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ABSTRACT. In this paper, we study the distribution of multiplica-
tively dependent vectors. For example, although they have zero
Lebesgue measure, they are everywhere dense both in R™ and C".
We also study this property in a more detailed manner by consid-
ering the covering radius of such vectors.

1. INTRODUCTION

1.1. Background. Let n > 2 be a positive integer, R be a ring with
identity and let v = (vy,...,v,) be in R™. We say that the vector v is
multiplicatively dependent if all its coordinates are non-zero and there
is a non-zero integer vector k = (kq,...,k,) in Z" for which

(1.1) otk =1

Let S be a subset of R. We denote by ., (.S) the set of multiplicatively
dependent vectors with coordinates in S.

In 2018 Pappalardi, Sha, Shparlinski and Stewart [14] gave asymp-
totic estimates for the number of multiplicatively dependent vectors
whose coordinates are algebraic numbers of bounded height and of
fixed degree or within a fixed number field. For example, it follows
from [14, Equation (1.16)] that for any integer n > 2 there is a posi-
tive number ¢(n) such that the number of elements of .#,,(7Z) whose
coordinates are at most H in absolute value is

(1.2)  n(n+1)(2H)"" + O (H"*exp(co(n)log H/ loglog H)) .

The multiplicative dependence of algebraic numbers has also been
studied from other aspects. These include bounding the heights of mul-
tiplicatively dependent algebraic numbers (see [17]), studying points on
an algebraic curve whose coordinates are non-zero algebraic numbers
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and multiplicatively dependent (see [1,2,6,12]), investigating multi-
plicative dependence of rational values (see [7,13]), considering multi-
plicative dependence among iterated values of rational functions (see [4,
13]), and studying multiplicative dependence modulo groups (see [3,4]).

In this paper, we study the distribution of the elements of ., (5)
when S is a subset of the real numbers R or the complex numbers C
with number theoretic interest. Note that the sets .4, (R) and .#,(C)
have zero Lebesgue measure, since they are countable unions of hyper-
surfaces and each hypersurface in R™ or C™ has zero Lebesgue measure.
On the other hand, our results imply that .#;,(R) and ., (C) are dense
in R™ and C" respectively; see Theorem 1.1 and Theorem 1.4.

Let K be a number field, which we always identify with one of its
models, that is, K = Q(«) for some algebraic number «. Recall, that
alternatively, one can think of K as Q[X]/f(X)Q[X] for an irreducible
polynomial f(X) € Z[X] and then consider its various embeddings in
C and R.

As usual, we define the degree of K to be the degree [K : Q] of the
field extension K/Q. Let Ok denote the ring of integers of K. We
study the distribution of .Z,,(K) and .#,(0k) in R" and also in C".
Among other results, we prove that ., (K NR) is dense in R", and
My(Ok NR) is dense in R™ if O NR # Z. Further, .4, (K) is dense in
C"if K C R, and 4, (0k) is dense in C" if K C R and [K : Q] > 3.
Then, to study the cases of .#,,(Z), which is not dense in R", and of
M, (Or) when K is an imaginary quadratic field, which is not dense
in C", we introduce a refinement of the notion of the covering radius of
a set and use it to show that there are significant irregularities in the
distribution of the elements of .#,(Z) in R™ and of .#,,(0k) in C".

1.2. Density results for multiplicatively dependent vectors. We
say that a subset S of a ring R is closed under powering if for any « in
S we also have ™ in S for every non-zero integer m.

Theorem 1.1. Let n > 2 and let S be a dense subset of R which 1is
closed under powering. Then #,(S) is dense in R™.

We remark that if S is a dense subset of R which is not closed under
powering, then ., (S) may not be dense in R". For example, let S be
the set of all rational numbers of the form p/q or —p/q with distinct
primes p, gq. Then by [9, Theorem 4] S is dense in R, but .#,(.S) is not
dense in R™ for any n > 2 (see Section 5 for more details).

Since the rationals are dense in R and closed under powering, we
deduce the following result.

Corollary 1.2. Let n > 2. Then #,(Q) is dense in R™.
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Let K be a number field of degree at least 2. Plainly ., (K N
R) is dense in R™ by Corollary 1.2 since Q is contained in K N R.
Furthermore, if O NR # Z, then Ok NR is easily seen to be dense in
R, and since it is closed under powering we have the following result.

Corollary 1.3. Letn > 2, and let K be a number field. If OxNR # 7Z,
then M,(Ox NR) is dense in R™.

We next establish the analogue of Theorem 1.1 when R is replaced
by C.

Theorem 1.4. Let n > 2 and let S be a dense subset of C which is
closed under powering. Then A,(S) is dense in C".

As before, we remark that in Theorem 1.4 the condition that S be
closed under powering cannot be removed. For example, let S be the
set of all algebraic numbers of the form (p/q with ¢ a root of unity and
with p and ¢ distinct primes. Then S is dense in C, but .#,(S) is not
dense in C™ for any n > 2 (see Section 5).

If K is a number field not contained in R, then K is dense in C and
we deduce our next result.

Corollary 1.5. Let n > 2, and let K be a number field. If K is not
contained in R, then A, (K) is dense in C".

Further, by Lemma 2.2 below, if K is a number field of degree at
least 3 which is not contained in R, then O is dense in C and we have
the following result.

Corollary 1.6. Letn > 2, and let K be a number field. If [K : Q] > 3
and K is not contained in R, then 4, (Ok) is dense in C".

Clearly, one can see that the converses of Corollaries 1.3, 1.5 and 1.6
are true.

1.3. Covering radius of the set of multiplicatively dependent
vectors. Let S be a subset of R. The covering radius of 4, (S) in R
is defined as

pn(S) = sup inf [jx— vl

xeR? VEMn(S)
where ||x]| is the Euclidean norm of x = (z1,...,x,) € R", that is,

x| =1/22+ ...+ a2

Clearly, .#,(S) is dense in R™ if and only if p,(S) = 0. Let K be a
number field. Then, for any integer n > 2 it follows from Corollary 1.2
that p,(K NR) = 0 and from Corollary 1.3 that p,(0x NR) = 0 pro-
vided that Ox NR # Z. On the other hand, trivially p,(Z) > 1 and
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it follows from (1.2) that in fact p,(Z) = oo; see (1.3). In this case we
introduce a finer measure in order to study more precisely the distri-
bution of multiplicatively dependent vectors with integer coordinates.
For H > 1 we define

pn(H;Z) = sup  inf |[|x —v|.

xcR” VEM(Z)
x|l <H

Each point of .#,,(Z) which is in the ball of radius H centered at the
origin has coordinates which are at most H in absolute value. By (1.2)
there is a positive number ¢;(n), which depends on n, such that the
number of such points is at most ¢, (n)H"!.

In addition there is a positive number cy(n), which depends on n,
such that the volume of a ball of radius r in R" is cy(n)r™. Thus, the
ball of radius H centered at the origin has volume cy(n)H™, and so in
order to cover it with balls of radius 7 centered at the points of ., (Z)
which lie in it we must have ¢;(n)r" H"~! larger than H". In particular
we must have

(1.3) pn(H;Z) > cy(n)HY™,

where c3(n) = ¢y (n)~V/".

If the points of .#,,(Z) were evenly distributed, then the lower bo-
und (1.3) would be sharp. However, the distribution of the points is in
fact remarkably non-uniform. Certainly there are many points which
are close to each other in ., (Z), since if n > 2 then (2%,2,23,..., 2,)
is in #,(7Z) for each positive integer k whenever 3, ..., x, are non-
zero integers. Furthermore for each positive integer k both (2¥,2) and
(2%, 4) are in .#>(Z). In addition there are large regions of R™ devoid
of points of #,,(Z).

In the sequel, the implied constants in the symbols O and < may
depend on n and K. (We recall that U = O(V) and U < V are
equivalent to the inequality |U| < ¢V with some positive number c.)

In particular we prove the following result, which shows the true
order of magnitude of p,(H;Z) to be spectacularly different from that
suggested by (1.3).

Theorem 1.7. For H > 1, we have
and forn >3

(loglog H)"!

H/(log H)®"™ < p,(H;Z) < H llog 172
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where Cy(n) is a positive number which is effectively computable in
terms of n.

The lower bound for p,(H;Z) with n > 3 in Theorem 1.7 is estab-
lished by means of a result of Tijdeman [20] on gaps between integers
composed of a fixed set of primes. For the upper bound we use an
explicit construction.

Similarly, if 7" is a subset of C, then the covering radius of ., (T)
in C" is defined as

2(T) = su inf |z —v|,
polT) = supinf 2]

where ||z]| is the Euclidean norm of z = (21, ..., 2,) € C", that is,

Izl = V]2l + .+ [zal.

Clearly, for any subset T' of C, .#,(T) is dense in C" if and only
if p,(T) = 0. By Corollaries 1.5 and 1.6 it remains to determine
pn(Ok) for n > 2 when K is an imaginary quadratic field. By [14,
Equation (1.7)] the number of elements of .#,,(0k) whose coordinates
have absolute Weil height, see (2.14) below, at most H is

n(n+1) [2rH2\"" .
2 (‘D‘l/z) +O(H2 3)a

where w denotes the number of roots of unity in K and D denotes the
discriminant of K. It follows, as in (1.3), that in this case u, (Ok) = o0o;
see also the lower bounds of Theorem 1.8. As in the real case, we
introduce the following more refined concept. For H > 1 and K an
imaginary quadratic field, we put

W(H; Ok) = su inf x — vl||.
palH: ) = swpinf - [x—v]
IxI<H

Theorem 1.8. Let K be an imaginary quadratic field, and let H be a
real number with H > 1. Then, there exists a number Cy(n), which is
effectively computable in terms of n, such that
H < pe(H; Ok) < H,
and for n > 3,
log log H
(log H)'/2'
For the proof of the lower bound in Theorem 1.8 we again appeal

to the result of Tijdeman [20] while for the upper bound we give an
explicit construction.

H/(log H)®™ < p,(H; Ox) < H
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We note that an alternative approach to upper bounds in Theo-
rems 1.7 and 1.8 can be given using the results of Tijdeman [21] on
gaps between products of powers of fixed primes and their analogue
for algebraic numbers due to Stewart [18] (see also [19]). However this
approach leads to quantitatively weaker bounds.

2. PRELIMINARIES

2.1. Density of algebraic integers in C. We believe that the main
result of this section is of independent interest. It is also needed for
the proof of Corollary 1.6.

Lemma 2.1. Let a and 3 be complex numbers which are not in R with
1, and B linearly independent over Q and for which

Qa, H)NR =Q.
Then, the set
Sap={a+ba+ch: abcel}

1s dense in C.

Proof. Let € be a real number with 0 < € < 1, and let = + yi be in C
with z,y € R. We want to show that there are elements of S, g within
e of x + yi. Without loss of generality, we can assume that

(2.1) 1<z<?2 and y > 0.

Let K = Q(a, ). Note that 1,«,f are linearly independent over
Q. Then, for any integer n, the numbers 1,a + n, 5 are also linearly
independent over Q. So we can assume that

a=a+ b,

where 1 = 1/—1 is the imaginary unit and a, b are positive real numbers.
Since « is not a real number, C = R(«a) and so there exist real
numbers 7 and s with

(2.2) 8 =r+ sa.

We cannot have both r and s in Q, since 1, «, § are linearly independent
over Q. Moreover, neither r nor s is in Q. Indeed, if r is in Q, then
s = (f —r)/aisin K NR, and hence by our assumption s is in Q,
which is a contradiction. A similar argument also applies if s is in Q.

Suppose that 1,7, s are linearly dependent over Q. Then, there exist
integers 7, k and /¢, not all zero, such that

(2.3) j+kr+6s=0.
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Since r and s are irrational, we have k¢ # 0. By (2.2) and (2.3),
J+k(B—sa)+ls=0
or
Jj+ kB = (ka—1{)s.
Since f is non-real, j + k( is non-zero, and so is ka — £. Then,
ks
ka—10'
and we see that s € K. Since s is real and K "R = Q, we deduce that
s is in Q, which gives a contradiction.
Therefore, we must have that 1,r, s are linearly independent over Q.
For any real number z, let |x| denote the integer part of x (that is,
the largest integer not greater than x), and let {z} = x— || denote the

fractional part of z. By Kronecker’s Theorem (see [8, Theorem 443)),
there exists a positive integer ¢ such that

52

e €
(2.4) plob<g and Aesh <o

Put
M =qB — lar] = las] o,
and note that v; € S, 3. Further, by (2.2)
M =A{ar} +{gs}e,
and since o = a + bi, we have

(2.5) 1 = A+ {gs}bi,
where

(2.6) A={qr} + {gs}a.

We now define ¢; to be the integer for which
(2.7) @{gstb <y < (a1 + 1){gs},

which is possible since s is irrational and thus {¢gs} > 0. Then

am = aA+ af{gs}bi
We put
Y2 = g1 — LQMJ .
Note that v, € S, 3 and
(2.8) Y2 = {@ A} + @i {gs}oi.

We now choose g» to be the integer for which

(2.9) {a A\ + @) <z <{gA}+ (@ + 1)\
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which is possible, since the irrationality of r, s and the positivity of a,
together with (2.6), imply that A is positive. Thus, by (2.1) and (2.9)
we have

Q2)\ S T < 27
and by (2.4) and (2.6) we have

A>{qr} > Z

Therefore

8

Note that ¢; and ¢y are non-negative.
Observe that v, + ¢271 is in S, g, and by (2.5) and (2.8),

172 + @1 — (z + yi)| < H{a A} + @A — | + |qi{gs}b + q2{gs}b — y] .
Thus, by (2.7) and (2.9) we have

(2.11) 72 + @21 — (x + yi)| < A+ (g2 + 1){gs}b.
By (2.4) and (2.6)

e €
2.12 < -4+ —
( ) As 2 * 20’
and by (2.4) and (2.10)

8 g2 2 ¢
2.1 1 b<-4+1) === —.
(2.13) (a2 + Dias}h = (5+ )20 55720

Thus, by (2.11), (2.12) and (2.13),

”YQ—FQQ")/l — (x+yi)] <e€

as required. O

Note that the set S, s in Lemma 2.1 is in fact the sum of two lattices
7 + Za and Z + Z.3. Although each lattice is not dense in the plane,
the sum of the two lattices is dense in the plane under the condition in
Lemma 2.1.

We remark that the condition Q(«, 5)NR = @ in Lemma 2.1 cannot
be removed. For example, choosing o = 4, 3 = v/2 + i, we have that
Q(a, B) NR = Q(v/2) and S, s is not dense in C.

Lemma 2.2. Let K be a number field. Then, the ring of integers Ok
is dense in C if and only if K is not contained in R and [K : Q] > 3.
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Proof. Clearly the condition [K : Q] > 3 is necessary. Indeed, if [K :
Q] = 2 and K is not contained in R, then Ok forms a lattice in the
plane and so cannot be dense in C.

Let us now suppose that K is not contained in R and that [K : Q] >
3. We consider the following two cases.

Case 1. We first consider the case when K "R = Q. Since KNR =Q
and [K : Q] > 3, there exist non-real algebraic integers a and f in O
such that 1, «, 8 are linearly independent over Q. By Lemma 2.1, this
case is done.

Case 2. We now consider the case when K N R # Q or equivalently
when O NR # Z. Then, there exists a real algebraic integer o € O
which is not in Z and so is irrational. Further, since K is not contained
in R, there exists an element § € Ok with 8 = a + bi where a and b
are real numbers with 6 > 0.

Let € be a real number with 0 < € < 1, and let x + yi be in C with
x,y € R. We now show that there are elements of 0k within ¢ of
T+ yt.

Since « is irrational, we can choose integers ¢ and d such that
€
2b°

Similarly, we can choose integers r and s with

lc+da—y/b| <

€
|7 + sa+ ac+ ada — z| < 7
We then put A = r + sa + (¢ + da) 5. Observe that A € O and
e €
A— ' -+ - =
as required. O

Combining Theorem 1.4 with Lemma 2.2, we obtain Corollary 1.6.

2.2. Multiplicative dependence of algebraic numbers. For any
algebraic number « of degree d > 1, let

f(@) =agx® + - + a1 + ag

be the minimal polynomial of « over the integers Z (so with content 1
and positive leading coefficient). Suppose that f factors as

f(x) = aa(r — 1) - (x — aq)



10 S. KONYAGIN, M. SHA, I. E. SHPARLINSKI, AND C. L. STEWART

over the complex numbers C. The height of «, also known as the
absolute Weil height of a and denoted by H(«), is defined by

d 1/d
(2.14) H(a) = (adeaX{l, |aj|}> .

The next result shows that if algebraic numbers ay, ..., a, are mul-
tiplicatively dependent, then there is a dependence relation where the
exponents are not too large in absolute value; see for example [11, The-
orem 3] or [15, Theorem 1].

Lemma 2.3. Letn > 2 and let oy, . . ., o, be multiplicatively dependent
non-zero algebraic numbers of degree at most d which are not roots of
unity. Then there is a positive number c, which depends only on n and
d, and there are rational integers ky, ..., ky,, not all zero, such that

a'f1~--afﬁ:1

and
n

|ki| <c H log H(«y;), j=1,...,n.

We remark that the upper bound in Lemma 2.3 is best possible up
to a multiplicative constant; see [11, Example 1].

The following result describes the typical form of a two dimensional
multiplicatively dependent vector over a number field.

Lemma 2.4. Let K be a number field, and let h be the class number
of K. If a and B in K are multiplicatively dependent, then there exists
v in K such that (o, ") = (mA', ney™) for roots of unity n1,ny from
K and some integers | and m.

Proof. Since o and [ are multiplicatively dependent, without loss of
generality we can assume that there exist two positive integers ki, ko
such that

(2.15) aft = gke.

First, we look at the prime decompositions of the fractional ideals («)
and (f) of K. Notice that there exist distinct prime ideals py,...,p,
of K and integers eq,...,e,,5s1,...,S, such that

(@) =p7".pi By =p1" .y,
which, together with (2.15), implies that
(216) klej :k’QSj, ] = 17...,71.
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Then, choosing integers

o ke R
ng(kl, kg) ’ ng(kl, kg)
and
tj _ €j'ng(l{51,k52) _ Sj'ng(kthQ), j= 1,“.,n,
ko k1
we have
(@) = (p1* ..ol (B) = (pT ... py)™,

and
Since h is the class number of K, the fractional ideal (pi'...p%)" is

principal. That is, there exists an element vy € K such that

(p1' - p)" = (0,
and thus
(@ =00, (8" = (.

So, there are two units u, v of Ok such that

(2.18) o =y, B = vy,

Now, by (2.15), (2.17) and (2.18), we obtain
(2.19) uft =P
Let r be the rank of the group of units of &k. By Dirichlet’s unit
theorem, there exist r fundamental units wq, ..., w, € Ok such that
(2.20) u=mw ... wer and v =i .. wlr
for some roots of unity 7,7, € K and integers aq,...,a,,by,..., 0.

Clearly, (2.20) also includes the case when the rank r = 0. We substi-
tute (2.20) into (2.19) and deduce that

ki ko
m =17

and
(2.21) kia; = kob;, j=1,...,m1.
By (2.16) and (2.21), there exists a unit w € O such that
u = mu' and v=nw™,

where [ and m have been defined in the above. Substituting this
into (2.18) and denoting w7y, by 7 we have

a"=ny' and BN =™
This completes the proof. O
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2.3. Gaps between products of powers of fixed primes. We need
a result of Tijdeman [20] on a lower bound on the gaps between integers
of the form pi'---p* for distinct primes py,...,p; and non-negative
integers 1, ..., sk, k > 2, see also [10, 21].

Lemma 2.5. Let S = {p1,...,pr} be a nonempty set of prime numbers

and let m; < mo < ... be the increasing sequence of positive integers

composed of primes from S. Then there exists a positve number ¢ which
is effectively computable in terms of S such that

m m; > e

j+1 J (log mj)c :

3. PROOFS OF DENSITY RESULTS

3.1. Proof of Theorem 1.1. We first note that it suffices to prove our
result for n = 2, as then we can approximate any vector (zy,...,x,)
by (v1,vs,03,...,v,) € S™, where

e vy, vy are multiplicatively dependent and chosen to approximate
x1, Ty respectively,
e v3,...,v, are chosen independently to approximate s, ..., x,.

Let (z1,72) € R% Tt is enough to prove that for any € > 0 there
exists an element of .#5(S) which differs from (x1,z2) by at most ¢
in each coordinate. For each ¢ > 0, we choose a real number § > 0,
depending only on ¢, 1 and x5, such that if « is a real number with

(3.1) —l-d<a<-1-4§/2,

there exist integers k£ and m such that

. ol = forll <& llal**! = o]l <,
o™ = Jzall <&, o™ — |zs|| <e.

Since S is dense in R, there is an element « in S satisfying (3.1). Since
S is closed under powering, we have that the four vectors (a*, a™),
(a®, amt) (o ™) and (a1, a™*1) are all in .#5(S) and also (3.2)
holds. Note that at least one of these four vectors differs from (x;, z5)
by at most € in each coordinate (according to the signs of x; and x5).
The desired result now follows.

3.2. Proof of Theorem 1.4. As in the proof of Theorem 1.1 we ob-
serve that it suffices to prove our result for n = 2.

Let (21, 29) € C2. We show that there is a sequence of elements of
AM>(S) which converges to (z1, 22).
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We first prove the result when 2129 = 0. Without loss of generality we
may suppose that z; = 0. If |z5| < 1, we let (s1, S2,...) be a sequence
of complex numbers from S with |s,,| < |22] for m = 1,2,... which
converges to zy. Then (s, s,,) is in #5(S) for m =1,2,... and

nll_lgo(smv Sm) = (07 22)'
On the other hand, if |z5| > 1, let (sq, s2,...) be a sequence of complex
numbers from S with [s,,| > (1 + 2)[2s| for m = 1,2,... which con-

verges to zo. Then (s, s,,) is in .#(S) for m = 1,2, ..., and since
’ZZ, > 1,

lim (s, sm) = (0, 23).

m—0o0

We now suppose that zyz5 # 0. Put
zj = |z;] exp(2mid;y),

where ¢ = v/—1 and 0 < ¥J; < 1, for j = 1,2. For each positive integer
m we put

1 .
Wy, = <1 + W) exp(2mi/m).
Next, let a;,, be the unique integer with

1 ajm 1 aj,erl .

Define 7;,, € {0,...,m — 1} by the condition 7;,, = a;j,, (mod m),

and then choose b; ., € {—7jm, —Tjm+1,...,m — 17, — 1} such that
bjm +Tjm bjm +7Tjm+1 .
Dm T lim o im B lam T2y g
m m

Observe that |b;,,| is at most m, for j = 1,2. Then
lim @%mtbim — zj, Jj=12
m—r0o0

Since S is dense in C, there is an element t,, in S with

) . , , 1 .
[t i g tin| < L 10 =12,
m

Thus
: a1,m+b1, a2,m+ba,m\
lim (tmm m,tmm m)—(Zl,ZQ).
m—00
. . . a +b a +b
in i under powering, w m m
Since S is closed under powering, we see that each (™" ", tp ™ 2"

is in .#(S), and the result now follows.
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4. PROOFS OF BOUNDS ON THE COVERING RADIUS

4.1. Proof of the lower bound of Theorem 1.7. We start with
n = 2. Since the upper bound is trivial, we only need to prove the
lower bound. Fix a vector x = (H/2,3H/4), we have ||x|| < H. For
any vector v = (vy,vs) € Mo(Z) with v; > 1 and vy > 1, by Lemma 2.4
we can choose a positive integer a > 2 such that v; = a®*, vy = a*? for
some positive integers s, Sso.

Assume that s; > s9, that is v; > ve. If v; <5H/8, then [|[x — v| >
3H/4 — 5H/8 = H/8. Otherwise if v; > 5H/8, we have ||x — v| >
5H/8 — H/2 = H/8. So, in this case we obtain

lx — vl = H/8.

Now, we assume that s; < so. If v; < 5H/12, then [|x — v]|
H/2 —5H/12 = H/12; while if v; > 5H/12, then

vg > avy > 2vy > 5H/6,

which implies that ||x — v|| > 5H/6 — 3H/4 = H/12. Hence, in this
case we have

v

|x —v| > H/12
as required.
We now consider the case n > 3. Let py, ..., p, be the first n primes.
We define ¢; as the largest power of p; which does not exceed H/2;

thus we have
7 _ B
2, 4 > 5
We now set b = (¢ + 2)n, where c is the constant in Lemma 2.5 which
corresponds to £ = n and the above choice of primes.

We now define the n-dimensional box
B = (¢ — H/(log H)", q1 + H/(log H)"] x
X [qn — H/(log H)®, g, + H/(log H)"] ,

and show that ,(Z) N8B = () when H is sufficiently large. Indeed,
we assume that there exists v = (vy,...,v,) € M,(Z) N*B. Then, by
Lemma 2.3 one can choose the exponents k; in (1.1) to satisfy

(4.1) |k;| < (log H)" !, j=1,...,n.

Since

g=1...,n.

vj =¢; + O(H/(log H)") = ¢; (1 + O(1/(log H)")) .
using (4.1) we also have

v =4 (140 (Jkjl/(log H)®)) = 47’ (1+ O (1/(log H)"™"*1))
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for j =1,...,n. Hence

n

[14’ =1+01/(ogH)P=").

i=1

Collecting negative and positive exponents we rewrite this as

(4.2) Q= Q- (1+0(1/(log H)""*1)),
where . .
Qi=[[¢¢ amd Q- =][g¢"
’gj:>10 kjj:<10

Since by (4.1) we have
max{log Q,log Q_} < (log H)",

we can rewrite (4.2) as

(4.3) Qs = Q- (1+0(1/(log Q.) " "+0/m))

where @, = min{@Q,,Q_}. Since due to our choice of b we have
b—n+1)/n=0b+1)/n—1>c+1>c,

we see that (4.3) contradicts Lemma 2.5 when H is sufficiently large.

This in fact completes the proof of the lower bound.

4.2. Proof of the upper bound of Theorem 1.7. We only need to
consider the case n > 3. Let

X = (T1,...,2,) €Z"

with ||x|| < H for large enough H. Without loss of generality we can
assume that

O<n <... <z, <H.
Moreover, if 71 < H/(log H)""2, then we take u = (1, x,...,x,) and
get

I —ul] < H/(log H)" .

Hence we can assume that

(4.4) H/(logH)"?* <, <...<x, < H.

In addition, the case when z; = - - - = x,, is trivial, and so we assume
that
(4.5) Ty > T7.

Denote

y; = log(x;/xy), i=2,...,n.
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By (4.5), we have y,, > 0. Next, we see from (4.4) that for a sufficiently
large H we have

(4.6) y; < loglog H, i=2,...,n.
We set
log H

(7 g= |82

n?loglog H
and, using a g-ary expansion of y;/y, € [0,1], choose non-negative
integers a; ; < ¢ where i =2,...,n, j =1,...,n — 2 such that

n—2 @ 1
(48) & - Z;‘j < n—2" L= 27 y
U S|
Take
(4.9) k= |(logH)"'|
and choose positive integers my, ..., m,_o so that
(4.10) log(m;/k) — | <1/k,  j=1,...,n-2
q

Indeed, this can be done because for m > k we have
log((m +1)/k) — log(m/k) =log(1 + 1/m) < 1/m < 1/k.
It now follows from (4.10) that

n—2 n—2
aZ
S g log(ms k) — 3 4y,
j=1 j=1
(4.11) o
SEZa1j<qn/k‘, 1=2,...,n
j=1

Furthermore, the inequalities (4.6) and (4.8) imply that

n—2

a; j Yi a;, log log H ,
Z j]yn_yi :yn__z_j o 1=2,...,n.
~ q b = q
Combining this bound with (4.11), we obtain
n—2
loglog H qn ,
(4.12) ;aivjlog(mj/k)—yi <<W+?’ i=2,...,n.

Clearly there exists u; = k%"v with a positive integer v satisfying

(413) |ZL‘1 - U1| S k.
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Take u = (uy,...,u,), where
n—2 n—2
U; = Uy H(mj/k:)“ivj = vk H m;i’j eN
Jj=1 Jj=1
with
n—2
S; = qn—Zam > 0,
j=1
for i = 2,...,n. Clearly, uq,...,u, generate a multiplicative subgroup

of rank at most n — 1 in Q* (which is contained in the multiplicative
subgroup generated by uy,my/k, ..., m, o/k) and thus u € #,(7Z).
We now note that the inequalities (4.4) and (4.13) imply
(4.14)
- ki (log H)" 2
o1 —w| k™ (log H)"

lloguy —log x| = [log(uy/z1)| <

T ) H
Furthermore, for ¢ = 2,...,n, using log x; = log x1 + y;, we see that
n—2
llog u; — log ;| = Z a;jlog(m;/k) +loguy —logxy — y;
j=1

+ |log uy — log 4],

n—2
< Z aijlog(m;/k) — y;
j=1

and from (4.12) and (4.14) we derive

loglog H k7 (log H)" 2

oglog #  gn k™ (log H)"*
qn—2 k H

One easily checks that for the choice of parameters (4.7) and (4.9)
we have
loglog H  (loglog H)" 1
2 (log H)"-2
loglog H
qan ¢ glog

k (log H)"=%’

(4.15) llog u; — log z;| <

ne1)n log H/n?loglog H _
fan (IOg H)n—2 <(10g H)( R ) (log H)n 2
H < H

B H®=D/n(log H)"2 ~ (log H)r2
H Hl/n
Clearly the bound (4.15) absorbs (4.14), thus for i = 1,...,n we have
(loglog H)"*
(log 2

llog u; — log z;| <
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which implies
u; = z;exp (O ((loglog H)" ' /(log H)" %))
=1z; + O (z;(loglog H)"~' /(log H)"?) .

Hence,

(loglog H)" 1
(log H)»2 ~

which concludes the proof of the upper bound.

[x —uf| < H

4.3. Proof of the lower bound of Theorem 1.8. We start with
n = 2. Let h be the class number of K. We first fix a number ¢ with

0 < ¢ < 2D/
and then fix a vector
z = (z1,22) = (aH,bH)
and another real number d such that
(4.16) O<c<a<d<b<2/C¢

It is easy to see that ||z| < H.

For any vector v = (v1,v2) € M2(Ok) with |v1| > 1 and |vs| > 1,
by Lemma 2.4 we can choose an element v € O with |y| > 1 such
that v, = my*/", vy = 127°2/" for some roots of unity n;, 7, and some
positive integers s, so. Clearly, we have

|z = vl = [I(z1 = v1, 22 — v2)|| = max{[z1 — 1], |22 — o[}
(4.17)

> maX{’|Zl| - |U1||= | 20| — |U2|}}'

Besides, since v € Ok with |y| > 1 and K is an imaginary quadratic
field, we have
> V2.

Assume that s; > so, that is |v1]| > |vg|. If |vy| < dH, then
||z2| = Jva|| = bH — dH = (b — d)H.
Otherwise, if |v1]| > dH, we have
||21] = |v1|| = dH — aH = (d — a)H.
So, in this case using (4.17) we obtain
(4.18) |z —v|| > min{(b—d)H,(d —a)H}.
Now, we assume that s; < so. If |v1| < cH, then

‘|21| — |U1|| >aH — cH = (a — ¢)H;
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while if |vy| > ¢H, then
[va] > [y on| > 21/ CP oy | > 2P eH,
which implies that
||z2| — |U2|‘ > Ve — bH = (2YMe — b)H.
Hence, in this case using (4.17) we have
(4.19) |z — v| > min{(a — ¢)H, (2®Mc - b)H}.

Combining (4.18), (4.19) with (4.16), we conclude the proof for the
case n = 2.

For the case n > 3, we recall the box B defined in the proof of
Theorem 1.7. Applying the same arguments as before, we obtain that
for sufficiently large H,

{(”U1|a"'>|vn|) : (Ulv---7vn> € %n(ﬁl()}m% = ®a

where we also need to use the fact that for any o € O, if |a| < H, then
for its height we have log H(a) <« log H, and so log H(|o|) < log H
(because K is an imaginary quadratic field). This gives the desired
lower bound.

4.4. Proof of the upper bound of Theorem 1.8. We only need to
prove the upper bound for n > 3. In fact it is sufficient to consider only
the case n = 3, since this automatically means that for any n > 3 and
X € O, there is a vector u € .#,(0k) such that the distance ||x — ul|
is small.

Let x = (21, 29,73) € O3 with ||x|| < H for large enough H. We
want to show that there is a vector u € .#5(0k ) such that the distance
||x — ul| is small.

Without loss of generality we can assume that

0 < |zy| <|zo| < |zs] < H.
Moreover, if |z1| < H/log H, then we take u = (1, x9,x3) and get
I — ull < H/log H.
Hence we can assume that
(4.20) H/log H < |z1| < |xo| < |x3] < H.

Denote

1 271
q:L\/logH/(ﬂoglogH)J and )\:exp( +ﬂ>

?  q
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where i = v/—1. Our plan is to approximate the numbers z, and z3
by z;, and zj,, respectively, where j, and js are non-negative integers,
where

zj = Ny, Jj =0,
and then approximate zi,zj,,%; by multiplicatively dependent ele-
ments uq, Us, uz of Ok.

Let

vi = |qlog(|a|/|a1])] -
By (4.20), we get

(4.21) 0 < <qloglog H.
One verifies that

A < D — (1 fglal /o]
and

A9 > A sl nD =0 — (g |/ (a1 ] exp(—1/g)).
Hence, for every integer j with v1q < j < (v + 1)g, we have
(4.22) [log(|aa| /[N a1])] < 1/q.

We assume that the principal argument arg(z) of a non-zero complex
number z always belongs to the interval [0, 27) and denote

a = arg(zy/x1) € [0, 27).

Take

vy = |qa/(2m)] .
Clearly,
(4.23) 0<1n<q.

Then, since A\? € R, we have
arg (.172/ ()\”lq+”2$1)) = arg (zo/ (\"x1))
= arg (\4/CDh) € [0, 27/q),

where {£} denotes the fractional part of a real £.

(4.24)

Define
J2 =g+ vs.
We conclude from (4.21) and (4.23) that
(4.25) 0<72<@Q,
where

(4.26) Q= LqQ log log HJ +4q.
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Furthermore, from (4.22) and (4.24) we see that

(4.27) |zg — N2y | < |22] /g
Similarly, we can choose js satisfying

(4.28) 0</3<@

and

(4.29) |23 — M3z | < |as]/q.
Take

(4.30) k= Lq?’ log log HJ )

Since O has a structure of a lattice, we can choose 5 € Oy such that
|8 — kAl < 1, and so

(4.31) 1B/k — | < 1/k < ¢ *(loglog H)™".
Set B
A= B/k.
Writing ¢ = A/A — 1 we observe that
(1+¢) =14+0(j¢)

provided j¢ < 1/2. By (4.31)

QA -1 < @ik <1/a
and so for any integer j with 0 < 7 < @) we have
NN X/A—1‘§Q|/\j| X//\—l‘<<|/\j|/q.

In particular, by (4.25) and (4.28) this holds for j = j, and j3. Now,
recalling (4.27) and (4.29), we obtain

< jINV|

(4.32)  |my— Memy| < |2al/qg and  |ws — Mea| < |zs]/q.
Taking into account (4.26) and (4.30) we find that

1
Q< (Z + 0(1)> log H/loglog H,

3
loghk < (5 + 0(1)) loglog H,
and we conclude that
kQ < (H/log H)'? < |x1|Y2.
Then, we can choose v € O such that |z, /k? — v| < 1, and so
(4.33) |71 — k9] < k9 < |21 )Y? < |1]/q.
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We set
uy = kv,
Uy = ijul — kQ*jzﬁjzv,
ug = Xj:%ul — k:Q_j3ﬁj3U.
Clearly, uy, ug, uz are multiplicatively dependent elements of Ok (since

they belong to the multiplicative group generated by u; and A Finally,
we conclude from (4.32) and (4.33) that

7 — | <lwil/q, =123,

implying
log log H
(log H)!/?

which concludes the proof.

|x —u|| < H for u= (uy,us,uz),

5. THE HYPOTHESES OF THEOREMS 1.1 AND 1.4

In this section, we show that in Theorem 1.1 and Theorem 1.4 the
property of S being closed under powering cannot be removed.

For Theorem 1.1 we let S be the set of all rational numbers of the
form p/q or —p/q with distinct primes p,q. Then by [9, Theorem 4]
the set S is dense in R and we now show that .#,(S) is not dense in
R" for any n > 2.

Let (z1,...,z,) € #,(S). Then, there are integers ki, ..., k,, not
all zero, such that

(5.1) itk = 1.
Indeed, as a first step we show that there are integers ky,....k, €

{=1,0, 1}, not all zero, such that
btk = 1.

Note that while it is possible to use Siegel’s Lemma [16, Page 213,
Hilfssatz] (see also [5,22]) to show that there exists a nontrivial solution
of (5.1) with kq, ..., k, bounded from above as a function of n, which
is enough for our purpose, we give a more direct argument to establish
this stronger claim.

Put
Yi = -1 . ZZla"‘)”?
x; lfki<0,

7

and write
Di
gi—

qi

Yi =
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with ¢; € {-1,1}, ¢ = 1,...,n. Let k;,,...,k;, be all the non-zero
integers from (5.1). Then

(5.2) el oyl =

Observe that by (5.2) we have

(5.3) {piv, it =Aa - a}-

We claim that there exists distinct integers ji,...,J, from the set
{i1,...,4;} so that

(5.4) Yyl =1

To see this, consider the path that starts at p;, and continues according
to the following rules. If we are at p;,, we connect p;  with ¢;, . Next
qi,, 1s connected to p;,, where s is the smallest index with p;, = ¢;,,.
This step is always possible by virtue of (5.3). If p;, has already been
traversed by the path, we stop. Observe that this gives us a path which
terminates in a cycle and the cycle gives us a solution to (5.4).

Let o, ..., a, be non-zero real numbers, and we also assume that for
all n-tuples (d1,...,d,) # (0,...,0) with ¢; € {—1,0,1}, i =1,...,n,
we have

ol £ 1.

For example, we can choose

(5.5) (@1, ... ) = (2,23,...,23"‘1) .
Notice that there is a positive number ¢ such that
(5.6) |a‘151--~ai”—1‘>c and ‘a‘f1~~afl”+1}>c

for any non-zero n-tuple (d1,...,0,) with §; € {—1,0,1}, 1 =1,... n.
Since every element (xy,...,x,) € .#,(S) satisfies an identity of the
form (5.4), it follows from (5.6) that there is a small ball around
(o, ..., ap) which does not contain any element of .#,,(S). As a con-
sequence, we see that ., (S) is not dense in R™.

For Theorem 1.4 we let S be the set of complex numbers of the form
(p/q where ( is a root of unity and p and ¢ are distinct primes. Since
the roots of unity are dense in the unit circle and the quotients of the
primes are dense in the positive real numbers we see that S is dense in
C.

We now repeat our argument as before but with

Di
Yi = G—
qi
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where (; is a root of unity and p; and ¢; are distinct primes for i =
1,...,n. We again find that (5.4) holds. Let (ai,...,a,) be an n-
tuple of non-zero complex numbers with

oyt - # 1
for any non-zero n-tuple (1, ...,d,) with
5 € {~1,0,1}, i=1,....,n

Plainly (5.5) gives such an n-tuple. Then there is a small ball around
(v, ...,qp) which does not contain any element of .#,(S) and so
My (S) is not dense in C™.
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