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FURTHER ASPECTS OF TRANSCENDENCE THEORY

by A. Baker and C.L. Stewart

1. Introduction. This is a sequel to the talk given by

the first author at the Journées Arithmétiques held in
Bordeaux in 1974 [4]. Since then, there have been two main
developments in transcendence theory, one relating to
Diophantine equatiuﬁs and the other concerning divisor

properties of arithmetical sequences.+

The advances depend
upon recent progress concerning the theory of linear forms in
the logarithms of algebraic numbers, and we shall begin by

recording the latest results in this field.

2. Linear forms in logarithms. Let

A o= Bn+Bl log ulf...+Bn log O

where the o's and B8's denote algebraic numbers; we shall
assume that the a's are not 0 or 1, that the B8's are not
all o, aﬁd that the logarithms have their principal values.,
We shall suppose that % ; and. Bj have heilights at most
Aj(a 4} and B{z 4) respectively, and that the field .K

generated by the o's and Rg's over the rationals has degree

L P, =il ®erbih

T

Foxr other developments, concerning for example elliptic

functions, see the papersby D.W, Masser and M. Waldschmidt
in these Proceedings.
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at most d. Further we shall assume that A ¥ 0. ‘Then
we have {see [6])

- '
Al > (BR)~CHL09 7 Ghere ¢ = (16nd) 200",

e ¥ =
0 log Al... log An' and @ /log An .

In the special case when B; = {0 and Bl""'Bn are

rational integers, the bracketed factor  has been
eliminated to yield |A| > p~Cfilog ﬁ'. These theorems
include many earlier regults in the field (cf, the intruductian
to [61);and, apart from numerical constants, it would seem
difficult to improve substantially upon their degree of
precision. 1In fact, if one neglects second order terms, then
the estimates are best possible with respect to each of the
parameters Aj,... A and B separately when the others

are regarded as fixed; moreover, even the elimination of the
factor log fi' or the replacement of nd in ¢ by 4d

would seem to involve some new idea. An expression for C

of the above form occurred first in some work of Shorey

[13], and the presence of ' rather than ié a
consequence of [3] together with an observation of wvan

der Poorten [9]. The latter refinement is of interest, in
particular, since in view of the trivial Liouville-type

inequality, applicable in the rational case, namely+

|A] » {BA)-ndB, where A = max Aj' we ohtain at once an

?This is slightly more precise than the form given in [1];

see [18] for details.
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inequality announced by Chudnovsky to the effect that

A > p"CH log B. It will be noted that the dependence on

A and n in the trivial inequality is best possible:; but,

ST nE L Ly e waes A AR

from the point of view of applications, it is essential to

have a stronger dependence on B. The proofs of the theorems
mentioned here will appear in the Proceedings of the conference
on transcendence theory which was held in Cambridge early in
1976; and the latter will contain also a paper by van der

Poorten on p-adic aspects of the subject [11].

3. Diophantine equations. Among the first applications

of the theory of linear forms in logarithms were the effective
resolutions of the Thue equation f£{x,y) = m, whexre f

denotes an irreducible binary form with integer coefficients
and degree at least 3, and of the hyperelliptic egquation

ym = £(x}), where £ is any polynomial with integer coefficients
and with at least three simple zeros, and m is any integer

x 2 {(see [5]). These equations possess just two lnteger
variables x and vy, and, though the results were generalized
p-adically s0 as to incorporate certain prime powers, this
binary character nevertheless seemed to be an esséntial feature
of the work., The recent advances in the theory of linear

forms in logarithms, hnﬁever, have led to the resolution of a
much wider class of equations having now three and indeed, in

some cases, even four independent integer variables,
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This latest deveiapment was begun by Tijdeman when he
succeeded in showing that the Catalan equation xm-yn = ]
has only finitely many solutions in integers x,y,m,n {(all > 1)
and, furthermore, that they can all be effecti$ely determined.
The method of proof can be readily illustrated by considering
the simpler equatinn axn-byn = ¢, wWhere a,b,c are given
positive integers, and we seek all solutions in integers
Xyy,n {all > 2). We shall assume that y 2 X, as we may
without loss of generality. Plainly the equation gives

|A| << v ", where
A = logla/b) + n log{x/y),

and the implied constant depends only on a,b and c¢. On the

other hand, from the results recurded_in 8§82, we have
log|[A| >> ~log y log n.

A comparison of estimates yields at once a bound for n in
.terms of a,b,c, and the theorem on the hyperelliptic equation
referred to abnﬁe then furnishes bounds for x. and: f. Thus,
in principle, the equatiﬁn can be solved completely. It will
be seen that the success of the method depends_critlca;ly.ﬂn_
the fact that the dependence on A in the estimate for A
cited in 52 is best possible., This feature, which first
entered into the theory wvia [3], is also cruciél to Tijdeman's

work on the Catalan equation (see [211]}.
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The latter arguments have recently been generalized

" p-adically by van der Poorten; he has shown, for instance,

how one can solve in integera' X,¥,%,m,n the equation

xm—yn = zg, where £ 1is the lowest common multiple of

m and n, and . z is composed solely of powers of fixed
sets of primes (see [101}). Further, Schinzel and Tijdemﬂn
[12] have recently proved that the original hyperelliptic
equation ym = f(x) 'haa only finitely many solutions in
integers X,v,m {with |y| > 1, m > 1} and, again, they

can be determined effectively. Furthermore, it is shown

in (16] that 1if f(x) 1is replaceﬁ by a binary form f£(x,z)
with at least two distinct linear factors thén, in principle,
the equation is soluble in integefa xly,z;m,' where 2z ig
composed solely of powers of primes from a fixed set, and
(x,z) = 1, |y] > 1, m > 2. These results represent some

remarkable progress in our knowledge.

4. Polynomial divisors. Stgrmer prqved in 1897, using
properties of the Pellian eéuatiﬂn, that PR(x(x+l)) +
as x »* o, where P(m) denﬁtes the greﬁtest prime factor
of m, PSlya extended this result in 1918 to include all
quadratic polynomials with integex coefficients and distinct
zeros, and Siegel further extended the result in 1921 to
polynomials of arbitrary degree; the latter work depended on
the famous Thue-Siegel thea:em, Mahler 1atar_ganeralized

Siegel's result, by means of p-adic methods, to binary forms,
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The guantitative estimate P({f(x)) >> loglog x, where
the implied constant depends only on f, was established
by Chowla, Mahler and Nagell in the 1930's for certain
aquadratic and cubic polynomials £, and, in 1967, Schinzel,
using a theorem of Gelfond, obtained the corresponding
sharpening of P6lya's result, Further, in 1969, Keates,
appealing to bounds for the solutions ¢0f the equation
yz = f(x) (see {2]), obtained a similar proposition for
cubic £, The work was much extended by Coates in 1970 [7].
Applying the p~adic theory of linear forms in logarithms, he

showed that P(f(x,y)) >> (loglog X)-/4

for all binary
forme f with at least three distinct linear factors, where
X = max{|x|,|y]}) and (x,y) = 1. Recent advances in this
field have now ylelded the result P(£(x,y)) >> loglog X
(see [16], and for earlier work (17, 8]; see alsoc [15] for

related work on certain polynomial products).

In another direction, the recent theorems concerning
linear forms in logarithms have been used by Shorey and
Tijdeman [14] to prove that P(xn+h} + e« as n =+ « uniformly
in x, and in fact van der Poorten has shown more generally
that P(axn+byn}'+ ® as n > w uniformly in x and vy,
where a,b are any non-zero integers {see [101). Further,

a similar generalization has been obtained in connexion with
Mahler's well-known theorem to the effect that P(axm+byn)'+ co
as max(|x|,]y|) » », where (x,y) = 1; indeed it has now
been established that the same holds as max(|x|,]|y|,n) + =,

assuming that a,b and m are fixed (see [16]).
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5., Lucas and Lehmer numbers. As remarked in Bordeaux,

the second author proved some three years ago, in connexion

with a conijecture of Erdds, that, for any integers a > b > 0O,

P(annbn)/n + w as n runs through a certain set of integers

of density 1 which includes the primes. Since then, the
work has been much extended to include the Lucas and Lehmer

numbers and many other arithmetical sequences [l191.

In 1886, Lucas, generalizing the well-known Fibonacci

sequence 1,1,2,3,5,¢.., defined intégers tl,tz,..; by

t, = (a"=8")/(a"B),

where a+f and of are relatively prime integers (so that
a,B are roots of a quadratic eguation) and o/B8 is ﬁnt a
root of unity; he proceeded to demonstrate the efficacy of
the sequences in tests for primality, in rasearches'cﬂncerning
continued fractions, and in work on the Pallian equation.

The studies were extended by Lehmer in 1930; he def;ned a
sequencé Uy sUgrees of positive integers in the same way

as Lucas for n odd, by

u, = (un-ﬁn)/(uzﬂﬁz}

for n even, and subject to the weaker condition that

(u+B)2 and af be relatively prime integers, Carmichael

proved in 1913 that if «,B are real and n > l2 then

P(tn) > n-1, and Ward showed in 1955 that the same holds
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»

for ' u. It hés recently been demonstrated by means of the
theory of linear forms in logarithms that

P(tn) >» n log n/(q(n))d/s, where g(n)  denotes the -
number of square~free divisors of n and the implied
constant depends only on o and B8. In fact the same holds

for u and indeed for ateph!

n _ :  thus, in particular, we

have P(af~b?) »> p log p for all primes p. Moreover, it
has been proved similarly that for the Fermat numbers the
estimate

Zn n
P(2°” +1) >> n2

is valid_fqr all positive integers n, where now the implied

constant is absolute,

Other work in this field has concerned, for instance,
the sequences n!+l,'nn+1, pl...pn+l in =1,2,...), where
| th

prime, and furthermore solutions v

Py denotes the n n

of the general linear recurrence relation

+ v

Vn T alvn—l 29V n

where a;,...,a8, are rational integers; in the binary case
(when r = 2), for example, it has been shown that

Plv, ) >> (n/log n)l/a'(see-tlﬂl).:'The results described here
are illustrations of the successful application of the . |

estimates for linear forms in logarithms to the study of
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arithmetical sequences ¢of exponential growth which are at
present not treatable by more conventicnal means, The
difficulties inherent in applyving sieve methods to study.

such sparse sequences have been analysed by Hnnley.+

There have also been some new developments in connexion

with the result of Schinzel mentioned in Bordeaux, to the

n_,n

effect that there exist ﬁrimitive prime divisors of o '=~B
for relatively prime algebraic integers oa,8 with o/8
not a root of unity, and with n sufficiently large in
terms of the degree of ao/B. Schinzel's result applies in
particular to the Lucas and Lehmer numbers, and explicit

calculations, using the work referred to in §2, have shown

that these indeed possess primitive prime divisors for

n > 10300. In fact rather more has been proved; it has been

shown namely that, except possibly for finitely many
exceptions, all Lucas and Lehmer numbers possess primitive
prime divisors if n > ¢ and n # 8, 10 or 1l2. Furthef,
this result is best possible, for one can specify infiniteiy'
many Lehmer sequences for which u,. does not have a
primitive prime divisﬁr for each remaining n. ¥Furthermore,

the exceptional cases can, in principle, be effectively

determined (see [20]).

T Applications Eg_siave methﬂds'(Cambridge Unilv. Press, 1976);

see Chapter 7.

[+
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