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1. In [13, pp. 36-37, Erd8s posed the following questions. {We use a
slightly different notation and denote the number of distinct prime divisors of
an integer n by w(n)) “Let G{k) be a graph of k vertices x, ..., %. Let
a,, ..., a by any set of k distinct Integers. Put |

w(G (k)) = minw(ﬂ(af-i-ﬂj))

where the factor g +a; occurs if x; and x; are joined by an edge and the
minimum is extended over all choices of distinct integers a;. ..., . It is
probably hopeless to determine w (G (k)) except for very simple graphs, but
perhaps one can get conditions on the class of graphs for which @ (G (k)
— o0 . One conjecture which just occurs to me states: There is a g(r) — o0 as
r— oo so that if G(k) has a chromatic number 2= r then w(G (k) =g(r). A
stronger comjecture: If G (k) has more than kr edges then w (G (k) = g(r).
Perhaps this is too optimistic”. o |

We shall show that the latter conjecture is incorrect indeed, but that
~ Theorem 1 implies | |

o([J(a+a)) > logr as r—

under the additional assumption that w{a, ... g;) 18 bounded. F urthermore, it
follows from Theorem 2 that if G (k) has more than k¥?r edges or if G(k) |
" contains a complete bipartite subgraph of type (r, 2) then w (G (k)) > logr as
r - co. Here > denotes the Vinogradov symbol.. Similar results will also be
~ proved for the products of differences of integers. Our results are applications
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of two deep'results'(Lemmas 1, 2) which provide good and explicit upper
bounds for the numbers of solutions of S-unit equations in two variables.

2. The following example shows that Erd8s’ stronger conjecture is
incorrect. Let kK be dn odd integer, k 235 Put g =i—(k+1)/2 for
i=1,..., k Let p, ..., p, be the smallest s prime numbers, s > 7. An integer
n 1s said to be composed of py, ..., p, if n has no prime divisor different from
Pis ---» Ds. Lhe number, R, of positive integers less than k/2 which are
composed of py, ..., p; €quals the number of non-negative integer solutions

Zy, ..., zg Of the inequality

zylogp,+ ... +z,log p, < log(k/2).

Since'p_,- < 2slogs for j=1,..., s (see [7], formula (3.13)), R is at least the

~ number of non-negative integer solutions z,, ..., z, of the inequality

_log(k/2)
log(2slogs)’

Zit+ .oz, <

hence

R> 1( I{:-g(k/Z) )3;4(10g(k/2))
5! 'log(2slc-g$) | slog s

For each positive integer n with 1 < n < k/2 there are at least (k—2)/2 pairs
(i, ) with 1 </ <j<k and g;+a; = +n Let G be the graph with vertex set
{1, ..., X} such that x; and x; are joined by an edge if and only if g, +4a; 18
camposed of p;,..., p,. Then the number of edges of G is at least

25 (0B
-2 - slogs

This implies that the latter conjecture of Erdos 1S Incorrect as we see by
taking r = (log (k/2)/(slog s)) and letting k — oo, s fixed. It even follows that it
1s not sufficient to assume that G (k) has more than k(log k)4 r edges, where A4
is any constant, to conclude that w(G(k))— o as r — co.

3. We state a special case of a result of Evertse which shall be used i in
the proofs of Theorems 1 and 2.

Lemma 1 (Evertse [2]). Let v be a non-zero integer. There are at most

3 x7**"3 pairs of integers x, y'each composed of py, ..., p, such that x+y = v.

The crucial point of the lemma is that the upper bound only depends on

s. We used this lemma in [5] to derive a lower bound for the number of

distinct prime divisors in the full product H H (a,+b;). We refer to (8] for
i=1j=1
a survey of related results.
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4. As to Erdos second ‘conjecture it 1s true that if G{k} has more than kr
edges then o ([T(a;+a))— co as r -» co, provided that w(a, ... 4 is bound-
ed. We prove a more general result. We denote the cardmdhty of a set V by
14r | -
TueoreM 1. Let {a,, ..., @} and {b,, ..., b} be sets of non-zero integers.
Let {p,, ..., ps} be a set of prime numbers. Suppose g, -0y G are all cnmposed'
of Dy, ..., Ds. Let V be the set of ordered pairs (i, j) such that a;+b;
compased of Pys.oor Ps if (i,))eV. Then

(1) B 4103—’*“

Proof Choose je{l, ..., !} such that there are at least [V}/l integers i
with (i, )e V. Taking v = E:v“i we ﬁnd that the equation x+y =v has at least
[Vi/l solutions x = a;+bj, y = —q. By applying Lemma 1 we obtain

IVlﬂ < 3 K72.&+3 < 723+4
whence {1). m |

5. We now drop the condition that a,, ..., g, are composed of py, ..., p;
and derive a weaker lower bound for s. o
" Tueorem 2. Let {a, ..., &} and i{by, ..., b} be sets of integers. Let
fni.....p) be a set of prime numbers. Let V be the set of ordered pairs (i, j)
such that a;+b; is composed of piy.... P if i, peV. If V] >k then
1. [VIGVI=k)
> —1 '
TR T
We note that the assumption |V] > k implies [ = 2. It follows immediate-
ly from Theorem 2 that

2.

o(]T 1 () > }log (k/2) 2
w1 j=1

which is an explicit version of Theorem 1 of [5].
Proof Let v be the number of integers j such that (i, ])EV for

i=1,..., k. Then the number of unordered pairs (i, j;), (i, ju)in V?is Z (2)

By the Cauchy—Schwarz inequality we have

AN BN 12k1(k(12k
— —— -—";m ;= e
igl (2) 2 l"-’-"zl (u£ 2) 8 Zk E;]i 2)) 8

1( k)3 k |V|(IV|--k)_

2/ 8 2k
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Since the number of unordered pairs j,, j, is (2), there exist two integers

j and j such that (i, )eV and (i,/)eV for at least [V|(|V|-—k)/kI?
integers i. Taking v == b,—by, we find that the equation x+y =v has at
least |V|(|VI—=ky/kl* solutions x = a;+b;, y = —(a;+b;), each composed of
P1, ..., Ps. By applying Lemma 1 we obtain that |

V(| V]| —k)
ki?

6. The estimates in Theorems 1 and 2 can be considerably improved
when we assume that the numbers by, b,, ..., b, are very large. Then it is
possible to apply the following result which has been proved by means of
estimates for linear forms in the logarithms of algebraic numbers. For a finite
set § = 1{py, ..., pyy of prime numbers and for a non-zero integer g, we shall
denote by [ajs~ the largest divisor of a which is not divisible by p;, p,, ...

or p,.
LEmMMA 2. Let S = {py, ..., p,} be a set of prime numbers not exceeding P
and let v be a non-zero integer for which

{v]sn- > exp {((2s)° P)c}

L3743, »

for some appropriate eﬁ‘ect:veiy computable constant ¢. Then the equation x + y
=V has at most 4s+ 1 solutions in integers x, y composed of p,, ..., p;.

This lemma is a special case of the Theorem of Gydry [3]
- Following the proof of Theorem 2, but usmg Lemma 2 instead of
Lemma 1, we arrive at the following result |

THEOREM 3. Let {ay, ..., @} and {by, ..., by} be sets of integers where |
=2 Let S=\p.,...,p be a set of primes not exceeding P. Suppose

[b;—bi1s~ > exp {((25)° P)'}

for all pairs i, j with 1 €i <j <, where ¢ is the constant occurrmg in Lemma
2. Let V be the set af ordered poirs (i, j) such that a,+b, is composed of

Pis - Ds ¥f (1, e V. Then

. LHVi(V|—k) 1
"4 kP 4

The essence of our method is to show that the sets 4 = {a,, ..., .} and

= {by, ..., b;} have subsets 'S A and B' € B such that |B'| = 2, |4'| is
“large” w:th respect to |V| and for each aeA’, be B the number a+b is
composed of py, ..., p,. Then Lemmas 1 and 2 can be applied. M. Simono-
vits has pointed out to us that a similar method has been used by K&vari,
S6s and Turan [6] to solve a problem of Zarankiewicz.
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7. We return to the graph theoretical pmblem posed by Erdos. Let.G (k)

be a graph and ay, ..., & integers as described in the introduction such that
(G(k)) attains its mlmmal value. Let {p;, ..., ps} be the minimal set of
prime numbers such that 4+ a; is composed of py, ..., ps if x; and x; are
joined by an edge, Then s—-cu{G(k)) Choosing | =k and b;=a for

i=1,..., k we obtain the following consequence of Theorem 2. |
COROLLARY 1. Let N be the number of edges of G(k). If N >k then
| N (N —k) |

. w(G (k)) > - log 3 2.

Put
w- (G(k)) = minw(][(a—a)}

where the factor @ —a; occurs if x; and x; are joined by an edge and the
minimum is extended over all choices of distinct integers a,, ..., ¢. Choo-
sing ay, ..., 4, such that w. (G(k)) attains its minimal value and applying
Theorem 2 W1th | =k and b, = —a, for i =1, ..., k, we obtain the following
result.

COROLLARY 2. Let N be the number of edges of G(k). If N >k then
N (N k)
k®

Corollaries 1 and 2 imply that if N > k®/?P** then
w(G(K) >, logk and w_(Gk)>,logk.
We conjecture that for any positive number & the inequality N > k! ** implies
o(GW) > logk and  w_(Gk)>,logk.

~In our proofs the properties (G (k)) — oo and w.. (G (k))— oo as k — oo
are derived by showing that G (k) contains a complete bipartite subgraph of
the type (u, 2) with u large. A graph is called a complete bipartite graph of the
type (u, w) if its vertex set is the disjoint union of two distinct vertex sets U,
W with {U| =u, |W] =w such that two vertices are adjacent if and only if
one of them belongs to U and the other to W *

CoroLLARY 3. Let G(k) be a graph as described in the introduction and
suppose that G{k) contains a complete bipartite subgraph of the type (r, 2) with -
r= 2. Then

(2) min {w (G (), w- (G (k))) = ilog(r/2) 2.

The lower estimate for @. (G(k)) is a considerable improvement of the
special case K =Q, N =1 of Theorem 2 of Gydry [4] which concerns’
certain closely related arithmetical graphs. We intend to return to these
arithmetical graphs in a later paper.

2,

'@_ (G k) = -log
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. Proof of Corollary 3. Suppose that {X,, ..., X; }, {X,;, X,,} are

the disjoint vertex sets of a complete bipartite subgraph of the type (r, 2) of
G (k). Let a,, ..., o be distinct integers. By applying Theorem 2 first to the
sets {ail, oo Gy ) {a_ij, a;,} and then to the sets {ail, o & 1 iy, —ay, ),

(2) immediately follows in both cases. »
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