ON THE NUMBER OF SOLUTIONS OF DECOMPOSABLE
FORM INEQUALITIES

C.L. STEWART

ABSTRACT. In 2001 Thunder gave an estimate for the number of integer
solutions of decomposable form inequalities under the assumption that
the forms are of finite type. The purpose of this article is to generalize
this result to forms which are of essentially finite type. In the special
case of binary forms this gives an improvement of a result of Mahler
from 1933.

1. INTRODUCTION

Let n be an integer with n > 2 and put X= (X3,..., X,,). Let F be
a non-zero decomposable form in n variables with integer coefficients and

degree d with d > n, so

(1) F(X) = L1(X)....La(X)
where L (X), ..., Ly(X) are linear forms in C[X7, ..., X,,]. Let m be a positive

integer and let Np(m) denote the number of points (ay, ..., a,) with integer

coordinates for which
(2) |F(ay,...,a,)|] < m.
Let Vr denote the volume of the set
{(x1,...,xn) € R" : |F(21, ..., z,)| < 1}
By homogeneity the volume of

(3) {(z1,..c,p) €R™ 1 |F (21, ..., )| <M}

is Vem™¢ and one might suppose that Np(m) is close to Vem™?.

F is said to be of finite type if Vg is finite and the same is true for F
restricted to any non-trivial rational subspace. In particular, for every n’'-
dimensional subspace S of R™ defined over Q the n’-dimensional volume of
F restricted to S is finite. In 2001 Thunder [19] showed that if F is of finite
type then

(4) Np (m) Lnd mn/d;
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throughout this paper the symbol < together with a subscript will mean
less than a positive number which depends on the terms in the subscript.
Thunder’s result resolved a conjecture of Schmidt [15] and is best possible
up to the dependence of the implicit constant on n and d.

For any element x = (21, ...,x,) in C" let ||x|| = (2171 + ... + 2,7n) "%
For any linear form L(X) = a; X; + ... + a,, X, in C[ X1, ..., X,,] let L denote
the coefficient vector (s, ..., a,,) of L(X). We define the quantity H(F') of

F by
d
HF) =TI
i=1

Thunder [19], [21] also proved that if F' is of finite type and F' is not
proportional to a power of a definite quadratic form in 2 variables then

there exist positive numbers ar and cg such that

n—1
(5) |Np(m) — m™Ve| <pa H(F)F (1 +logm)" 2mi-ar
If the discriminant of the form is non-zero then one may take arp = 1 and
er= () =1

If T'is in GL,(Z) then the form G(X) = F(T'(X)) is said to be equivalent
to F. Then Vp = Vi but H(F) need not be equal to H(G). Put

Ho(F) = mTlnH(F oT)

where the minimum is taken over T' in GL,(Z). Thunder [20] showed that
if F'is of finite type and F' is not proportional to a power of a definite
quadratic form in 2 variables then

Vi g Ho(F) 741 + log Ho(F))" .

In 1933 Mahler [11] proved that if n = 2 and F'(X;, X») is a binary form
with integer coefficients which is irreducible over the rationals then

(6) |Np(m) — m¥ V| <p m'/@=D,

Thunder’s result (5) is a generalization of (6) since if F' is irreducible over
Q then ar = 1 and F is of finite type.

Ramachandra, in 1969 [12], was the first to obtain an asymptotic result
for Np(m) for a class of decomposable forms with n > 3. He did so when F

has the shape
F(X) - NK/Q(Xl + OZXQ + 042X3 + ...+ an—an)

where K = Q(«) is a number field of degree r with r > 8n° and Nk/q

denotes the norm from K to Q.
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Let oy, ..., a, be non-zero algebraic numbers and put K = Q(ay, ..., o).

Suppose that F'(X) is a norm form so

F(X) = Ngjolon X1 + ... + a4, X)) = Ha(a1X1 + .+ Xy)

where the product is taken over the isomorphic embeddings ¢ of K into C.
Let V' be the vector space of all rational linear combinations of aq, ..., a,.
For each subfield J of K we define the linear subspace V¥ of V given by the
elements of V' which remain in V' after multiplication by any element of J.
F' is said to be non-degenerate if g, ..., o, are linearly independent over Q
and if V¥ = {0} for each subfield J of K which is not @ or an imaginary
quadratic field. In 1972 Schmidt [13] proved that Ng(m) is finite for each
positive integer m if and only if F' is non-degenerate; see [6] and Chapter
9 of [9] for quantitative results for decomposable form equations. In 2000
Evertse [8] proved that if F' is a non-degenerate norm form then

(7) Np(m) < (16d)™FV°/3(1 + log m)(=D/ 2 (2525 1/m)/d)

Non-degenerate norm forms are of finite type and so (4) gives a better
dependence on m than (7) although the dependence of the upper bound on
n and d is not explicit in (4).

Let Nj(m) denote the number of vectors (ay, ..., a,) with integer coor-

dinates for which

(8) 0< IF(ala"'aan)| <m.

If F' is of finite type then F' does not vanish at any non-zero integer point
and so

9) Np(m) =14 Ni(m).

There exist distinct irreducible polynomials Fi, ..., F, with integer coef-
ficients, content 1 and degrees dq, ..., d;. respectively and there exist positive
integers [y, ..., Iy for which dil; + ... + dili, = d such that

(10) F(X) = CoFL(X)... FR(X)'*,

where |Cy| is the content of F'. By, for instance, the discussion in Section
2, for each integer j with 1 < j < k the polynomial F;(X) is of the form
aNgo(L(X)) where a is a non-zero rational number, K is a number field of
degree d; over Q, Nk g denotes the norm from K to Q and L(X) is a linear
form which is proportional to a linear form L; with ¢ from {1, ..., d}.

For i =1,...,d let B; be the rational subspace of R" for which L;(X) = 0.
Note that if L;(X) and L;(X) divide F,(X) in C[X] for some h with 1 <
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h < k then B; = B;. Thus each polynomial F;(X) determines exactly one
rational subspace of R™, say A;, for which F;(X) = 0. Put

0 if A; ={0} for i =1,..,k
(11) dr = _
max{l; d;, + ... + l;,d;;} otherwise,

where the maximum is taken over those tuples (i1, ..., ;) of distinct integers
for which A;; N...N A;; is different from the zero vector or equivalently for
which there is a non-zero integer point (s, ..., s,) for which F;_(s1,...,s,) =
0form=1,..,7.

F is said to be of essentially finite type if Vi is finite, V(F) is finite
whenever F is F restricted to a rational subspace of R” which is not a
subspace of A; for : =1, ...,k and

(12) A N...NA,={0}.
If F' is of essentially finite type then, by virtue of (12) ,

Further, if F' is of finite type then it is also of essentially finite type since in
this case A; = {0} for i =1,...,k and so (12) holds.

Theorem 1. Let F(X) be a non-zero decomposable form in n variables
with integer coefficients and degree d with d > n > 2 and let m be a positive
integer. If I is of essentially finite type then

n—1

(14) Ni(m) g mi* T

Notice that if F' is of finite type then dr = 0 and (4) follows from (9)
and (14).

The proof of Theorem 1 depends on a quantitative version of Schmidt’s
Subspace Theorem due to Evertse [7]. A key feature of Theorem 1 is that
the upper bound for Nj(m) is independent of the coefficients of the form
F'. We require such an estimate in order to prove the analogue of estimate
(5) for forms of essentially finite type. Before stating such a result we shall
make explicit the quantities ar and cp.

Any linear form L;(X) in the decomposition of F/(X) as in (1) is a factor
of F;(X) for some j with 1 < j < k by (10) and so is proportional to a
linear form with coefficients in a number field of degree the degree of F;(X).
For a factorization as in (1) of ' we let I(F) denote the set of all n-tuples
(Liy, ..., L;,) of linearly independent coefficient vectors. For each linear form
L;(X) from (1) we denote by b(L;) the number of n-tuples in I(F') which

contain L; and we put

brp = max{b(Ly),...,b(L,)}.
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Next let J(F') be the subset of I(F) consisting of n-tuples (L;,, ..., L;, ) for
which for j =1,...,n — 1 either L;,, is proportional to Ej or fl-j is in the
span of L, ..., L;,. Thunder [19] showed that J(F') is non-empty provided
that I(F) is non-empty. We then put

the number of L; in the span of L;,, ..., L,

j |
where the maximum is taken over integers j from {1,...,n—1} and n-tuples
(Liy, ..., L;,) from J(F). Thunder proved, see (16) of [19], that if F' is of
finite type and F' is not proportional to a power of a definite quadratic form

arp :max{

in 2 variables then

d 1
(15) 1§apgﬁ—m,
and the same argument shows that (15) holds if F' is of essentially finite
type and F' is not proportional to a power of a definite quadratic form in 2
variables. We note that ar = 1 if and only if the discriminant Ag of F is
Non-zero.

Finally we put

(o) — 1 it Ap 0
C =
" n?(fp (d—(n—1ap) — é otherwise.

For any set X let | X| denote its cardinality. Let I’(F') be the subset of
I(F) consisting of the n-tuples (L;,, ..., L; ) of linearly independent coeffi-
cient vectors with 4; < 29 < ... < 1,. Then

ol (1),

Since by < n!|I'(F)| and ar > 1 we find that if Ap = 0 then

= () (&)
hence

d
(16) cr < <n) (d—n+1).
Certainly (ij) < (Z) when d > n and so (16) also holds when Ap # 0.
Further l:l—F > 1 from which it follows that when Arp =0

!_
d—(n—1)ap—1
o> (Tl )CLF

and so, by (15),
(n—1)(d—n+1)
dn—1)—1

Cp =
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hence
— 1

Note that (17) also holds when Ap # 0.

Theorem 2. Let F(X) be a decomposable form in n variables with integer
coefficients and degree d with d > n > 2 and let m be an integer with m > 1.
If F' is of essentially finite type then

(18)

N (m)—m™ V| < g H(F)F (log m)"mar +(log m-+log H(F))"m 1

If F is of finite type then dp = 0 and ar > 1. Thus
1 n—2 n—1 n—1

A4 d “d-ar
and so (5) follows from Theorem 2.
For the proof we appeal to Theorem 1 and, once again, to a quantitative
version of the Subspace Theorem.

The discriminant A of a form as in (1) is given by

Ap= ] det(@y,. . L)
(i1yesin)
where the product is taken over all n-tuples of distinct integers (iy, ..., )
with 1 <i; <d for j =1,...,n. Here L' denotes the transpose of L.
Let B(z,y) denote the Beta function, see [5]. In 1996 Bean and Thunder
2] proved that if Ap # 0 then

(19) Ap| T Ve < O,
where
n—1
2 1 k n—~k k n—k 1
Cn:_ B y 4 B y 4 B ) ;
ng( (n—l—l n+1)+ (n—l—l n+1>+ (n—l—l n+1)>

the case when n = 2 was established by Bean [1] in 1994. They proved that
the upper bound of C,, is sharp in (19) and that C,, grows like a constant
times (2n)". If Ap is non-zero then ap = 1 and cp = (Zj) — 1. Thus by
Theorem 2 and (19) we have the following result.

Corollary 3. Let F(X) be a decomposable form in n variables with integer
coefficients and degree d with d > n > 2 and let m be an integer with m > 1.
If F is of essentially finite type and Ap # 0 then

(20)

Ni(m) <pa m”/d|AF|_(d;!n)! —I—H(F)(i:ll)*l(log m)”_Qm%%—(log m-+log H(F))"
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When n = 2, F(X) is a binary form and if Ap is non-zero then F is of
essentially finite type and dp is either 0 or 1. Since ar = 1 we obtain our

next result.

Corollary 4. Let F(X) be a binary form with integer coefficients, degree d
with d > 3 and Ap # 0. Let m be a positive integer. Then

(21) INE(m) — m¥ V| <g mETH(F)*2.

Corollary 4 generalizes Mahler’s result (6), where F' is assumed to be
irreducible over the rationals, to the case where F' has a non-zero discrimi-
nant. By (5) such a result holds when F is of finite type but that does not
give Corollary 4 in the case when F' has a linear factor over the rationals.
Corollary 4 is required in the work of Stewart and Xiao [17] on the number
of integers represented by a binary form with a non-zero discriminant and
the number of k-free integers represented by such a form [18] and the author
is grateful to Professor Fouvry for pointing this out.

The proofs of Theorems 1 and 2 build on the work of Thunder [19]. He
proceeds by establishing an upper bound for each x in R" for

[T IL, ()
|det(L, ..., Li")|
L, ) from I(F). Thunder establishes two such es-
timates and they are given in Lemma 5 and Lemma 6 of [19]. Our main

for some n-tuple (L;,, ..
innovation is a modification of Lemma 6 in order to treat the more general
situation when F' is of essentially finite type.

I would like to thank Professors Jeff Thunder and Stanley Xiao for some
helpful comments on this work.

2. SMALL PRODUCTS OF LINEAR FORMS

Let F'(X) be a decomposable form in n variables with integer coefficients
and degree d with d >n > 2 as in (1).

Lemma 5. If F(X) is of essentially finite type and F is not proportional to
a power of a definite quadratic form in 2 variables then there is a positive
number Cy = Cy(n,d), which depends on n and d, such that for every x in
R™ there is an n-tuple (L;,, ..., L;,) in J(F') for which
741_ LZ xr F 1/ar
HJ—1| J( )|>’ <Cl< | (IZI)| ) H(F)CF

\det(LY", ..., LI 7 i

11

Proof. This follows from Lemma 5 of [19] since if F' is of essentially finite
type and F' is not proportional to a power of a definite form in 2 variables
then, by (15), ar < d/n. O
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Suppose that R is a decomposable form in n variables with integer co-
efficients and degree d with d > n > 2 as in (1). Suppose further that R is
irreducible over Q and has content 1. Then, by Lemme 1 on p. 85 of [3], R
is equivalent under GL,(Z) to a form for which the coefficient of X¢, say
A, is non-zero. Thus we may assume that

d
R(X) = A [(X1 + p2Xo + oo + prn i Xon)
j=1
and, with X; = 1 and X; = 0 for ¢ from {2,...,n} and j = 2,...,n with
J# 1,
d
R(X1,0,...,0,1,0,..0) = AT [ (X1 + piy)
j=1
is a polynomial with integer coefficients. Therefore there is a linear form
L(X) = X1 + po1Xa + ... + pn1X,, which divides R with ;1 a root of
R(X4,0,...,0,1,0,...,0) where the 1 is in the i-th coordinate. Put K =
Q(/@,h e ,un,l)' Then

Nigjo(L(X)) = [[ o(L(X

where the product is taken over the isomorphisms of K into C. Nk q(L(X))
is in Q[X] and is irreducible, see Théoreme 2 of [3]. Thus, since Ng q(L(X))
divides R, R is a rational multiple of Ng,g(L(X)). The coordinates of
Ao (L(X)) are algebraic integers and so ANy q(L(X)) is a polynomial with
integer coefficients. Since R has content 1 there exists a non-zero integer m

such that
mR = A'T[o(L(X)) = [[ o (AL(X
hence
1
22 = — AL(X
(2) R= ot
In particular
(23) R=][M.(X

where M;q(X) = L AL(X) and M, (X) = o(AL(X)) for o different from the
identity:.

Recall that if T" is in GL,(Z) then the form G(X) = F(T(X)) is said to
be equivalent to F. Then Vi = Vi and Nj(m) = Nj:(m) for each positive

integer m.
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Lemma 6. If F(X) is of essentially finite type and H(F') is minimal among
forms equivalent to F' then there is a positive number Cy = Cy(n, d), which
depends onn and d, such that for every  in R™ there is an n-tuple (L, , ..., L;,)
in I'(F) and there is a polynomial G(X) in Z|X] of degree dy, with dy >
d — dp, which divides F(X) in Z[X] for which

[T L@, |F (@) G(@)
det(LT, ., L) ~ 7% H(F)V

217

Proof. The result holds if F/(x) = 0 since then one of the linear forms L;(x)
is 0. Thus we may suppose that F'(x) # 0.

The decomposition (1) of F' into a product of linear forms is not deter-
mined uniquely since if 4, ..., t; are complex numbers with ¢;...t; = 1 then

we also have
F(X) =t1L1(X)...t4Lq(X).

We may use (23) to find, for each integer r with 1 < r < k, linear forms
Ur1(X), ..., Uyq4,(X) for which

F(X) = Upy(X)...Upq, (X)

Thus we may suppose that each linear form L;(X) in (1) is plus or minus
|C’0\§Up7q(X) for some p with 1 <p <k and ¢ with 1 < ¢ < d,,.
For each x in R" for which F(x) # 0 put
, |[F ()
L) = R x)
| Li(x)]

’ ’

for i = 1,...,d and observe that F'(X) = L;(X)...L,(X).

Without loss of generality we may suppose that the forms L (X), ..., L, (X)
are from R[X],d = r + 2ry and L, 1(X), ..., Ly(X) have complex coeffi-
cients and are arranged so that L;(X) = L., (X) fori =7 +1,...,71 +79.
Let E? be the set of vectors (1, ..., z4) with 1, ...,x,, in R and x,, 1, ..., 74
in C with #; = Z;,,, for i = r; +1,....,7; + ro. Then E< is d-dimensional
Euclidean space by means of the usual Hermitian inner product on C¢.

Following the proof of Lemma 6 of [19] we let M be the d x n matrix
with rows Lll, - L/d and put

— tr tr
M = (m1 s s mn).

By our ordering of Ly(X), ..., Lg(X) we have my,...,m, in £¢ and so

(24) ATy ||* = 3 [det (L, .. L),

i1 ) In
I'(F)
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where I'(F) denotes the set of linearly independent coefficient vectors (L;
with iy < ... <1, and where A denotes the wedge product in the Grassman
algebra, see Chapter I of [16].

Let A\; < ... < )\, be the successive minima of the n-dimensional lattice A
generated by my, ..., m, in £ with respect to the unit ball. By Minkowski’s
Theorem on Successive Minima
(25) NN <, det(A)? = A my |7

Let zy,...,2, be a basis for A for which ||z;|| < jA; for j = 1,...,n, see
p.191 of [16]. Then there is a T' in GL,(Z) with 7' = (al", ..., al") for which

MT = (2", ...,2").

Put z; = (2j1, ..., 2;4) and observe that z;; = L;(a;) for j = 1,...,n and
1=1,...,d. We have

d d
(26) M2 lz* =)zl =) L)l
=1 i=1

It is at this point that we modify Thunder’s proof of Lemma 6 of [19].

Let G be the primitive polynomial in Z[X] of largest degree which divides
F and for which G(a;) is non-zero. By (10) and the definition of dp, see
(11), the degree dy of G is at least d — dp. Let iy, ...,1q4, be such that

(27) Liy(X)...Li, (X) = £|Co| 2 G(X).
Then by (26)
do
A=) L ()
j=1

and by the arithmetic-geometric mean inequality

A2 >d0HyL ap)|

Jj=1
Thus, by (27),
F(x)|4 >
32y PO g,
|G| %
and since G(a;) is a non-zero integer we find that
2(n—1)
x| 2
(28) Ao Ano)? > A0 %
|G| 7
Now

7212; >ZHZ]H _ZZ|ZJZ’2

Jj=1 =1

TR

!/

7Lz‘n)
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SO
d
n?’)\i Z Z H(Zl,h ceey Zn,i)H2
i=1

and by the arithmetic-geometric mean inequality
d
w2A2 > d(T ] I (z1is o 20a)IIF) 7 > d(H(F 0 T))d.
i=1

Since we have assumed that #(F') is minimal among forms equivalent to it

we have
d 2
(29) AL > ().
By (24), (25), (28) and (29)
P P
> Jdet(LyT, LI > — s H(F) .
I'(F) G(x)[

The number of terms in the sum above is at most (i) hence there is an
n-tuple (i1, ..., 7,) for which

/ / F
|det (L, ..., L") >4

11 7

Since

|det(LY, . L) F o)

117

[Tz 124 (x)]

\det (LT, ..., L)

1 ? in

the result follows.

3. BOUNDS FROM THE SUBSPACE THEOREM

Let K be an algebraic number field of degree d over Q with ring of
algebraic integers Ok and let M(K) be the set of equivalence classes of
absolute values on K. Suppose that K has r; real embeddings o4, ..., 0,, and
2ry pairs of complex embeddings with 0, +; = 0,15+ for ¢ = 1,...,79. Then
M (K) consists of r; + o Archimedean absolute values represented by, for

each z in K,

|zfo, = lo(2)]
fori =1,...,m + 1. Weput n,, =1 fors =1,....,mr and n,, = 2 for
i =r1+1,...,71 + ro. The non-Archimedean absolute values correspond to

prime ideals P of Ok. For each prime ideal P and each z in K with x # 0

|m|v79 _ p—(ordp:v)/e
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where ordpz denotes the order of P in the fractional ideal generated by x
and where e is the index of ramification. We put n,, = ef where f is the
residue field degree.

We extend this to n-tuples x = (z1, ..., z,,) with x # 0 and z; in K for
1=1,...,n by

n

x|y = (O lal2)?
i=1
if v is infinite,

x|, = mazx(|x1|y, oy |Tnlo)

if v is finite.
We now define the field height Hx(x) of x by

Hg(x) = [ [ Ix[;".

Let L(X) = a1 Xy + ... + @, X, be a linear form with coefficients in K. We
define the field height of L(X), Hx(L) by

Hyx(L) = Hx((cv, ..., )
and the absolute height H(L) by
H(L) = Hg(L)

where d is the degree of K over Q.
Suppose that R is an irreducible decomposable form of content 1 as in
(22). By Lemma 2a, Chapter 111, of [16]

He(AL) = — [ lo(AL)]).
Thus

H(R) = Hx(AL) = H(AL)?
By the product formula H(AL) = H(L) and so
(30) H(R) > H(L).

Suppose that F' has the form (1) and (10) and that L, (X), ..., Ls(X) are
as in the proof of Lemma 6. Then, by the product formula and (30)

(31) H(F) = H(L:)
for ¢ = 1,...,d and, as a consequence,
(32) H(F) > 1.

Also note that if T is in GL,(Z) then FoT = (L;0T)...(L, oT) and (31)
holds with F' replaced by F oT and L; by L;oT fori=1,...,d.
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In 1989 Schmidt [14] established a quantitative version of the Subspace
Theorem [13]. This was subsequently refined by Evertse [7] who proved the

following.

Lemma 7. Let Ly, ..., L, be linearly independent linear forms in n variables
with algebraic coefficients, H(L;) < H and [Q(L;) : Q] < D fori=1,...,n.
For every 0 with 0 < 6 < 1 there are t proper rational subspaces Ty, ...,'T; of
Q™ with

(33) t < 297°5-" 10g 4D log log 4D

such that every primitive integral solution x of

|Li(x)...L, ()|
\det(LY", ..., L")
with H(x) > H lies in Ty U ... UT,.

(34) S

Proof. This is the Corollary of the main theorem of Evertse [7].

We shall use Lemma 5 and Lemma 7 to prove our next result.

Lemma 8. Let F' be a decomposable form in n variables with integer coeffi-
cients and degree d with d > n > 2 as in (1). Suppose that F is of essentially
finite type and that F' is not proportional to a power of a definite quadratic
form in 2 variables. Put

(35) C' = max(Cy, m#’m%HO(F)l-FCF)ZlaF(n—l)

where Cy s giwen in Lemma 5. There is a positive number c, which is
computable in terms of n and d, and there are t proper rational subspaces
Ty, ..., Ty of Q™ with t < ¢ such that if a is an integer point with ||al > C
for which

1<|F(a)|<m
then a is in Ty U ... UT;.

Proof. Since F' is of essentially finite type and F' is not proportional to a
power of a definite quadratic form in 2 variables by (15)

d—nag 1 n
36 > > )
(36) ap arp(n—1) —d(n—-1)
Put 1 4
. — nar
0= -

mm(2, Ta, )

so that
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We may suppose, without loss of generality, that H(F') = Ho(F). If a is
an integer point with ||al| > C for which 1 < |F(a)| < m then by Lemma 5
there is an n-tuple (L, ...,L;,) in J(F') such that

I, |Li].(a)])| o (L)WH( Py,

|det (L, ..., L, [EY
By (36)
d—nap I 1 1
Jal T 2 | T > man(Cyme miHy ().
Thus
G I
[det(Li, - LDl o ™~ llall”

We may write a = ga’ with a’ primitive. Since 1 < |F(a)] < m and
|[F(a)| = ¢’|F(a’)],

=

(37) g <md.
Therefore
[ L@ 1
|det(Ly7, .., L) &)
But ||a]| > C hence by (17) and (37)

HaH > H(F)Fer > H(F).

’

Further, by (31), [la

hence also ||al|, is in one of at most |J(F")|c; proper subspaces of Q", where

> H(L;;) for j = 1,...,n. Thus by Lemma 7 Ha’”,
c1 is the right hand side of inequality (33) with d in place of D.
U

4. BOUNDS FOR INTEGER POINTS

We require an estimate for the number of integer points a for which an
expression of the form
[Tj=1 |Li; (a)]
det(LE, ., L"),

217

is small.

Lemma 9. Let Ky(X), ..., K,(X) be n linearly independent linear forms in
C[X]. Let A and C' be positive real numbers and let U be the set of x in R"
with
[, [Ki(@)|
= <A
|det(K', ..., K|
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and ||z|| < C. Let D be a real number with D > 1. The set of integer points
in U lie in a set W or in at most k proper subspaces where if C™ > n!AD"™

then
log(55)
W <, ( log D

n—1
) ADnJrl

and

1Og(nlA) et
K<y <W

and where otherwise

W| <, AD"*!
and
K <, 1.
Proof. This follows from Lemma 7 of [20] and Lemma 9 of [19]. O

Lemma 10. Let K1(X), ..., K,,(X) be n linearly independent linear forms
in C[X]. Let A and B be positive real numbers and let U be the set of  in
R™ with
[, [Ki(@)]
: <A
det(K', ..., K|

and
B <||z|| < 2B.

The set of integer points in U lie in a set W or in at most k proper subspaces
where if B® > nznlA then

on gn n—2
Wi (st ) A

and

non N\ n—2
K<Ly (log(n22 §A>>
and where otherwise
W] <, A
and
Kk <, 1.

Proof. This follows from Lemma 6 of [20] with C' = 2B and D = 2 and
Lemma 9 of [19]. O
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5. POWERS OF A DEFINITE QUADRATIC FORMS IN 2 VARIABLES

Suppose F' is proportional to a power of a definite quadratic form in 2
variables, say

(38) F(X1,Xs) = h(AX? + BX,1 X, + CX2)*

with h,k, A, B, C integers with h # 0,k > 2 and B? — 4AC < 0. Then F
is of essentially finite type but arp = k = d/2 where d denotes the degree
of F' and so (15) does not hold. As a consequence we must estimate Nj(m)
directly.

We proceed by first estimating N (m) where G(X1, Xo) = AX?+BX; Xo+
CX3. In 1915 Landau [10] gave an asymptotic estimate for Ng(m), hence
also for Ng(m), however he did not make explicit the dependence on the

coefficients of GG in his estimate, a feature that we require.

Lemma 11. Let F be a form as in (38). Then

Cm) — 2T (M) (T
(39) INp(m) = < (/1] < (1
Proof. We first remark that
* * m
(40) Nip(m) = N&((5)'")

and, since G is definite, that for any positive real number ¢
(41) Na(g) =14 Ng(q).

We may suppose that G is positive definite. The argument when G is neg-
ative definite is similar.
We note that

(42) Na(q) = Na(q)
whenever G(X1, Xy) = G(aX, 4+ bXy, cX; + dX,) where (25) is in SLy(Z).
By choosing (¢ Y) appropriately we may suppose that G is in reduced form.
In particular

G(X1, Xs) = rX? + 5X, X,y + t X2
with |s| < r <t. We also have
(43) s? —drt = B* — 4AC

since (¢ %) is in SLy(Z).
The region {(x1,25) € R? : |G(x1,22)| < ¢} is closed and bounded with
perimeter of length P. Thus, see [4],

(44) [Na(q) = Vaal < 1+4(P +1),
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and, by (43),
B 2 B 2m
VAt — 2 \JAAC — B2

The length of the perimeter of the ellipse given by G = ¢ is at most 27w

20r +t4+/(r =)+ ) 172 159
w=( 4rt — 2 ) a

Since |s| <7 <t we have 4rt — s? > 3rt and so w < ¢'/2. Thus by (44) and

(45)

(45) Ve

where

2T

Na(q) — —
Neld) = Jae =7
and so by (41) and (42)

ql < ¢'*

N2 )_Q—W
A= AC - B2

hence, since k = d/2, the result follows from (40).

ql < ¢'*

6. SMALL SOLUTIONS

Let m and B be real numbers with m > 1 and B > 1. Denote by
Vol(m, B) the volume of the set

{(x1,...,x,) € R" : |F (21, ..., 2,)| <m and ||x|| < B}.
Lemma 12. Let m and B be real numbers with m > 1 and B > 1. If F', as

in (1), is of essentially finite type and F is not proportional to a power of

a definite quadratic form in 2 variables then
[Vem™?® — Vol(m, B)| < g H(F)Fm!/er Brar=d/ar (1 4 log B)" 2,

Proof. This follows from (15) and the proof of Lemma 15 of [19].

Let Vol (m, B) be the volume of the set
{(z1,...;xn) €R" L |F (21, ..., z,)| < m and mazx(|zy|, ..., |x,]) < B}

and let Ny(m, B) be the number of integer points a for which |F(a| < m
and max(|zy, ..., |z,|) < B.

Lemma 13. Let m and B be real numbers withm > 1 and B > 1. If F', as
in (1), is of essentially finite type then

|N(m, B) — Vol (m,B)| < dn(2B +1)""L.

Proof. This follows from the proof of Lemma 14 of [19].



18 C.L. STEWART
7. LARGE SOLUTIONS

In order to establish Theorems 1 and 2 we shall first analyze the set
Q(m) of integer points a for which

L<[F(ai,...,a,)| <m
and

Jal] = /0,

Lemma 14. Let F be a non-zero decomposable form in n wvariables with
integer coefficients and degree d with d > n > 2 and suppose that I is of
essentially finite type and not proportional to a power of a definite quadratic
form in 2 variables. Let m be a positive integer. Q(m) is contained in a set
of cardinality

n—1

g H(F)F (14 logm)™"*md—r
or in
<na (1+1logm +logH(F))"!

proper subspaces.

Proof. By Lemma 8 if a is in Q(m) with [|a|| > C where C is given by (35)

then a lies in one of
(46) a1

proper rational subspaces.
It remains to consider the integer points a in Q(m) with

ml/(d—ar) < HaH <C.
and we do so by controling the solutions with
(47) 2t/ ld=ar) < |a|| < 27mY/(d-ar)
for j = 1,...,t where t satisfies
2t <0 <2
By (35),
(48) t Knal+logm+logHo(F).

By Lemma 5 and (15) , for each integer point a for which (47) holds and
1 <|F(a)| < m there is an n-tuple (L;,,...,L; ) in J(F') for which

n n—1
Hj:l |Lij (a)l < Cim®er H(F)°F
(A o A= ——

217
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n—1
—a c . 1
We may now apply Lemma 10 with A = w and B = 20 Imd=ar
gap(n—1)
We find that such integer points a lie in a set of cardinality

M M ()

(49) Ln,a (14 logm + j) =
Dap(n—1)
or, since j < t and (48) holds, in
(50) Zna (1 +1logm +log H(F))" >
proper subspaces.
Observe that, for j > 3,
(51) (I +logm +j) < (14 logm)j
and that
t jn—2
(52) —— Kaa L.

‘ 2arG-D
Since |J(F)| < n!(%) it follows from (46), (49), (51) and (52), that the set
of integer points a with m!'/(4=27) < ||a|| and 1 < |F(a)| < m lies in a set
of cardinality
n—1
L (1+Tlogm)"*m@ar H(F)F
or in
Kna (1+logm +logH(F)) !

proper subspaces as required.

8. PROOF OF THEOREM 1

If F'is proportional to the power of a definite quadratic form in 2 vari-
ables then the result holds by Lemma 11 since |h| > 1,[4AC — B? > 1 and
dr = 0 and so we may assume this is not the case.

Since Ng(m) = Nj(m) when G is equivalent to F' we may assume,
without loss of generality, that H(F) = Ho(F).

We shall first prove that the integer points a with 1 < |F(a)| < m lie in
a set of cardinality

1 n—1
or in at most
(54) na (14 logm)™?

proper subspaces of R"™.
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To do so we consider two cases. In the first case
(55) H(F)F > ma@@e-0250) /(1 + logm)" 2,
and in the second case
(56) H(F)r < m2@ %50 /(1 + logm)" 2.

Suppose initially that (55) holds. Let a be an integer point with 1 <
|F'(a)] < m. By Lemma 6 there is an n-tuple (L;,,...,L;,) in I(F) and a
polynomial G in Z[X] of degree dy > d — dr which divides F' for which

[T Lo @), [F(2)]|G(a)| %
det(LI, .., L) 72 H(F)A

117

Since G(a) divides F(a) and F'(a) is a non-zero integer of size at most m
we see that |G(a)| < m and so

[Tl @] m ™%
|det(LE, .., LI~ H(F)YE
Thus each integer point a with 1 < |F(a)| < m lies in a set of x in R”
with

(57)

[T ll )l ™%

|det (L, L)~ PH(F)VE
for some Z”L—tulple (L;y, ..., L;,) from I(F). We now apply Lemma 9 with
A= C’Q%,C given by (35) and D = (ZH(F))W to conclude that
the set of integer points a with ||a|| < C for which (57) holds lie in a set of
cardinality

n—1

KLnd méJr o
or in
<Kpal
proper subspaces.
By Lemma 8 the set of integer points a with 1 < |F(a)| < m for which
llal] > C lie in
<Kpal
proper rational subspaces. Therefore, provided that (55) holds, the integer
points a with 1 < |F(a)| < m either lie in a set of cardinality

(58) Cpamit T
or in

proper subspaces.
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We now suppose that we are in the second case, so that (56) holds. For
any real number z let [z] denote the greatest integer less than or equal to
x. Put

r— LH(F>QCF(d2(n—1)2+d)/nJ .
For x > 1 we have |z| > /2 hence
(60) r> H(F)QCF(dQ(nfl)Qer)/"/Q.
since H(F') > 1 by (32). Observe that
I 0T < H(F)F

and so (55) holds with r in place of m. Thus, by (58) and (59), the set of
integer points a with 1 < [F(a)| < r either lie in a set of cardinality

n—1

1+
Ln.d rdtd—dp

or in
<<n,d 1

1
proper subspaces. Each proper subspace contains at most (1 + 2rd-r )("*1)

n—1
d—aF

1
integer points a for which ||a|| < r4-+r. By (15) < % and so the number
1
of integer points a with 1 < |F'(a)| <r and ||a|| < r?er is
l+ n—1
<<1’L,d Td d—dp
1
hence the number Ng(r,r9 ) of integer points a with |F(a)] < r and
1
lla|| < rder is
l+ n—1
Lnd pd T d—dp
/ 71 . . .
Therefore the number Ny (r, 7% ) of integer points a with |F'(a)| < r and
1
max(|ay|, ..., |a,|) < rier
is
1 n—1
<<n,d TE"‘d—dF .
1
By Lemma 13 with m = r and B = r%<r we find that

1 1 1
Vol (r,r%r ) — Np(r, 1@ )| Lp.q rior

hence
Vol (r, rﬁ) Ln,d it
and so
(61) Vol(r, rﬁ) L d ity
By Lemma 12

[Vird — Vol(r,rTF )| <pa H(F)Trier (1 +logr)">
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By (15)

n n—1 n n—1 n
(62) d d—ar~d d-%+ (nl—l) d*(n—1)2+d
and so

raH(F)er (14 logr)"2

—_n
r d2(n—1)2+d

\Vprd — Vol(r,rﬁ)l <L n.d
hence by (60)
(63) \Vprd — Vol(r,rﬁﬂ Lna T,
and so by (61)

n—

n 1, n-1
(64) Vird Lpgriair

Since (56) holds, m = rs with s > 1 and so
Vemd = Vprdsd.

Thus by (64)

n—1

n 1 n
Vemd <, g rd’ 4-F 54

hence

n—1

n 1
(65) meg <<n,d derd’dF .

By Lemma 12 with B = mﬁ
\Vemid — Vol(m, mﬁﬂ L d H(F)CFmﬁ(l + logm)" 2
and since m > r we find, as in (63), that
Vema — Vol(m,mﬁﬂ Lpagmi
and so by (65)
Vol(m, mﬁ) Lnd mat iy
and

(66) Vol (m, mﬁ) Lnd matiar

1
Since d”_l < %, by Lemma 13 with B = m?-r we find that

’ _1 ’ _1 n
Vol (m,m®r) — Np(m,m®er )| <, g md.

Thus, by (66),

, 1 1, n—1
NF(m7md—aF> <<n,d mad " d—dp

hence

1 1 n—1
(67) Np(m, mTer ) g m"
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By Lemma 14 the integer points a with 1 < |F(a)] < m for which
|a|| > m!/(@=er) lie in a set of cardinality

<n,d H(F)CFmﬁ (14 logm)" 2
or in
Kpa (1+logm + log H(F))"
proper subspaces. Thus, by (56) and (62), these points lie in a set of cardi-
nality
<nd mi
or in
Lna (1+Tlogm)™ !
proper subspaces. Together with (67) we conclude that when (56) holds the
integer points a with 1 < |F(a)| < m lie in a set of cardinality

(68) <pamitiin
or in
(69) Lna (1+Tlogm)" !

proper subspaces.
Therefore, by (58), (59), (68) and (69) the integer points a with 1 <
|F'(a)| < m lie in a set of cardinality

(70) <pamitiin
or in
(71) Kna (14 log m)"!

proper subspaces. Notice that we may suppose that each proper subspace is
defined over Q by replacing the subspace by the linear span of the integer
points in the subspace.

If T is a proper rational subspace of R™ which contains a point with
integer coordinates a with 1 < |F(a)| < m then T is not contained in
Ay, ..., Ag. Since F is of essentially finite type then V(Fr) is finite, where
Fir denotes F' restricted to T, and V(F]T) is finite whenever ﬁ]T is Fir
restricted to a rational subspace of T" which is not a subspace of A; for
i =1,..., k. Therefore Fir is of essentially finite type.

We shall now prove our result by induction on n. First suppose that
n = 2. Then a proper rational subspace T is defined by an equation of the
form pX; 4+ qX; = 0 with p and ¢ coprime integers. The integer points
in T have the form (kq, —kp) with k an integer. If T contains a point a
with 1 < |F(a)] < m then it contains a point a with F(a) # 0 and so
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F(q,—p) # 0. But F(kq,—kp) = k"F(q,—p) and if 1 < |F(kq,—kp)| < m
then 1 < |k|™ < m hence each proper rational subspace contains at most
2mi points a with 1 < |F(a)| < m . Thus the result holds for n = 2 by
(70) and (71).

Fir is of essentially finite type for each proper rational subspace 1" which
contains a point a with integer coordinates for which 1 < |F(a)| < m. Let n’
be the dimension of T, so n’ < n. As on page 801 of [19], Fir may be viewed
as a form G, which is essentially finite, on R Thus, since n” < n—1, by our
inductive hypothesis each proper rational subspace of R™ which contains an
integer point a with 1 < |F(a)| < m contains

1, n-2
<<n,d md " d—dp
such points. Therefore, by (70) and (71), the number of integer points a
with 1 < |F(a)| < m is

n—2

1, n-1 1
Lpg M 4 (14 logm)" tmd T adr

which is
1 n—1
taan

<<n,d m?

as required.

9. PROOF OF THEOREM 2

If I is proportional to a power of a definite quadratic form the result

holds by Lemma 11 so we may assume this is not the case.
1
Let Nj(m,m@r) denote the number of integer points a with 1 <
~ 1
|F(a)] < m and ||al| < m'/(@=") and let Ni(m, m@ <) denote the number
of integer points a with 1 < |F(a)| < m and ||a|| > m!/(¢=2#) Then
1 ~ 1
Nj(m) = Nj:(m, m™) + Nj-(m, m=)
and so
n n 1 ~ 1

(72)  [Vemd — Np(m)| < [Vem'd — Np(m, m®<r)[ + Np(m, m®r).

n 1 .
We first estimate |Vema — Nj:(m, m®r )|, To this end we note that by
1

Lemma 12 with B = md-—<r

\Vemid — Vol(m, mﬁ)\ L d H(F)CFmﬁ(l + logm)™ 2.
It follows that
(73) [Vemd — Vol (m, mﬁ)\ L d ’H(F)Cpmﬁ(l +logm)" 2.
By Lemma 13, with B = mﬁ,

n—1

(74) Vol (m, m™F ) — Nip(m, mF )| €pq m-or.
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/ L . . .
Denote by N} (m, m@®r ) the number of integer points a with 1 < |F(a)| <
1
m and max(|ay], ..., |a,|) < maer. The integer points a for which F'(a) =0
lie in the subspaces Ay, ..., Ay with & < d and each subspace contains at
1

most (1 + 2ma=<r )"~! points hence

! 1 / _1 n=1
(75) |Np(m,ma=ar) — Nj(m,mi—cF)| <, g mor
Next we observe that

1

(76) INE (m, m™7 ) — N (m, m™7 )| < Np(m, m™F ).

Thus, by (72), (73), (74), (75) and (76),

1

(77) |Vem' — Np(m)| €na H(F)FmT s (1+logm)" 2+ N (m, m ).

~ 1
It remains to estimate Nj(m, m?<r ). By Lemma 14 the integer points
a with 1 < |F(a)] < m and |la| > m!/(?=%) are contained in a set of

cardinality

(78) <na H(F)Fmar (1 + logm)"2
or lie in

(79) <na (1 +1logm +log H(F))"!

proper subspaces.

If T is a proper rational subspace of R" of dimension k with k < n which
contains an integer point a with 1 < |F'(a)| < m then, as we remarked in
the proof of Theorem 1, Fir is of essentially finite type and Fjy may be
viewed as a form in k£ variables with & < n — 1. Thus by Theorem 1 each
proper subspace contains

n—2

1
(80) Kpg MR

integer points a with 1 < |F(a)| < m and [al| > m"/@*). Therefore, by

(78), (79) and (80),

(81)

N (m, mT ) g H(F)*mir (14+log )" 2+ (1-+log m-+log H(F))" ' m s

Our result now follows from (77) and (81).
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