz,
H <@> > M. 27)
Vil
Since (26) and (27) are incompatible there exists a subset of {y3, ..., y370} consisting of 4 mul-
tiplicatively independent numbers.

Without loss of generality we may suppose that y3, ..., Y6 are multiplicatively independent.
We have

Vi :xl.l”, fori =3,4,5,6,
with p3, p4, ps, pe primes satisfying
(log M) < p; < (log M)*/*(loglog M)/,

for i =3,4,5, 6. Further x3, x4, x5 and x¢ are multiplicatively independent since y3, y4, y5 and
¥ are multiplicatively independent.

We have
aaj+ 1=y, (28)
wmaj+ 1=z (29)

and x; =y;/z;j for j =3,4,5,6. Then, as in the proof of Lemma 8,

ajaxasza; = (yé” - 1)(ij - 1) = (y;j - 1)(Z§3 - 1)
SO

P3_Pj Pj_p3 _ ,P3 Pj Pj p3

Again, since y}? + zf’ — yf-’

that
P3 /o \Pj
(5) () = o
J

— Z§’3 = (a1 — az)(az — aj) and since the g;’s are distinct, we find
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For j =4,5,6, put
Aj=p3logxz — pjlogx;,
and note, by (31), that A; # 0. Put

P3P
8j=X37X;

and
G =max(gj. ;).
for j =4,5,6. It follows from (30), as in the proof of Lemma 8, that
2
M?
for j =4,5,6. But G; = el for j =4,5,6. As before, we remark that if y is a real number

and |e¥ — 1] < 1/8 then |y| < 1/2. Therefore, by (16), |A;| < 1/2 for j =4,5,6. Since M > 16
and since |e¥ — 1| > |y|/2 for |y| < 1/2 we have

IGj— 1<

[Aj] u
N
M

hence

1
10g|Aj|<—§10gM, (32)

for j =4,5,6.
We now apply Lemma 9 with «; = x;42 for j =1,2,3,4 and with b; = p;,» for j =
1,2, 3, 4. Note that
log H (er) = log H (x j12) < log(max(|y;12l. |2j121))
and so, by (28) and (29),

2logM
log H(aj) < , (33)
Pj+2
for j =1, 2, 3, 4. Further B = max{p3, p4, p5, ps} and so
2log M
Bp< %Y (34)
log?2

Furthermore, the matrix
p3 —ps O 0
pz 0 —ps O
p3 0 0 —ps
has rank 3. Thus, by (32), (33), (34) and Lemma 9 with t =3,
(log M)*

1/3
loglog M> loglog M
P3p4pPsPe

logM < c9 (
hence

P3papspe < ciolog M (loglog M)*. (35)

But p3, p4, p5 and pe exceed (log M )3/10 and this is incompatible with (35) for M larger than
c11, hence by (15), for N larger than cy>. Thus (25) does not hold and the result follows.
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