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ABSTRACT. In this paper, we give several asymptotic formulas for
the number of multiplicatively dependent vectors of algebraic num-
bers of fixed degree, or within a fixed number field, and bounded
height.

1. INTRODUCTION

1.1. Background. Let n be a positive integer, G be a multiplicative
group and let ¥ = (vy,...,v,) be in G". We say that v is multiplica-

tively dependent if there is a non-zero vector k = (ky, ..., k,) € Z" for
which
(1.1) v =k =

We denote by M,,(G) the set of multiplicatively dependent vectors in
G".

For instance, the set M,,(C*) of multiplicatively dependent vectors
in (C*)™ is of Lebesgue measure zero, since it is a countable union of sets
of measure zero. Further, if we fix an exponent vector k the subvariety
of (C*)™ determined by (1.1) is an algebraic subgroup of (C*)".

For multiplicatively dependent vectors of algebraic numbers there
are two kinds of questions which have been extensively studied. The
first question concerns the exponents in (1.1). Given a multiplica-
tively dependent vector v it follows from the work of Loxton and van
der Poorten [14, 21], Matveev [18], and Loher and Masser [13, Corol-
lary 3.2] (attributed to K. Yu) that there is a relation of the form (1.1)
with a non-zero vector k with small coordinates. The second question
is to find comparison relations among the heights of the coordinates.
For example, Stewart [26, Theorem 1] has given an inequality for the
heights of the coordinates of such a vector (of low multiplicative rank,
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in the terminology of Section 1.2), and a lower bound for the sum of
the heights of the coordinates is implied in [27].

In this paper, we obtain several asymptotic formulas for the number
of multiplicatively dependent n-tuples whose coordinates are algebraic
numbers of fixed degree, or within a fixed number field, and bounded
height. Equivalently, see [23], we count n-tuples of algebraic numbers
in a fixed algebraic number field, or of fixed degree, and given height
which occur in some proper algebraic subgroup of the algebraic group
G7., where G}, is the multiplicative group of an algebraic closure of Q.
Aside from the results mentioned above, to the best of our knowledge,
this natural question has never been addressed in the literature.

We remark that the above question is interesting in its own right, but
is also partially motivated by the works [20, 24], where multiplicatively
independent vectors play an important role.

1.2. Rank of multiplicative independence. The following notion
plays a crucial role in our argument, and is also of independent interest.

Let Q be an algebraic closure of the rational numbers Q. For each v
in (@*)”, we define s, the multiplicative rank of v, in the following way.
If v has a coordinate which is a root of unity, we put s = 0; otherwise
let s be the largest integer with 1 < s < n for which any s coordinates
of v form a multiplicatively independent vector. Notice that

(1.2) 0<s<n-—1,

whenever v is multiplicatively dependent.

1.3. Conventions and notation. For any algebraic number «, let
f(z) = agz? + - 4+ ayx + ag

be the minimal polynomial of « over the integers Z (so with content 1
and positive leading coefficient). Suppose that f is factored as

f(z) = aq(x —on) -+ (2 — o)
over the complex numbers C. The naive height Ho(a) of « is given by
H0<05) = maX{|ad|7 SRR |CL1|, |a0|}7

and H(«), the height of «, also known as the absolute Weil height of
«, is defined by

d 1/d
H(a) = (adeax{l, |ai|}> .

Let K be a number field of degree d (over Q). We use the following
standard notation:
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e r; and 7y for the number of real and pairs of complex conjugate
embeddings of K, respectively, and put r = r; +ry — 1;

e D h,R and (i for the discriminant, class number, regulator
and Dedekind zeta function of K, respectively;

e w for the number of roots of unity in K.

Note that r is exactly the rank of the unit group of the ring of algebraic
integers of K. As usual, let ((s) be the Riemann zeta function.

For any real number z, let [z] denote the smallest integer greater
than or equal to x, and let |x| denote the greatest integer less than or
equal to x.

We always implicitly assume that H is large enough, in particular so
that the logarithmic expressions log H and loglog H are well-defined.

In the sequel, we use the Landau symbols O and o and the Vino-
gradov symbol <. We recall that the assertions U = O(V) and U < V/
are both equivalent to the inequality |U| < ¢V with some positive con-
stant ¢, while U = o(V) means that U/V — 0. We also use the
asymptotic notation ~.

For a finite set S we use |S| to denote its cardinality.

Throughout the paper, the implied constants in the symbols O and
< only depend on the given number field K, the given degree d, or the
dimension n.

1.4. Counting vectors within a number field. Let K be a number
field of degree d. Denote the set of algebraic integers of K of height at
most H by Bk (H) and the set of algebraic numbers of K of height at
most H by Bj;(H). Set
Bx(H) = |Bx(H)|  and  Bi(H) = [Bx(H)|.

Put

2m (2m)"2d"
OI(K): |D|1/2’I"!

It follows directly from the work of Widmer [30, Theorem 1.1] (taking
n = e = 1 there) that

(1.3) Bi(H) = Ci(K)H(log H)" + O (H*(log H)" ") .

If » = 0, then (1.3) can be improved to (see [2, Theorem 1.1])

(1.4) By (H) = C(K)H*+ O(H*™).

We remark that the estimate in (1.3) is stated in [12, Chapter 3, The-
orem 5.2] without the explicit constant Cy(K), and moreover Bar-
roero [3] has obtained similar estimates for the number of algebraic
S-integers with fixed degree and bounded height.
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Define
221 (2m)?r22"h R
Co(K) =
) = o)
Schanuel [22, Corollary to Theorem 3] proved in 1979 (see also [17,
Equation (1.5)]) that

(1.5) By (H) = Co(K)H* + O (H* ' (log H)"¥) ,

where 0(1) = 1 and o(d) = 0 for d > 1. Note that the height in [22] is
our height to the power d.

For any positive integer n, we denote by L, x(H) the number of
multiplicatively dependent n-tuples whose coordinates are algebraic
integers of height at most H, and we denote by L; ;(H) the number
of multiplicatively dependent n-tuples whose coordinates are algebraic
numbers of height at most H.

Put

n(n+1)
2

Theorem 1.1. Let K be a number field of degree d over Q and let n
be an integer with n > 2. We have

Lk (H) = Cs(n, K)H* Y (log H) "
+0 (Hd("_l)(log H)r(n—l)_l) :

C3(TL, K) = U)Cl(K)n_l.

(1.6)

if furthermore K = Q or is an imaginary quadratic field, we have
(1.7) Lpx(H) = Cs(n, KYH* Y 4 O (Hd(nfB/Q)) .

We remark that when K = Q a better error term than that given
in (1.7) is stated in Theorem 1.4 below, more precisely, see (1.16).
We estimate Lj ;- (H) next. Put
Cy(n, K) = n*wCy(K)" .

Theorem 1.2. Let K be a number field of degree d, and let n be an
integer with n > 2. Then, we have

(1.8) Ly, x(H) = Ci(n, K)H* "™V + O (H*" D7 g(H))
where
log H ifd=1andn =2
g(H) =< exp(clog H/loglogH) ifd=1 andn > 2
1 ifd>1andn > 2,

and c 1s a positive number depending only on n.
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We now outline the strategy of the proofs. Given a number field K,
we define L, k .(H) and L}, r (H) to be the number of multiplicatively
dependent n-tuples of multiplicative rank s whose coordinates are alge-
braic integers in By (H) and algebraic numbers in B}, (H) respectively.
It follows from (1.2) that

Ln,K(H) - Ln,K,O(H) + -+ Ln,K,n—l(H)
(1.9)
L g(H) =L} o(H) + -+ Ly pe 1 (H).

The main term in (1.6) comes from the contributions of L,, xo(H) and
L,k1(H) in (1.9), and the main term in Theorem 1.2 comes from
the contributions of L}, xo(H) and L; - (H) in (1.9). To prove Theo-
rems 1.1 and 1.2, we make use of (1.9) and the following result.

Proposition 1.3. Let K be a number field of degree d. Let n and s
be integers withn > 2 and 0 < s < n — 1. Then, there exist positive
numbers c¢; and co which depend on n and K, such that

(1.10) L, ks(H) < HY=D=d0EHD2120 oxp (¢ log H/ loglog H)
and
(111) Ly g (H) < =D =dHD/2171) oxp ¢y log H/ log log H).

In Section 5, we show that when s = n — 1 (1.10) cannot be im-
proved by much; see Theorems 5.2 and 5.4. In particular, it does
not hold with exp(q log H/ loglog H) replaced by a quantity which is

o((log H)*~1*), where K = Q and n = 2k.

1.5. Counting vectors of fixed degree. Let d be a positive integer,
and let A4(H), respectively A%(H), be the set of algebraic integers of
degree d (over Q), respectively algebraic numbers of degree d, of height
at most H. We set

Aa(H) = |Ag(H)|  and  AG(H) = |A(H)|.

Put
[(d—1)/2] i
d(25)"~*
d) = d2¢ —_—
05( ) E (2]'_‘_1)5172]
and
[(d—1)/2]
Cold) = a2 H (d+ 1)(2j)d 2
‘ C(d+1) (2§ + 1)d-2+1
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It follows from the work of Barroero [2, Theorem 1.1] that (see also |2,
Equation (1.2)] for a previous estimate with a weaker error term which
follows from [6, Theorem 6))

(1.12) Aq(H) = C5(d)HE + O (H™Y (log H)* @) |

where p(2) = 1 and p(d) = 0 for any d # 2.
Further, Masser and Vaaler [16, Equation (7)] have shown that (see
also [17, Equation (1.5)])

(1.13) AS(H) = Co(d)HY D 1+ 0 (Hd2<10g H)ﬁ(d)) 7

where 9(1) = 9(2) = 1 and 9(d) = 0 for any d > 3.

For any positive integer n, we denote by M,, 4(H) the number of mul-
tiplicatively dependent n-tuples whose coordinates are algebraic inte-
gers in Ay(H), and we denote by M ;(H) the number of multiplica-
tively dependent n-tuples whose coordinates are algebraic numbers in
A5(H).

For each positive integer d, we define wy(d) to be the number of
roots of unity of degree d. Let ¢ denote Euler’s totient function. Since
o(k) > k/loglog k for any integer k > 3, it follows that

(1.14) wy(d) < d*loglogd,

where d > 3 and the implied constant is absolute. We remark that
wo(d) can be zero, such as for an odd integer d > 1.
Given positive integers n and d, we define C7(n,d) and Cs(n,d) as

Cr(n,d) = (nwy(d) +n(n — 1)) Cs(d)" !

and
Cs(n,d) = (nwo(d) + 2n(n — 1)) Ce(d)™ .

Theorem 1.4. Let d and n be positive integers with n > 2. Then, the
following hold.

(i) We have
(1.15) M, 4(H) = Cy(n,d)HT ™D 1 0 (Hd2(n—1)—d/2> ;
furthermore if d =2 or d is odd, we have
M, 4(H) = C7(n, d)Hdz(n—l)
(1.16) ,
+0 (Hd (n=D=d exp(co log H/ log log H))

and

(117) MQ,d(H) — 07(2,d)Hd2 L0 <Hd2_d(log H)p(d)) :
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where ¢y 18 a positive number which depends only on n and d,
and p(d) has been defined in (1.12).
(ii) We have

(1.18) My 4(H) = Cs(n,d)H" V=1 4 O (AN 100 ) ;
furthermore if d = 2 or d is odd, we have
M;:’d(H) _ Cg(n, d)Hd(d+1)(n—1)

1.19
(1.19) +0 (Hd(d“)("*l)*d exp(clog H/ loglog H))

and
(1.20) Mé‘d(H) — 08(2, d)Hd(d+1) +0 (Hd2 (log H)ﬁ(d)> 7

where ¢ is a positive number which depends only on n and d,
and Y(d) is defined in (1.13).

We remark that the case when d = 1 actually has been included in
Theorems 1.1 and 1.2. However, in this case the error term in (1.16) is
H"=%+o() which is better than that in (1.7) taken with d = 1.

The strategy to prove Theorem 1.4 is similar to that in proving The-
orems 1.1 and 1.2. For each integer s with 0 < s < n — 1, we define
Myas(H) and M}, (H) to be the number of multiplicatively depen-
dent n-tuples of multiplicative rank s whose coordinates are algebraic
integers in A4(H) and algebraic numbers in A%(H) respectively. Just

as in (1.9) we have

Mn,d(H) = Mn,d,O(H> + -+ Mn,d,n71<H)
(1.21)
My (H) = My 4 o(H) + -+ My 4,4 (H).

For the proof of Theorem 1.4, we make use of (1.21) and the following
result.

Proposition 1.5. Let d, n and s be integers with d > 1, n > 2 and
0 < s < n—1. Then, there exist positive numbers ¢, and co, which
depend on n and d, such that

(1.22) M, g (H) < HEO=D=d06HD/21-0 6xp (¢ log H/ loglog H)

and

M*

* (H) < HU@D=D=d([(s+1)/2]-1)
(1.23) *

exp(ce log H/loglog H).

We remark that the estimate (1.22) yields an improvement on the
upper bound of H¥®=1 and (1.23) yields an improvement of the upper
bound H¥4+D"=1 for 5 at least 2.
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2. PRELIMINARIES

2.1. Weil height. We first record a well-known result about the ab-
solute Weil height; see [12, Chapter 3]. Let a be a non-zero algebraic
number, and let £ be an integer. Then

(2.1) H(a*) = H(a)*!.

There is also an well-known comparison between the naive height Hy
and the absolute Weil height H; see [15, Equation (6)]. Let a be an
algebraic number of degree d. Then

(2.2) Ho(ar) < (2H(a)).
For the proofs of Theorems 1.1 and 1.2, we need the following result.

Lemma 2.1. Let o be an algebraic number of degree d, and let a be

the leading coefficient of the minimal polynomial of o over the integers.
Then

H(aa) < 297 'H(a)".

Proof. By definition, we have

4 1/d
H(a) = <aHmax{17 |ai|}> ,

where aq, ..., a4 are the roots of the minimal polynomial of a. Then,
ac is an algebraic integer, and

J 1/d
H(aa) = (H max{1, |aai]}> :
i=1
Thus

d
H(aa)* < adeaX{l, |} = a1 H(a)?,

i=1
which, together with (2.2), implies that

2

H(aa)? < (2H(a))" H(a)? = 240 DH(a)",

and so
H(aa) < 2 'H(a)?

as required. O
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2.2. Multiplicative structure of algebraic numbers. Let K be
a number field, and let H be a positive real number. We denote by
Uk (H) the number of units in the ring of algebraic integers of K of
height at most H.

Lemma 2.2. Let K be a number field, and let r be the rank of the unit
group as defined in Section 1.3. Then, there exists a positive number
¢, depending on K, such that

Uk(H) < c(logH)".
Proof. This is [12, Part (ii) of Theorem 5.2 of Chapter 3. O

The next result shows that if algebraic numbers aq, ..., o, are mul-
tiplicatively dependent, then we can find a relation as (1.1), where the
exponents are not too large. Such a result has found application in
transcendence theory, see for example [1, 18, 21, 25].

Lemma 2.3. Let n > 2, and let oy, ..., a, be multiplicatively depen-
dent non-zero algebraic numbers of degree at most d and height at most
H. Then, there is a positive number c, which depends only on n and
d, and there are rational integers ky, ..., ky,, not all zero, such that

kl kn —
ayt ot =
and

. n—1
52%);|kz| < c(log H)" .

Proof. This follows from [21, Theorem 1]. For an explicit constant c,
we refer to [13, Corollary 3.2]. O

Let x and y be positive real numbers with y larger than 2, and let
¥(x,y) denote the number of positive integers not exceeding x which
contain no prime factors greater than y. Put

1 1
Z=(log 1+ BT L (1og 1+ 282 Y
log log y Y log y

u = (logz)/(logy).

and

Lemma 2.4. For 2 <y < x, we have

U(z,y)
=exp (Z (14 O((logy)™") + O((loglog z) ") + O((u + 1)71))) .

Proof. This is [4, Theorem 1]. O
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2.3. Counting special algebraic numbers. In this section, we count
two special kinds of algebraic numbers.

Lemma 2.5. Let K be a number field of degree d, and let u and v
be non-zero integers with w > 0. Then, there is a positive number
¢, which depends on K, such that the number of elements a in K of
height at most H, whose minimal polynomial has leading coefficient u
and constant coefficient v, is at most

exp(clog H/ loglog H).

Proof. Let ¢y, co,... denote positive numbers depending on K. Let
Nk /g be the norm function from K to Q. Suppose that « is an ele-
ment of K of height at most H whose minimal polynomial has leading
coefficient u and constant coefficient v. Then, we see that u«a is an
algebraic integer in K, and

Nijo(a) = (=1)%/u and Ng/g(ua) = (=1)%u v,

By Lemma 2.1, we further have H(ua) < 2971HY. Note that u is
fixed, so the number of such a does not exceed the number of algebraic
integers B8 € K of height at most 29" H¢ and satisfying

(2.3) Niso(B) = (=1)%u" v.

We say that two algebraic integers 3; and (3 in K are equivalent if the
principal integral ideals (1) and ((5;) are equal. We note that, using [5,
Chapter 3, Equation (7.8)], the number E of equivalence classes of
solutions of (2.3) is at most 7(|u?~tv|)?, where, for any positive integer
k, T(k) denotes the number of positive integers which divide k. By
Wigert’s Theorem, see [11, Theorem 317],

(2.4) E < exp (c11log(3luv|)/ loglog(3|uvl)) .
Further by (2.2) u and v are at most (2H )¢ in absolute value, hence
(2.5) E < exp(ealog H/ loglog H).

Besides, if two solutions 31 and S, of (2.3) are equivalent, then 3, /0,
is a unit 7 in the ring of algebraic integers of K. But

H(n) < H(B)H((B2) 1) < 22V H™.
By Lemma 2.2 the number of such units is at most
(2.6) U (224D H?) < c5(log H)".
Our result now follows from (2.5) and (2.6). O
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We remark that if we set v = 1, then Lemma 2.5 gives an upper
bound for the number of algebraic integers in K of norm +v and of
height at most H.

Given integer d > 1, let C;(H) be the set of algebraic numbers a of
degree d and height at most H such that an is also of degree d for some
root of unity n # £1, and let C4(H) be the set of algebraic integers
contained in C;(H). Here, we want to estimate the sizes of C4(H) and

C;(H).

For this we need some preparations. Given a polynomial f = ag X%+
o+ X 4 ag € Q[X] of degree d, we call it degenerate if it has two
distinct roots whose quotient is a root of unity. Besides, we define its
height as

H(f) = max{|ad], ) ’CL1|, ’(IO’},

and we denote by Gy the Galois group of the splitting field of f over
Q. Let S; be the full symmetric group on d symbols.
Define

E4(H) = {monic f € Z[X] of degree d : H(f) < H and Gy # S}
and
Ei(H) ={f € Z[X] of degree d : H(f) < H and Gy # Sa4}.

The study of the sizes of £;(H) and £)(H) was initiated by van der
Waerden [28]. Here, we recall a recent result due to Dietmann |8,
Theorem 1]:

(2.7) E4(H)| < HTY2,

Besides, by a result of Cohen [7, Theorem 1] (taking K = Q,s =n+1
and r = 1 there), we directly have

(2.8) E3(H)| < H*V?log H.

We also put
Fu(H) = {monic f € Z[X] of degree d : H(f) < H, f is degenerate}
and

Fi(H)={f € Z[X] of degree d : H(f) < H, f is degenerate}.

Applying [10, Theorems 1 and 4], we have
(2.9) \Fu(H)| < HT™' and  |F;(H)| < H.

We are now ready to prove the following lemma.

Lemma 2.6. We have:
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(i) for any integer d > 1,
ICa(H)| < HU=YD and  |C5(H)| < HUHYD Jog H;
(i) for d =2 or for d odd,
ICy(H)| < HUD  and  |C5(H)| < HE.

Proof. Pick an arbitrary element o € C4(H). We let f be its minimal
polynomial over Z, and let the d roots of f be aq,...,aq with a1 = «a.
Since « is of height at most H, by (2.2) we have

H(f) < (2H)".

By definition, there is a root of unity 1 # 41 such that an is also
of degree d. If n € Q(a), then under an isomorphism sending « to
a;, 1 is mapped to one of its conjugates 7; in Q(cy;), which implies
that 7 € Q(ay) for any 1 < i < d. Indeed, the image 7; of n in Q(ay)
multiplicatively generates the same group as 7, and thus 7 is a power of
i, 50 1 € Q(oy). Hence, N, Q(ay) # Q, then we must have Gy # Sy,
that is,

(2.10) f € &((2H)Y.

Furthermore, since f is irreducible, in this case d # 2. We also note
that since 7 is of even degree ¢(k), where k > 2 is the smallest positive
integer with n* = 1, this case does not happen when d is odd.

Now, we assume that n ¢ Q(«). Let K = Q(n, aq,...,aq), and let G
be the Galois group Gal(K/Q), where K is indeed a Galois extension
over Q. We construct a disjoint union G = U;.izl G, where

Gi={9€G : ¢(a) = ai;}.
So, for each 1 <17 <d
Gian={d(an) : ¢ € Gi} ={ap(n) : ¢ € Gi}.

Since an is of degree d, we have

d
U Gian
i=1

Note that a; = «, then G; = Gal(K/Q(«)). Since n ¢ Q(«), there
exist two morphisms ¢y, ¢y € Gy such that ¢1(n) # ¢2(n). That is,
|G1an| > 2. Trivially, |G;an| > 1for 2 <i < d. We now see from (2.11)
that there are two distinct indices ¢, j such that G;anNGjan # 0, which
implies that o;/a; is a root of unity and thus f is degenerate, that is,

(2.12) f € Fa((2H)Y).

(2.11) —d.
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Hence, if o € Cy4(H ), then we have either (2.10) or (2.12). So, comb-
ing (2.7) with (2.9), we derive the first inequality in (i). If d = 2 or
d is odd, by the above discussion we always have (2.12), and thus the
first inequality in (ii) follows from (2.9). Similar arguments also apply
to estimate |C;(H)| by using (2.8) and (2.9). O

3. PROOFS OF PROPOSITIONS 1.3 AND 1.5

3.1. Proof of Proposition 1.3. Let c3,cy,... denote positive num-
bers depending on n and K. Let v = (v4,...,v,) be a multiplicatively
dependent vector of multiplicative rank s whose coordinates are from
K and have height at most H. Set m = s + 1. Then, there are m

distinct integers ji,...,Jn from {1,...,n} for which v;,...,v;, are
multiplicatively dependent and there are non-zero integers kj,, ..., k;,,
for which

(3.1) i =

and further by Lemma 2.3, we can assume that
(3.2) max{|k;,|, ..., |k;.|} < cs(log H)™ .

Let P be the set of indices ¢ for which k; is positive, and let N be the
set of indices ¢ for which k; is negative. Then

(3.3) HVsz = H vk
ieP ieN
Plainly, either |P| or |N| is at least [m/2].

Let I = {j1,...,Jm}, and let Iy be the subset of I consisting of the
indices ¢ for which k; is positive if |P| > [m/2], and otherwise let I
be the subset of I consisting of the indices ¢ for which k; is negative.
Note that

(3.4) 1l = 5]

It follows from (3.3) that
(3.5) H Vlk” = H VZM.
1€l iel\Io

For each coordinate v;, © € I, let a; be the leading coefficient of
the minimal polynomial of v; over the integers. Note that a;v; is an
algebraic integer, and we can rewrite (3.5) as

(3.6) H(%W)'ki' = l_Ialki| H IJZVC"'.

1€l 1€lp iel\Ip
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We first establish (1.10). Accordingly, we fix non-zero algebraic in-
tegers v; € B (H) for i from {1,...,n}\Iy and estimate the number
of solutions of (3.5) in algebraic integers v;, i € Iy, from Bg(H). Ob-
serve that the number of cases when we consider an equation of the
form (3.5) is, by (3.2), at most

T ——

and, by (1.3) and (3.4), is at most
(3.7) e A =Im/2) (1og H)®.
Let q1,...,q be the primes which divide
H NK/@(VZ')’
1€I\Ip

where Nk g is the norm from K to Q. Since the height of v; is at most
H, it follows from (2.2) that

(3:8) INep(i)l < (2H)', i=1,2,....n,

and since |I'\Iy| < n, we see that

(3.9) I Neo()| < (2H)™

1€I\Ip

Let p1,...,px be the first k£ primes, where k satisfies

Prepr < H Ngjo(vi)| < p1-- - Digr.
1€\l

Let T denote the number of positive integers up to (2H)? which are
composed only of primes from {q1,...,q}. We see that T" is bounded
from above by the number of positive integers up to (2H)? which are
composed of primes from {pi,...,pr}. By (3.9), we obtain

Z logp < log H,

prime p < p

which, combined with the prime number theorem, yields
P < cglog H.
Therefore we have

T <+ ((2H)", cslog H)
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and thus by Lemma 2.4,
(3.10) T < exp(crlog H/ loglog H).

It follows that if (5,7 € Iy) is a solution of (3.5), then |Ng/q(v;)] is
composed only of primes from {qi,..., ¢}, and so Ng/g(v;) is one of
at most 27 integers of absolute value at most (2H)?. Let a be one of
those integers.

By Lemma 2.5, the number of algebraic integers a from K of height
at most H for which

(3.11) Nijgla) = a

is at most exp(cglog H/loglog H). Therefore, by (3.10), and (3.11),
the number of |Iy|-tuples (v;,i € Iy) which give a solution of (3.5) is
at most exp(cg log H/ loglog H). Recalling m = s + 1, we see that our
bound (1.10) now follows from (3.7).

We now establish (1.11). We first remark by (2.2) and Lemma 2.1
that

(3.12) 0<a; < (2H)*

and

(3.13) H(a;v;) <297 'HY,

for « = 1,...,n. Moreover, without loss of generality we can assume

that I\ Iy is not empty. Indeed, if I\ I is empty, then we can replace
an arbitrary coordinate v;,7 € I, by its inverse v; *.

In view of (3.6), we proceed by fixing a; for i in Iy and v; for ¢ in
{1,...,n}\I. Since I\Ij is non-empty, say that it contains i;. We
further fix v; for ¢ in I\Ip with ¢ # i, and then the corresponding
leading coefficient a; is also fixed. Let

5= TL o T ()™

iclo i€I\Io

i#i1
which is actually a fixed non-zero algebraic integer, then Ng q(53) is
a fixed non-zero integer. Note that the left-hand side of (3.6) is an
algebraic integer, so fv;, is an algebraic integer, and then N ,q(Bv;,)
is also an algebraic integer. Thus, the leading coefficient a;, divides

Nk jo(B). It follows that the prime factors of a;, divide

Hai H NK/@(CLZ'I/i).
ielp  iel\lp
i#i1
Since the heights of vy, ..., v, are at most H, we see, as in the proof
of the estimate (3.10), that there are at most exp(ciglog H/ loglog H)
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possibilities for the leading coefficient a;,. Note that by (2.2) there are
at most 2(2H)? possibilities for the constant coefficient of the minimal
polynomial of v;,. Thus, by Lemma 2.5, there are at most

(3.14) H exp(c1y log H/ loglog H)
possible values of v;, that we need to consider. In total we have,
by (1.5), (3.12) and (3.14), at most

n (203(10g H)(m—l))m (2H)d|IO\H2d(n—|Io\—1)Hd

m

exp(cyy log H/ loglog H)

equations of the form (3.6). Since |Io| > [%], the number of such
equations is at most

(3.15) H2n= 4051 oxp(ey, log H/ loglog H).
Let us put
(3.16) Yo = H ayﬁ\ H (aiyi)lki\
1€l i€l\Io
and .
"= H aL g
1€I\Ip

Notice that once v; is fixed for i in I'\y, so is a; and thus 7, is fixed.
Then, (3.6) can be rewritten as

(3.17) i [ Jlaw)™ =,
ily
and we seek an estimate for the number of solutions of (3.17) in alge-
braic numbers v; from Bj.(H) with leading coefficient a; for i € I,.
Note that vy is an algebraic integer and y; is an integer. Let ¢y, ..., q
be the prime factors of

H(li H NK/Q(CLZ‘VZ').
iely  iel\Ip

Then, by (3.16) and (3.17), for each index i € Iy the prime factors
of Nksg(aiv;) are from {q1,...,q}. It follows from (3.12), (3.13) and
(2.2) that

[Ta ] Nuselaws)| < H)Mol gty dnel < (2m)#,

icly  iel\Ip

We can now argue as in our proof of (1.10) that the number of
solutions of (3.17) in algebraic integers a;v;, i € Iy, from K of height
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at most 2971 H? is at most exp(cy3log H/loglog H). The result (1.11)
now follows from (3.15).

3.2. Proof of Proposition 1.5. Let c3,¢y,... denote positive num-
bers depending on n and d. Let v = (v4,...,1,) be a multiplicatively
dependent vector of multiplicative rank s whose coordinates are from
A5(H). Set m = s+ 1. Then, there are m distinct integers ji, ..., jm
from {1,...,n} for which v;,,...,v;, are multiplicatively dependent
and there are non-zero integers k;,, ..., k;,, for which (3.1) holds, and
by Lemma 2.3, we can suppose that (3.2) holds. Let I = {j1,...,Jm}
and Iy be defined as in the proof of Proposition 1.3, so that (3.4)
and (3.5) hold.

We first establish (1.22). Fixing non-zero algebraic integers v; €
Aq(H) for i € {1,...,n}\1y, we want to estimate the number of solu-
tions of (3.5) in algebraic integers v; € Ay(H) for i € Iy. The number
of cases when we consider an equation of the form (3.5) is, by (3.2), at
most

(:’1) (203<10g H)m—l)mAd<H)n—|10"
which, by (1.12), is at most
(3.18) ca HE=10D (1og Fymm=1),
For each i € Iy, by (3.5) the prime factors of Ng,)/q(v;) divide
H N@(”j)/@(yj)'
jel\Iy

Exactly as in the proof of Proposition 1.3, we can apply (2.2) and
Lemma 2.4 to conclude that, for ¢ € Iy, Ng,)0(v;) is one of at most
T integers, where, as in (3.10),

T < exp(cslog H/ loglog H).

Then, estimating the number of possible choices of the minimal poly-
nomial of v; over the integers by using (2.2), we see that there are at
most

(3.19) d (2(2H)* +1)"" exp(cs log H/ loglog H)

possible values of each v; for i € I. We now fix |Iy| — 1 of the terms
v; with 7 in Iy. Let ig € Iy denote the index of the term which is not
fixed. Then, v;, is a solution of

(3.20) zlFiol = o,
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where

no = H Vi_lkil H VZVCH‘
1€lp iel\Ip
i#io
If v;, and p;, are two solutions of (3.20) from A4(H), then v;,/u;, is a
|kiy|-th root of unity. But the degree of v;,/u;, is at most d?, and so
there are at most ¢g possibilities for v;,/u;, when d is fixed. It follows
from (3.19) that each equation (3.5) has at most

(3.21) HAADU0I=Y exp (7 1og H/ loglog H)

solutions. Thus by (3.18) and (3.21), we have

(3.22) M,.s(H) < HE O oh+d@=1 (11 oy (cglog H/ loglog H).
Further, by (3.4),

(3.23) d(n — |L|) +d(d —1)(|Io| = 1) < P(n—1) —d ({%} - 1) .

Now, (1.22) follows from (3.22) and (3.23).

We next establish (1.23). For each i € I, let a; denote the leading
coefficient of the minimal polynomial of v; over the integers. Without
loss of generality, we can assume that I\ Iy is not empty. Indeed, if
I'\ Iy is empty, then we can replace an arbitrary coordinate v;,i € I,
by its inverse v; .

In view of (3.6), we proceed by first fixing positive integers a; for
i € Iy. Since I\Ij is non-empty, say that it contains i;. We next fix v;
for i in ¢ € {1,...,n}\Iy with i # iy, and then the corresponding a; is

also fixed. Let
8= Hal | H (agv;) i
1€l iel\Io
i#i1
which is a fixed non-zero algebraic integer. Notice that the left-hand
side of (3.6) is an algebraic integer, so Sy, is also an algebraic integer,
and thus as in the proof of (1.11) the prime factors of the leading

coefficient a;, divide
[T T Nowoelams).
ielo  iel\ly
i#i1
Since the heights of 14,...,1, are at most H and their degrees are
all equal to d, we see, as in the proof of (3.10), that there are at
most exp(cg log H/ loglog H) possibilities for the leading coefficient a;, .
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Then, combining this result with (2.2), we know that the number of
the possibilities for the minimal polynomial of v;, is at most
H” exp(ciolog H/ loglog H).
Thus, there are at most
(3.24) H® exp(en log H/ loglog H)

possible values of v;, that we need to consider.
Hence, the number of cases of the equation (3.6) to be considered is,
by (3.2), (3.12) and (3.24), at most

(Z) (2¢3(log H)™ )™ (2H) Aol A% (ol =1 pr*
exp(ci1 log H/ loglog H),
which, by (1.13), is at most
(3.25) HAHD ol =Dtdilol+d* oy () log H/ log log H).
We now estimate the number of solutions of (3.6) in algebraic num-
bers v; € A%5(H) for i € Iy with minimal polynomial having leading

coefficient a;. It follows from (3.6) that for each i € Iy the prime
factors of Ngw,)/o(a;v;) divide

T 11T Newelaw)).

j€lo  jel\Ip

Thus, by (2.2), Lemma 2.1 and Lemma 2.4, as in the proof of (3.10),
there is a set of at most T integers, where

T < exp(ci3log H/ loglog H),
and Ng, )/@(aiyi) belongs to that set. Since a; is fixed, the norm

No,/0(vi) also belongs to a set of cardinality at most 1" for i € I,.
Notice that for the minimal polynomial of v;,i € Iy, if Ng,)/0(vs) is
fixed, then the constant coefficient is also fixed, because the leading
coefficient a; has already been fixed. Hence, counting possible choices
of the minimal polynomial of v; by using (2.2), we see that there are

at most
(3.26) H¥Y exp(cy4log H/ loglog H)

possible values of v; for ¢ € Iy. We now fix |Iy| — 1 of the coordinates
v; with ¢ € Iy and argue as before to conclude from (3.26) that each
equation (3.6) has at most

(3.27) HADU0I=Y exp(ey51og H/ log log H)
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solutions. Thus, by (3.25) and (3.27), we obtain

M*

; (H) <Hd(dJrl)(nf\Io|71)+d|10\+d2+d(d71)(|lo\71)
(3.28) s

exp(ciglog H/ loglog H).
Observing that
d(d+1)(n — |Io| = 1) + d|Io| + d® + d(d — 1)(|Io| — 1)
= d(d+1)(n—1) —d(|lo| = 1),
our result (1.23) now follows from (3.4) and (3.28).

4. PROOF OF MAIN RESULTS

4.1. Proof of Theorem 1.1. By (1.9) and (1.10), there is a positive
number ¢ which depends on n and K such that

Lox(H)=Lyrko(H)+ Ly,x1(H)

4.1
(4.1) + O(H¥" Y~ exp(clog H/ loglog H)).

Each such vector v of multiplicative rank 0 has an index iy for which
v;, is a root of unity. Accordingly, we have

TLUJ(BK(H) —w — 1)”_1 S Ln,K,O<H) S anK(H)n_l,
and thus by (1.3)
Ln,K,0<H) = nUJCl (K)ﬂ—lHd(n—l) (lOg H)T(n—l)

4.2
( ) + 9] (Hd(’n,—l) (10g H)’I‘(n—l)—l) )

We next estimate L,, i1 (H). Each such vector v of rank 1 has a pair
of indices (ig, 1), two coordinates v;, and v;, from By (H) and non-zero
integers k;, and k;, such that V:)io yikl " = 1. There are n(n — 1)/2 pairs
(ip,71). By Lemma 2.3, the number of such vectors associated with two
distinct such pairs (ig,41) and (ig, i3) is

(4.3) O (Br(H)" *(log H)") .

We now estimate the number of n-tuples v whose coordinates are

from B (H) for which

ki, k

0, M1
v vt =1

1

with (k;,, ki,) equal to (t,t) or (¢,—t) for some non-zero integer t. We
have (Bg(H) —w — 1)""2 choices for the coordinates of v associated
with indices different from ¢y, and ;, because they are non-zero and
not roots of unity. Also there are Bx(H) — w — 1 choices for the ig-th
coordinate, and once it is determined, say v;,, then the i;-th coordinate
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is of the form nv;, or nu{ol, where 77 is a root of unity from K. Note
that

H(nyio) - H(Vi0> - H(UV£1)7
and that nv;_ !is only counted when v;, is a unit in the ring of algebraic
integers of K. Thus, we have

(4.4) (Bx(H)—w—1)"?((Bg(H) —w —1)w+ (Ux(H) — w) w)

such vectors of rank 1 associated with (ig,41). So, by (1.3), (4.3), (4.4)

and Lemma 2.2, the number of such vectors of rank 1 associated with

an exponent vector k with k;, =t, k;, = £t for ¢t a non-zero integer is
n(n—1) ~1 pyd(n— -
————wC, (K)" T H* " (log H)" ™Y

+0 (Hd(n—l)(log H)r(n—l)—l) ]

It remains to estimate the number of such vectors of multiplicative
rank 1 associated with an exponent vector k with k;, = t; and k;;, = 1o
with ¢; # +t9 and t; and t3 non-zero integers. Let vy, 15 € B (H) be
associated with t1, —t5 respectively. In this case

t1 b
Vl _V2 .

We first consider the case when ¢; and t, are of opposite signs. Then,
vy and vy are units in the ring of algebraic integers of K, and so by
Lemma 2.2 the number of such vectors is

(4.6) O ((log H)* B (H)" %) .

It remains to consider the case when ¢; and ¢, are both positive.
Without loss of generality, we assume that 0 < t; < t5, and also
to < log H by Lemma 2.3.

If ty = 2t;, then v is determined by v2 up to a root of unity contained
in K, and also we have H(r,) < H'2. So, the number of such pairs
(v1, 1) is O(H¥?(log H)") by using (1.3), and thus the number of such
vectors of rank 1 is

(4.7) O (H**(log H)" Bk (H)"™?)..

If ¢, divides 5 and ¢,/t; > 3, then we have H(1p) < H'/3, and so as
the above the number of such vectors of rank 1 is

(4.8) O (H3(log H)" "' By (H)"?).

Now, we assume that t; does not divide t5. Let t be the greatest
common divisor of t; and ¢5. Note that ¢/t > 2 and t5/t > 3. Put

(4.9) v = V’{l = V§2,
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and let 8 be a root of x!1*2 — . Observe that
1 d to
Bt =mry and B =

for some t1t5-th roots of unity 7, and ny. There exist integers u and v
with ut; + vty = ¢, and so

Bt = pheptt = nivynavy = na

for n a t1to-th root of unity and « an algebraic integer of K. Therefore

(4.10) (na)’2/t = B2 = nauy,
and so
(4.11) H(a)?/t = H(1y).

Since H(vy) < H, we see, from (4.10) and (4.11), that v is determined
up to a tite-th root of unity, by an algebraic integer of K of height at
most H*/*2 < H'/3. Thus, by (1.3) and Lemma 2.3, the number of such
pairs (v, 1) is O(HY?(log H)"*3), hence the number of such vectors
of rank 1 is

(4.12) O (H3(log H)" "By (H)"?) .
Thus, by (1.3), (4.5), (4.6), (4.7), (4.8) and (4.12), we get

n(n —1
Ln,K,l(H) = QUJCl(K)nilHd(n*l)(lOg H)r‘(nfl)

(4.13) 2
+ O (Hd(n—l)(log H)r(n—l)—l) ]

The estimate (1.6) now follows from (4.1), (4.2) and (4.13).

Finally, assume that K is the rational number field Q or an imaginary
quadratic field. Then, » = 0, and so By (H) = C,(K)H®* + O(H%1)
by (1.4). Repeating the above process, we obtain

Ln,K,O(H) = nwC} (K)n_IHd(n_l) + O(Hd(n—l)—l)

and

n(n —1)

Ln,K,l (H) - 9

wcl (K)n—lHd(n—l) +0 (Hd(n—3/2)) ’

where the second error term comes from (4.7) (and also (4.4) when
d = 2). Hence, noticing (4.1) and d = 1 or 2, we obtain (1.7).



MULTIPLICATIVELY DEPENDENT VECTORS 23

4.2. Proof of Theorem 1.2. By (1.9) and (1.11), we have
L, g (H) = Ly g o(H) + Ly, g1 (H)

4.14
(4.14) +0 (HZd("_l)_d exp(ce log H/ loglog H)) :

As in the proof of Theorem 1.1, we obtain, by using (1.5) in place
of (1.3),

(4.15) L, e o(H) = nwCy(K)" 4.0 (H¥0-D - log 1)7®)

where o(1) = 1 and o(d) = 0 for d > 1.
Similarly, we find that

LZ,K,l(H) = n(n — 1)wC2(K)n71H2d(n,1)

4.16
( ) +0 (H2d(n—1)—l(log H)U(d)) ’

where the main difference from the proof of (4.13) is that the contri-
bution from the exponent vectors (k;,, k;,) equal to (¢,t) is the same as
when (k;,, ki, ) is equal to (t, —t).

The desired result now follows from (4.14), (4.15) and (4.16) by
noticing that

L;,K(H) = L;,K,O(H) + L;,K,l(H)'
4.3. Proof of Theorem 1.4. We first establish (1.15). By (1.21)
and (1.22), we have
Mn,d(H) = Mn,d,O(H) + Mn,d,l(H)

4.17 2
(4.17) +0 (Hd (=D~ oxp(c; log H/ log log H)) :

Note that each such vector v of multiplicative rank 0 has a coordinate
which is a root of unity of degree d. So, in view of the definition of
wo(d) in (1.14) we have

nwo(d) (Ag(H) — wo(d))" ™" < My.q0(H) < nwo(d) Ag(H)" ™,
and thus by (1.12) and (1.14),
M, 40(H) = nwo(d)Cs(d)"~ H "=
(418) +0 (Hd2(”_1)_d(log H)p<d>) .

We remark that M, 40(H) = 0 if wo(d) = 0.

Moreover, arguing as in the proof of Theorem 1.1, we find that the
main contribution to M, 41(H) comes from vectors associated with an
exponent vector k which has two non-zero components one of which is
t and the other of which is +¢ with ¢ a non-zero integer. Notice that
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the number U,(H) of algebraic integers which are units of degree d and
height at most H satisfies (by using (2.2))

(4.19) Uy(H) = O (H"*Y) .

We then deduce from (1.12), (1.14), (4.19) and Lemma 2.6 that
(4.20)  Myqa(H) = n(n = 1)Cs(d)" T HECD 4 0 (H#00-012)
if furthermore d = 2 or d is odd, then

(4.21) Myg1(H) = n(n—1)Cs(d)" LHE™D 10 (Hd2<”-1>—d log H) .

Here, we need to note that for an algebraic integer @ of degree d and a
root of unity 1 # +1, an might not be of degree d.

The desired asymptotic formula (1.15) now follows from (4.17), (4.18)
and (4.20). In order to show (1.16), we use (4.21) instead of (4.20).
Besides, (1.17) follows from (4.18) and (4.21) by noticing that

My (H) = Msgo(H) + Msa1(H).

Finally, we prove (1.18), (1.19) and (1.20). By (1.21) and (1.23), we

have
(4 22) M;d(H) :M;,d,o(H) + M;,d,l(H)
- + O (HY D4 exp(c log H loglog 1))

As before, we have, by using (1.13),
gy Mian(H) = @ Culdy A0
+0 (Hd(d+1)(n—1)—d(10g H)ﬂ(d)) ]

As in (4.20) and (4.21), we find that
(4.24) M 41 (H) = 2n(n — 1)Co(d)" HAH D=
. +0 (Hd(d+1)(n—1)—d/2 log H) ’

if furthermore d = 2 or d is odd, we have
M 41 (H) = 2n(n — 1)Cq(d)" "t HHUHD1)
+0 (Hd(d+1)(n—1)—d(log H)ﬁ(d)) )

So, (1.18) follows from (4.22), (4.23) and (4.24); then using (4.25)
instead of (4.24) gives (1.19). In order to deduce (1.20), we apply (4.23)
and (4.25) and notice that

M;4(H) = My 40(H) + My 41 (H).

(4.25)
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5. LOWER BOUND

In this section, we prove that (1.10) is sharp, apart from a factor
H°D when n = s+ 1 is even.

In order to estabish the case K = Q, we need the following slight
extension of [19, Lemma 2.3].

Lemma 5.1. Let k and q be integers with k > 2 and q > 2. Let
Y = (M- ) with 1, ...,y positive real numbers. Then, there
exists a positive number T'(q,7y) such that for T — oo, we have

YY1~ T sy,

a1---ap=>b1---by
ged(aibig)=1
1<a;,b; <Ti
i=1,...k

where v =y 4+ -+ + Y.

Proof. The proof proceeds along the same lines as in the proof of [19,
Lemma 2.3]. The only difference is that the primes p which divide ¢
are now excluded from the Euler products that appear in [19]. U

We show that apart from the factor exp(c; log H/loglog H) the es-
timate (1.10) in Proposition 1.3 is sharp when n is even, s = n—1 and

K=0Q.

Theorem 5.2. Let n = 2k, where k is an integer with k > 1. Then,
for sufficiently large H, there exists a positive number ¢ depending only
on n such that

Lypgn1(H) > cH*(log H)*=1*

Proof. Fix n — 2 distinct odd primes p;, ¢;, ¢ = 2, ..., k. Given positive
integers ay,...,ag, by, ..., b, we first set

Vi = 2py - praq and Vg1 = 2q2 - - qibr.

After this we set

Vi = ;0 and Veri = pibi, 1=2,... k.
Clearly, if a; ---ay = by -+ - by, with ged(a;b;, 2p2gs - - - prqr) = 1 for any
2 < i < k, then the integer vector v = (v1,...,1,) is multiplicatively
dependent of rank n — 1 by noticing that vy -- vy = Vg1 --- 1, and
that there is no non-empty subset {i1,...,4,,} of {1,...,n} of size less
than n for which '
v v =1

with ji,, ..., i, non-zero integers.
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For sufficiently large H, we choose such integers a;,b; < ¢ H for
some positive number ¢; depending only on the above fixed primes
such that we have |v;| < H for each 1 < i < n. Then, each such vector
v contributes to L, g,—1(H). Now applying Lemma 5.1 to count such
vectors (taking T'= ¢y H and ; = 1 for each i = 1,..., k), we derive

Lngn_1(H) > cH*(log H)*1*,
where ¢ is a positive number depending on n. O

To get a more general result, we need the following result, which
might be of independent interest.

Lemma 5.3. Let K be a number field of degree d, and m a positive
integer. Assume that m has t distinct prime factors and each prime
factor of m s greater than dt. Then, for sufficiently large H, there
erists a positive number ¢ depending only on m and K such that

{a € Bi(H) : ged(a,m) =1} > cH(log H)",
where r is the rank of the unit group of K.

Proof. Applying (1.3), it suffices to show that for each a € By (H)
with ged(a,m) # 1, there is a uniform way to construct an element
B € Byi(cH) with ged(8,m) = 1, where the constant ¢ depends only
on m and K.

Now, given a € Bg(H) with ged(a,m) # 1, let a; = a+ i for i =
0,1,...,dt. Assume that for each 0 < i < dt, we have ged(a;, m) # 1.
Note that in the prime decomposition of the ideal (m) in K there are
at most dt distinct prime ideals, but the number of such «; is dt+1. So,
there exist 0 <4 < j < dt such that the two ideals (o;) and («;) have
a common prime factor, say p, which corresponds to a prime factor of
m, say p. Then, o;,; € p, and then a; —a; = j — i € p, and thus
p | j — 4, which contradicts the assumption p > dt.

Therefore, there must exist 0 < j < dt such that ged(a + j,m) = 1.
This in fact completes the proof. O

Using Lemma 5.3 instead of Lemma 5.1, we can get a slightly weaker
but more general result.

Theorem 5.4. Let n = 2k, where k is an integer with k > 1, and let
K be a number field of degree d. Then, for sufficiently large H, there
exists a positive number ¢ depending on n and K such that

Lnscn1(H) > cH%(log H)™.
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Proof. Following the strategy in the proof of Theorem 5.2 and letting
a; = b; € B (H) for each 1 < i < k, one can directly get the desired
result by choosing sufficiently large primes p;, ¢; and using Lemma 5.3.

O

Similarly, to understand the tightness of (1.22), we need the following
simple statement:

Lemma 5.5. Let d and m be two positive integers. Assume that the
prime factors of m are all sufficiently large. Then, for sufficiently large
H, there exists a positive number ¢ depending only on d and m such
that

[{o € Ay(H) : ged(a,m) =1} > cH?.
Proof. Let the prime factors of m be 1,...,¢;. Given o € Ay4(H), let

2?4+ ag_12 ' + ...+ a1z + ap be the minimal polynomial of o over Z.
By (2.2), we have

la;| < (2H)?, i=0,1,....,d—1.

If ged(or,m) # 1, then there exists a prime factor, say ¢;, of m such
that ¢; | ap. So, counting related minimal polynomials we obtain

{a € Au(H) = ged(a,m) # 1}

(5.1) < i d(22H) +1)"" - 22H)/1;.

Note that when /¢4,...,¢; are all sufficiently large, the coefficient of
H? in the right-hand side of (5.1) is less than Cs(d) defined in (1.12).
Combining (5.1) with (1.12) completes the proof. O

Now, we are ready to get a partial comparison for (1.22).

Theorem 5.6. Let n = 2k, where k is an integer with k > 1, and let
d be a positive integer. Then, for sufficiently large H, there exists a
positive number ¢ depending on n and d such that

Mn,d,n—l (H) > CHd2k-

Proof. Following the strategy in the proof of Theorem 5.2 and letting
a; = b; € A4(H) for each 1 < i < k, we can obtain the desired result
by choosing sufficiently large primes p;, ¢; and using Lemma 5.5. O

Notice that from (1.22) and under the assumption in Theorem 5.6,
we have

My gy (H) < HP@=D=dk=1)+o(1)
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which is still much larger than the lower bound in Theorem 5.6. This
suggests that the optimal exponent of H in (1.22) might be

d*(n — 1) — d*([(s +1)/2] — 1),

which would show that the lower bound in Theorem 5.6 is sharp up to
a factor H°W.

6. COMMENTS

It might be of interest to investigate in more detail how tight our
bounds are in Propositions 1.3 and 1.5. In Section 5 we have taken an
initial step in this direction.

It would be interesting to study multiplicatively dependent vectors
of polynomials over finite fields. In this case the degree plays the role of
the height. While we expect that most of our results can be translated
to this case many tools need to be developed and this should be of
independent interest.
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