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Ph.D. Comprehensive Examination October 21, 1988

ALGEBRA

Note: All rings are associative with 1., Subrings inherit the same 1.

1. a) Define: prime ideal, maximal ideal.
b) Prove that in a commutative ring R, M 1s a maximal ideal 1if and
only 1f R/M 1is a fileld.
¢) State Hilbert's Nullstellensatz (which characterizes the maximal
ideals 1in a polynomial ring F[xl,...,xﬂ] over an algebraically
closed field F).
d) Let P be a non-primeipal prime ideal of the polynomial ring C[x,y].

Prove that P is maximal.

2. a) Describe {(without proof) the Jacobson radical of each of the following
rings:
1) M,
ii) R = {[i E] € MZ(E): Cc = 0} (upper triangular matrices)
iii) R[t] (R above, t a commuting indeterminate)

iv) €l[t]] (power series ring).

b) Prove that if the matrix rings Mﬁ(E) and Mk(m) are isomorphic (as rings)

then n = k.

c) Prove that 1f the ring Mﬁ(m) is isomorphic to a subring of

Mk(m), then n divides k. (Hint: Use thE'matriﬁ rank.)
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- Define: solvable group and solvable léngth.

Use the Sylow theorems to prove thﬁt every group of order 12

is solvable.

let a,B: Z ~Z be functions defined by a(x) = x+1, B(x) = -x.

Prove that the group generated by theséltwo functions is sclvable,

Define: divisible (Abelian) group.

How many isomorphism classes of countable torsion-free divisible

groups are there. Justify your-answer,

Prove (from basic principles) that there are no non-trivial finitely

- generated divisible groups.
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5. (a) Define the field F of (ruler and compass) comstructible complex

(b)

numbers.

What are' the *pqséible.degreésmﬁ?the minimum polynomial p(x) € Qfx]

of an element of F?
State and prove Eisenstein's irreduciblity test.
| 2ni/p | |
For p a prime number show that e ¢ F dmplies p 1is a
_ . .
Fermat prime (i.e., of the form 22 +1). [Equivalently, show that

1f ﬂne”caﬂ-canstrﬁ¢t“th&ir&gular'pwgqn_thenmip' 15 a Fermat prime.])

(b)
(c)
(d)

Describe the splitting field E of x3—2 over Q,
Calculate [E:Q].

Find the Galois group G ﬁf x3~2.

For each aubgrﬁup 'Gi of G describe the corresponding subfield

Fi of E as an extension of Q by suitable elements.

7. Determine the rational and Jordan canonical forms for

Pyl

1 0 0 0

o 1 0o o s

A= o -2 0 1 in MﬁLQ)l
.:...2 0 -1 ".2....'
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8. Let T be a normallaperator 0n agcmﬁplexiigﬂéxﬁéibduqti(ynitaﬁﬁi55pa¢é'
'V, and let u,v €V, ¢, € L. Show
(a) |Tu| = |T*u]
(b) Tu = cu = T*y = cu
_(c) Tu = C;U, Iv =.¢2v, ;l o Cy = (u,v) =0

(e) g(x)fémﬁgj % g(T) 1is normal.




