COUNTING SOLVABLE S-UNIT EQUATIONS
I. E. SHPARLINSKI AND C. L. STEWART

ABSTRACT. We obtain upper bounds on the number of finite sets
S of primes below a given bound for which various 2 variable S-unit
equations have a solution.

1. INTRODUCTION

Let s be a positive integer and let S = {p1,...,ps} be a set of s
distinct primes. The group of S-units in the rational numbers is the
multiplicative group generated by py,...,ps and —1. Let a,b and ¢ be
non-zero integers. The equation

(1.1) ar +by = ¢

in S-units z and y is a two variable S-unit equation over the rationals.
By clearing the denominators from x and y we obtain the equation

(1.2) au +bv = cw

where we ask for solutions in coprime integers u,v and w from the
semigroup

Us = {(=Dkoph . ph: by =0,1,...,i=1,...5}.

Notice that Us is the set of S-units in the integers.

There is an extensive literature concerning the S-unit equations (1.1)
and (1.2) over the rational numbers and, more generally, over algebraic
number fields, see [8,9]. Both (1.1) and (1.2) have only finitely many
solutions, indeed in 1984 Evertse [7] gave an upper bound of 3 - 7251
for the number of solutions to (1.2). Further, Erdds, Stewart and Ti-
jdeman [6] proved that there are arbitrarily large sets S for which (1.2)
with a = b = ¢ = 1 has at least exp ((4 + o(1))(s/log s)'/?) coprime
solutions. Konyagin and Soundararajan [12] improved the lower bound
to exp <52_‘/§+0(1)>, see also [10,11,13].

We say that a triple (a, b, ¢) of non-zero integers is S-normalized if
a,b,c,py,...,ps are pairwise coprime and 0 < a < b < c.
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Two triples (ai, as,as) and (by, by, b3) of non-zero integers are said to
be S-equivalent if there exists a permutation o of (1,2,3), a non-zero
rational A\ and S-units €1, €9, €3 such that

bi = Aeio(i)

fori=1,2,3.

Each S-equivalence class in (Z*)? contains exactly one S-normalized
triple, see [9, p.129]. Evertse, Gyory, Stewart and Tijdeman [9] proved
that there are only finitely many S-normalized triples (a, b, c) in (Z*)?
for which (1.2) has more than two coprime solutions with w positive.
The proof depends on Schmidt’s Subspace Theorem and as a conse-
quence it does not yield an upper bound on the entries of the normal-
ized triples for which (1.2) has more than two coprime solutions with
w positive or the size of a solution for such a triple

Put

P = max{py,...,ps}
Evertse, Gyory, Stewart and Tijdeman [9] were able to prove an ef-
fective result under a more stringent hypothesis. They proved that
if (a,b,c) is an S-normalized triple for which (1.2) has at least s + 3
coprime solutions (u, v, w) with w > 0 then there exist effectively com-
putable positive numbers C and C5 such that

max{a, b, c} < exp(s*P?)
and each such solution satisfies
max{|ul, [v], [w|} < exp(s“**P?).

Here we adopt a dual point of view. Instead of fixing S and varying
(a,b, c) we now fix (a, b, c) and vary S. We are interested in determin-
ing how frequently sets S of s primes yield a solution to (1.1) and so
also (1.2). Similar questions have been raised for other Diophantine
equations, see [1,3-5] and references therein. However in the context
of S-unit equations this appears to be new.

Accordingly, for positive integers a, b, ¢, s and H we define N, (s, H)
to be the number of s element subsets S = {p1,...,ps} of the primes
up to H which are coprime with abe and for which (1.2) has a solution
in positive integers u, v, w from Us.

Observe that if (1.2) has a solution in Us then it also has a solution
in Uy for any finite set T containing S. Therefore if a + b = ¢ then
(u,v,w) = (1,1,1) is a solution of (1.2) and consequently for every
finite set of primes S the equation (1.2) has a solution in positive
integers from Us. For any positive integer n let w(n) denote the number
of distinct prime factors of n and let w(n) denote the number of primes
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of size at most n. Put w(abc) = r. Thus, provided that H exceeds the
greatest prime factor of abc, by the prime number theorem we have

m(H)—r 1 H O\
Na,b,a—i-b(s’H) = < S ) ~ ; (1OgH) '

Ifa=1,b=1,¢=1and §={2} then (u,v,w) = (1,1, 2) is a solution
of (1.2) and so every finite set of primes 7 containing the prime 2
has a solution in positive integers from Uy. Further this condition
characterizes the finite sets of primes S for which (1.2) has a solution
in positive integers from Us since at least one of u,v and w must be
even. Therefore,

Mo, H) = <W(f_>1 1) ~ G . ! (10511[)81‘

We also note that if a,b and ¢ are odd then any set S of primes for
which (1.2) has a solution must include the prime 2. Therefore in this

(13) Nupels, H) < (”(fj N 1).

In general, given a triple (a,b,c) of positive integers we do not know
how to characterize the finite sets S of primes for which (1.2) has a
solution. We conjecture however that if a + b # ¢ then there is a
positive number C', which depends on a, b, ¢ and s, such that

H s—1

(1.4) Nape(s,H) < C (logH) .

Notice that this follows if a,b and ¢ are odd from (1.3) and the prime
number theorem. We show that in general this follows as a consequence
of the abc-conjecture, which we state below. We are also able to prove
unconditionally an upper bound for N, (s, H) of the strength of (1.4)
apart from logarithmic factors if in addition v is required to be small
compared to u.

Let 0 be a real number with 0 < 6 < 1 and for positive integers
a,b,c,s and H we define Nibyc(s, H) to be the number of s element
subsets S = {p1,...,ps} of the primes up to H which are coprime with
abc and for which (1.2) has a solution in positive integers u, v, w from
Us with

(1.5) v <l
Notice that
(16) Na,b,C(S7H) < Ni,b,c(saH) +Nb1,a,c(87H)
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For a positive integer n we define rad(n) to be the greatest squarefree

factor of n so
rad(n) = H .
pln

p prime

The abc-conjecture is that for each positive real number ¢ there is
a positive number C(g) such that if a,b and ¢ are coprime positive
integers with a + b = ¢ then

c < C(e)rad(abe)' e,
see, for example, [17,18].
Theorem 1.1. Let a, b and ¢ be positive integers with a + b # ¢ and

let s and H be positive integers with H > 3.

(i) Let § be a real number with 0 < 6 < 1. There is a positive
number Cy, which is effectively computable in terms of a, b, c,
s and &, such that

(1.7) N2, (s, H) < CoH*'(log H)*"*(loglog H)?.

a,b,c
(ii) If s =1 orifa,b and c are odd or if the abc-conjecture holds
there is a positive number Cy, which depends on a, b, ¢ and s,
such that

H s—1
(1.8) Nape(s, H) < Cy <logH) :

If we require that each prime from § divides at least one of u,v and
w, so that

(1.9) w(uvw) = s,

and that u,v and w are pairwise coprime solutions of (1.2) then the
situation changes. We say that such solutions are full rank solutions
and they may be viewed as the analogue of full rank solutions in the
case of multiplicatively dependent vectors, see [14-16].

Let a, b and ¢ be positive integers and let s and H be integers larger
than 1. Define M, .(s, H) to be the number of s element subsets of
the primes up to H which are coprime with abc and for which (1.2) has
a solution in coprime positive integers u, v, w from Us for which (1.9)
holds.

Furthermore, let 4 be a real number with 0 < 6 < 1. Define
Mib’c(s, H) as above but with the additional requirement that a so-
lution (u,v,w) satisfies (1.5). We have an analogue of (1.6) and we
also observe that M7, .(s, H) corresponds to the equation au+b = cw.
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Next we show that the bounds for Mg, (s, H) and M, c(s, H) which
follow from Theorem 1.1 can be significantly improved.

For any real number x let |x] denote the greatest integer less than
or equal to z.

Theorem 1.2. Let a, b, ¢, s and H be positive integers with H > 3.

(i) There is a positive number Cy, which is effectively computable
i terms of a, b, ¢ and s, such that

(1.10) Mg, (s, H) < Cy (H(log H)* loglog H)2

(i) Let § be a real number with 0 < 6 < 1. There is a positive
number C, which is effectively computable in terms of a, b, c,
s and &, such that

(1.11) M2, (s, H) < C1(H(log H)* loglog H) [2s/3],

(111) If the abc-conjecture holds then there are positive numbers Cy
and Cs, which depend on a, b, ¢ and s, such that

. H O\ /2
(1.12) Mg, (s, H) < Cy <@)
and
[2s/3]
(1.13) Map(s,H) < Cs (@) .

We note that the condition H > 3 in Theorems 1.1 and 1.2 ensures
that loglog H is a positive real number.

2. BOUNDING THE EXPONENTS

For any prime p and non-zero integer n let ord, n denote the exact
power of p which divides n. Let a,b,c,s and H be positive integers
with H > 3 and let S = {p1,...,ps} be a set of s prime numbers which
are coprime with abc and of size at most H.

Here we formulate our two main technical tools which we prove in
Sections 4 and 5 respectively.

Lemma 2.1. Let d be a real number with 0 < 6 < 1. There is a positive
number Cy, which is effectively computable in terms of a,b,c,s and J,
such that if u,v and w are pairwise coprime positive integers from Us

satisfying (1.2) and (1.5) then
ord,, uww < Cy(log H)* loglog H

fori=1,...s.



6 I. E. SHPARLINSKI AND C. L. STEWART

The proof of Lemma 2.1 depends upon an estimate for linear forms in
the logarithms of rational numbers. It is possible to use p-adic estimates
for linear forms to estimate ord,, uvw when ¢ = 1 however the estimate
we obtain is too weak in general. We are able to improve Lemma 2.1
and treat the case when § = 1 if we assume the abc-conjecture.

Lemma 2.2. If the abc-conjecture is true then there is a positive num-
ber Cy, which depends on a, b, ¢ and s, such that if u,v and w are
pairwise coprime positive integers from Us satisfying (1.2) then

log H

ord,, uvw < C4
log ps

fori=1,...s.

3. AN ESTIMATE FOR LINEAR FORMS IN THE LOGARITHMS OF
RATIONAL NUMBERS

For the proof of Lemma 2.1 we make use of the following lower bound
for a linear form in the logarithms of rational numbers due to Baker
and Wiistholz. For any non-zero rational o we have a = § with a and
b coprime integers and b positive. We put h(a) = log (max{|al, |b|}).

Lemma 3.1. Let by, ..., b, be rational integers with absolute value at
most B woth B > 3. Suppose that aq,...,q, are positive rational
numbers and put

A=bloga; +...+b,loga,,

where log denotes the principal branch of the logarithm. If A # 0 then
there exists an effectively computable positive number ¢ such that

|A| > exp <—(cn)2” logBHmax{h(aj), 1}) :

j=1

This follows from the main theorem of [2].

4. PROOF OF LEMMA 2.1

Let 0 be a real number with 0 < 6 < 1. Let a,b,c,s and H be
positive integers and let S be a set of s primes py,...,ps which are
coprime with abc and of size at most H. We may suppose that a,b and
¢ are pairwise coprime. Suppose that (1.2) has a solution in coprime
positive integers u, v and w from Us with v < u’. Then

_ k1 k _ .0 1 _m m
U=py...ps°5 Vv=py...psS wW=p; ...p°

with ki,... ks, {1,...,0s and mq, ..., mg non-negative integers.



COUNTING SOLVABLE S-UNIT EQUATIONS 7

Let ¢q,cq,... denote positive numbers which are effectively com-
putable in terms of a, b, ¢, s and 6. Put
cw
A =log —,
au

and note that
A =log(c/a) + (my — k1) logpr + ... + (ms — ks) log ps.

By (1.2)
A =log (1 + b—”)
au

bv - b
au - aqul=o

hence, since log(1 +t) < t for t > 0,

and by (1.5)
0<

C1

(4.1) 0<A< el
On the other hand by Lemma 3.1, since h(p;) <logH fori=1,... s,
(4.2) A > exp(—cylog B(log H)?)
where

B =max{3, |m1 — ki|,..., |ms — ks|}.
Thus, by (4.1) and (4.2),
(4.3) (1 —¢)logu < ¢35+ cqlog B(log H)®.
Since v and u are coprime and pq, ..., ps are coprime with b we see that
for each i = 1,..., k either m; = 0 or k; = 0 hence

B = max{3,my, ky,...,mg, ks}.

Note that if B = 3 our result holds. Now suppose that B =
max{ki,...,ks}. In that case u > 2P and so, by (4.3),

B < ¢5+ cglog B(log H)?

hence
(4.4) max{ki,...,ks} < cz(log H)*loglog H.
On the other hand if B = max{m,,...,ms} then w > 28 Since v < u

it follows that u > cg2P and we see from (4.3) that
(4.5) max{my,...,ms} < co(log H)*loglog H.
Finally we note that
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hence, by (4.4) and (4.5),
(4.6) max{/ly,..., 0} < cio(log H)* ' loglog H,

and the result follows from (4.4), (4.5) and (4.6).

5. PROOF OF LEMMA 2.2

Let ¢q, ca, ... denote positive numbers which depend on a, b, ¢ and
s. Suppose that (1.2) holds with u,v and w coprime positive integers
from Us. We may assume, without loss of generality, that a,b and c are
pairwise coprime. Since by assumption abc is coprime with pq, ..., ps
we see that au,bv and cw are pairwise coprime. Thus, by the abc-
conjecture with ¢ = 1,

cw < c1Q?

where () is the greatest squarefree factor of aubvcw. Thus

Q<abe [ »
pluvw
p prime
hence
2
w < Cy H p.
pluvw
p prime
Since
(uow)*? < cqw
we see that
uvw < ¢4 H p°
pluvw
p prime
hence
H pordpuvw < C4H65.
pluvw
p prime
Thus

log H
log p;

ord,, uvw < c;

fori=1,...,s as required.
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6. PROOF OF THEOREM 1.1

We first observe that (1.8) holds if a,b and ¢ are odd by (1.3) and
the prime number theorem.

Let ¢q,co,... be positive numbers which depend on a, b, ¢, s and
d. Since a + b # ¢ we see that (u,v,w) = (1,1,1) is not a solution
of (1.2) and so each solution of (1.2) has w(uvw) > 1. For each t with
1 <t < s, we determine an upper bound for the number of sets S for
which (1.2) has a solution in pairwise coprime positive integers u, v, w
from Us with w(uvw) = t. To do so we consider three different cases,
depending on whether t =1,t=2ort > 3.

Case I. Accordingly suppose that w(uvw) = 1. In this case either u, v
or w is a power of a prime p. We first treat the case when w(u) = 1 and
w(vw) = 0. Then ap® + b = ¢ with p a prime and k a positive integer.
Notice that (¢ — b)/a = p* and so the prime p is uniquely determined
by a,b and c. Once that prime has been fixed we can freely pick the
remaining primes in the set S. We may argue in a similar fashion when
w() =1 and w(uw) = 0 and when w(w) = 1 and w(uv) = 0. This
gives a total of at most

(6.1) 3(“53? 1) <a (105111)51

sets S for which there is a solution to (1.2) with w(uvw) = 1. Note
that (1.8) holds when s =1 by (6.1).

Case II. Suppose that w(uvw) = 2. We first consider the following
two sub-cases.

Case Il.a. Assume that one of u,v or w has exactly two prime factors.
Then, as above, the two prime factors are determined by (1.2). Once
they have been determined the remaining s — 2 primes of & may be
freely chosen and this gives at most

(6.2) . ( 10511)8_2

possible sets S.

Case I1.b. If neither u, v or w has two distinct prime factors then either
w(u) =w() =1 and w(w) =0 or w(u) = w(w) = 1 and w(v) =0 or
w(v) = w(w) =1 and w(u) = 0. In each of these cases we may suppose
that at least one of the primes exceeds H'/3 since if two of the primes
are less than H'/3 and we pick the remainder freely we have at most

Hs—2+2/3 _ Hs—4/3
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such sets. Once one prime has been determined and its exponent has
been fixed there is a corresponding unique prime determined by equa-
tion (1.2).

Suppose that (1.5) holds. In this case we may apply Lemma 2.1 to
get an upper bound for the exponent of any prime dividing wvw and
consequently an upper bound for the number of possible sets S. It is

(6.3)  csm(H)* Y(log H)*'loglog H < csH* *(log H)?log log H.

Next we suppose that the abc-conjecture holds. We may assume that
one of the primes dividing wvw is larger than H'/3. By Lemma 2.2 it
occurs to a power at most c; and so once the largest prime and its
exponent have been determined the second prime is fixed by (1.2).
The number of sets S of primes in this case is at most

H s—1
(6.4) cem(H)* ™' < ¢ (logH) .

Case III. Next we suppose that w(uvw) > 3. Then at least one of
u,v and w has at least two distinct primes except in the case when
w(u) = w(v) = w(w) = 1. Suppose we are in the former case. If
w(u) > 2 then after fixing the exponents and the primes dividing v and
w the primes dividing u are determined.

When (1.5) holds we may bound the exponents by Lemma 2.1. The
number of possible sets § in this case is at most

ii (W(:[)> C@) (cs(log H)***loglog H)* 2.

j=0 r=0

Treating also the cases when w(v) > 2 and w(w) > 2 we deduce that
the number of possible sets S is at most

(6.5) com(H)*((log H)** log log H)*™% < e1oH*(log H)(=+)(2),

On the other hand, if the abc-conjecture holds, the number of such
sets § is, by Lemma 2.2, at most

(6.6) enm(H)2(log H)S ™2 < epnH5 2.

It remains to treat the case when w(u) = w(v) = w(w) = 1. We may
assume that at most one of the primes dividing u,v and w is smaller
than H'/3 in size since otherwise, as before, there are at most

W(H)S_zﬂ(Hl/S)Q < 613H5_4/3.

sets S with at least two of the primes smaller than H'/3. Once the
prime and its power has been determined associated with two of u, v
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and w the prime associated with the third integer is fixed by (1.2).
Thus, by Lemma 2.1, there are at most
crem(H) " m(H)? ((log H)*" loglog H) 2
< ei7H* ' (log H)**3(log log H)?

sets S for which there is a solution of (1.2) for which (1.5) holds. On
the other hand, if the abc-conjecture holds we have at most

(6.7)

(6.8) crm(HY=3n(H)? < crs (%)H.

sets S for which there is a solution of (1.2).

We now see that (1.7) is a consequence of (6.1), (6.2), (6.3)
and (6.7). Furthermore, we obtain (1.8) from (6.1), (6.2), (6.4),
and (6.8) hence our result follows.

7. PROOF OF THEOREM 1.2

Note that the result holds when s = 1 as in the proof of Theorem 1.1
SO we may suppose that s > 2.

Let ¢1, ca, ... be positive numbers which depend on a, b, ¢, s and ¢.
If 6 = 0 we have v < u” =1 and so v = 1 and equation (1.2) becomes
(7.1) au+b = cw.

We are interested in counting sets S of primes of size at most H which
do not divide abc for which (7.1) has a solution in coprime positive
integers u and w from Us with w(uw) = s. Notice that in this case
either u or w has at least s/2 prime factors. We suppose that it is u.
Put w(w) = r. In that case r is at most |s/2]. There are at most (“(f))
choices for the primes dividing w and, by Lemma 2.1, each prime can
occur with an exponent of size at most c;(log H)**! loglog H. Hence
there are at most

ls/2]

Z (W(f)) (cl(log H)**loglog H)r

r=0

< ey H¥ (log H)*l*/?} (log log H)*/%

integers w which occur in a solution of (7.1). Each one determines
at most one solution u of (7.1) and the prime factors of u give the
remaining primes in §. The same argument applies when u has at
most |s/2| prime factors. Therefore (1.10) follows.

If there is a solution of (1.2) with w(uvw) = s and with u,v and
w pairwise coprime then at least one of uw,v and w has at least s/3
distinct prime factors, say u for instance. Then the number of distinct
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prime factors of vw is at most |2s/3]|. The exponents associated with
these primes are of size at most c3(log H)*™loglog H if 0 < 6 < 1 by
Lemma 2.1. The remaining primes dividing u are determined by (1.2)
once we know the primes and their exponents dividing v and w. The
number of possible sets S in this case is at most

L§J j (W(fl )) (;r(Hz) (3 (log H)** loglog H)!2/3)

=0 r=0 a

Arguing as above with v and w in place of u we find that the number
of sets S is at most

(72) cxm(H)2%)((log H)"** log log H) /"

and (1.11) now follows from (7.2) and the prime number theorem.
The number of subsets of at most |2s/3| primes up to H with at
least one prime of size at most H'/? is at most

os H125/31-1 Fp1/3

and the number of subsets of at most |s/2| primes up to H with at
least one prime of size at most H'? is at most

C6HLS/2J—1H1/3

and, subject to the abc-conjecture, the number of possible exponents
for each prime is at most c; log H by Lemma 2.2. This then determines
at most

CSHI_QS/3J—2/3 log H
sets in the first case and at most

coH /12300 H

sets S in the second case. On the other hand if all of the primes are at
least H'/3 then, subject to the abc-conjecture, the number of possible
exponents for each prime is at most ¢;¢ hence the total number of sets

S determined is at most
H [2s/3]
c
M log H

in the first case so (1.13) follows and is at most

H O\ /2
c
2 log H

in the second case so (1.12) follows.
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